arXiv:1406.1018v1 [math.AP] 4 Jun 2014

Finite energy solutions and critical conditions of nonlinear
equations in R"

YUTIAN LEI

Institute of Mathematics
School of Mathematical Sciences
Nanjing Normal University
Nanjing, 210023, China
email: leiyutian@njnu.edu.cn

Abstract This paper is concerned with the critical conditions of nonlinear elliptic equa-
tions with weights and the corresponding integral equations with Riesz potentials and
Bessel potentials. We show that the equations and some energy functionals are invariant
under the scaling transformation if and only if the critical conditions hold. In addition,
the Pohozaev identity shows that those critical conditions are the necessary and sufficient
conditions for existence of the finite energy positive solutions or weak solutions. Finally,
we discuss respectively the existence of the negative solutions of the k-Hessian equations
in the subcritical case, critical case and supercritical case. Here the Serrin exponent and
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1 Introduction

In this paper, we consider the relation between the critical conditions and the finite energy
solutions for several semilinear, quasilinear and fully nonlinear elliptic equations.
If n > 3, and u belongs to the homogeneous Sobolev space DV2(R™) such that the Sobolev
inequality holds
ull2ass ey < IVl (1)

then ¢ = Z—J_rg In fact, after the scaling transformation
uy(x) = pu(pz), p>0, (1.2)

by () we can see that ||“u||%q+1(3n) < Cu"*%%HVUHH%Z(Rn). Since u,, also satisfies (L)), ¢

must be equal to Z—Jjg

The Euler-Lagrange equation which the extremal function of (IT]) satisfies is the Lane-Emden
equation

—Au=u!, u>0in R" (1.3)
Eq. (L3) and the energy ||ul[a+1(gn) are invariant under the scaling transformation if and only
if ¢ = 2. In fact, u, solves (I3) implies o = q_%. The energy |luy| poti(rry = |ullpari(rm)
implies 0 = 5. Thus, ¢ = 242 On the contrary, if ¢ = 2£2 (3) is invariant under the

conformal transformation.
The critical exponent Z—J_rg plays the key roles on the existence and nonexistence of this Lane-

Emden equation. We refer to [§] by Gidas and Sprunk for details.
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The solution u is called a finite energy solution if u € LITY(R™). It is not difficult to
verify that u € C°(R™) N DY2(R") is equivalent to u € C°°(R™) N L9T1(R™). In addition,
Vullp2(rny = llull Lat1(rry. The classification result by Chen and Li [3] shows that (3] has the
finite energy solutions if and only if ¢ = Z—fi On the contrary, all the solutions of (L3]) in the
critical case are the finite energy solution.

Next, we consider the Lane-Emden system

—Au=v2, u,v>0in R", (1.4)
—Av=u?, q1,q2 > 1. '
Instead of the critical exponent ¢ = Z—fﬁ, the critical condition which g1, g2 satisfy is
1 1 2
+ =1—-—. 1.5
a+1l ¢+1 n (1:5)

It also comes into play in the study of the existence for (L4]). When q11+1 + q21+1 < an, the
existence of classical positive solutions had been verified by Mitidieri, Serrin and Zou (cf. [19],
[23]). Nonexistence of positive solution is still open when ﬁ + q21+1 > =2 except for the case
of n <4 (cf. [25]). This Liouville type property is the well known Lane-Emden conjecture.

All the results above can be generalize to an integral equation involving the Reisz potential

(cf. [5] and [16]) i
_ u?(y)dy
u(z) = /R (1.6)

n o=yl

where n > 3, @ € (0,n), ¢ > 0. It is also invariant under the conformal transformation. For
the weighted equations, such as the Hardy-Sobolev type, the Caffarelli-Kohn-Nirenberg type
and the weighted Hardy-Littlewood-Sobolev type, the invariant is still true under the scaling
transformation. However, the invariant is absent under the translation. On the other hand, for
the equations involving the Bessel potentials, the invariant is true under the translation, but
false under the scaling.

The following system corresponding (IL6]) is related to the study of the extremal functions of
the Hardy-Littlewood-Sobolev inequality (cf. [17])

u(zx) = /Rn ﬁ%
o(z) = u? (y)dy

go | —ynme’

(1.7)

Recently, [14] shows that the Euler-Lagrange system (L7) and energy functionals |[w[|pei+1(gn)
and [|v|| a2 +1(gny are invariant under the scaling transformation

uu(z) = p”tu(pz),  vu(z) = po(p), (1.8)

if and only if the condition q% + % =1— % holds. In addition, (L7) has finite energy solutions if
and only if q1, g2 satisfy such a critical condition. However, it is open whether or not all positive
solutions in the critical case are the finite energy solutions.

In this paper, we always assume n > 3, ¢q,q1,q2 > 1. We expect to generalize the argu-
ment above to other nonlinear equations, including higher order and fractional order semilinear
equations, p-Laplace equation and system, and k-Hessian equations.

In Section 2, we point out the relation between finite energy solutions and weak solutions,
and prove that the critical conditions are the necessary and sufficient conditions for the existence



of the finite energy solutions of the equations involving the Riesz potentials. For the equations
involving the Bessel potentials, we prove that subcritical conditions are the necessary conditions
for the existence of finite energy solutions. This shows the corresponding energy functional has
no minimizer in critical case. We present the minimum by the least energy whose Euler-Lagrange
equation involves the Riesz potential (cf. Theorem 210).

In Section 3, we study the Caffarelli-Kohn-Nirenberg type p-Laplacian equation and system,
and surprisingly find that the critical condition of the system is degenerate to two simple cases
when we investigate the invariant of the system and the energy functionals under the scaling
transformation: either p = 2, or the system is reduced to a single equation (cf. Theorem B.3).
Unfortunately, the system has no variational structure, and hence we cannot use the Pohozaev
identity to verify whether or not there exists a nondegenerate critical condition determining the
existence of the finite energy solutions.

Finally, in Section 4, we study a k-Hessian equation. We present the nonexistence of negative
solution when the exponent is smaller than the Serrin exponent. In addition, we find a radial
solution with slow decay rate in the supercritical case (cf. Theorem [LH]), and another radial
solution with fast decay rate in the critical case. Based on this result, we prove the critical
condition is the necessary and sufficient condition for the existence of finite energy solutions (cf.
Theorem [£.4)).

2 Semilinear equations

2.1 Hardy-Sobolev type equations
We search the values of ¢ such that the classical Hardy-Sobolev inequality holds

(/ |z~ utt dr) T < C"/R \Vul?da, (2.1)

for all u € DV2(R™). Here n > 3, t € (0,2).
In order to verify this inequality still holds for u,, (cf. (IL2))), we have

(/ ||~ ud T () da) T = 7 art (/ ly| "It (y)dy) 7T
Rn R»
< Cn,ua_% (/

n—=2 _ n—t __ . . : _ nt+2-—2t
and hence *3= P 0, which implies g = *T===*.

The extremal functions in D2(R™) \ {0} of (2] can be obtained by investigating the func-
tional

n

n=2_n—t
[Vu(y)|2dy)'/? < Cop™> ~ ot (/R |V, (z)*dz)'/?,

E(U) = HVUH%2(R")(/ |1‘|7tuq+1dx)<17+_21_
R"
Consider the Euler-Lagrange equation
—Au = |1'|*tuq7 w>0in R™. (22)

In view of —Auy,(x) = —p7 ?Au(px) = p7+t*71797|z|"'ul (), we can see that o = % if and
only if u, solves ([2.2). In addition, noting

[ el tugt e = ) [ ol ueds = e [ty (23)
R" " R"



we can see that o = 2=F if and only if the energy |||z] 71 aF1 || pat1(gny is invariant under the scaling

+2-2¢
(C2). Eliminating o we also obtain that ¢ is the critical exponent ®T=5=.

: : ny\ s ; _ n42-2t
Theorem 2.1. Eq. (Z2) has a weak solution in D2(R™) if and only if ¢ = -’:,T

Proof. In fact, if ¢ = 2222 the radial function
n

d n—2

u(z) = C(m)ﬁ (2.4)

belongs to DY2(R™) and solves ([2.2). Here ¢, d > 0.
On the contrary, since the weak solution is a critical point of the functional F(u), we have
the Pohozaev identity [%E(u(%))]#zl = 0. Noting E(u(s)) = p"~ 2- 200 E(u(z)), we get

_ n+2-—-2t
q= "5 [l

Clearly, if ¢ = 2£222L then u € D'?(R") implies |:I:|q%u € L7 (R"™) by the Hardy-Sobolev

inequality. A natural question is, for a general exponent g, when the energy H|$|’;Tt1U||Lq+1( R™)
is finite.

Proposition 2.2. (1) If u € C*(R") N DY2(R™) solves (Z.23), then |||90|q+1 ul| 9% Lqﬂ (rny < 00. In

iy =t
addition, |||x|d+T u||%ﬂ1<Rn) = ||VUHL2(Rn).

(2) Assume u € C*(R") solves (Z2) and [, || "u?'de < co. Ifu € L%(Rn), then
u € DY2(R™), and [, |Vul?dz = [, 2|~ 'utt dz.

Proof. (1) Multiplying (Z2)) by w and integrating on Bg(0), we have

/ |Vu|2d:c—/ u0,uds :/ 2|~ fudt da. (2.5)
Br(0) O0BRr(0) Br(0)

By virtue of u € D2(R™), there exists R = R; — oo such that
R/ (|Vul® + un7)ds — 0. (2.6)
OBR(0)
By this result and the Holder inequality, we get

udyuds| < [|Opul| L2 OBR(0)]2 7% — 0
[ el < 10l omnon ], 2 o, 0BRO)

when R = R; — oo. Inserting this result into (ZF)), we can see [, ulde _ S [Vul?da.

|[*

(2) On the contrary, take smooth function ¢(z) satisfying

C(z) =1, for |z| <1
¢(x) €10,1], for |z| € [1,2];
¢(z) =0, for |z| > 2.
Define the cut-off function .
Cal) = (). (2.7



Multiplying ([2.2) by u(% and integrating on Bag(0), we have

/ |Vul|*Chdr = 2/ uCrVuV _rdr + / 2| T tu T . (2.8)
BZR(O) BZR(O)

B3r(0)

Clearly, there exists C' > 0 which is independent of R, such that

1
| urVuV{rdr| < —/ |Vul*¢Rdr + C/ u?|V¢r|Pda.
Bar(0) 4 JBan(0) B2r(0)

If u € L7°2 (R"), there holds
2 2 C _2n_ 1—2 2
u”|V{g|“dr < —2( ur-2dx) " |Bar(0)|» < C.
B2r(0) R 2r(0)
Inserting these results into (Z.8) and noting [, [#|""u?"dx < oo, we get fBZR(O) |Vul?¢3dx < C,

where C' > 0 is independent of R. Letting R — oo, we have Vu € L?(R"), and hence u €
DY2(R™). Thus, (Z0) still holds, and from @.5) we also deduce [, |Vul*dz = [, ||~ u?"dz.
O

The positive solution u € C?(R™) is called a finite energy solution of [Z2), if
/ |z| it dz < oo,

In the critical case ¢ = 2252 (24) is a finite energy solution. On the contrary, if 2.2) has a

finite energy solution Wlth q § ”Jf_ft, then Proposition 22 and Theorem Zlimply ¢ = 2222t

The argument above can be generalized to the higher order system involving two coupled
equations

AV = ||~ tye2 ; n
{( A)u=|z|""v?2, u>0in R", (2.9)

(Al = |z|7tu®, v >0 in R
Here [ € [1,n/2) is an integer.

Proposition 2.3. Under the scaling tmnsformatzon (I38), the equation (29) and the energy

functionals |||x|q1+1u||Lq1+1(Rn) and |||z|q2+1v||Lq2+1(Rn) are invariant, if and only if @1 and g2

satisfy the critical condition

1 1 — 2]
+ === (2.10)
aq+1 q¢+1 n—t

Proof. Set y = pzx. By ([L8) and (29), we have

(=A) uu(@) = p 2 (=A) uly) = u7 T |y (y) = p TR 2| T i (2).

Eq. (Z9) is invariant under the scaling (L8] implies 01 +2l—t—ga02 = 0 and o2 +2l—t—q101 = 0.
By the same derivation of ([Z3]), we also obtain o1(¢1 +1) —n+t =0 and o2(g2+1) —n+t =0

by the invariant of |||x|ﬁu||Lq1+1(Rn) and |||x|ﬁv||Lq2+1(Rn) Eliminating o and o3, we can

see #@;1) = 2=t In view of qig2 — 1 = (g1 + 1)(g2 + 1) — (¢1 + 1) — (g2 + 1), it follows
On the contrary, the calculation above still implies the sufficiency. O



It seems difficult to generalized this process to the system involving m equations with m > 3.
How to obtain the critical conditions of the system involving m equations is an interesting
problem.

The classical solutions u,v of (29 are called finite energy solutions if

=t =t
e T ] st oy < 00 T 0] nts ey < 0.

Theorem 2.4. Eq. (2.9) has finite energy solutions if and only if (210) holds.

Proof. When q11+1 + q21+1 = %, Lieb [I7] obtained a pair of extremal functions (U, V) €

Lo+ (R™) x L92TL(R™) of the weighted Hardy-Littlewood-Sobolev inequality, which solves the

integral system
1 Va2 (y
U = o | Wy
R -y

T el S ylPele
! U (y)
(2P J e JylPr ]z — |2

If ZI0) is true, we can choose (1 and [y satisfying B1(¢g1 + 1) = Ba(g2 + 1) = t. Taking
u(z) = |z|%U(z) and v(x) = |22V (x), we can see that (u,v) solves

o) = [y

n oy — n—21[
|y| | " y)| (2_11)

udt (y
v(z) = ——C—dy.
Sl A

dy.

In addition, according to the radial symmetry and integrability results (cf. [11], [I2]) and the
asymptotic behavior of (U, V) (cf. [15]), u and v are finite energy solutions. By the properties
of the Riesz potentials, it follows that (u,v) solves (29) from (ZTTI).

On the contrary, according to the equivalence results in [4], the classical solutions of (23]
also satisfy (ZI1). In the following, we use the Pohozaev identity of integral forms introduced
in [1] to deduce (2I0).

By (ZII)) we have

q1+1 q1 q2
[ [ [,
no |l w2t Jre lylte =yl
92 Yy ud (¢ pa2t1 Yy
BTy T oy T
wolylt SR |z =yl n |yl

For p > 0, from (ZIT)) it follows

(2.12)

z - Vu(z) = %u(ﬂiﬁﬂuzl = (21 — t)u(z) —|—/ z- Vot (z)dz

re 2]t o — 2|2
Multiplying by |z|~*u% (z) and integrating on R", we get

/n w@) (s — (2 —t)/ ut iz

|f* w2l

:/num(m/R 2 Vot (2)ds (213)

ol S Tl =2

_ / 2 Vv(z) /R u? () d:cdz:/n 2 V0RE) ).

|2 o ez — @[ |2




Since u,v are finite energy solutions, we can find R = R; — oo such that

Rl_t/ (u‘hJrl + v‘““)ds — 0.
dBR(0)

Thus, integrating (2.13]) by parts yields
(L=n —21+t)/ U = QQ(t_”)/ AN
g +1 n |:L'|t g2 +1 Rn |:L'|t
Combining with ([2I2) we obtain [2.I0). O

1 1 _ n-2
q1+1 + q2+1 %

_ n+421-—2t

= nt2l-at

We have two direct corollaries:
n—2

Remark 2.1.
(1) If I = 1, then (29) has finite energy solutions if and only if
(2) If 1 = ¢2 and u = v, then ([Z9) has finite energy solution if and only if ¢;
Noting the conditions in Theorems 2] and 4] it is convenient for us to discuss the finite

energy solutions for integral equations, and the weak solutions in D“2(R") for the differential

equations respectively.

2.2 'WHLS type integral system
Let 1 <r,s<oo,0<A<n, 1+ P2 >0and S + B2 < a. The weighted Hardy-Littlewood-
(2.14)

Sobolev (WHLS) inequality states that (cf. [27])
f(x)g(y)

|| o ey < ol sl
S % < 1— 1. 1If the inequality (ZI4) still holds for the scaling functions f,

(2.15)

where 1 — %
and g, (cf. (L8)), then we can deduce
n—a+pi+pB8 9

1 1
-+—-+
ros n
In order to obtain the sharp constant in the WHLS inequality (2I4), we maximize the
functional F@)aw)
— L)y
at.9) =hlalo [ f dedy,
(o) =Uhlol) ™ | [ o

The corresponding Euler-Lagrange equations are the following integral system:

r—1 _ 1 g(y)
Arf@) = g /R 9P — g
1 fy) dy

Nosg(z) ! =
U P o N P
where f,g >0, and \yr = A2s = J(f, 9).
o _

If f € L"(R") and g € L*(R™), then the Pohozaev identity </(/(zx di’g(l“ D,y = 0 still

implies (ZI5). In fact, for pu > 0,
x x —(n—a _n_mn
J(f(;),g(;)) = P et 1 (f (@), g ).

Thus, PN = 0 leads to (@T5).



Let w =cifm Y v=cyg° !, and 1 = T—il, q2 = s_% Choosing suitable ¢; and ¢, we obtain
that the corresponding Euler-Lagrange equations are the following integral system

1 U‘b y
ue) = / E ()nfad?/
lel L g [y]P2 |z =y

) ui (y “ (2.16)
272 Jgn Y|Pz -yl
where 81 + 2 < «, and
u,v >0, 0<q1,q2 <00, 0<a<mn, 1 >0,8,>0,
&< 1 <nfoz+ﬂl &< 1 <n—o¢+ﬂg. (2.17)

n g1 +1 n "n g+1 n

The equation (ZI6) and the energy functionals |[w|| a1 +1(gny), [[V]| La2+1(gn) are invariant under
the scaling transformation (L8)), if and only if

1 1 n—a+ B+ B
+ = .
a+1 ¢+l n
Clearly, [2.1]) is equivalent to ([2I5]).

Since (f,g) € L"(R") x L*(R™) implies (u,v) € L8 FY(R") x L9+1(R"), we call such a pair
of solutions (u,v) the finite energy solutions. In addition, (ZI8) is called the critical condition.
Theorem 2.5. Eq. (2.10) has the finite energy positive solutions in C} (R™\ {0}) if and only
if p,q satisfy the critical condition (Z18).

Proof. Sufficiency.

According to [I7], the existence of the extremal functions of the WHLS inequality implies our
conclusion. In fact, those extremal functions are finite energy solutions. By a regularity lifting
process, the extremal functions also belong to C. (R™\ {0}).

Necessity.

Denote n — a4 31 + B2 by A. For z # 0 and p > 0, we have

w(ue) :/ 092 (y)dy :Mn_;\/ v%2 (pz)dz
re [p] P pe — y|nely|Pe re |@]Pt T — 2|n 2] P2

Differentiating with respect to p and then letting u =1, we get
< z - Vo2 (2)dz

(2.18)

z-Vu(z) = (n— Nu+ lim — . (2.19)
d—0 ) g\ B, (0) |2[P1 @ — 2[n—|2|P2
Multiplying by 4% and integrating on R™ \ By(0), we have
lim u? (z - Vu(z))dx = (n — 5\)/ utt(z)dx
d=0 Jgn\B4(0) " (220)

. a2 d
+ lim u‘“(:c)/ ﬂz Vo (Z_) - ;.
d—0 J gn\ B4(0) R\ B,(0) TPz — 2|ne]z] P2

Integrating by parts, we get

1
K; :=lim u? (x - Vu(z))dz = lim / (z - Vu?t(2))dz
d—0 R"\Bd(O) d—0 q1 —+ 1 R"\Bd(O)
= lim — uP T (2)ds — lim uh T (2)dx
r—oo qp + 1 9B,.(0) d—0q; +1 9B4(0)

—qu_l/R ut T (z)dx.



In view of u € LT (R™), we can find 7 = r; — oo and d = d,,, — oo such that

lim T/ ut ! (z)ds = lim d/ w1 (z)dx = 0,
r—+00 9B,(0) d—0 9B4(0)

and hence

K, = o / uh T (z)dx.

Using the Fubini theorem, we have

Vo2 (z)d
Ky = lim u? (z / BZ Y Elz_)az 3 dz
d=0 J Rr\ B4(0) R"\B4(0) |z]P1]z — 2] |2|P2
q1
= lim z - Vo (z) 5 4 (xldjna 5-dz
d—0 J pn\ B4(0) R\ Ba(0) 27?2 — 2 ||
= lim (z - Vo2 (2))v(z)dz.
d—0 R\ B,4(0)
Similar to the calculation of K7, we also obtain
qz2m 1
Ky = ——— v (2)dz.
2 g2 +1 /n (=)

Inserting K7 and K5 into (220]), we have

/ ut Y (z)de = (n—j\)/ u™t (z)dx — 2 / vt (2)dz.
Rn n Rn

g2+ 1

n
g +1

By (Z18) and the Fubini theorem, we also have

/ L (@) de = / u (2)u()de = / u () / SRV R—
n n n re |2|Pr |z — y[r eyl
u? (z)dx 1
= v® (y / dy :/ v (y)v(y)dy :/ v (y)dy.
[0 [ = et = [, = [ o

Combining two results above yields (218). O

2.3 Equations with Bessel potentials

Same as ([3)), the fractional order equation
(=A)* 2y =l u>0in R, (2.21)
is still invariant under the conformal transformation as long as ¢ = % Here the fractional
order differential operator (—A)®/? can be defined via the properties of the Riesz potential (cf.
[26]). According to the results in [4] and [5], it is equivalent to the integral equation (L6). In
addition, the fact /2 = ¢, fooo e:z:p(—té)to‘m% shows that the kernel of the Riesz potential can

be written as a static heat kernel. Namely, besides (L0), we obtain another integral equation
which is equivalent to (2.21)):

u(z) = / uf(y) /O m(4ﬁt)%exp(f%)%dy. (2.22)



If replacing the static heat kernel H(z) = ¢, fo (4mt) = exp( %)% by the Bessel kernel

p— 2 . .
lz—y| ! )T’ then we have a new integral equation

ga(@) = ca [y~ (4mt) T exp(— 2 — L
u(z) = / golx —y)ui(y)dy, u>0in R", (2.23)

which is equivalent to the fractional order equation (cf. [9])
(id — A)*?u=u?, u>0in R" (2.24)

This equation is not invariant under the scaling (L2]).
When a = 2, ([2:24) becomes a semilinear equation

—Au+u=u? u>0in R". (2.25)

Here ¢ > 1. It can be used to describe the solitary wave of the Schrédinger equation. A known
result implied in Chapter 8 of [2] is ¢ < 22 (namely ¢ is subcritical) if u € H'(R") is a weak

solution of (2.25]).

Next, we investigate the relation between weak solutions and finite energy solutions of (Z.25).

Proposition 2.6. Assume u is a positive solution of (2.24). Then u € C*(R™) N LTY(R") if
and only if u € HY(R™). In addition, HuH%{l(Rn) = ||u||‘f§il(Rn).

Proof. Step 1. If u € H'(R") is a weak solution, then u € C*(R") (cf. [2]). Testing by ul%

yields
/ VuV (ulg)dr + / u?Chdr = / ¢ dx. (2.26)
B2r(0) B2r(0) B2r(0)

Therefore, by the Hélder inequality, from u € H'(R") we deduce that fBZR(O) wIt(Edr < C,

where C' > 0 is independent of R. Letting R — oo, we get u € LIT1(R™).
Step 2. On the contrary, if u € C?*(R™) N L4t (R™), multiplying by u(% and integrating on
Bar(0), we also have ([2.26). In view of u € LITH(R"), it follows

20D na-1) _,
q+1 .

/ WAV CaPdr < [[ul20r / VCR S dr) < RS
BZR(O) BQR(

Since g is subcritical, limp_, o0 fBQR(O 2|V§R|2dx = 0. Thus, we can easily see u € H'(R").

Step 3. We claim HUHip(Rn [|u]| 2 LQH(RH) In fact, under each assumption, u € C?(R™).
Multiplying (Z28]) by u, we get
/ (|Vul® + [u*)dz = / uldz +/ udyuds. (2.27)
Br(0) Br(0) OBRr(0)

By virtue of uw € H*(R™) N LY (R"), we can find R = R; — oo such that

R (|Vul|* + u?™)ds — 0.
OBRr(0)
Therefore, by the Holder inequality, we have
| udyuds| < (R Vul?dz)? (R / wtdr) 7T |9BR| 2 T T
0BRr(0) OBRr(0) 9BR(0)
< CRMDG-a7)-(G+57),

10



Since ¢ is subcritical, limp_, 0 | f@BR(O) udyuds| = 0. Inserting this into (2Z27), we obtain

/ (IVul® + uf?)dz = / uitdz.
R'Vl R'Vl
Theorem is proved. O

Proposition 2.7. Assume u solves (Z.23), then u € H*/2(R") if and only if u € LIt (R™). In
g 1
addition, ||u||§{a/2(Rn) = ||u||th+1(Rn).

Proof. From ([Z.23), we have @(£) = §a(£)(u?)"(€), or (1+4m2¢[*)2a(E) = (u?)”(€). Multiplying
by @ and using the Parseval identity, we get

/ (1+47r2|§|2)%|a|2dg:/ (u)Nadé = | uttlda.
R" R™

R'n.
Therefore, the proof is easy to complete. [l

Theorem 2.8. (1) If ¢ < 22 (223) has a positive solution in L9T'(R™). Moreover, if a > 1,
then u € CY(R™).
(2) If (2:23) has a positive solution u € C*(R™) N LITY(R™), then q < 2+<.

Proof. (1) By the analogous argument of the existence of ground state in [7], we can find a
critical point of

1 q+1
B = [ (sl aras - [

on the Nihari manifold {u € H®/?2(R")\ {0}; E'(u)u = 0}. According to Proposition BT,

w € LITY(R™). This implies the existence of the weak solution of (Z24). According to the

equivalence, [2.23) also has a finite energy solution. In addition, w is radially symmetric and

decreasing about some point in R™ (cf. [I8]). In the same way to lift regularity process in [13],

we can also deduce the regularity of the solution from H®/2(R™) to C*(R") by virtue of a > 1.
(2) Clearly,

o —yl? 2t dt
er) = [ i) [ )5 e - S Sy,
Thus,
du(px
v Vute) = (PP —aut [y V) - vy
R’Vl

0 an le —y> t  tdt
- a At _EmyE Py
[t [ am) 5 e - D

Multiplying by uf(z) and integrating, we get

1
porl) x - Vul™ (z)dx
a/ uiH-l( )d$ + ? y.vuq-l-l(y)dy
R’VL

an |z —yl2 t t dt
) ud( Amt) 2 —E L ) —dady.
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If u € LY (R™), we can find R = R; — oo such that RfaBR(O) uittds — 0. Thus, the result
above leads to

-1
(q—nfoz)/ ultdx
q+1 R

o0 o—n oz —yl> t t dt
= — q q 4 -_ ) .
/n/nu (2)u (y)/o (4mt) "= exp( yr 47r)27r td:z:dy

Since the right hand side is positive, we can deduce that %nfa > 0, which implies ¢ < 22, [J
Consider the system
sy /2, — ,q2 ; n
(z.d A) /2u v, u>0 in R™, (2.98)
(id — A)*2yp =u®, v >0in R",

where n > 3, a € (0,n), g1,92 > 0.
According to the definition of weak solutions u, v of (Z28) in H*/2(R"), for all ¢ € H*/2(R"),
there hold B
Re/ (1 +4m2[)*2a()p€)de = | v (2)g(x)da,
n R'Vl
Re/ (1 +47%¢)*?0(©)D(E)dE = | u” (x)(a)da.
n R'n.

Here 4 is the Fourier transformation of w.
Theorem 2.9. If (Z2Z8) has weak positive solutions in H*/>(R"™). Then

1 1 n—«

" > 2.29
a+1 ¢+1 n ( )

Proof. Testing (Z28) by u and v respectively, we have

n

Re [ (@+artigPra©ids = [ o e,

Re/n(l+47r2|§|2)0‘/217(§)ﬁ(§)d§ :/ w1 (z)da.

n

Since the left hand sides of two equalities above are equal, it follows

vq2+1(x)d:c:/ ut M (z)da. (2.30)

n

Re [ (U antlgP ()i ds -

R’Vl
On the other hand, the positive weak solutions u, v are the critical points of the functional

a1 pa2t1

E(u,v) = Re 1+ 472[€]2)2a()D(€)dE — + dz.
(o) = Re [ (rartie) R - [ (s Ty
Thus, the Pohozaev identity [iE(u(%), v(5))]u=1 = 0 holds. By virtue of
x X _ a1 p22t+1
E(u(=),v(=)) =" “R 1+ 472 (¢} %4 Ad—”/ - dy,
(@)D = Re [ (L arc) a0~ [ T

12



the Pohozaev identity leads to

(nA«wRe/}(l+4w%d%“”a@ﬂX0d< +aRe/’(1+4wﬂd%“f””a@ﬁXOd<

R"

u‘]1+1 Ul]2+1
=n + dy.
/Rn(Q1+1 Q2+1)y

Combining with (Z30), we get

a—2

afte [ (14450 T QRO = In(— + —

_l’_—
g+1 g+1

)—(n— a)]/ ut T (z)dx. (2.31)
We claim that the left hand side of (23T is positive. In fact, set
w(z) = /n g2(x — y)v(y)dy.
Then, w > 0 belongs to H*/2(R"), and @ = (1 + 472|¢|?)~'%. Testing (Z28) by w yields
Re/‘(1+4wﬂﬂ%ama@d§::/ v2wdz,

which implies
&/(LMHWN%W%M@w.

Combining this result with (2Z3TI), we see the subcritical condition (2Z:29). Theorem[Z9lis proved.
(|

Remark 2.2. If we prove the second conclusion of Theorem by the same way of Theorem
29 the assumption of u € C*(R") can be removed.

2.4 Representation of minimum in critical case

Consider the minimum of the following energy functional in H*/2(R")\ {0}

*

B =5 [ @rartiRla@Rde - o2 [ @

where o* = ,ana Clearly, a* — 1 is the critical exponent.

By the argument in §2.3, we know that E(u) has no minimizer in H*/2(R") \ {0} in the
critical case. However, the radial function

b

m)("ﬂw, a,b>0 and zye R"
— 40

Ud(z) = af

is the extremal the Hardy-Littlewood-Sobolev inequality (cf. [I7]). Furthermore, according to
the classification results in [5] and [I6], the radial function U, is the unique solution of (L6]). In
addition, it is also the extremal function in D*/22(R™) \ {0} of the functional

Eu(u) = [/ |(—A)a/4u|2dx} UR a2/ =20 g

13
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The classification of the solutions also provides the sharp constant in the inequality of the critical
Sobolev imbedding from D*/%2(R™) to L*"/("=®)(R™):

C(/ |u|2n/(nfa)d$)(nfa)/n S/ |(—A)a/4’u|2d$.

The following result shows the relation between the energy functionals involving the Riesz
potential and the Bessel potential in the critical case.

Theorem 2.10. inf{E(u);u € HCY/2(R") \ {0}} = %[E*(U*)]n/a,

Proof. The ideas in [2] and [I0] are used here.
Write the scaling function
uas(z) = et)‘u(efs/\:c),
where A > 0,¢>0,t2+52 >0, p:=2t+(n—2)s >0, and v := 2t +ns > 0. Set ji = max{u,v}.
By a simply calculation, we have

dE(u)
K(u) = 75;”) Iro
=5 [ aearierBaoPa+ F [ ranet Faops -5 [ o @

@

= 4m?[¢|?la(e) 2 de

R N

| avaneryHa@p - 5 [ @+ antig)
n RTL
_g/ u® (z)dz.

Similarly, if we set

Bo(w) = 3 [ erlehela©Pae - o7 [ @,

then
dE )\s R *
=D =& [ ameaes— 4 [ e

L(u) := B(u) — £

s« 21 ¢12Y252 1 211205 () |2 w1 a* .
[ e TPl Pl + (o - ) [ wdn, p<w
a—2 1 1 *

[ ety i+ G- o) [ wa, =

and
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When p < v, s>0and £ > -; when p > v, s <0. Thus, L(u), Lo(u) > 0.
In view of the parameter independence (cf. [10]), we can define

= inf{E(u); K(u) = 0,u € H*2(R")\ {0}};
= inf{L(u); K (u) < 0,u € H*2(R™)\ {0}};

mo = inf{Ey(u); Ko(u) = 0,u € D¥?2(R")\ {0} };
mo = inf{Lo(u); Ko(u) < 0,u € D¥>2(R")\ {0}}.

Clearly, m = m. Set
F = {u e D*?2(R")\ {0}; Ko(u) < 0},

F = {ueD***(R")\ {0}; Ko(u) < 0},
F = {ueD?2(R")\ {0}; Ko(u) = 0}.

We claim F = Uyso{u € D*/22(R") \ {0}; Ko(u}
In fact, for any A > 0, if Ko(uf‘,ys,) =0, then

= 0}. Once it holds, then mg = my.

,é

et [ (amieelacoag = 0 [

This leads to Ko(u) < 0, and hence F D Uyso{u € D¥/Z2(R™)\ {0}; Ko(up,) = 0}.
On the other hand, for any u € F, there holds [, (27[¢])*|a(£)|2d¢ < [, u® dz. Thus, we
can find A, > 0 such that

e [ (onlelefal)Pd = 2 [ 4 a,

This shows u € {u € D*>2(R™)\ {0}; Ko(ui‘,’;) = 0}.
In addition, it is easy to see that F' is dense in F, which implies

o = inf{Lo(u); Ko(u) < 0,u € D**2(R™)\ {0}}. (2.32)

Set G = {u € H*/?(R")\ {0}; K (u) < 0}. Clearly, G C F.
Noting

K(ui\’,s’): %eA(Qt’Jr(n*a)s’)/ (625/\+47T2|§|2)%|’&(§)|2d§
+%e/\(2t’+(nfa+2)s’)/ (625’\+47r2|§|2)052

R"

7g€/\(a*t/+ns/) / uoz* (:L')d:L'

a(€)|*ds

n—«o

5+ and s' = —1 that

we can deduce by taking ¢’ =

lim K (u) Ul —ay2,—1) = Ko(u), (2.33)

A—+oo
Similarly, we also get

lim L(u(n ay/2,-1) = Lo(u), (2.34)

A—~+o00
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Clearly, [2.33) shows that G is dense in . Combining with (232) yields
ing = inf{Lo(u); K (u) < 0,u € D*%2(R™)\ {0}}.
In addition, (234) implies
inf{Lo(u); K (u) < 0,u € D**2(R")\ {0}} = m
Therefore, mg = m.
The argument above shows that m = m = my = my.

Take t = 0, then a*p = 2v. Thus,

m = myo

wt {5 [ erlehla@Pas [ eagri@ra = [ o @)

= inf %/n@ﬂﬂ)a' (&) |2de [IRTLE;:'&' *la(g |2d§} n=o

_oo S e @rIEDM AP e b
2 f{{(fmuo‘*(x)dx)(n—a)/n} jueD (R)\{O}}

;u e DY/22(R)\ {0}

Y pn/a
= C*/.

2n

Here c, is the sharp constant of the inequality

o / uO” (2)dz) =)/ < / (=AY () 2da.
According to the classification result in [5], we know that the corresponding minimizer in
D/22(R™)\ {0} is U.. O
3 Caffarelli-Kohn-Nirenberg type equations

Consider the Caffarelli-Kohn-Nirenberg inequality

q+1 P
(f g < g, / Val .,
g |z[b@tD rn ||

wheren > 3, p>1,0<a< %, and a < b < a+ 1. Since the scaling function w,(z) also

_w
n—p+p(b—a) '
The extremal functions in DLP(R™) \ {0} can be obtained by investigating the functional

P q+1
E(u) = |Vzi| da( %dz)w/wlt
e |z g |z|PletD)

Here D?(R") is the completion of C§°(R™) with respect to the norm [||z|~*Vul| L»(gn). Clearly,
the extremal function satisfies the Pohozaev identity iE(u(%))M:l = 0. Noting E(u(})) =

Mnfp(aﬂ’l) q+1 +pr( ( )), we also obtain q= -1

satisfies this inequality, by a simple calculation we can see ¢ =

np
n—p+p(b—a)
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Consider the Euler—Lagrange equation which the extremal function of E(u) satisfies:

1 .

—div(

|z |
uott . .
By a direct calculation we also deduce that (3.1]) and the energy |, Rr TG0 dzx are invariant

under the scaling ([2)) if and only if ¢ = W 1. If a = b = 0, this exponent g = "—pp —
is the critical condition for the existence (cf. [24]).
We consider the relation between the finite energy solutions and the critical exponents.

Theorem 3.1. (1) If u € DYP(R™) is a weak solution of (31), then |r|~bu € LI+t1(R™).
Moreover, if u € C*(R"™), then
el 2Vl gy = el 5 (32)

(2) On the contrary, assume u € C%(R™) solves ([31)), and |x|~%u € LITY(R™). If

/ (lulb)Wfpa*Ud:c< 0.
R |T

then u € DLYP(R™) and (33) still holds.
Proof. Step 1. If u € DLP(R™) is a weak solution of ([B]), testing by u¢% yields

/ | [V (uch ) dr = / | D o+ (P g (3.3)
RTL

n

By the Young inequality, it follows
/ 2P DDy < O / || VulPhde + C / |~ PP |V Cr|Pd,
Rn Rn Rn
Using the Holder inequality and the Caffarelli-Kohn-Nirenberg inequality, we get

C u np p(i+a—b) (b—a)n p(l+a—b)
VeaPde <l [ (e a (o) S
/R | |oP Rr-Jpn ] B2r(0)

<clf (@pmEa - <o [ vapan,
n | T R™

Combining two results above and letting R — oo, we obtain |z|~%u € LIT}(R™).
In addition, if u € C%(R") solves ([@.0]), multiplying by u and integrating on Bag(0), we have

/ (|~ | Vu|Pda — / || VulP~20, uds — / [Pyt gy (3.4)
B2r(0) 0B2r(0)

B3r(0)

Using the Hoélder inequality, we get

| 2|~ *Pu|VulP~20,uds|

dB2r(0)
< (/ |SC|*aP|VU|Pd5)1—%[/ ( ub)nfp(;bil—b) ds]%_(1+i,b)

9B2r(0) OBan |$|

o] 75 ds) 5 -
0B2r(0)
- ( a—b)
< C(R/ |x|‘ap|Vu|Pds)1f%[R/ (Lt s~ O
8B3r(0) o5, 2]
R[n 1+ (ab+1a)2] atlfb—l-i-%_%_,_%fb.
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In view of u € DIP(R™), by the Caffarelli-Kohn-Nirenberg inequality, there holds

/ (ﬁ)%dx < 0,
RTL

and hence we can find R = R; — oo such that

R/ || =P |VulPds + R/ (g ) T s — 0.
9B2r(0) 9Bar(0) |T|

Therefore, it follows from (B3] that

|/ 2|~ *Pu|VulP~20,uds| — 0
as R — oo. Inserting this into (8.4)) and letting R = R; — oo, we get (B.2)).

Step 2. If uw € C*(R™), multiplying BI) by u(} and integrating, we also obtain (3.3). Using
the Young inequality, we get

|VulP , / widt! 1/ |VulP / uP
dr < | ey Chde + 5 vdz+C VCr|Pda.
/Rn e RIS [ e r i g [ TR TO [ e Vol

This result, together with |z|~%u € L9T1(R"™), implies

Vu
/ ||z|a|p P da <c+c/ |ap|ng|pdx. (3.6)

If fRn(#)ner(;fpa*l) dx < 00,

1 U n (a+1-b) n(b—a) (a+1-b)
/ E |ap|v<R| do < 5 / () Ty / o 5 da) S < €
Rn $| Bor

Thus, we can see [p,, %|VCR|de < oo. Inserting this into (B6), we have |z|7*Vu € LP(R"),
and hence u € D1P(R™). Similar to Step 1, we also obtain ([3.2]). Theorem [3.1]is proved. O

Theorem 3.2. Eq. (31)) has a solution in C?(R™)NDLP(R™) if and only if ¢ = —1.

np
n—p+p(b—a)

Proof. If ¢ = #}f’(b_a) — 1, we know that the following extremal function of the Caffarelli-
Kohn-Nirenberg inequality is a finite energy solution
n—p-—pa n—p(l+a—>b)
Ua,b(z> :CO( —p—pa)(1ta—b) ) piFa=b)

1+|$|m

n—p(l+a—>b)
with co = [n(p — 1)17P(n — p(1 + a — b)) "] »20+a=» . We verify the sufficiency.
Next, we prove the necessity. Multiplying (BI) by (z - Vu) and integrating on Br(0), we get

p—2 p—2 q(n .
/ N G v (- Vu)d:z:—/ %@m%zs:/ vz Vo), 3
BRr(0) Br(0)

| [P oBr(0) 17[% |z[P(atD)

Integrating by parts, we obtain

[VulP—? Y 1
e YUV Vu)de = |z[~*P[[Vul? + =2 - V(| Vul’)]dz
Ba(o)  [2]" Br(0) P (3.8)

/ [VulP R/ |Vu|p n— ap/ |VulP
= — 4+ — ds — —dux,
Br(o) 1ZI" P Jopgo) |T|P D Br(o) |T%P
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and

ul(x - Vu) 1 2 Vydtl
dr = ————dx
Bro) [P g+1 Jpp0 |/t
q+1 B G+
9+ 1 JaBg(0) |z|bla+1) g+1 Br(0) |z|b(a+1)

According to the first conclusion of Theorem Bl ;rﬁl € LP(R™) implies IS LITY(R™). We
can find R = R; — oo such that

Yul|P q+1
R/ | 1:' ds+R/ %dsﬁo. (3.10)
oBr(0) |T|"P aBr(0) |2[°1

(3.9)

Inserting B.8) and [B.9) into (B.7), and using [F.I0), we have

_ P — 1 q+1
(1- n ap)/ [Vl dp— " blg+1) / u .
R R

D n |z|op g+1 n |z|0lat)
Combining with (3.2)) yields 1 — ";ap = —"_ssrqf_l), which implies ¢ = #&bﬂl) -1 O
Next we consider the system with weight
el — —2 | =blga+1) , .
dzv(|:c| P|\Vuyl|P~*Vu) = |z| "2ty 4 >0 in R"; (3.11)
—div(|z|~?|Vo[P72Vv) = |z| Y @+tDya | v > 0in R

Theorem 3.3. Under the scaling transformation (IL.8), the system (FI1l) and the energy func-

tionals
/ u(thl p d/ ,UQ2+1 p
——dz an ——dx
b 1 b 1) &
g |x[Ple D e |z[P(@tD)

are invariant if and only if one of the two degenerate conditions holds: p =2 and q1 = q2.
Moreover, if p = 2, the critical condition is
1 1 n+20b—a—1)

+ = . 3.12
g+1 g+1 n (812)

If q1 = qo, the critical condition is g1 = ¢ = #&Fa) — 1. In addition, (311)) is reduced to a
single equation (31)) in the weak sense (i.e. u,v € DLP(R™)).

Proof. Step 1. By calculation, we have

~ditlla| =V, (@) 2V (2)] = DO ) b )

If (BI0)) is invariant under the scaling (L8]), there hold (p — 1)o1 + (a + 1)p — b(ga2 + 1) = 02¢2
and (p—1)oa + (a+ 1)p—b(q1 + 1) — 01¢1. Thus,

lep(qﬁLp*l)(aJrl*b) pla+p—1)(a+1-b)

— b, [ —b.
q1g2 — (p—1)? q1g2 — (p—1)?
In addition, the energy functionals [, mﬁ%dz and [, Mﬁ%dm are invariant implies o =
qI’fH —band oy = # — b. Therefore,
n[gig2 — (p — 1)
a2 == U041y gy 4 p— 1) = (g2 + e +p— 1), (3.13)

pla+1—0)
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The latter equality implies p = 2 or q1 = ¢o.

On the contrary, the argument above also shows that if p = 2 or ¢; = g2 holds, then system
and the energy functionals are invariant under the scaling (L.S).

Step 2. If p = 2, (BI1)) becomes a Laplace system. Thus, the former equality of (BI3]) implies
BI2). In particular, if a = 0, it is identical with (1) of Remark 2.1.

If ¢1 = g2, we denote them by ¢g. The former equality of (BI3)) implies ¢ = #&b_a) -
In addition, by the definition of weak solutions, for any ¢ € C5°(R™), there holds

1.

/ |z| P (|Vul|P~2Vu — |Vu|P~2Vu)Vodr = / |2z 78D (7 — 4 d.

Since C§°(R™) is dense in DLP(R™), we can take ¢ = u — v. Noting the monotonicity inequality
(|VuP=2Vu — |Vu[P=2Vu) - V(u —v) > 0, we get
/ || 7@+ (4 — ) (4 — v)da < 0.

By the integral mean value theorem we have u = v a.e. on R™. Namely, (I is reduced to

GE.1D. O

Remark 3.1. Different from the cases p = 2 and g1 = ¢2, (B.11)) has no variational structure.

4 k-Hessian equations

Tso [28] obtained the critical exponent and the existence/nonexistence results for the k-
Hessian equation on the bounded domain. Other related work can be seen in [6] and the references
therein. Here we consider the following k-Hessian equation on R"

F.(D*u) = (—u)?, wu<0in R™ (4.1)

Here Fi.[D?u] = Sk (A\(D?u)), A(D?*u) = (A1, A2, -+, A\n) with \; being eigenvalues of the Hessian
matrix (D?u), and Si(-) is the k-th symmetric function:

Sp(\) = )PP VTP
1<iy < <ip<n

Two special cases are Fy[D?u] = Au and F,[D?u] = det(D?u).

In this section, we assume 1 < k < n/2,

When g is not larger than the Serrin exponent: ¢ < n’j—gk, (@I) has no negative solution (cf.
[20], [21] and [22]). Furthermore, if R(z) is double bounded, namely there exists C' > 1 such
that C~! < R(x) < C, we can see the analogous result still holds.

Theorem 4.1. Ifq < nﬁ—’;k, then

F.(D*u) = R(z)(—w)?, w<0in R", (4.2)
has no negative solution satisfying inf gn (—u) = 0 for any double bounded coefficient R(zx).

Proof. If (2] has some negative solution u satisfying inf g» (—u) = 0 for some double bounded
R(z), then —u solves an integral equation

n—2k

20



where K(z) is also double bounded. However, by the Wolff potential estimates (cf. [14]), we

know this integral equation has no positive solution for any double bounded fonction. [l
Hereafter, we always assume that ¢ is larger than the Serrin exponent ’_”;k:
n
nk
> . 4.3
¢>—— (4.3)

Theorem 4.2. If [{.3) holds, then {{-3) has radial solutions with the fast and the slow decay
rates respectively for some double bounded functions R(x).

Proof. Clearly, if the following ODE has solution U(r)

U, U,

Cffii(?)k’lUw +Cna(=0)" = R(n)(=U)", (4.4)

then u(z) = U(r) solves [@2). Here C*~1 and C*_, are combinatorial constants, and R(r) is a
double bounded function.
We search the radial solution as the form

u(z) =U(r)=—(14+ r2)_9, r=|x, (4.5)
where 6 > 0 will be determined later.

By a direct calculation, we get

U=z, Up=—e [1-2(0+1
(1+7’2>0+1 (1+T2)9+1 ( + )1+T2

20r 20 r? ]
Thus, the left hand side of (.4

1, Ur g Uy
CS—i(T)k 1UTT+C1]§—1(T>IC

h+£w@k

In view of [@3)), it follows

1+ 72

chlick 4[ck | —CF 20 + 1)]7”2]

q—k k

2k n — 2k
<

2

We next determine that the decay rate 26 is either the fast rate ”_k% or the slow rate ﬁ'

In fact, if C*_, — C*=1(20 4 1) > 0, then 26 < "_T% We choose 6 such that 20 = q{—kk, and
from (ZL8) we can see that

O (E0) MU+ Gy (S0 = R +92) 770 = R (1 497)

This result shows that U(r) as the form (L3 with 20 = 57% solves (£4).

In addition, if C¥_, — C*~1(20 4+ 1) = 0, then 20 = n=2k Let q = % Thus, from (6]
we can also deduce

CRZ1 (U Uy + Oy (U)F = R(r)(1 +12) " OFDRE = R(r)(1 4 12) 7%, (4.7)

and hence U(r) as the form ([@H) with 20 = "_—k% also solves (£.4). O
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Come back the equation ([@I]). We consider the critical and the supercritical cases.

Theorem 4.3. Under the scaling transformation (L2), the equation ([{.1]) and the energy func-

tional [|(—u)||pat1(gn) are invariant if and only if q = %

Proof. Clearly, if we denote px by y, then
Fr(D?uy(z)) = p Mt (D?u(y)) = =) (—u)i(y) = uq”"“("“) (—up)(z)

implies o = qQTk. On the other hand, [g, (—u,)?de = p@tDo=n [ (—u)?dz implies o =

k
. Eliminating o yields ¢ = ("+§)k The necessity is complete.

q+
On the contrary, the argument above still works for the sufficiency. O

The following result shows that (4I]) has no finite energy solution when ¢ is not the critical
exponent.

Theorem 4.4. Eq. (/.1) has negative solution u belonging to C*(R™) N LY (R") if and only if
_ (n+2)k
- n—2k °

Proof. Sufficiency. If ¢ = (ngzvk, Theorem implies (@4) has a radial solution as the form

([@5) with the fast decay rate 20 = 2=2%_ In addition, (Z6) shows that R(r) is a constant

n — 2k
k

R(z) = Ci = ( )H(CRZ +Cy).

Thus, setting
—n_2k Zk

L-:Cﬁ, and V(r):=LU(r) = —L(1 +1?) ,

we know that v(z) = V(|z|) is a radial solution of ({@1)) in C?(R™) N LIt(R™).
Necessity. Multiply (1)) by —u(r and integrate on Bor(0). Noting u € L1 (R"™) and then
letting R — oo, we obtain uF}(D?u) € L*(R"), and hence

_ / ) uFy,(D*u)dx = / n(—u)q“dx. (4.8)

In addition, [@J)) is the Euler-Lagrange equation for the functional

Ex(u) = — Fi(D?u)d / Cwr,
u) = —— u w)dr — ~———duz.
k k+1 4§ W oq+1
By virtue of
n—2k n
z M 2 K +1
Er(u(=)) = uwFy(D*u)dx — —u)? dux,
R / (e - L [ ()
the Pohozaev identity d%Ek(u(ﬁ))htﬂ = 0 shows
n — 2k n
uFy(D*u)de + —— —u)?dz = 0.
ol ARG R
Inserting ([A8)) into this result, we obtain "kflk = 47, which implies ¢ = (ngzvk O

Theorem [£.4] shows ([&I]) has a radial solution with fast decay rate "fk when ¢ is a critical
exponent.
In the supercritical case, Theorem [£4] implies that the solution of (#1)) is not the finite energy

solution, and hence the decay rate should be slower than "_T%
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Theorem 4.5. If ¢ > (ngzvk, then ({-1) has radial solutions with slow decay rate qT-

Proof. Consider the problem
RO M = (=)0 r >0,

f(r)<0 and f'(r) >0, r>0, (4.9)

where A > 0 will be determined later. We prove that this problem has a bounded entire solution
f(r). Then u(xz) = f(|z|) is a solution of ({@I]).
Let ¢ > 0. Integrating (£9) from 0 to ¢ yields

) = GOD T [ p It

r

For s > 0, integrating from s to R again, we get

1 =160+ Gt [T [ dita (1.10)

We claim that inf,>o[—f(r)] = 0 as long as f is an entire positive solution of ([3]). Otherwise,
there exists ¢, > 0 such that —f(r) > ¢, for r > 0. Therefore, ([@I0) with s = 0 shows

Thus, we can find some R4 such that f(R4) = 0. This shows that (£9) has no entire positive
solution.

By virtue of f'(r) > 0 and inf,>¢[—f(7)] = 0, we know that the global solution f(r) should
be bounded and increasing to zero when r — oo. In the following, we construct the function
f(r) with the slow decay rate qQ_—kk.

First, ([@30) admits a local negative solution by the standard argument. Namely, for each
A >0, we can find R* > 0 such that the solution f(r) < 0 as r € (0, R*). We claim f(R4) < 0.

Otherwise, f(R?) = 0. Thus, f(r) solves the two point boundary value problem

{ L () frm = ], ==Y (=), e (0,RA),
f0)=-A4, f(BRY=0.

Namely, u(x) = f(]z|) is a classical solution of

Fi(D?u) = (—u)? on  Bga(0),
ulop, 40 =0, u<0 on Bga(0).

It contradicts with the nonexistence result in the supercritical case (cf. [28]).

Thus, we can extend the solution towards right in succession and hence obtain an entire
solution for each A.

Next, by the shooting method, it is easy to find suitable A > 0 such that (€3] has solution
fa(r) <0 on [0,1] satisfying f4(0) = —A and fa(1l) = —C4. Here

chl 2k 1 q—k. &
CA—[T(nfq_—k)]qfk( 2k )qu



By virtue of ([£3]), we see C4 > 0.
Finally, we claim that f(R) = —CAR™ % solves @9) as r > 1. Tt is sufficient to verify (ZI0)

with s = 1:
1 =1+ Gosht [ 1 [ s titar

In fact, (@3] shows that n — % > 0. By a calculation, we get the right hand side of the
integral equation above

kCY e d
C’“E/ Cam ”/ 2'?—Skdtfc,4

n—1

kCZ‘ 1 2qk _1q—Fk 2k
= S 1-R &F)—C
— _C, R ¥

It is the left hand side.
Thus, we find a radial solution of (£1I)) in the supercritical case

u(z>{ fallaD), for e 0,1];
1 Cale|TTF, for r>1

Theorem is proved. O
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