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A_bstract—ln the present analysis, we consider_ the control- 2) X(t,t) = I,
lability problem of the abstract Schrodinger equation : is called a contraction propagator 6h

Opp = A +uBy Let us now fix some scalar function: I — R and define

where A is a skew-adjoint operator, B a control potential and A(t) = A+ u(t)B.

w is the control command. Recall that a familyt € I — U(t) € E, FE a subset of a
We are interested by approximation of this equation by finite Banach spacé, is in BV (I, E) if there existsN > 0 such
dimensional systems. that
Assuming that A has a pure discrete spectrum andB is n
in some sense regular with respect tad we show that such Z U(t;) —U(tj—1)llx <N
an approximation is possible. More precisely the solutions j=1

are approximated by their projections on finite dimensional o )
Subspaces Spanned by the eigenvectors df for any partltlona =to<t1 <...<t,= b of the interval
This approximation is uniform in time and in the control  (a,b). The mapping
u, If this control has bounded variation with a priori bounded
total variation. Hence if these finite dimensional systems ra n
controllable with a fixed bound on the total variation of u then U € BV (I, E) — sup Z 1U(t;)=U(tj-1)lx
the system is approximatively controllable. a=to<ti<.-.<tn=b ;-
The main outcome of our analysis is that we can build . . .
solutions for low regular controls  such as bounded variation IS @ semi-norm oV (I, E) that we denote withl-|| 5y (1, ).
ones and even Radon measures. The semi-norm inBV (I, E) is also called total variation.
Assumptions

Let I be a real interval an® dense subset of
a) The wellposedness: Let 7 be a separable Hilbert 1y 4(1) is a maximal skew-symmetric operator awith
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space (possibly infinite dimensional) with scalar produgct domainD .
and || - || the corresponding norm{, B be two (possibly 2y ¢, A(¢) has bounded variation from to L(D, ),
unbounded) skew-symmetric operators ‘Hn We consider whereD is endowed with the graph topology associ-
the formal bilinear control system ated toA(a) for a = inf 1,

d 3) M :=sup,e; ||(1 - A(t))’1|| < 0,

—h(t) = Ap(t) + u(t) By (t), 1 L(H.D)

dtw( ) V(o) +ul®)BY(d) ) We do not assume— A(t) to be continuous. However as

where the scalar contral is to be chosen in a set of reala consequence of Assumptibh 2 (see [Edw57, Theorem 3])
functions. it admits right and left limit in L(D,H), A(t — 0) =

For any real interval, we define lim,_,o+ A(t —e), A(t +0) = lim._, g+ A(t + ), for all

t € I,and A(t —0) = A(t + 0) for all ¢ € I except a
Api={(st) eI | s <t}. countable set(. ) o i

Definition : Propagator on a Hilbert space The the core of our analysis is the following result due
Let I be a real interval. A family(s,t) € A; — X(s,t) 10 Kato (see [Kat53, Theorem 2 and Theorem 3]). It gives
of linear contractions, that is Lipschitz maps with Lipgzhi Sufficient conditions for the well-posedness of the sysfn (
constant less than one, on a Hilbert spake strongly

continuous int ands and such that 1The bounded variation of — A(t) ensures that any choice efc I
1) foranys <r <t, X(t,s) = X(t,7)X(r,s), will be equivalent.
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Theorem1: If ¢t € I — A(t) satisfies the above as- 1) for anyt € [0, 7], for any+, € D(|A|*/?)
sumptions, then there exists a unique contraction propagat

X : A; — L(H) such that ifyy € D then X (t, s)ib € D 1T (o0)llkyz < e AP ysg o
and for(t,s) € Ay
A X (L, )| < MeMIAlsva.Lm30)|| A(s)o . 2) for anyt € [0, 7], for any, € D(|A|'*t#/?) for any

u € BV([0,T],R) N BLOO([O_’T])(O, 1/||Bl|a)), there

and in this caseX (¢, s)vy is strongly left differentiable in existsm (depending only ond, B and |ul~(o.71))

t and right differentiable ins with derivative (whent = s)

A(t + 0)¢0 and —A(t - 0)¢0 respectively. ||Tt(7v[)0)”1+k/2 <meml|uHBv([0,T],R) X

In the case in which — A(¢) is continuous and skew- . B[ ol
adjoint, if o € D thent € (s,+00) — X(t, )Y is x e B0 M [4ho [l1 412
th?)r;?l();’ g)ci;;!nuously differentiable ir{ with derivative Moreover, for everyly in D(|A*/2), the end-point mapping
This theorem addresses the problem of existence of solution Y (¢bo) : BV([0,T], K) — D(|A|k/2)

for the kind of non-autonomous system we consider here
under very mild assumptions on the control command
For instance we consider bounded variation controls. Undgf continuous.

some additional assumptions such as the boundedness of fiannounced before these theorem the two strategies were

control potential, we can also consider Radon measures. \;sed in complement to establish the second point of the
Let us insist on the quantitative aspect of the theorem ggeorem.

it provides an estimate on the growth of the solution in the Thare is several outcomes to our analysis. First each
norm associated withl. This is quantitative aspect is the gyainaple target from an initial state has to be as regular
starting point of the subsequent comments. _ as the initial state and the control potential allows it to be
b) Some supplementary regularity: The regularity of pqr jnstance if we consider the harmonic potential for the
the solutl_on W|th respect to the natural structure of th%hrbdinger equation and we try to control it by a smooth
problem is considered now. In that respect we can adoghnded potential then from any initial eigenvector one
two complementary strategies : cannot attain non-smooth non exponentially decaying state
1) the regularity of the input-output mapping, the flow of ) A negative result: An auxiliary result of our analysis
the problem, is obtained by proving that the contro|s an immediate generalisation of the famous negative tresul
potential if it is regular enough do not alter thepy Bajl, Marsden and Slemrod [BMS82] that the attainable
regularity properties of the uncontrolled problem. et js included in a countable union of compact sets for the
2) the regularity can be added to the functional setting Qhitia| Hilbert setting of the problem for integrable cooitr
the wellposedness problem; namely we solve the proliys. We can show that this still holds for much smaller
lem imposing regularity to the constructed solution. spaces than the initial Hilbert space, for instance the dasna
For the first strategy we introduce the following definition.and iterated domains of the uncontrolled problem, for much

u = 10, T) (o)

Definition : Weakly coupled less regular controls such as bounded variation function or
Let &£ be a non negative real. A couple skew-adjoint even Radon measures.
operators(A, B) is k-weakly coupled if Theorem 3: Let k& be a non negative real. Létd, B) be

1) Ais invertible with bounded inverse from(A) to #, k-weakly coupled . Letyy € D(]A|*/?).Then

2) for any realt, e!® D(|A[*/2) c D(|A|*/?),

3) there exists: > 0 and ¢’ > 0 such thatB — ¢ and U {aX*(Wo), lull Bv(jo,r,r) < Lt € [0,T],]a| < a}
— B¢ generate contraction semigroupsbB(|A[¥/2)  L.T.a>0
for the normay — ||| A|*/2u]|.

- is a meagre set (in the sense of Baire)if? (I, D(|A|*/?)
We set, for every positive red,

as a union of relatively compact subsets.

]lk/s = / (A2, ) d) Gallerkin approximation for bounded control poten-
k/2 T tial: In a practical setting it is clear that this negative result
The optimal exponential growth is defined by is useless. Nonetheless we consider that such a negative

result has a philosophical consequence, natural systems fo

log ||et? . : . i
Blle HL(D“AIW)’D(‘AW%. which regularity of the bounded potential is natural cannot

ck(A, B) :=sup

teR 1 be exactly controllable. such an observation is even more
Theorem 2: Let k& be a non negative real. Lé#d, B) be dramatic if one considers systems with continuous spectrum
k-weakly coupled . Once such a comment is made, practical questions re-

For anyu € BV([0,T],R) N Bre(o,m)(0,1/||Blla), mains, one of them is the question of the approximate
there exists a family of contraction propagatorstinthat controllability (see [BCC13, Definition 1]), we choose here
extends uniquely as contraction propagatordtdA|*/2) :  to give a corollary of our analysis that can be helpfull when
T : A7 — L(D(]A¥/?)) such that one want to tackle this issue.



For every Hilbert basisb = (¢x)ren Of H, we define, there exists\; in R such thatA¢, = i\;¢r. The sequence

for every N in N,
Ty H — H
v = ngzv<¢.jaw>¢j-
Definition
Let (A, B) be a couple of unbounded operators ahd=

(A )k tends to+oo and, up to a reordering, is non decreasing.

Since B is bounded fromD(|A|F) to D(|A[*), (A, B,R)
satisfies our assumptions atd, B) is k-weakly coupled for
non negative reat.
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