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OBSERVATIONS FROM MEASURABLE SETS AND
APPLICATIONS

LUIS ESCAURIAZA, SANTIAGO MONTANER, AND CAN ZHANG

ABSTRACT. We find new quantitative estimates on the space-time analyticity
of solutions to linear parabolic equations with time-independent coefficients
and apply them to obtain observability inequalities for its solutions over mea-
surable sets.

1. INTRODUCTION

Mixing up ideas developed in [35], [2] and [32], it was shown in [3] that the heat
equation over bounded domains 2 in R™ can be null controlled at all times T > 0
with interior and bounded controls acting over space-time measurable sets D C
Q% (0,T) with positive Lebesgue measure, when € is a Lipchitz polyhedron or a C*
domain in R™. [3] also established the boundary null-controllability with bounded
controls over measurable sets J C 9Q x (0,T) with positive surface measure.

In this work we explain the techniques necessary to apply the same methods
in [3] in order to obtain the interior and boundary null controllability of some
higher order or non self-adjoint parabolic evolutions with time-independent analytic
coefficients over analytic domains Q of R™ and with bounded controls acting over
measurable sets with positive measure. We also show the null-controllability with
controls acting over possibly different measurable regions over each component of
the Dirichlet data of higher order parabolic equations or over each component of
the solution to second order parabolic systems; both at the interior and at the
boundary. Finally, we show that the same methods imply the null-controllability of
some not completely uncoupled parabolic systems with bounded interior controls
acting over only one of the components of the system and on measurable regions.

We explain the technical details for parabolic higher order equations with con-
stant coefficients and for second order systems with time independent analytic co-
efficients. We believe that this set of examples will make it clear to the experts
that the combination of the methods in [35], [2], [32] with others here imply analog
results to those in [3] for parabolic evolutions associated to possibly non self-adjoint
higher order elliptic equations or second order systems with time independent an-
alytic coefficients over analytic domains: existence of bounded null-controls acting
over measurable sets and the uniqueness and bang-bang property of certain optimal
controls.
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Throughout the work 0 < T" < 1 denotes a positive time, 2 C R™ a is bounded
domain with analytic boundary 92, v is the exterior unit normal vector to the
boundary of  and do denotes surface measure on 9, Br(zg) stands for the ball
centered at zp and of radius R, B = Bg(0). For measurable sets w C R™ and
D C R" x (0,T), |w| and |D| stand for the Lebesgue measures of the sets; for
measurable sets I' C 9Q and J in 9Q x (0,T), |T'| and |J| denote respectively their
surface measures in 92 and 9 x R. |a| = a1 + -+ + ay, when a = (aq,...,qp) is
a (-tuple in N¢ 0> 1.

To describe the analyticity of the boundary of 2 we assume that there is some
0 > 0 such that for each xg in OS2 there is, after a translation and rotations, a new
coordinate system (where o = 0) and a real analytic function ¢ : By C R"™! — R
verifying

©(0') =0, |0%¢p(z")| < |a|ld~1%=1 | when 2’ € B}, o € N*° 1,
(1.1) BsNQ=Bsn{(a',x,) : 2’ € By, xp, > p(a’)},
Bs N oQ = BsN{(z/,2,) : 2’ € B, z,, = p(2')}.

The existence of the bounded null-controls acting over the measurable sets for
the set of examples follows by standard duality arguments (cf. [5] or [20]) from the
following list of observability inequalities.

Theorem 1. Let D C Q x (0,T) be a measurable set with positive measure and
m > 1. Then, there is a constant N = N(Q,T,m,D,§) such that the inequality

(T z20) < N/D |u(z,t)| dedt

holds for all solutions u to

Ou+ (—1)™A™u =0, in Qx (0,7),
(1.2) u=Vu=--=V"lu=0, ondx(0,7T),
u(0) = wo, in Q,

with ug in L3(9).

Remark 1. The constant N in Theorem [ is of the form e™/T"“" Vwith N =
N(Q,|w|,0), when D =w x (0,7),0 < T <1 and w C § is a measurable set. The
later is consistent with the case of the heat equation [§].

The second and third are two boundary observability inequalities over measur-
able sets for the higher order evolution (I2). The first over a general measurable
set and the second over two possibly different measurable sets with the same pro-
jection over the time t-axis. To simplify, we give the details only for the evolution
associated to A2,

Theorem 2. Assume that J C 0 x (0,T) is a measurable set with positive surface
measure in OQ x (0,T). Then, there is N = N(Q,3,T,8) such that the inequality

(1.3) (Tl < N /g 1880 (4 1) + |Au(e, )| dodt,
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holds for all solutions u to
Ou+ A%u =0, inQx(0,7T),
(1.4) U= % =0, on 9 x (0,T),
u(0) = uo, in Q,
with ug in L2(9).
Remark 2. When J = T'x (0,7), 0 < T < 1 and I' C 09, the constant N in
Theorem @is of the form eN/T"* with N = N(, T, 9).

Theorem 3. Assume that E C (0,T) is a measurable set with positive measure and
that T; C 09, i = 1,2, are measurable sets with positive surface measure. Then,
there is N = N(Q,|T'1|, |T2|, E, ) such that the inequality

D)z < N [
holds for all solutions u to (4.

280 ()| Ly + | Au(t) || 2a(rsy) dt,

Remark 3. We do not know if the sets I'y x ' and I's X E can be replaced by general
measurable sets J; C 9Q x (0,T),i=1,2.

Now we consider the evolutions associated with strongly coupled second order
time independent parabolic systems with a possible non self-adjoint structure, as
the second order system

du—Lu=0, inQx(0,7),
(1.5) u=0, on 99 x (0,7), with L = (L', ... L"),
u(0) = uy, in Q,
with
Lfu = 0,, (aff(:z:)(?mj u) + bﬁ"(x)azj u ()", E=1,...,4,
and ug in L?(Q)*. Here, u denotes the vector-valued function (u',...,u*) and the
/XY

summation convention of repeated indices is understood. We assume that a;;', bz

and ¢&" are analytic functions over €, i.e., there is § > 0 such that
(1.6) |8;Yaf;’(:1c)| + |8;b§"(x)| +107 ()| < 67117141, for all v € N and = € 0,
and only requires that the higher order terms of the system (5] have a self-adjoint
structure; i.e.
(1.7) afj"(a:) = a?f(x), forallz € Q, &Em=1,....0,4,j=1,...,n,
together with the strong ellipticity condition
(1.8) D aM @) =6 [¢1?, forall ¢ = (¢f) in R" and x € Q.
ISURY/ (213

The results described below also hold when the higher order coefficients of the
system verify (7)) and the weaker Legendre-Hadamard condition [I3] p. 76],

(1.9) > af! (x)sis;0% 0" > 6]s|*[9]?, when ¢ € R",9 € R, z € R",
,3,6:m
in place of ([LJ). Recall that the Lamé system of elasticity
V- (u(z) (Vu+ Vu')) + V (A(2)V - u),
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with g > 9, u+A1>0in R", { =n and
a5/ (x) = pu(x) (Oendij + 6indje) + ()3 0ei,

are examples of systems verifying (L9]).

The observability inequalities related to parabolic second order systems are as
follows. The first is an interior observability inequality with possibly different mea-
surable interior observation regions for each component of the system but with the
same projection over the time ¢-axis.

Theorem 4. Let E C (0,T) be a measurable, |[E| >0 and w,, C Q, n=1,....¢,
be measurable with |w,| > wo, n = 1,...,4, for some wy > 0. Then, there is
N =N(Q,T,E,wp,0) such that the inequality

¢
(D)l 2y < N /E S22,
n=1

holds for all solutions u to (L3).

Remark 4. We do not know if the sets w, x E, n = 1,...,¢, can be replaced by
different and more general measurable sets D,y C © x (0,T).

The second is a boundary observability inequality over possibly different mea-
surable sets with the same projection over the time t-axis for each component of the
system and the third, a boundary observability over a general measurable subset
of 90 x (0, 7).

Theorem 5. Let E C (0,T) be a measurable set with a positive measure and
Yy C O, n = 1,...,¢, be measurable sets with ming—i . ¢|vy| > 70, for some
Yo > 0. Then, there is N = N(Q, E,T,~0,d) > 1 such that the inequality

J4
a(T) | L2y < N/EZ| % (1) 11 () dt
n=1

]icwlds fmi all soéutions u to (LI). Here % = (%—f, cee %—15) with %Ll:’ = a?f(?mj uév;,
orn=1,...,10.

Remark 5. We do not know if the sets v, x E, n = 1,...,/, can be replaced by
different and general measurable sets J, C 02 x (0,7),n=1,...,¢.

Theorem 6. Let J be measurable subset of 0% (0, T) with positive measure. Then,
there is N = N(£,6,d,T) such that the inequality

[a(T)[| L2(0e gN/g 194 (¢, 1)| dodt.

holds for all solutions u to (L3,

With the same methods as for Theorem [Il one can also get an observability
inequality for (IH) with observations over general interior measurable sets.

Theorem 7. Let D C Q x (0,T) be a measurable set with positive measure. Then
there is N = N(Q,T,D,0) > 1 such that the inequality

[a(T)[ L2y < N/@ |u(z,t)| dzdt,

holds for all solutions u to (L3).
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Remark 6. The constant in Theorem [7is of the form /T with N = N(Q,w, ),
when D =w x (0,7),0<T <1 and w C Q.

Finally, the last observability inequality deals with the observation of only one
interior component of two coupled parabolic equations over a measurable set (See
[36] for the case of open sets). In particular, we consider the time independent not
completely uncoupled parabolic system
Oou — Au+ a(x)u+b(z)v =0, in Qx(0,7T),

v — Av+e(x)u+d(x)v=0, in Qx(0,T),
u=0, v=0, on 09 x (0,7,
u(0) = ug, v(0) = vo, in Q,

(1.10)

with a, b, ¢ and d analytic in Q, b(-) # 0, somewhere in Q and with
107 a(x)| + [87b(x)] + [0)c(x)| + |0 d(x)| < 5~ y|L, for all ¥ € N and = € Q,
for some & > 0. Then, we get the following bound.

Theorem 8. Let D C Q x (0,T) be a measurable set with positive measure. Then
there is N = N(Q,D,T,d) such that the inequality

(T2 + [[0(T)llL2@) < N/D |u(z, t)| dadt,

holds for all solutions (u,v) to (LI0)

Remark 7. Theorem[lis still valid when the Laplace operator A in (LI0) is replaced
by two second elliptic operators V - (A;(z)V-), i = 1,2, with matrices A; real-
analytic, symmetric and positive-definite over Q. Here, we must make sure that
the higher order terms of the system remain uncoupled: a diagonal principal part.
Otherwise, we do not know if such kind of observability estimates are possible. We

believe that generally they are not.

As far as we know, the observability inequalities for the evolutions (L2 for
m > 2 and ([3) have not been proved with Carleman methods; not even when D,
J,T1,Ta, wy, v, are open sets and E = (0,T), cases where the standard techniques
to prove Carleman inequalities should make it more feasible. The reasons for these
are the difficulties that one confronts when dealing with the calculation and test of
the positivity of the commutators associated to the Carleman methods for higher
order equations and second order systems.

The method we use relies on the telescoping series method - built with ideas
borrowed from [24] and first used in [32] - and on local observability inequalities
for analytic functions over measurable sets: the Lemma [I] as in [2 B] and a new
extension of Lemma [I] the Lemma [2] below. We use Lemma [2] in the proof of
Theorem [8

Lemma 1. Let Q2 be a bounded domain in R™ and w C ) be a measurable set of
positive measure. Let f be an analytic function in Q satisfying

102 f ()] < Mp~1*a]l, for x € Q and a € N,

for some numbers M and p. Then, there are N = N(Q, p,|w|) and 8 = 6(Q, p, |w]|),
0< 6 <1, such that

1fll ey < NMle(][w|f|dx)9.
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Lemma [I] was first derived in [34]. See also [27] and [2§] for close results. The
reader can find a simpler proof of Lemma[]in [2, §3]. The proof there is built with
ideas from [21], [27] and [34].

Lemma 2. Let Q be a bounded domain in R™ and w C Q be a measurable set with
positive Lebesgue measure. Let f be an analytic function in Q satisfying

|05 f ()] §M|Oé|!p_‘a|, fora e N* and x € Q,

for some M >0 and 0 < p < 1. Then, there are constants N = N(Q, p,|w|,n) and
0=10(Qp,|w]), 0<0 <1, such that

_0
105 Loy < lalt (o/N) 11003 (f1£1d2) ™, when o € N

To the best of our knowledge, the works studying the space-time analyticity of
solutions to linear parabolic equations or systems with space-time analytic coeffi-
cients over analytic domains with zero Dirichlet lateral data or with other types of
zero lateral data [9] [30] [10L [6] 15, [I7] do not in general state clearly the quantitative
estimates on the analyticity of the solutions derived from the methods they use.
Likely, the authors were mostly interested in the qualitative behavior.

As far as we understand, the best quantitative bound that one can get for so-
lutions to (L2), (L4), (LH) and (IO) with initial data in L?(Q) from the works
[9, 30} 10, 6] 15 17 is the following:

There is 0 < p <1, p = p(m,n,d) such that

| || n

(1.11)  |0%0Pu(x,t)| < p~ ' 2m Plal! p! tzm TP A g 2, Yo € N, p € N,
where 2m is the order of the evolution.
The arguments in [9} 30, 10} 6, [15], 17] show that (I.I1]) holds when the coefficients of
the underlying linear parabolic equation or system are time dependent and satisfy
bounds like
(1.12) 020F Az, t)] < 6 171el=Pla|lp!, foralla € N*, pe N, z € Q and t > 0,
for some 0 < 6 < 1. On the other hand, there is p = p(n,m), 0 < p < 1, such that
the solution to

Ou+ (=A)"u =0, inR" x (0,+00),

u(0) = uo, in R™,
verifies

(113) |05, )] < =5 P lallzw pleT P fuol pageny,

when o € N” and p € N. Thus, the radius of convergence of the Taylor series
expansion of u(-,t) around points in R™ is +o0o at all times ¢ > 0. The same
holds when (—A)™ is replaced above by other elliptic operators or systems of order
2m with constant coefficients. These estimates follow from upper bounds of the
holomorphic extension to C™ of the fundamental solutions of higher order parabolic
equations or systems with constant coefficients [6, p.15 (15); p.47-48 Theorem 1.1
(3)] and the fact that a function f in C*°(R™) verifies

102 £(0)] < |aftzw p~ 71l for all € N”, for some 0 < p < 1,

if and only if f is a holomorphic in C"* and

2m
|f(2)] < NP for all z € C™ and for some N > 1.
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To prove the observability inequalities in Theorems[IlthroughBwe apply Lemmas
M or @ to u(t) over Q and to u(z,-) over roughly (4,t) for z in @ and 0 < ¢ <
T, with u a solution to one of the above systems. To get the result of these
applications compatible with the telescoping series method - to make sure that a
certain telescoping series converges - we need better quantifications of the space-
time analyticity of the solutions to (2], (I4), (IT) and (I0) than the ones in
(LII) or within the available literature [9] [30] 10l 6] (15 [17], where the Taylor series
expansion of u(-,t) around a point zg in € is known to converge absolutely only at
points whose distance from g is less than a fixed constant multiple of *3/%.

For our purpose, we need to find a quantification of the space-time analyticity
which implies that the space-time Taylor series expansion of solutions converge
absolutely over B,(x) x ((1 — p)t, (1 + p)t), for some 0 < p < 1, when (z,t) is in
Q x (0,1]. Thus, independently of 0 < ¢ < 1 in the space variable.

E. M. Landis and O. A. Oleinik developed in [18] a reasoning which reduces the
study of the strong unique continuation property within characteristic hyperplanes
for solutions to time independent parabolic evolutions to its elliptic counterpart.
They informed their readers [I8, p. 190] that their argument implies the space-
analyticity of solutions to time-independent linear parabolic equations from its cor-
responding elliptic counterpart though they did not bother to quantify their claim.
Here, we quantify each step of their reasonings and get the following quantitative
estimate.

Lemma 3. There is p = p(m,n,d), 0 < p <1, such that
1/(2m—1) _ _ _
020 u(x, )| < /Pt p~ 1P | p 7P ug | 12 (e,

when 2 € Q, 0 <t <1, a € N?, p >0, 2m is the order of the evolution and u

verifies (L2), (L), (LH) or (LIT).

It provides a better bound than (IT)) in [9, 30} 10} 6 15l 17] and it is good, as
described above, for our applications to Control Theory. Also observe that Lemma

[Blis somehow in between ([LII]) and (LI3]), since

1/(2m—1)

_lal L
sup t~2m /Pt <la|*~zw, for a € N",

t>0

Lemma [3] also holds for solutions to time independent linear parabolic equations
associated to elliptic and possibly non self-adjoint equations of order 2m with ana-
lytic coefficients. We do not complete the details here. The readers can obtain such
quantitative estimates from [I8] and with arguments similar to those in Section

We believe that Lemma [3 holds when the coefficients of the parabolic evolution
are time dependent and verify (II2)) but so far we do not know how to prove it.

The paper is organized as follows: Section [2] proves Lemma [3} Section [3] shows
the results related to higher order parabolic equatons, Section M verifies the ones
for systems and Section [l recalls some applications of Theorems [ 2 @ and B to
Control Theory. One can find analogous applications of Theorems [3] [l [6] and [7l

2. PROOF OF LEMMA B

We first prove Lemma[3]for solutions to (L2). Other time-independent parabolic
evolutions associated to self-adjoint elliptic scalar operators or systems with analytic
coefficients are treated similarly.
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Proof of Lemma(3 for (L2). Let {e;};>1 and {w:™};>1 be respectively the sets
of L?(2)-normalized eigenfunctions and eigenvalues for (—A)™ with zero lateral
Dirichlet boundary conditions; i.e.,
( ™A™ e; —wime; =0, in £,
ej =Vej =-- —V’"l 5 =0, on .
Take ug = Y, ajej, with 37,5, af < 400 and define
u(z,y,t) Za] tw;™ e;(2)X;(y), forx € Q, y €R and t > 0,
7j>1
with
(2.1) Xjly) =

mi
ei¥e?™  when m is even,

{ewiy when m is odd,
where i = v/—1. Then, u(x,t) = u(z,0,t), solves (I.2) with initial datum wug and

(2.2) Fu(z,y,t) = Z (—=1)Pa; w?mpe_tw?mej(:v)Xj (y), 1€Q, yeR.

j=1
Moreover,
(85’” + A™)(OPu(-,-,t)) =0, in Q x R,
Fu(-,-,t) =V ( ) ==V 9Pu(,-,t)) =0, ondQxR.

Because 0f) is analytic, the quantitative estimates on the analyticity up to the
boundary for solutions to elliptic equations with analytic coeflicients and null-
Dirichlet data over nearby analytic boundaries (See |25, Ch. 5] or [II, Ch. 3]),
show that there is p = p(2), 0 < p < 1, such that for 2o in Q and 0 < R < 1

(2.3) 10707 u(-s V)| Lo (B s (x0.0)n0xR)

<laftp Rl (] OPu(, y,1)|? dady
Br(z0,0)NQxR

1
2

Because

R
ea fu(ey P dady < [ [ oFute.y. ) dedy,
Br(20,0)NQxR -rJa

we have from (Z1)), (Z2)) and the orthogonality of {e;};>1 in L?(£2) that
2

/|8 u(x,y,t) |2dx—/ ’Z 2mpe fw ngej(zv)Xj(y) dx

7j>1
_ 2, Amp —2tw?™ |y 2 2, Amp  —2tw?™ 2w,|y|
—E ajw;" e | X (y)] SE ajw; " e et

i>1 i>1
Amp w2 W™ 2w,
Smax{w}mpe tw; }max{e tw; +2w7‘y‘} g a?.
i1 - i1

Jj=1

Next, from Stirling’s formula

2p
2
max I (2p)2p e < <¥> p!?, when ¢t >0 and p >0,
Tz
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and the fact that
1
mg())(e*t””zmﬁz‘y‘ = 6(27%>(‘_yt‘)2m71 , when t >0, m > 1,
Tz

we get that
AN o i lul )Tt
[t opars (3) ppemi) ™ S
@ j>1

This, along with ([23]), (24) and the choice of R = 1 show that

1/2
_ 2\” ~ T
10507 u(-, -, )| Lo (B, o (z0.0)nxr) < Nlaf!plp la (;) eNt et Zaf
jz1
In particular,
1/(2m—1) _ _ _
050 u(w, b)] < /Pt p 1P af pl P Jug | L2 (@) -
[l

Remark 8. The last proof extends to the case m > 2 its analog for m = 1 in [3]
Lemma 6]. There the authors used that the Green’s function over 2 for A — 9; with
zero lateral Dirichlet conditions has Gaussian upper bounds. The later shows that
one can derive [3| Lemma 6] without knowledge of upper bounds for the Green’s
function with lateral Dirichlet conditions of the parabolic evolution.

We now give a proof of Lemma [3] for solutions to the systems (CH) and (I0I).
Other time-independent parabolic evolutions associated to possibly non self-adjoint
elliptic scalar equations with analytic coefficients over §2 are treated similarly.

Proof of Lemmal3 for (LH). The proof of Lemma 3 requires first global bounds on
the time-analyticity of the solutions, Lemma M below. Of course, there is plenty of
literature on the time-analyticity of solutions to abstract evolutions [14} [T6] 22| 3]
but we give here a proof of Lemma [4] because it serves better our purpose.

Lemma 4. There is p = p(0), 0 < p < 1, such that
tPllofu(t)||L2(o) + tPr3 IVOPu(t)|| 2oy < p~ ' Pp! [uol 20,
when p >0, 0 <t <2 and u verifies (LI) or (LI0).

Proof of Lemma[j Let u solve (LH). When ug is in C§°(€2), the solution u to
([C3) is in C*(Q x [0, +0c0)) [10]. By the local energy inequality for (IC5) there is
p = p(d) > 0 such that

sup [[u(t)||r2) < p~ M uollr2e)-
0<t<2

Multiply first the equation satisfied by 97 u,

(2.5) {af“u—wfu—o, in Q2 x (0, 400),

Fu=0, in 99 x (0, 4+00),
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by #2729, after by t2P719Pu and integrate by parts over Qp = Q x (0,T),
0 < T <2, the two resulting identities. These, standard energy methods, Holder’s
inequality together with (L6]) (L7) and (L) imply that

(2.6) TPV u(T)| L2y + 17 P | 12 (0
1 1
SO ul| 2 () + (p+1)2 [[PF 207V 120y,

1
(27)  TPFE0Pu(T) | ey + 172 0F V2o S (0 4+ D 07l L2
Thus,
(2.8) [0 a2y < o7t (0 + 1) [[POF | 20y, for p>0
and the iteration of ([2.8) and the local energy inequality show that
[tPOFa(t)| L2py < p~ " Pp! \/THUOHL?(]R")v for p > 0.

This combined with (2.6]) and (Z77)) implies Lemma [4l
(]

The next step is to show that we can realize u(x,t) and all its partial deriva-
tives with respect to time as functions with one more space variable, say x,1,
which satisfy in the (X,t) = (x,2,41,t) coordinates a time-independent parabolic
evolution associated to a self-adjoint elliptic system with analytic coefficients over
Qx (—1,1) x (0, +00) and with zero boundary values over 90 x (—1,1) x (0, 400).
To accomplish it, consider the system S = (Sl, ey Se), which acts on functions w
in C>*(Q x R,RY), w= (w',...,w"), as

n+l £

Stw=> Yo, (dff(X)ijw">

ij=1n=1

¢
+ Z (02,11 (Tns1EM(@)WT) = Tpg1¢™(2) 0y, w"]

n=1
for¢=1,...,¢, where for &, n=1,...,¢,

afjﬁ(x), fori,j=1,...,n,

dgn(X): xn+1b§n(:1:), fori=n+1,j=1,...,n

* xn+1b?5(:1c), fori=1,...,n, j=n-+1,

Méey, fori=j=n+1.
Set Qr = Q x (=R, R) and 9,Qr = 9 x (=R, R), the “lateral”’boundary of Q.
From (L), S is a self-adjoint system and for large M = M(§), the matrices of
coefficients df;’ verify one the ellipticity conditions (L8) or (L) with § replaced

by g over ()1 when the original coefficients afjﬁ verify respectively (L8] or (L9).
Choosing M larger if it is necessary, we may assume that

(29) VX0l < - [ SoredX < 3IVx0lha,)
1
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when ¢ is in Wy?(Q1) and Vx = (Va,02,,,). Also, Sp(X) = Lv(z), when
p(X) =v(z) and for w(X,t) = 0u(x,t), p > 0, we have

Ow —Sw =0, in Q1 x (0,+00),
w =0, in 9,Q1 x (0,+00).

The symmetry, coerciveness and compactness of the operator mapping functions f
in L2(Q1)™ into the unique solution ¢ in W, *(Q1)™ to

S‘p = f7 in Qb
e=0, indQ

[13) Prop. 2.1] gives the existence of a complete orthogonal system {e;} in L2(Q1)™
of eigenfunctions, ex = (ef,...,e"), satisfying

Se, +wiep =0, in Q,
€r = Oa in 8Q17

with eigenvalues 0 < w? < w,% <.... Fix 0 < T < 1 and for (X,t) in Q1 X
(L, +00) consider
wi(X, ) = Y aze 0T e (X),
i>1
with
(2.10) a; = [ Ofu(z,L)e;(X)dX.
Q1
Clearly, w1(X, %) = 0 u(x, %) in @1 and by the multiplications of the equation
verified by wy, first by wy, after by 0;w; and the integration by parts of the
resulting identities over Q1 x (%, T), for % <1 < 2T, we get

W1l oo (2 2752201 + VT IVXW1 oo (2 2722001
N Hafu(%)HLQ(Q) + \/THV(’?fu(%)HH(Q)-
From Lemma [

(211)  willpee(z 2152200y T+ \/THVXWl”LOO(%QT;L?(Ql)) <VTH(p,T,p),

with
1 Cp_1
(2.12) H(p,T,p) = p~ Pp! T™P72 || 120y, 0 < p <1, p=p(é).
Let wo be the solution to
Oywo — Swa = 0, in Q1 X (%, +00),
wo =n(t) (Ofu—wi), on dQ; x (%,—i—oo),
WQ(O) = 0, in Ql;

Where0§n§1veriﬁes77:1,f0r—oo<t§T,n=O,for%§t<+ooand
|8n| < %. Observe that because 9/u = 0 on I x (0,400), Q1 C dQ: and
w1 = 0 on 9Q1, then wo = 0 on 9;Q1.
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The auxiliary function, v = wa — n(t)(0Yu — wy) satisfies

Ov—Sv=—(0u—wi)dn inQx(T/2,+00),

v=0 on 0Q1 x (T/2,+00),
v(T/2)=0 in Q1

and clearly v =0 in Q1 X [%, T). In particular,

(2.13) Fu(z, T)=wy(X,T)+wo(X,T), for X in Q.

By the parabolic regularity
IVllLee(r/2.2m522(u)) + IVxVILoe(r/2,2m502(0u)) S 1070 — W1)0unl| 22 a1,12(q))
and from Lemma [ and (2.11))
IVl Lo (72,202 (Qu)) + VX VLo (1/2,2m02(00)) S H (P, T p).-
Because wo = v + 1(t) (0u — w1 ), we get from the latter, Lemma [ and (Z.IT])
(2.14) ||W2||L°°(%,2T;L2(Q1)) + ||VXW2||L<>0(§,2T;L2(Q1)) S H(p, T, p).
By separation of variables,
—+o0
wa(X, 1) = Y ;e (7 e (X), with ¢; = [ wa(X,20)e;(X) dX,
j=1 Q1
for t > 27. From (Z3), w} > 3 and
(2.15) [wWa(t)ll2(@.) < 6_%(t_2T)||W2(2T)||L2(Ql), when ¢ > 2T.
Also,

_/ Swa(t) - wa(t)dX = — Oywo(t) - wo(t) dX = Cﬁwf_e*zwf(tsz),
1 Q1 )

for t > 2T and the last identity and (Z9) imply that

<.

||VXW2(t)||L2(Q1) < 6_%(t_2T)||VXw2(2T)||L2(Q1), when ¢t > 2T.
From (ZI4), (ZI5) and the last inequality
_ 3 (t—2T)*+
(2.16) Iwa(t)ll2(@u) + IVxWa(t)ll 20 S ¢ 227 H(p, T, p)

and we may extend wso as zero for ¢t < % Set

. 1 Too 1 Too
W2 (X7 IUJ) = E /T e_lMtWQ (X; t) dt = E / e_lMtWZ (X7 t) dtv
z —o0

for X in Q7 and p in R. From (216])
217) [l + IVx®a(@)lron S Hp. T, p), for all g€ R

Moreover,

SWa(X, 1) — ipwa(X, 1) =0, i
{W2( 1) — ipW2 (X, ) , inQy, for each pu € R.

6‘72(X7M) :Oa in 6lQ17
For p # 0, define
(2.18) va(X, ¢ ) = eVIFR,(X, ), (e R,
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Then

)

SVQ(X,C,/L)+ngH(M)a?V2(X,C,M) =0, in Ql X]Ru

V2(X7 Cu /J') = 07 in alc2l x R.
As for the equation verified by va, it is elliptic with complex coefficients and its
coeflicients are independent of the (-variable. These and the fact that Bé?Vg =0on
0;Q1 x R imply by energy methods [26] (k times localized Cacciopoli’s inequalities)
that

108 Vallzaga, yr xarvtgira-siy < 51002l xreden—gon

for j=0,...,k—1, k> 1, and for some 0 < p < 1, p = p(0). Its iteration gives
|\3§V2||L2(Q%x(—%,%)) <K pFvall 2@ x(~1.1)), for k> 1,

and from (2I7)) and (ZI8)

(2.19) ||3§V2||L2(Q%x(7%,%

For ¢ in LQ(Q%), set v(¢) = le vo(X, ¢, u)p(X)dX. Then, from @I7), @I)

2
and (2.19)

NS Kl p~RH(T,p,p), for k> 1.

YN poe (3.4 S o~ "k LH(T, p, p) 112, ), for k > 0.

Thus, *y(—%”) can be calculated via the Taylor series expansion of « around ¢ = 0
and after adding a geometric series

- =| / e VIHI Gy (X, pB(X) dX | S 46220, H(T.p.p).

2
All together,
(2.20) W2z, S e ~eVW2 (T, p, p), when p € R.
Define then,

Uz (X,y) \/?/ T%5(X, 1) cosh (y )du,
for (X,y) in Q1 x R, with /=ip = /|| e~ T8 From (2.20),

p
(2.21) 1020, 9220,y S H(T, p, p), for y| < 1

1
2
Observe that Us is in C* (@% x [=4,4]) and that one may derive similar bounds
for higher derivatives of Us. Also,

(2:22) SUz +0;U2 =0, inQ x(-4§.%),
U, =0, inalQ%X(_gug)
and
(2.23) Uz(X,0) _27%/ TR (X, p) dp = wo(X, T), in Q..
Next,

+oo
=Y e T2 e;(X) cosh (wyy),
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with a; as in ([2.10) satisfies

2 o .
(224) Ul(X, O) = Wl(X7 T),in Ql, {SUl + ayUl = O7 1mn Ql X R,

U; =0, in 0Q1 x R,

and
(2.25) sup. 10920y S e/ TI0Fa(E) o) S /TH(T,p, p).
Set then, U = Uy + Us. From (2:22), (Z23), 224) and ([2I3]) we have

SU +0;U =0, in QL x (-4, %)

U—o, in 91Qy x (~4,2),

U(X,0) = dlu(z,T), inQy,
while (Z21) and (228) show that
(2:26) s IO 9)llz2@y) S €T H(T,p, p), with p=p(d), 0<p < 1.

Now, S + 92 is an elliptic system with analytic coefficients. This, ([Z28]), the fact
that U(X,y) =0, for (X,y) = (z,Zp41,y) in 02 x (—3,3) x (4, 2) and that 9Q
is analytic imply that there is p = p(4), 0 < p < 1 (See [26] or [13, Ch. II]) such
that

||8;(6§U(X7 y)”L“’(Q%X(—%,%)) < p_hl_q|7|!q!el/TH(T7p7 p)7 f01"7 € Nn+17 qe N.

Finally, U(X,0) = 07u(z,T) in Q and Lemma [3] follows from the latter and 2.12).
O

Remark 9. Observe that we did not use quantitatively the smoothness of 92 in the
proof of Lemma ] and that to get the quantitative estimate of Lemma [3] over only
B;s (w9) NQ x (0,T], with 2o in Q and § as in (1)), it suffices to know that either
Bs(zo) C Q or that 9Q N Bjs(x) is real-analytic.

3. OBSERVABILITY FOR HIGHER ORDER ELLIPTIC EQUATIONS

We can now explain the proof of Theorem [I] by making use of Lemmas [T and [ .
Proof of Theorem[d. From Lemma [3]
0%u(z, L) < P o)t p 1o [w(0) | L2y, for z €Q@and 0 < L< T

and from Lemma [I] there are N = N (9, |w]|, p) and 6 = 0(Q, |w]|, p) in (0,1) such
that

(31 (D) za) < N5 M* %, with M = Ne™E[|u(0)]2(0),
when w C €2 is a measurable set with a positive measure. Set for each ¢t € (0,T),
Dy={z€eQ:(z,¢t) e D} and E={te(0,T):|D]>|D|/(2T)}.

By Fubini’s theorem, D; is measurable for a.e. ¢t € (0,7), F is measurable in
(0,T7) with |E| > |D|/(2|?]) and xg(t)xD,(z) < xo(z,t) over Q x (0,T). Next,
let ¢ € (0,1) be a constant to be determined later and ! be a Lebesgue point of
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E. Then, from [3, Lemma 2] there is a monotone decreasing sequence {lj}r>1
satisfying limg oo lx =1, I <13 < T,
I —1

(32) Iyt —lepo = q(lp — leyr) and  |(lesr,lx) N E| > % keN.
Define

T = lgt1 + (Ig — lg+1)/6, ke N.
From (BI) there are N = N(Q,|D|,T,p) and 8 = 6(Q,|D|,T,p), 0 < § < 1, such
that

N 0
Ju®)z2@) < (NeB 0T u®)1acoy) i) 1o

when t € [rg, l]NE. Integrating the above inequality over (7x,l;) N E, from Young’s
inequality and the standard energy estimate for the solutions to (L2), we have that
for each € > 0,

luli)ll 20 < ellullit1)ll2 @)

B N Ui
+ 5 NeTn g 7@ / xellu®) |z, dt.

le+1

N
)1/(277171)

Multiplying the above inequality by e e Ghlke , replacing € by €’ and
1

finally choosing € = e -t the resulting inequality, we obtain that

o Ni1-e N
1/(2m—1 1/(2m—1
e U—luy /T ) ||U(lk)||L2(Q) — e ettt ) ||u(lk+1)||L2(Q)

Ik

<N xellw®)| Lip,)dt.

lpt1

2m—1
Therefore, fixing q in (32) as ¢ = (N]EJG) , we have

N+1—-06 N+4+1—-6

6_4”](%“)1/(2711—1) ||U(lk)||L2(Q) o e_<lk+1*lk+2)1/(2m4) ||U(lk+1)||L2(Q)
(3.3) 78
<N xelu®)| L (p,)dt.
let1

Summing B3) from k& = 1 to +oco completes the proof (the telescoping series
method). O

To deal with the boundary observability inequalities for the fourth order para-
bolic evolution, let , = {x € R™ : d(z,Q) < p}, with p > 0 sufficiently small. By
the inverse function theorem for analytic functions, 2, is a domain with analytic
boundary (cf. [2, p. 249]) and by standard extension arguments (cf. [I2, Chapter
I, Theorem 2.3]), the interior null controllability of the system

Oyu + A2y = an\ﬂf, in Q, x (0,7),

u=294 =0, on 09, x (0,7),

u(0) = wo, in Q,,
with initial datum ug in L?(Q) is a consequence of Theorem [I] (See also Remark [I])
by standard duality arguments (HUM method) [20]. The later implies that there
are controls g; and go in L?(0Q x (0,T)) with

_N
lgxll200x0,1)) < Nem 7 |uol|L2(), k=12,
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such that the solution u to

Ou+ A%u =0, in Qx (0,7),

u=g, % =g2, ondNx(0,7),

u(0) = uo, in ,
verifies u(T) = 0. By a standard duality argument, this full boundary null control-
lability in turn implies the observability inequality

0Ap

N/TI/S [

le0)llz2) <e L2 00x (0,1)) T 1A@l L2(00x (0,1)) | 5
for solutions ¢ to the dual equation

0o+ A%0 =0, inQx(0,T),
gp—gf: on 00 x (0,T),

with initial datum ¢(T') = @7 in L?(£2). Thus, we can derive from the above lines
and from the decay of the energy the following result.

Lemma 5. There is N = N(,§) such that the interpolation inequality
(Tl 20

(S

1
s(:N“@ ﬂﬂ“1maﬁumpwgﬂﬂfmn>+nAump@QHﬂanﬂ) ol

holds for all solutions u to (L4]) and 0 < €1 < ez < 1.

Lemmas [ and [l imply in a similar way to the reasonings in [3 Theorem 11] the
following result.

Lemma 6. Assume that E C (0,T) is a measurable set of positive measure and
that T'; C 09, i = 1,2, are measurable subsets with |T'1|,|T2| > v0 > 0. Then, for
each 1 € (0,1) there are N = N(Q,1,7,6) > 1 and 0 = 6(Q,1,7,9), 0 < 0 < 1,
such that the inequality

(3.4)

lu(ta)ll L2y <
0

to
4 \1/3 w
<6N/<t2 t) /t (0[] 2200, F1)+||Au()||L1(p2]dt) () | 2 fe
1

holds for all solutions u to (LA), when 0 < t1 <ty <T and |(t1,t2)NE| > n(ta—t1).
Moreover,

__ Nt1-6 _ Nt1-e
e 2=V lu(ta)|| pa) —e 2=t lu(t)] 2
t
<N [ O[PS iy + [ Au(t) ] dt, when > (Ni52)’
- LY(T1) L1(T'y) when q > ( x5 .
t1

Proof. Suppose that 0 < n < 1 satisfies |(t1,t2) N E| > n(ta — t1). Set

T:tl-i-itg

20( —t), t1 =t + Q(fz —t1),
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Then, t; < 7 <t) <ty <7 <tyand |EN (t,12)] > T"(tg —t1) and it follows from
Lemma [f] that there is N = N(€,7,d) such that

1/3 u
llu(t2)] 220 < N/(tamta) [||8A | L2002 (7)) F [1AU]| L2000 % (7,7) } ||u(t1)||Lz(Q

Next, the inequality

1/2 1/2
< HBAuH / ||8Au|| /

|| ov ||L2(89><(7'7' LY (0% (7,7)) L (0Qx(1,7))

and Lemma [B] show that

— 1/2 wi1/2
(3.5) [ 25 7)) < Netz- e Ju(t)ll 2 f Q)HOA ||L/1(agx(TT
Set v(z,t) = 88A“( x,t), for x in 9Q and ¢ > 0. Then,
(3. ol @iy < (=) [ oG do
Denote the interval [7,7] as [a,a+ L], with a = 7 and L =7 —7 = (1 — {5)(t2 — t1).

Then, Lemma [3] shows that there is N = N (2,7, ) such that for each fixed x in
o, 7<t<7andp>0,

eN/(t2=1)"? ) s Mp!
3.7) 07 v(@,t)] < ————— = llult)l L2 = ;
' (n(t2 —t1)/40)" @ (2pL)”
with
N e n
M = N0 ()| o) and p = S10—n)

Hence it follows from ([B7) and [3, Lemma 13] that

1=y

v _4\1/3
||v(x,~)||Lm(T);) < (ﬁ i )|v(3:,t)| dt) (NeN/(t2 t1) ||u(t1)||L2(Q)) ,
N(t1,t2

for all z in 99, with N = N(Q,7,0) and v = () in (0,1). This, along with (3.0)
and Holder’s inequality leads to

(3 8) ||v||L1 90X (1,7)) < elt2— t1)1/3 / |v(x,t)| dadt) || (tl)HL?(Q
Eﬂ(t1,t2 o

with some new N and v as above. Because, t —t; > t; —t; = 2 (t2 — t1), when

t € (t1,%2), we get from Lemma [3] that

eN/(tz—t1)1/3|a !

102 v(t) || oe 902) < - Ju(t1)]| p2(q), for a € N*7!

p‘a|

and for some new constants N = N(Q,n,0) and p = p(£2,d). By the obvious
generalization of Lemmal[llto the case of real-analytic functions defined over analytic
hypersurfaces in R™, there are N = N (2, 7,|T'1],0) and ¥ = 9 (Q,|I'1],4), 0 < ¥ <
1, such that

(3.9) /m lv(z,t)| do < ( A |v(x,t)|da>19( N/(t2—t2)} ||u(t1)||Lz(Q) ,

when t € EN (t1,12), and it follows from (B.8), (3.9) as well as Holder’s inequality
that

4 \1/3
||U||L1(aﬂ><(7_17~_)) S (eN/(tz t1) /E |’U(;[:7t)| dO’dt) ||u(t1)||L2(Q

N(t1,t2)
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This, together with (83 and the definition of v leads to

N
||88Ayu||L2(89><(7'»7~')) < (e(tzftnl/s/ o BAu(x7t)| do’dt) ||U(t1)||i2(0§12
Eﬁ(tl,tz) Iy

Similarly, we can get that

||Au||L2(BQX(T7‘I:)) S (6(t2 t1)1/3 / / |Au x, t ‘ dadt) ||U(t1)||L2 Q-
Eﬂ(tl,tg) T's

These last two inequalities, as well as the fact that

(4 b@ I
¢ ;— g(a; ) , when a,b>0, 0<0 <1,

lead to the first desired estimate [3.4]). Next, applying Young’s inequality to (3.4,
we obtain that for each € > 0,
u(t2)llz2(0) < ellulti)lzz(o)
Lo Nt u
e PN [0 Ol + I Au(O]r] dt

ty

Hence, after some computations, we may get that

N N
&_1—96 (tg—t1)1/3 ||U(t2)||L2(Q) —ce (tg—t1)1/3 ||u(t1)||L2(Q)

M (]| 1y + [ AUE)| 11 (0] d, for all € > 0.

s/t2xE<t>[| 24

_ 1
Choosing now € = e¢ ¢2-t0'/? implies the second estimate in the Lemma. ([
We now complete the proof of Theorems 2l and Bl

Proof of Theorems[d and[3. Set for each t € (0,T)
Ji={x€d:(x,t)€d} and E={te(0,T):1d] >19|/(2T)}.

By Fubini’s theorem, J; is measurable for a.e. t € (0,7T), F is measurable in (0,7)
with |E| > [3]/(2|109]) and xg(t)x3,(x) < xg(z,t) over 9Q x (0,T). Then, with
similar arguments as the ones in the proof of Lemma Bl we can get that for each
0 <n <1, there are N = N(,1,|d|,T,6) and 6 = 6(Q,n,|d|,T,6) with 0 < 6 < 1,
such that
[u(t2)llr2(0) <
0

ta
,\1/3 “
(e [ w182 o + 180 o) dt) el

t1

holds for all solutions u to (L4]), when 0 < ¢; < to < T and |(t1,t2)NE| > n(ta—t1).
Moreover,

(3.10)
__N41-0 __ Nf1-p
e 2= ufte)l|p2@) —e @m0 P lu(ty)]|L2(q)
t 3
<N [ MO ao + 1u(Dlly] dt, when g > (572)"
1

Now, let n =1/3 and ¢ = (N +1—0)3/(N +1)3 with N and 6 as above. Assume
that [ is a Lebesgue point of E. By [3, Lemma 2], there is a monotone decreasing
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sequence {l;}r>1 in (0,7T) satisfying limy oo Iy = I, | < 3 < T and [B2)). These,
together with (10, imply that
 N+1-9 B N+1-0
e ) P lu(ly) | ao) —e e lu(lig)l| L2 @)
(3.11) "
<N xe(®)]]

lpt1

St Ol + 1Au)ll ] dt, k €N

Finally, adding up BI1)) from k£ =1 to +oo (the telescoping series) we get that

_N+1-e_ rh
[u(l)llz2) < Neti- 12)”3/ xe(®) (1% O] g0 + [Au®)] L] dt

< N/|8A“ )| + |Au(z, t)| dodt,

which completes the proof of Theorem
The previous reasonings show that Lemma [0 as well as [3, Lemma 2] and the
telescoping series method imply the observability inequality from two possibly dis-
tinct measurable subsets of 9Q x (0,7T) in Theorem [3 O
4. OBSERVABILITY FOR SECOND ORDER SYSTEMS

Now, we can apply Lemmas [3] [Il and the telescoping series method to sketch a
proof Theorem [l

Proof of Theorem[4 From Lemma [3]
|0gu(z, L)| < el/pL|a|!p_lo“||u(0)||Lz(Q)e, forall z € Q, a € N".
Hence, for each n = 1,..., ¢, it holds that
09" (z, L)] < Mla|lp~1°l, for all @ € N, x € Q, with M = "/*£|[u(0)]| 12 (0.
From the propagation of smallness for real-analytic functions from measurable sets
(cf. Lemma[Il), we get that for each n = 1,...,¢, there are N,, = N, (2, wp,d) and
0, = 6,(, wo,0), 0 < 6, <1, such that
(L) L2y < Nyl (D)7, M.

Let N = maxi<y<¢{N,} and 6 = min;<,<¢{0,}. Then, we get the following
interpolation inequality with ¢ different observations:

lu(L)[ 20y < N(Z |lu(L ||L1 ))lee
(4.1)

< N(Z lu" (L)L (w,) ) (NSN/L||U(0)|IL2(Q)E)1_9

Next, let ¢ € (0,1) be a constant to be determined later and [ be a Lebesgue point
of E. Then, by [3, Lemma 2| there is a decreasing sequence {l,,}m>1 satisfying
limy, o0 lm =1, 1 <13 < T and ([B2). Define as before for each m € N,

Tm = lm_;,_l + (lm — lm+1)/6
Then, by the decay of the energy of the solutions u to (LH),
(42) u(lm)llL2(@)e < [[a(t)][p2(0ye, for all t € (Tm, ln).
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Moreover, it follows from (1)) that

4
_ N 0
”u(t)HL?(Q)’»’ < (Nelm7l7”+l E ||un(t)||L1(wT,)) ||u(lm+1)||};(99)ea for 7, <t <y,
n=1

Applying the Young inequality, we get that for each ¢ > 0,

4

_1-6 N
(@)l L2 @y < ellullmi)lla@ye +€ 7 NeT =it > [[u(1)] 1w,
n=1

for 7, <t < l,,. Integrating the above inequality over (7.,,l,) N E, we have by
(#2) that for each € > 0,

alm)llz2 @ < ellullmia)llL2(aye

! 4
—9 N [im
I eflTNelmflmJFl / XE Z ||u77(t)||L1(wn) dt
n=1

lmy1

_ _ N
Multiplying the above inequality by e T e tmlmit and replacing € by €?, we get

___ N ___ N
e e T lu(ln) || 2oy < €0 T [ u(lngn)| 2y

l’Vn Z
N /l xS0 (8) 11 ot
m—+1

_ 1
Choosse then € = e 'm~lm+1 to obtain that

_ N+41-90 ~ N+1
e it lu(ly)l| 2y —e T [u(lngn)l L2 o)
(4.3) lm ¢
< N/ XE Z " ()| L1 (w,)dt, when m > 0.
m—41 —

Finally, we take ¢ = NJQ,L}JQ. Clearly, 0 < ¢ < 1 and from (£3) and (B2)

_ N41-0 — e
e moimi u(lm, )||L2 @ —e ez {lu(ln )] 2o

<N/ XEZH“" s
7n+1

(4.4)

Summing ([£4) from m = 1 to +o0 completes the proof. O

Because the full boundary 0f2 is analytic, we can use the global internal null
controllability for the system (L) (a known consequence of Theorem [ by duality)
and the standard extension method (cf. [2, p. 249]) to get the following boundary
null controllability: for each ug in L2(Q)*, there is g € L*(99 x (0,T))¢, with

I8l 20 (0,1 < NeN/THuOHL?(Q)’fa
such that the solution u to
Ou—L*u=0, inQx(0,7),
u=g, on 99 x (0,7,
u(0) = uy, in Q.
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verifies u(7T') = 0. Also, by the standard duality argument [20], this boundary null
controllability in turn implies the observability inequality:

[w(0)[| L2y < NGN/TH | 2 00x (0,7)) (%—‘2’)5 = affazjwnl/i, E=1,...,4,
for all solutions w to
ow+Lw=0, inQ x(0,7),
w =0, on 90 x (0,7T),
w(T) =wr, in Q.
with wp in L2(Q)*. Hence, from the latter and the local energy bound for the
system (L)), we can derive the following.

Lemma 7. There is N = N(Q,0,0) > 1 such that the inequality

1/
[a(T)] L2y < ( N/l(e2=e)T])|| 2u ||L2(8£2><(51T52T))) ||u0||L2(Q
holds for any 0 < €1 < €2 < 1 and for all solutions u to (LH).

The Lemmas [B] and [ imply now with similar reasonings to the ones we used in
[3, Theorem 11], in the proof of Lemma [6 as well as in the proofs of Theorem
and Theorem [ that Theorems [l and [6] hold.

To prove Theorem [8 we need to complete first the proof of Lemma 2 With this
purpose, we begin with the following lemma.

Lemma 8. Let f:[0,1] = R be an analytic function verifying

(4.5) ||f(m)||Loo(071) < Mp~™m!, when m >0,

for some M >0 and 0 < p < 1/2. Then

(4.6) 1D lloy < BM(G + 1)lp3 )17 ||f||Loo o1ys when j=0.
Proof. We prove it by induction and we assume that (@8] holds for (k — 1), i.e

(4.7) 17D | e oury < (8MEL™ )78 | |20 0.1)

and we show that it is valid for k. Let then z € [0, 1]. For 0 < & < 1/2 take either
I =[z,x+4¢]or [x —e,z], so that always I C [0, 1]. Then,

) () / FEHD (5)ds, forall y e I.

Integrating the above identity with respect to y over the interval I, by (&) and
the arbitrariness of z in [0, 1], we obtain that

b 2 _
(4.8) ||f(k)||L°°(O,l) <eM(k+1)lp Ry - ||f(k 1)||L°°(0,1)7

when k£ > 1 and 0 < € < 1/2. Choose now

B (2||f(k71)||L°°(0,1))1/2
S \M((k+1)lpk1 '
It can be checked by (@3] that e < 1/2. Hence, it follows from (48] that

Ck_1\1/2 —1)1/2
1Py < M+ 1) ) FEDI2  .

This, together with (A7), leads to (£.6) and completes the proof. O
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The rescaled and translated version of Lemma [B] along with [3, Lemma 13],
imply the following.

Lemma 9. Let f be real-analytic in [a,a+ L] witha in R, L >0 and E C [a,a+ L]
be a measurable set with positive measure. Assume there are constants M > 0 and
0 < p <1/2 such that

|F™)(z)] < M(2pL)"™m)!, form >0 and a < x < a+ L.
Then, there are N = N(p,|E|/L) and 0 = 0(p,|E|/L) with 0 < 6 < 1, such that

0
1F PN oo (ayasry < N(8<k+1>!<pL>*<’““>)M1‘2ik(][|f|dw) ¥, when k>0,
E

Next, we derive the multi-dimensional analogs of Lemmas [§ and

Lemma 10. Letn > 1 and f : Q@ C R" —» R, with Q = [0,1] x --- x [0,1], be a
real-analytic function verifying

(4.9) 051+ 08 fllpoe(@) < Mp~1PIB1 -+ 8,1, VB = (Bi,...,B,) €N,

for some M >0 and 0 < p <1/2. Then,

110 o5 2l < (8357 T s+ 01)

i=1
holds for each oo = (o, ..., ) € N,

Proof. First, notice that Lemma [ corresponds to Lemma [[0] when n = 1. Let

nown > 2 and a = (aq,...,a,) be in N*. For (z1,...,2,—1) in [0,1] X --- x [0, 1],
define the function g, : [0,1] = R by
gﬂ(‘rn) £ 8;111 T 63::11f(x17 T 7$n—17xn)'

It follows from (@3] that
1027 gall <oy < (Mant+ - anlp™ 25500 ) 8,1p P, for all B, > 0,
and Lemma [§ yields that

1927 - 9z fllL=(@)

—Erpla- —ap—1 1720‘% e%% QU —1 20n
< (8Manl - apalp 20 % (o + 1)l ) 082 - 021 1 F

Similarly, we can show that [|927 - 877"} fl| L (q) is less or equal than

O‘nl

n2 —Qp—1— o « "‘n
(80Mant - cryalp™ T (g + 1)t 1) |02 052117 g

The iteration of the above arguments n times leads to the desired estimates in

EI10). O

The rescaled and translated versions of Lemma [I0 and of Lemma [ (when Q
is the unit ball or cube in R™) and the fact that a ball in R™ contains a cube of
comparable diameter and vice versa are seen to impy Lemma

Finally, we give the proof of Theorem [§] where we use Lemma O with £ =1 and
Lemma 2l with o] < 2.
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Proof of Theorem [8. Since b(-) # 0 in 2 and b is real-analytic in Q, we may assume
without loss of generality, that |b(x)| > 1 over some ball Br(zg) C © and that
D C Bgr(xo) x (0,T). By Lemmaf] for z in Q and 0 < s < t,
(4.11) |00 u(x, )| + |05 0F v(z, )]
< P altplpT I (= )P [luls)l () + N0(8) L2y ]
for all @« € N™ and p € N, with p = p(d), 0 < p < 1. Hence, we can get from (ZI])
that
[u(®)ll2(0) + lv(t)l|L2@) <
6 —
( /B o et loGe Dl o) (NN (lu(s) iz + i)
RrR(Zo

with N = N(Q,p,R) and 6 = 6(Q, p, R), 0 < # < 1. This, together with the fact
that [b(z)| > 1 over Br(zo) and the first equation in (LI0), yield that

(4.12)  u)l|L2(0) + [[v@) |2

0
<( [ o]+ Pt 0] + |Bu(o, )| do)
BR(%())

1-6
X (NeN/(t_S)(Hu(S)HLz(Q) n ||v(s)||L2(Q))) , when 0 < s < .

Next, let n € (0,1) and 0 < #1 < to. Also, assume that £ C (0,7') is a measurable
set with |E N (t1,t2)] > n(t2 — t1), for some n € (0,1), and that for each t € E,
|Di| 2 |{z € Q: (z,t) € D}| > +|D|, for some v > 0. Set then

T:tl + %(tz —tl) and F = [T,tz]ﬁE.
Clearly, |F'| > 3 (t2 — t1). Hence, it follows from (AII)) that when t € [7,t,] and x
is in Q2
p!NeN/n(tQ_tl)
(n(tz —t1)/20)P
with N = N(Q, p). By Lemma[d we have that for each z in 2

|07 u(x,t)] < ([[u(t)ll L2y + lv(t)ll L2@)), for all p € N,

l0su(z, )| oo ([r ta)) <

(] jula,5)]ds) (NeN/ 0 (gt oy + lott)llce))

with N = N(Q,p,n) and 8 = 0(Q, p,n), 0 < 6 < 1. Hence, by Holder’s inequality
(4.13) / |Opu(z, t)] dx <
BR(LE[))

1-6 0
(NNt (u(tr) 2oy + o) e2e) ) ( /F /B ( )lu@S)'dmdS)
R\Zo

when 7 < t < t5. It also follows from ([@II]) that when 7 <t < ¢5 and z is in Q, we
have

02 u(, 8)] < [aflp™ 1 NN 02 ([lu(s) [ 2y + [0(s) | 12(s)  for all a € NP,
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with N = N(£, p,n). Now, it holds that for each ¢ € F, |D;| > ~|D|, and it follows
from Theorem [2] that

(4.14) / lu(z,t)| de <
BR(m())

1-6

([ tutwn1de) (V¥ (futt) o) + ot )

and

(4.15) / |[Au(z,t)]dx <
BR(LE())

(] lute, 1) )" (NN ()| ey + o)l c2on)

with N = N(Q,|D|, R, p,n) and 8 = 6(Q,|D|, R, p,n), 0 < § < 1. Hence, (I3 and
(14, as well as Holder’s inequality imply that

/ |Opu(z, t)| dx <
BR(m())

to 0
( / X () () 2o, ds) (N E0 (lu(t) |z + o))
ty

when ¢t € F. This, together with the inequalities (£12)), (£I4), (AI5) and Hoélder’s
inequality, yield that the inequality

@20 + o0 20y < ([ xe) a6 lasco,y ds+ [ futan)laz)”

t1 Dy
N/(tz—t 1=
x (NN u(ty)| 2y + otz

holds for t € F. Integrating the above inequality with respect to time over the set
F, recalling that |F| > Z(t2 — t1), using the energy estimate for solutions to the
equations ([.I0) and Holder’s inequality, we find that

[u(t2)llL2(0) + lv(t2) 2 @) <
1-0

to 9
([ xeOlu®llow, de) (Ne¥/e0 (u(e) oy + o) @)
t1
with N = N(Q,|D|, R, p,n) and 6 = 60(Q,|D|,R,p,n), 0 < 6 < 1.

Finally, by Fubini’s theorem and following the reasonings within the second part
of the proof of Theorem [Z (i.e., the telescoping series method) we can also derive
the desired observability estimate in Theorem [ ([l

5. APPLICATIONS TO CONTROL THEORY

In this Section, we show several applications of Theorems [ 2 @ and 8 in control
theory. One can also obtain analogous applications of Theorems [3], Bl [G and [7

First of all, we can apply Theorem [I] to get the bang-bang property of the time
optimal control problems for the higher order parabolic equations (L2): let Q be
a bounded domain with analytic boundary and w C £ a non-empty open set (or a
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measurable set with positive measure). Define for each M > 0 a control constraint

set

uM £ {f :Q x RY — R measurable : |f(x,t)] < M, a.e. in Q x R"’}.

For each ug in L?(£2) \ {0}, consider the time optimal control problem

(TP){V[ : TlM = f{t > 0; u(t;ug, f) = O},

£ in
u

where u(- ;ug, f) is the solution to the controlled problem

Ou+ (—1)™A™u =y, f, in  x (0, 4+00),
u=Vu=---=V"ly=0, ondQ x (0,+00),
u(0) = up. in Q.

According to Theorem [0 and [33, Theorem 3.3], T is a positive minimum. A
control function f in UM associated to T} is called an optimal control to this
problem. Then, the methods in [3, §5] (See also [35] or [32]), and the fact that
standard duality (HUM method) and Theorem [ imply the null controllability at
all times T > 0 of the system ([Z2) with bounded controls acting over measurable
sets within w x (0,7, give the following result.

Corollary 1. Problem (TP)M has the bang-bang property: any time optimal control
f satisfies, |f(z,t)| = M, for a.e. (z,t) in w x (0,TM). Consequently, the problem
has a unique time optimal control.

Theorem [2] implies a weak bang-bang property for the time optimal boundary
control problems for the fourth order parabolic equation (L4): let Q be as above
and I' C 9 be a non-empty open subset (or a measurable set in I with positive
surface measure). Define for each M > 0 the control constraint set

u! é{(gl,gg) :0Q x RT — R? measurable ;
max {|g1(z, 1), lg2 (2, £)]} < M, ace. () € Q x R+}.
For each ug in L2(2) \ {0} consider the time optimal boundary control problem

(TP)y": T3" £ inf {t > 0: u(t;uo, g1, 92) = 0},
Uy

where u(- ;uo,g1,92) denotes the solution to the boundary controlled parabolic
equation

Opu + A2y = 0, in Q x (0,7,
(5.1) U= g1XT, % = gaxr, on dQ x (0,7,
u(0) = ug, in Q.

From Theorem ] and arguments as those in the proof of [3, Lemma 15], T{ is a
positive minimum. A control pair of functions (g1, g2) associated to T is called
an optimal control to this problem. From Theorem 2] and similar methods to those
in [3, §5], give the following non-standard bang-bang property:

Corollary 2. Problem (T P)3! has the weak bang-bang property: any time optimal
control (g1, g2) satisfies that max {|g1(z,t)|,|g2(z,t)|} = M, for a.e. (x,t) in T x
(0,757).
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To carry out the technical details for Corollary 2l we must first solve (@) for ug
in L?(Q) and with lateral Dirichlet data g;, i = 1,2, in L>(9Q x (0,7)). For this
reason by the solution to

Ou+ A%u =0, inQx(0,7),
(5.2) u=gi, %:gz, on 00 x (0,T),

u(0) = uo, in ,
with g;, i = 1,2, in L2(0Q x (0,T)) and ug in C§°(£2), we mean the unique function
wover Q2 x (0,T) such that v = u—et(=2%y, is the solution defined by transposition
[20, p. 209] to

O+ A% =0, inQx(0,7),

(5.3) v =gi, % = g9, on 0N x (0,7,
v(0) = 0, in €,
i.e.; the unique v in L#(Q x (0,7)) verifying
/ v (=0 + A2<p) dzdt = / [ 85‘;" — g2 Ap dodt,
Qx(0,T) a0 (0,T)

for all p in C°°(Q x [0,T]), with ¢(T) = 0 in Q and ¢ = Vi = 0 in 9Q x (0,T).
One can make sense of v because for each h in C°°(Q2 x [0,T)) there is a unique ¢
in C>=(Q x [0, 7)) verifying

—Opp+ A% =h, inQx(0,7T),

=% =0, in 90 x (0,T),

o(T) =0, in Q,
and

lell o 0,7y, 22 ))nL2((0, 1), B @)nE2 (@) < NPl L2(0x (0,7))5

with N = N(Q,T) [10, p. 140, Theorem 10.2]. The above estimate on ¢, standard
traces inequalities [7, p. 258] and duality imply the bound

(5.4) vl L2x 0,m)) < N [llg1llL200x 0,1y + 11921l L2(002% (0,7 ] »

with N as above. For given T > 0, ug in L*(Q) and § C 92 x (0,7, a measurable
set with positive measure, we may assume that J C Q x (0,7 — 20) for some small
0 < § < T/2. Then, the existence of two bounded boundary control functions g;,
i =1, 2, verifying

1911l () + llg2ll L (3) < NlluollL2(0,
with N the constant in (I3]) for the new set J and such that the solution u to

Opu + A%y = 0, in Q x (0,7),
(5.5) U= g1Xg, % = gaxg, on 00 x (0,7T),
u(0) = uy, in Q.

verifies u(T') = 0, can be proved by means of a standard duality argument (Hahn
Banach Theorem) based on the observability inequality (3] [3, Corollary 1] with
the purpose to obtain the existence of two functions g; in L>=(g), i = 1,2, verifying

(5.6) upp(0)dz 4+ [ 1222 — gy Apdodt =0,
v
Q J
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for all pp in C§°(Q2) and with p(t) = e(t=T)A% 5 Recall that the unique weak
solution v to (53] is in fact in C°(Q x [0, +00)), when g; are both in C§° (9 x
[0,400)); and that there is N = N(,4) such that the estimate

||'U||C2~1(Q><[T7%,T]) < NHUHL2(Q><(O,T))7

holds when supp(g;) € 092 x [0,T — ¢], i = 1,2 [10, p.141]. The latter and (E4)
yield the bound

(G.7)  vllezr@upr—s,mm < NET.0) [l91llc200x0,m) + l92]l 2200 0,7))] »

when supp(g;) C 9Q x [0,T — 6], i = 1,2. Finally, letting u¢ denote the C>°(Q x

[0, 4+00)) solution to (5.2), when up and g; are replaced respectively by u§ and g¢,

with u§ in C§° (), g5 in C§°(0Q x (0, T —§)) for i = 1,2, and in such a way that

u§ converges to ug in L?(Q) and g§ converges to g;xg in L2(0Q x (0,T — §)), with
95| L= o2 x10,7—3)) < 2l|gill L= (g), for i =12,

integration by parts shows that

/ u(T)pr dx = / u§e(0) dz + / g5 8§f — g5 Apdadt,
Q Q g

when ¢ = et=DA o1 or s in C§°(2). Letting then € — 07 together with (5.7)
and (0.6) show that the solution u to (5.0)) verifies w = 0 for ¢ > T. The proof of
Corollary 2] is now standard.

Theorem M implies the null controllability of the system (LX) with controls re-
stricted over ¢ different non-empty open sets (or measurable sets of positive mea-
sure): assume that w; C Q, j = 1,...,¢, are non-empty open sets verifying,
wjNuw, =0, for 1 < j # k <{. Consider the system

Ou—L*u=f, inQx(0,7),
(5.8) u =0, on 90 x (0,7T), with £ = (Xw, 1, -+ X J1) 5
u(0) = uy, in Q,

fe in L=®(Q x (0,T)), € = 1,...,4, are the controls, ug in L?(Q)* and L and its
coefficients are as in (LH]). Then, from Theorem@and the classical duality argument
(cf., e.g., [5] or [3 Corollary 1]) we have

Corollary 3. For each T > 0 and ug in L?()¢, there are bounded controls £ =
(fl?' "7f‘€)7 with

Le(Qx(0,T)) = ollL2()¢>
£l < Nluoll

such that the solution u(- ;ug,f) to (B8] verifies, u(T;ug,f) = 0. Here, the con-
stant N = N(T,Q, w1, ...,wy) is independent of uy.

Finally, Theorem [§ implies the bang-bang property of the time optimal controls
for some systems of two parabolic equations with only one control force. For this
connection we refer the readers to [1], [36] and the references therein: let 7' > 0 and
Q be a as above. Suppose that a(-), b(-), c(-) and d(-) are real-analytic in  and
b() # 0. Let w C Q be a non-empty open set (or a measurable set with positive
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measure). Consider the controlled parabolic system

Ou — Au + a(z)u + b(x)v =0, in Q x (0, +00),

(5.9) 0w — Av + c(z)u +d(x)v = xof, in Qx(0,400),
u=0, v=0, on 90 x (0,+00),
u(-,0) = ug, v(-,0) = vy, in Q,

where f is a control force taken in the constraint set
ud & {f :Q x RY — R measurable : |f(z,t)] < M, a.e. in Q x R"’},

with M > 0. For each (ug,vo) in L2(£2) x L?(2)\ {(0,0)}, we study the time optimal
control problem

(TP)éw : T3M £ {(nﬂg {t > 0; (u(t;uo,vo,f),v(t;uo,vo,f)) = (0,0)},
3
where (u( ; U0, Vo, f), v( ;,uo,vo,f)) is the solution to (9] corresponding to the
control f and the initial datum (ug,vo). Then, the methods in [3, §5] and Theorem
[ give the following consequence.

Corollary 4. The problem (TP)Y has the bang-bang property: any time optimal
control f satisfies, |f(x,t)] = M for a.e. (z,t) in w x (0,THM). Moreover, it is
UNLQUE.
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