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l. INTRODUCTION

Cluster algebras were introduced by Fomin and Zelevifiskyd they played more and more
important role in representation theory and other areag01®, Hernandez and Leclérposted
a conjecture on the monoidal categorification of clusteelatgs and gave a model of monoidal
category for certain cluster algebras. They proved therase for the Lie algebras of typ&D™:2.
Almost at the same time, Nakajiffaused the theory of perverse sheaves and q,t-characters to
prove the case = 1 for the Lie algebras of typADE. In 2012, Qi# generalized Nakajima’s
geometric approach and obtained monoidal categorificatddithe cluster algebras associated to
any acyclic quiver. Recently, Yang and Zhéhgroved the conjecture for the caggn= 2.

In 2010, Nakajim& asked that if there is a quantum cluster algebra structutbedeformed
Grothendieck ring of full subcategory of the finite dimemsbrepresentation of the quantum loop
algebra. In 2012, Qin and Yoshiyuki Kim@rabtained a deformed monoidal categorifications of
acyclic quantum cluster algebras with specific coefficiémtsugh geometric approach.

In this paper, by the algebraic definition of g, t-charactgven by Hernandéz we want to give
an answer of Nakajima'’s problem Uﬁ(sAlz) case. That is, we proved that for any¥ N, there is
a quantum cluster algebra structure on the deformed Grdibehnring of the full subcategory.

The paper is organized as follows. In Section 2, we presergssary definitions and facts of

guantum cluster algebras. In Section 3, we give the mairtrasd the detail of the proof.

II. DEFINITIONS AND NOTATIONS

In this section, we give a simplified introduction to the theof quantum cluster algebraand

finite dimensional representations of quantum affine akg@°.

A. Quantum cluster algebra

Definition I1.1. LetB be an mx n integer matrix with rows labeled K¢, m] and columns labeled
by an n-element subset C [1,m]. LetA be a skew-symmetric mam integer matrix with rows

and columns labeled bjl, m. We say that a paifA,B) is compatible if, for every ¢ ex and

i € [1,m|, we have

m
> bijAdi = &jd;
K1
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for some integersdj € ex).
Fix an indexk € exand a sigre € {+1}, the matrixB' = p(B) is defined as
g - Eggl:g,

whereE; is them x m matrix with entries

dj if j #k,
g =< -1 ifi=j=Kk,
max0, —eby) if i # j =k,

F¢ is then x n matrix with rows and columns labeled by with entries

dj if i #Kk,
fij=14 —1 ifi=j=k
max0, eby) if i =k# j.

SetA' = E] AE;.

Definition 11.2. Let (A,B) be a compatible pair, and & ex. We say that the compatible pair
(N',B) is obtained fron{A, B) by the mutation in direction k.

Let L be a lattice of rank m with a skew-symmetric bilinear foAm L x L — Z. The based
quantum torus associated withis theZ[g*1/?]-algebral = T(A) with a distinguished[g*%/?]-
basis{X®|e € L} and the multiplication given byeX " = g/\&f)/2xe+f x0_— 1 (x&-1=X"¢©
For a skew-fieldF of T, a toric frame irF is a mapM : Z™ — F\ {0} defined ad(c) = ¢ (X1(9)),

whereg¢ is an automorphism d¥, andn : Z™ — L is an isomorphism of lattices.

Definition 11.3. A quantum seed is a paiM,B), where M is a toric frame in FB is an mx n
integer matrix with rows labeled Ky, m| and columns labeled by an n-element suleget [1, m;

the pair(/Av, B) is a compatible pair.

Let (M, B) be a quantum seed, arifl’, B') be the quantum seed obtained by the mutation in
directionk € ex. Fori € [1,m], letX; = M(g) andX, = M'(g). ThenX' = X fori # k, andX, is
given by the following quantum analog of the exchange retati

X =M(—6c+ > bika) +M(—a+ > bie).
by >0 bix <0



Two quantum seeds are mutation-equivalent if they can ba&irad from each other by a se-
quence of quantum seed mutations. For a quantum(®&e8)), we denote byX = (X1, X, -+ , Xm)
the corresponding "free generating set'Hrgiven byX; = M(g). We call the subsgt= {Xj|] €
ex} C X the cluster of the quantum se@d, B), and selC = X — X.

Definition 1.4. Let S be a mutation-equivalence class of quantum seeds ihd-qUantum cluster
algebra associated with S is tIZ’qul/ 2]-subalgebra of the ambient skew-field F, generated by the

union of clusters of all seeds in S, together with the elerokGt

B. Quantum loop algebra

Uq(gE) is the corresponding quantum affine algebra with paranggteC* not a root of unity.
% is the category of finite-dimensionuh(s/,E)-representations of type 1. FbE Z>o, ¢, be the
full subcategory of¢”: for anyV of %7, the roots of the Drinfeld polynomials of every composition
factor ofV belong to{q=2¢| 0 < k < ¢}.

Denote the Grothendieck ring &, by Ry, thenR; = Z[[Wi alici o<k<¢|, WhereW; » are
Kirillov-Reshetikhin modules with the highest I-weightg . = Yoex-

Theorem 11.5. € In the sp case, the deformed Grothendieck ring Rejs a Z[q*/?]-algebra
generated byW o], Wi 2], - - -, W 2n] with relations

(W] % W ,] = g [Wa )+ [Way,],if 11 > 12 and | # 13+ 2, where r= (—1)(1712)/2,

(W] [Wa o] = q W o] W]+ (1—g 7 h).

lll.  MAIN RESULTS

In this section, we construct a quantum cluster algebratstre on the deformed Grothendieck
ring of %, for the Lie algebrasl,. To be easily reading, we give an example for a special case.

Therl , is the quiver

n+1 —-n— ... = 1,

wheren—+ 1 is the frozen point.



Let@ﬁ is a matrix correspond toy, , i.e

0-10 ---0

10 -1---0
— 01 0---0
Bn:

00 1--0

00 O0--1

(n+1,n)

Let An = (Aij) (n1n+1) b€ the skew matrix defined by

(-1 if j >iandiis odd,

Aij=4 0 if j >iandiiseven,
“Aj if j <.
That is
0-10-10-1---
100O0O0O--
A=]1000-10-1---
101000 --
(n+1,n+1)

It is easy to seé/\p, I§n) is compatible.

Let <, = /() be the quantum cluster algebra associated with d/paiB,). The ambient
field F of fractions of the quantum torus with generatéysyy, - - - , Yn1 satisfying relation¥jY; =
qiY;Y.. For 0<i <n—1,letXg = pni(Yn i), andXen = Y.

Proposition Ill.1. <7 as aZ[q™Y/?] algebra can be generated ) | 0 <i < n}.

Proof. Since quantum clusters are mutation equivalence if andibtilg correspondence clusters
are mutation equivalence, the number of the quantum cluat@bles is equal to the number of
the cluster variables. The cluster variable is one to oneespondence to the sV j]|1 <i <
n+1,0< j < 2n—2i +2 wherej is everj1°.

By the definition of the quantum cluster algebra, we havedlewing relations:

Xon_2Xon = q¥/2Y 4 1;
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Xon—2Yi = q YY1 +Yi11,if i is even;
Xon-2Yi = Yi—1+qY/?Y;,1,if i is odd;

By the above relations, it is easy to see thél <i < n) € Z[Xx(0 < i < n+1),q"?]. For
example,Ys = Xon_aY2 +q~Y2Y1 = Y2 (Xon_aXon—2Xon — Xon—a + Xon).

Set 4 = pnkin_1--- M1, Where g is the mutation at the direction {(Yy,Y,,- -, Ya, Yar1) =
UYL, Yz, Yar1) , Y, = i(Y;) . By the mentioned above and the T-systé¥,Y,, - -, Yn, Yni1)
is correspondence toVi on 2, Waoon 4, -+, Wh 0, Wh110). SOWe havd, =Xon 2 2(1<i<n—1),
Y, = Xon_». Similarly, we havey, (1<i<n) € Z[Xx(0<i < n),q*%2.

By the induction, we have that any quantum cluster variablerys taZ[Xy (0 <i < n), g=%/7].

]

Theorem Ill.2. The map
Xi = [Wa ]

extends to a ring isomorphismfrom the quantum cluster algebr&, to the deformed Grothendieck
ring Rep,n of ¢h.

Proof. First, if i is odd,

Xo(n-i)Xo(n-i-1)
= (Yo1+ 0¥ )Y Ha YA+ Y)Y T
= q Y2 Y+ LYY YooY T a2 Y .

Xo(n—i—1)X2(n—i)
= (@ Y2+ Y)Y 11+ gAY )Y !
= Y21y T+ L aYoaY YooY T a2 Y
So we havi¥y (i) Xo(n-i—1) = 4 Xo(n-i—1Xo(n-i) + (1 —a71).
Ifiis even,
Xo(n—iyXo(n—i-1)
= (@ Y2+ Y)Y T Y+ gAY )Y
G VTR SR FEA S Bl E)

Xo(n—i-1)X2(n-i)
= (Y + Y 2)Y 1 (@ 2+ Y)Y
= oYY 1Y T LYY Y Y a2 Y
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So we haviyn_j)Xo(n-i—1) = 0 Xa(n—i—1)Xo(n—i) + (L= g 1.
Secondly,

Ko(n-i) Xo(nj)
= (M1 + a2 )Y (Y + a2yt
= 1YY oY A Y Y gAY Y Y Y oYY Y Y

ifiand jis odd and < j;

Xo(n—j)Xa(n-i)
= Y1+ Y)Y T+ YY) Yt
=YY Y gAY Y Y Y T gAY Y Y Y Y Y Y
= g Y Y Y gAY Y Y Y gAY oY Y Y oYY YY)
= g Xon-iyXo(n-j)
= gV o) X -

Ifi is odd,jis evenand+1 < j;

Xo(n—j)Xo(n—i)
= (Yj_1+ ql/ZYjH)ijl(Yi +qY2Yi )Yt
= VY Y gAY Y Y Y T gAY Y Y Y Y Y Y Y
= A1 Y Y gAY Y YT Y YT Y Y Y Y Y Y
= GXo(n-i)Xo(n-j)

= q(*l)j%lxz(nfi)xz(nfj)

Ifi and j are even,and< j;

Xa(n—j)Xa(n-i)
= (Y172 )Y (Y a2 )Y
= Y2 Y a2 Y Y Y gAY Y Y Y Y Y Y Y
= q XYYty ,1Yj7l +gY2Yi 1YLy, 71ij1 + ql/zYilelejHijl + in+1Yi*1Yj+1ijl)
= 0 Xn-i)Xe(n- )
= " N )Xo

Ifiis even,jis odd,and+ 1 < |;



Xa(n—j)Xa(n-i)
= (Y1 +aY2Y) Y (M + g2y
= YY) Y gAY Y Y Y T gAY Y Y Y Y Y Yy
= A2y gAY Y Y Y a2 Y Y Y Y Y Y Y
= X(n-i)X2(n-j)

= d Y o X

So we haV@(Z(n_i)XZ(n_j) = qj_iXZ(n—j)XZ(n—i)-

Thus,we get the conclusion. O

A. Example

The quiver , are defined by

1+ 2+ 3
where 3 is the frozen point.
0 -1 0-10
Bo=|10 |, MN=|[100
01 0 0O

Since

that is, (A2, By) is compatible.
Let o/, = o/ (I"2) be the quantum cluster algebra associated with a(/pgiﬁz). By the defi-
nition of the quantum cluster algebra,we haie= (q-Y2Y; + Ya)Y, 1, %o = Yy 4+ g¥2Yvoy L,

Xa = Y1, where(Yi, Y2, Y3) is the initial quantum cluster.
Proposition II.3. .o% as aZ[qﬂ/z] algebra can be generated by X>, Xa.

Proof. The detailed expressions of quantum cluster variabledarersas followsY, Y, Y3, Y1/ =
Y gAY, =X, Vo= gAY Y, Y Y Y, Y = YaY T g 2 Y = X
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Because the relationY, = q-1Y»Y;, we have:
V1Y, = 1+q Y2Ys,
VY= 1q 1y,
XoY2 =g YY1+ Ys.

That is:
Yo = q2(Y1Y; — 1) = g2 (XeXo — 1).

Y, = q2(Y, Y — 1) = Y2 (XX — 1),
Yz = XoY2 — g V/2X.

So we get the conclusion.

Theorem Ill.4. The map

Xa = [Wial, Xor— Wi, Xo— Wy

extends to a ring isomorphismfrom the quantum cluster algebr# to the deformed Grothendieck

ring Rep 2 of ¢>.

Proof. Since
Y,
e i ) A A O Y A A e A AN N AR e
S i 73 AR N e A PR e A |
and

"y /!

Y1 Y1
= YV a2, Y 4 g Y2 Y Yo + g i Y, Y Y
— QY1_1Y2_1Y3 + q1/ 2Y1—1Y3 + q1/2Y2—1 4+ 1,
then we have
VY =a Y+ (1-gh).
Since
YY1 =14y oYy YoYs = 14+ 0Y2Y,
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and
YiY; = 14+q Y2y,

then we have
Yoy =q Y Yi+ (1—qb.

Since
iYL =YY, gAY =y e gAY

and
Y1 Y1 = YaYs Y1 4+ g Y2, Yo = Y s + gAY

then we have
YiY; = qY, Yi.

so we get the conclusion. O
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