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HEIGHT OF VARIETIES OVER FINITELY GENERATED FIELDS

JOSE IGNACIO BURGOS GIL, PATRICE PHILIPPON, AND MARTIN SOMBRA

ABSTRACT. We show that the height of a variety over a finitely generated field
of characteristic zero can be written as an integral of local heights over the
set of places of the field. This allows us to apply our previous work on toric
varieties and extend our combinatorial formulae for the height to compute
some arithmetic intersection numbers of non toric arithmetic varieties over
the rational numbers.

INTRODUCTION

In [Mor00, MorOTal, Moriwaki introduced a notion of height for cycles over a
finitely generated extension of Q. Using this definition, it was possible to extend
several central results about cycles over a number field to cycles over a finitely gen-
erated extension of Q. These results include Northcott’s theorem on the finiteness
of cycles with bounded degree and height, the Manin-Mumford and the Bogomolov
conjectures, Zhang’s theorem on successive algebraic minima, and the equidistribu-
tion properties of Galois orbits of points of small height [Mor00} [MorOTal Mor01bl
YZ13.

This notion of height is defined as follows. Let B be an arithmetic variety, that is,
a normal flat projective scheme over Spec(Z), of relative dimension b. Set K = K(B)
for its function field, which is a finitely generated extension of Q of transcendence
degree b. Let H;, i = 1,...,b, be a family of nef Hermitian line bundles on B.

Let m: X — B be a dominant morphism of arithmetic varieties and denote by X
the fibre of m over the generic point of B, which is a variety over K. Let Y be a prime
cycle of X of dimension d. Let ) be the closure of Y in X and Zj, 7 =20,...,d,
a family of semipositive Hermitian line bundles on A. Moriwaki defines the height
of Y relative to this data as the arithmetic intersection number in the sense of
Gillet-Soulé given by

bt T, ZovZa ) (0.1)
see [Mor(00, Mor(Tal for details.

It is well known that this arithmetic intersection number can be written as a
sum over the places of QQ of local heights of the fibre of ) over the generic point
of Spec(Z), see for instance [BPS14] § 1.5]. However, for points in a projective
space and the canonical metric, Moriwaki showed that this arithmetic intersection
number is also equal to an integral of local heights over a measured set of places
of K [Mor00| Proposition 3.2.2].
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In this paper, we extend Moriwaki’s result to a cycle Y of arbitrary dimension
and general semipositive metrics, to show that the height of Y is equal to an integral
of local heights over this set of places of K (Theorem [2.7]).

This allows us to apply our previous work on toric varieties in [BPS14] and
extend our combinatorial formulae for the height to some arithmetic intersection
numbers of non toric arithmetic varieties. More explicitly, let X — B be a dominant
morphism of arithmetic varieties as above, and such that its generic fibre X is a toric
variety over K of dimension n. For simplicity, suppose that Lo = --- = £,, = L.
The semipositive Hermitian line bundle £ defines a polytope A in a linear space of
dimension n and, for each place w of K, a concave function ¢,,: A — R called the
w-adic “roof function”, see § Bl for details and pointers to the literature. By [BPS14]
Theorem 5.1.6], the w-adic local height of X is given by (n + 1)! times the integral
over A of this concave function. Combining this with Theorem 4] we derive a
formula for the corresponding arithmetic intersection number as an integral of the
function (w,x) — Y., (x) over the product of the polytope and the set of places of
K (Corollary B1l). Furthermore, we can define a global roof function J: A — R
by integrating the local ones over the set of places of K. Then, in this case, the
arithmetic intersection number (0.IJ) is also equal to (n 4 1)! times the integral of
¥ over the polytope (Corollary [3.4)).

As an application, we give in §[ an explicit formula for the case of translates of
subtori of a projective space and canonical metrics (Corollary 22)). The obtained
integrals reduce, in some instances, to logarithmic Mahler measures of multivariate
polynomials.
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Institut de Mathématiques de Jussieu (Paris). We are thankful for their hospitality.
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1. FIELDS WITH PRODUCT FORMULA FROM ARITHMETIC VARIETIES

In [Gub03, Example 11.22], Gubler observed that, for an arithmetic variety
equipped with a family of nef Hermitian line bundles, one can endow its func-
tion field with a measured set of places satisfying the product formula. In this
section, we explain the details of this construction and, as an example, we explicit
it for the projective space and the universal line bundle equipped with the canonical
metric. We refer to [BPS14] Chapter 1] and [BMPST2] § 3] for the background for
this section on metrized line bundles and their associated measures and heights.

Let B be an arithmetic variety, which means that B is a normal flat projective
scheme over Spec(Z). We denote by b the relative dimension of B and by K = K(B)
its function field, which is a finitely generated extension of Q of transcendence degree
b. Fori=1,...,b, let H; = (Hi,| - ||ls) be a Hermitian line bundle on B, that is,
a line bundle H; on B equipped with a continuous metric on the complexification
Hi.c over B(C), invariant under complex conjugation. We will furthermore assume

that each H; is nef in the sense of [Mor00] § 2] or [BMPSI2, Definition 3.18(3)].

This amounts to the conditions:

(1) the metric || - ||; is semipositive, namely it is the uniform limit of a sequence
of smooth semipositive metrics as in [Mai00, Definition 4.5.5] or [BPS14}
Definition 1.4.1];

(2) the height of every integral one-dimensional subscheme of B with respect
to H; is nonnegative.

Let B denote the set of hypersurfaces of B, that is, the integral subschemes
of B of codimension 1. Let V € BM. By [Zha95, Theorem 1.4(a)] or [Mor00,
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Proposition 2.3], the hypothesis that the #;’s are nef implies that the height of V
with respect to these Hermitian line bundles, denoted by hgy 5, (V), is nonnega-
tive. Hence, we associate to V the non-Archimedean absolute value on K given, for
v € K, by

vy =€ b ﬂb(V)ordv('y),

where ordy denotes the discrete valuation associated to the local ring Opy. We

denote by pg, the counting measure of BM).
We define the set of generic points of B(C) as

B(C)E" =B(C)\ |J v(©).
veB®

By definition, a point p € B(C) belongs to B(C)g" if and only if, for all v € K*, this
point does not lie in the analytification of the support of div(y). Hence |y(p)| is a
well-defined positive real number, and we associate to p the Archimedean absolute
value given, for v € K*, by

Ve = y(@)I- (1.1)
On B(C), we consider the measure

Hoo = Cl(ﬁl) A\ -'-/\Cl(ﬂb)

associated to the family of semipositive Hermitian line bundles H;, i = 1,...,b,
as in [BPSI4] Definition 1.4.2]. By [CT09, Corollaire 4.2], the measure of each
hypersurface of B(C) with respect to (o is zero. Since the complement of B(C)s"
is a countable union of hypersurfaces, it has measure zero. We will denote also by
loo the induced measure on B(C)ge".
Put then
(M, 1) = (B, pin) U (B(C)E™, pic). (1.2)
The set 9 is in bijection with a set of absolute values. Moreover, all the non-
Archimedean absolute values in this set are associated to a discrete valuation.
Example 1.1. Let B = P} with projective coordinates (zg : --- : ) and H; =
O(l)can, i =1,...,b, the universal line bundle on P equipped with the canonical
metric as in [BPS14l Example 1.4.4]. We have that K = K(B) ~ Q(z1, ..., 25), with
Zi = ZL'Z'/SC().
Consider the compact subtorus of P%(C) given by
S={(1:21:---:2) €PY(C) | |z]| =1 for all i} ~ (S
and the measure ug of P?(C) given by the current
1 dz dzp
A A2 A s
(2mi)0 2y 2p ¢
Namely, ug is the Haar probability measure on S.
A hypersurface V of P} corresponds to an irreducible homogeneous polynomial
Py € Z[xg, ..., xp]. The associated absolute value is given, for v € K*, by
log |v|y = —ordy () m(Py),

where m(Py) is the logarithmic Mahler measure of P, given by

m(Py) = /1og|Py(1,zl,...,zb)| dus.

If Py is a irreducible polynomial of degree zero, then Py, = p € Z, a prime number.
In this case m(Py) = log(p) and V is the fibre over the point corresponding to p.

The absolute value associated to a point of P (C)&°" is given by the Archimedean
absolute value of the evaluation at this point as in (LJ).
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In this example, the measure pg, on (P4)() is the counting measure and the
measure [, is the restriction to P4 (C)&" of pus.

A function on a measured space is integrable (also called summable) if its integral
is a well-defined real number.

Proposition 1.2. For each v € K*, the function M — R given by w — log|¥|w
is p-integrable. Furthermore, the “product formula”

| 10l dutw) =0 (1.3)
m
holds.

Proof. Given v € K*, the set of hypersurfaces V such that |y|y, # 1 is contained
in the set of components of the support of div(y), when v is viewed as a rational
function on B. Hence this set is finite, and so the function on B™M) given by V
log|v|y is pan-integrable. Moreover, by [CT09, Théoréme 4.1], the function on
B(C)&™ given by p — log|vy(p)| is peo-integrable. Summing up, log |y|w is u-
integrable, which proves the first statement.

For the second one, let O be the trivial metrized line bundle on B. Then

/ log ylw dp(w) = 3 —ordw(y) b, 7 (V) + / log [7(p)] djtoo (p)
m VeBm B(C)zen

by the arithmetic Bézout formula, see for instance [BGS94] (3.2.2)] for the smooth
case or [CT09, Théoreme 1.4] for an adelic version in the general case. From the
multilinearity of the height, it follows that hg 7 5, (B) = 0, which concludes the
proof. O

Definition 1.3. Given v = (y0,...,7,) € K*1\ {0}, the size of v with respect
to (K, 9, ) is defined as

b om0 (7) = /m log max(|Yolw, - - - [nlw) dp(w). (1.4)

Example 1.4. Let K ~ Q(z1,...,2,) with the measured set of places (9, 1) as
described in Example [Tl Let v € K* given in reduced representation as v = /8
with coprime «a, 8 € Z[z1,...,2p]. Using the product formula (3], the size of v
can be given in this case by

tom(7) = /m log max(|afuw, |8l) dpu(w)

Since v and 3 are coprime, the contribution of the integral over the places of (P%)(l)
is zero. Hence,

1 d d
o) = g [ lEma(e@LBED T A AT (9

Using Jensen’s formula, this size can be alternatively written as the logarithmic
Mabhler measure of the polynomial

P, = az1,. .y zp)ts — B(21, ..o 2) € Dty 21, - -, 28], (1.6)

where t; denotes an additional variable. The difference between this size and the
logarithm of the maximum of the absolute values of the coefficients of a and g can
be bounded by the maximum of their degrees times a constant depending only on b.
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2. RELATIVE ARITHMETIC VARIETIES

In this section we prove our main result (Theorem 2.4]), showing that the height
of a cycle over the finitely generated extension K can be written as an integral of
the local heights of this cycle over the measured set of places (9, u).

Let m: X — B be a dominant morphism of arithmetic varieties of relative di-
mension n > 0 and £ a Hermitian line bundle on X. We denote by X the fibre of
7 over the generic point of B. This is a variety over K of dimension n, and the line
bundle £ induces a line bundle on X, denoted by L. There is a collection of metrics
on the analytifications of L for each absolute value of 9, that we now describe.

For each V € BW| the local ring Opy is a discrete valuation ring with field of
fractions K. The scheme X and the line bundle £ induce a projective model over
Spec(Opg,y), denoted (Xy, Ly), of the pair (X, L). Following Zhang, the model
(Xy, Ly) induces a metric on the analytification L3 over X{", see [Zha93] or
[BPS14] Definition 1.3.5] for details.

The map 7 also induces a map of complex analytic spaces X(C) — B(C), that we
also denote by 7. A point p € B(C)&°" induces an Archimedean absolute value |- |,
on K and the analytification of the variety X with respect to |- |, can be identified
with the fibre 771(p) C X(C), with its structure of real analytic space when the
point p is real. The analytification of the line bundle L on X with respect to | - |,
can also be identified with the restriction of L¢ to 7! (p). Then the metric on L3"
is defined as the restriction of the metric on L¢ to this fibre. We then denote

L=(L,(Il w)wem) (2.1)

the obtained M-metrized line bundle on X.

Let Y be a d-dimensional cycle on X and L;, i = 0,...,d, M-metrized line
bundles on X as in (ZI). We assume that each L; is constructed from a DSP
Hermitian line bundle £; on X. Recall that a DSP (difference of semipositive)
Hermitian line bundle on X is the quotient of two semipositive ones as in [BPS14]
Definition 1.4.1].

Given a collection of nonzero rational sections s; of £;, ¢ =0, ..., d, intersecting
properly on Y and w € 9, we denote by
hzo,w7~~~7zd,w (Y, S0y -y Sd)

the local height of Y with respect to the family of w-adic metrized line bundles
Liw:= (Li,]| - liw)s e = 0,...,d. It is defined inductively on the dimension of YV’
by the arithmetic Bézout formula

hg oo fd,w(Y; 805+, 8d) = hg oo fd,w(y - div $4; S0y - -5 Sd—1)
d—1

[ toglsilan A 1) Ay, (22)
Xan

i=0
see [BPS14] Definition 1.4.11]. Recall that the local height We will show in Theorem
24 below that the function 9t — R given, for w € 9, by
W Bz, flow)seon (Ll a) (Y3 805 -+ 8a) (2.3)
is p-integrable.

Definition 2.1. With notation as above, the global height of Y with respect to the
IM-metrized line bundles L;, i = 0,...,d, is defined as the integral of the function

in (Z3), that is

hy £,(Y)= /sm Nl lom ) (Ll law) (Y5 805 -+ -5 8a) dpu(w).
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Thanks to the product formula, this notion does not depend on the choice of the
sections s;.

Example 2.2. Let B be an arithmetic variety as above and (K, 9, 1) the associated
finitely generated field and measured set of places. Let

an

X=Ph~BxP} and L=w0p() ,

————__Can

where @ denotes the projection B x P% — P%. Hence X =P and L = Opn (1)
For a point p = (yo : - -+ : n) € X(K) = PE(K), we have

hz(p) = tr o (v), (2.4)
where tg o, (7) denotes the size of the vector v = (70,...,7») as in (4). This is
the “naive height” in [Mor00, § 3.2].

The following projection formula for heights of schemes over Spec(Z) generalizes
[Mor00l Proposition 1.3(1)].
Proposition 2.3. Let m: W — V be a morphism between two finitely generated
projective schemes over SBeC(Z) of relative dimensions d+b—1 and b —1, respec-
tively, with b,d > 0. Let L;, 1 =1,...,d, and H;, j =1,...,b, be DSP Hermitian
line bundles on W and V, respectively. Then

hﬂ'*ﬁl,...,ﬂ'*ﬁb Li,....Lq (W) = degﬁl ..... Ly (Wﬁ> hﬁh,,,,ﬁb (V>a

where W, denotes the fibre of VW over the generic point 1 of V. In particular, if w
is not dominant, then h .3 ©H, T, La (W) = 0.

Proof. By linearity, we can reduce to the case when the L;’s are ample and the
metrics are semipositive. By continuity, we can also reduce to the case when the
metrics in £; and H; are smooth for all 7, j.

We proceed by induction on d. The case d = 0 is given by [Mor(0, Proposition
1.3(2)] in the case when 7 is dominant and by [BPST4l Theorem 1.5.11(2)] in the
general case. Let d > 1 and choose a nonzero rational section s4 of L4. Let || - ||4
denote the metric of £4. By the arithmetic Bézout formula,

,,,,,,,,,,,,,,,,

Since dim(V(C)) = b — 1, we have that /\i.’:1 c1(H;) = 0. Hence, the measure
in the integral in the right-hand side of (21 is zero, and so this integral is zero
too. Decompose the divisor of s4 into its horizontal and vertical components over
Spec(Z) as
div(sq) = div(sa)nor + div(sa)vert-

Write div(sq)vert = ZpESpec(Z) Z, as a finite sum of schemes over the primes. We
have that deg .3y rep, £, 2., (Zp) = 0 because dim(7(div(sa)vert)) < b— 1.
It follows that

hw*ﬁ17,,,,ﬂ*ﬂb 7217~-~,Zd71(div(sd)vert>
= > log(p)deg, .y, .. 7 H, Loyl (Zp) = 0.
pESpec(Z)
By the inductive hypothesis,

Do, oo, T Ty (A (Shor) = degp, p, (diV(sa)horn) g, 37, (V)-

.....

Since deg,, ., (div(sd)nory) = degg, ., (Wy), we obtain the result. O
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Theorem 2.4. Let B be an arithmetic variety of relative dimension b and H;,
i=1,...,b, nef Hermitian line bundles on B. Let K = K(B) be the function field
of B and (M, 1) the associated measured set of places as in (2.

Let m: X — B be a dominant morphism of arithmetic varieties of relative dimen-
sion n and X the fibre of ™ over the generic point of B. Let Y be a prime cycle of
X of dimension d and Y its closure in X. Let Zj, 7=0,...,d, be DSP Hermitian
line bundles on X and fj, 7 =0,...,d, the associated M-metrized line bundles as
in 210). Let so,...,Sq be rational sections of Ly, ...,Lq respectively, intersecting
properly on Y. Then the function M — R given, for w € M, by

w h(Lo,H‘||o,w),---7(Ld7H'Hd,w)(Y; S0y -y Sd) (26)

s p-integrable. Moreover,

hpy  2.Y)=hea e 2z, (V) (2.7)

In other words, the integral of the function ([Z8) coincides with the height of Y as
defined in ([QI).

Proof. By linearity, we reduce to the case when the line bundles £; are ample,
their metrics are semipositive and the sections are global sections. Moreover, since
multiplying one of the metrics on £; changes both sides of the equality (Z7)) by the
same additive constant, we can assume that the sections s; of £;, j =0,...,d are
small, in the sense that sup,c x () [|s;(p)[l; < 1.

We proceed by induction on the dimension of Y. If dim(Y) = —1, then Y = )
and so the local heights of Y are zero. Hence, these local heights are u-integrable
and, by Proposition 23] the equality in 27 is reduced to 0 = 0.

We now assume that dim(Y’) = d > 0. In this case, the restriction 7|y: Y — B is
dominant. Since the height does not change by normalization, by restricting objects
to )V and pulling back to its normalization, we may assume in the computations
that follow that ) = X. In particular, Y = X and d = n = dim(X).

Let sg, ..., s, be global sections of Ly, ..., L, respectively, that meet properly
on X, and denote by p: 9 — R the local height function in (2.6]). We have to show
that this function is p-integrable and that

/m p(w) dp(w) =h g o3 7, 2, (X)-

For each w € M, by the definition of local heights in (Z2), we can write p(w) =
pr(w) — pa(w) with

P1(W) = N(Lo 0w (Lol 1.w) (AIV(80)5 805 - -+ 5 Sn—1),

n—1
pa(w) = / tog snllnw A €1(Ls, - lj)-
Xan =0

We decompose the cycle div(s,,) as

diV(Sn) = div(sn)hor/B + div(sn)vert/Ba

where div(s,)nor/g contains all the components that are dominant over B and
div(sn)vert/ contains the remaining ones. Clearly, div(sy)nor s is the closure of
div(sy) - X, and div(sy )vert/s contains all the components of div(s,) that do not
meet X.

By the inductive hypothesis, the function w — p;(w) is p-integrable and

/m P1 (’LU) du(w) = hﬂ_*ﬁ ~H, Lo T (div(sn)hor/B)- (28)

.....
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Let now w = V € B, The local ring Op,v is a discrete valuation ring. The scheme
X and the line bundle £; induce models Ay and £; over Spec(Og.y) of X and
L;. Each component of the special fibre of Xy, is the localization

Wy =W s Spec(K(V))

of a hypersurface W € X1 with w(W) = V. Since the metric over w is an algebraic
metric coming from a model, by [BPS14] (1.3.6) and Remark 1.4.14],

pa(V) == D hy 5 (Vordw(sy)degy, (W), (2.9)

wex@®
(W)=Y

Since the number of components of div(s,,) is finite, we deduce from (2] that there
is only a finite number of V € BN with py(V) # 0. Thus p; is integrable on B™M)
with respect to the counting measure pg, as in (L2). By Proposition 23]

hﬁl ,,,,, ﬁb (V) deg‘CUa---uCn—l (WV) - hﬂ'*ﬁl ..... ﬂ*ﬁb ,Zo ..... Zn—1 (W>
The same result implies that, if dim(7(W)) < b — 1, then

hoat, o, Lo V) = 0.
Since

div(sp)vert/B = Z ordyy (8, )W

wex@®
dim(7w(W))<b

Z Z ordyy (sp,)W + Z ordyy (sn)W,

VveBM wex® wea )
T(W)=V dim(w(W))<b—1

it follows from (2.9]) that

[ patw) dnsaw) = 30 pav)

veB®

= — Z Z OrdW(S")hﬂ*ﬁl7-~-,W*ﬂb7zo7-~-,zn(w)

veBM ywex®
(W)=Y

= — hﬂ'*ﬂl 7"'7F*ﬂb 1201---7271 (div(sn)vert/l’j’)' (210)

We next consider the places associated to the points p € B(C)2g". In this case,
by the definition of p,, we have that

n—1
pa0) = [ g lsulla A 1Bl
©=1(p) j=0
where 7 denotes the projection X — B and || - ||, the metric in £,. We have to

show that ps is peo-integrable with o, = /\i-):1 c1(H;) and that

n—1

b

| @ i) = [ ol A @A Aa@H). @)
B(C)sen X(C) j=0 i—=1

We first assume that, for each j = 0,...,n, the metric on the line bundle £;

is smooth, but that the metric on H;, ¢ = 1,...,b, is not necessarily smooth. By

definition, there is a sequence of smooth semipositive metrics (|| - ||i x)x>0 on Hic
that converge to ||-||;. Set Hixr = (M, ||-|li.x) and let pioo x be the measure associated
to the differential form

Cl(Hl,k) VARERIVAN Cl('HbJC).
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By [CT09, Théoreme 4.1], the measures oo 1 converge weakly to poo. By the same
result, even if log ||s, ||, is not bounded, the equality

n—1
lim log ||snlln /\ c1(£;) A I\ c1(7*Hix)
k—oo X(C) ]i\() Z:/\l
n—1 b
:/ tog lsulln A\ e1(Z5) A N e1( )
X(©) j=0 i=1

holds. Let U C B(C) be a connected Zariski open subset such that the restric-
tion 7 |r-1(yy is a proper smooth map. By Ehresmann’s fibration theorem, this
restriction is a locally trivial proper differentiable fibration. Thus, that there exists
a compact differentiable manifold F' and an analytic open cover {U, } of U such
that 7=1(U,) is diffeomorphic to F' x U, for every a. Let {v,}a be a partition of
unity subordinated to the open cover {Uy}q.

Fix an a. To avoid burdening the notation, we identify 7= (U,) with F x U,
through the above diffeomorphism. Let A\p be a measure of F' given by a volume
form. Since the metrics || - ||; are smooth, there is a smooth function g: F'xU, — R
such that, for each u € U,,

A c1(Ly)
=0

By [Bil68, Theorem 3.2], the measures Ap x /\l;:1 c1(m*H; ) converge weakly to
the measure \p X /\l;:1 c1(7*H;). By the unicity of weak limits of measures,

{u}xF

b

A C1(Zj> A /\ Cl(ﬁ*gﬁ
j=0

i=1

b
= gAr x |\ ci(mHy). (2.12)

FxUpg, i=1

Since log || sy ||» is integrable with respect to /\?;01 c1(L) /\/\2’:1 c1(m*H;), by (ZI2)

the function (v, o 7)log||sn||n g is integrable with respect to Ap X /\i.’:1 c1 (T Hy).
By Fubini’s theorem [Fed69, Theorem 2.6.2], the function

/ (Vi © 7108 |50l g7 = Vs
F

iS leo-integrable and

b
| o) o) = [ Gmomoglisallugre x A\ crln )
Ua FxUg,

=1
n—1 b
:/ (va o m)10g [snlln /\ e1(Z5) A N e (mTy),
71 (Ua) j=0 i=1

where the last equality follows from 2.I2]).

Since the above holds for every «, Lebesgue’s monotone convergence theorem
[Fed69, Corollary 2.4.8] and the fact that pB(C) \ U)) = 0 which follows from
[CT09, Corollaire 4.2], imply that ps is peo-integrable and that (ZII) holds. Ob-
serve that we can apply Lebesgue’s monotone convergence theorem because we are
assuming that the section s,, is small, and so the function log ||s,]|, is nonpositive.

We now assume that the metrics on £; and H; are not necessarily smooth, and
choose sequences of smooth semipositive metrics (|| - ||;,x;)x,>0 on £; that converge



10 BURGOS GIL, PHILIPPON, AND SOMBRA

uniformly to || - ||;. For p € B(C))&", write

n—1
P2k, ken (P) =/ 10g | sn (P)lIn k. /\ €1(Ljks clar(n)- (2.13)
m=1(p) j=0
From equation (ZI3) when ¢ = n, and from equation (ZI3]) and Stokes’ theorem
when ¢ # n, one can prove that, for each € > 0, there is a constant K; that does
not depend on p nor on k;, j # 4, such that, for all k;, k] > K,

(2
192, k0,0 ki eosbin (P) = P2k ke (P)] < (2.14)

For k > 0, denote by p2 the function in [2I3) for the choice of indices kg =
-+« = ky, = k. We deduce from [ZI4)) that the diagonal sequence (pa 1 )r>0 converges
uniformly to ps. Since the measure po, has finite total mass and, by the previous
case, the functions ps j are pioo-integrable, we deduce that ps is fi.o-integrable and
that

lim P2,k (p) dptoo (p) = / p2(p) dioo (p)-
e JB(e) 5(C)

Therefore, using (Z.I1]) for the functions ps ;, and [CT09, Théoreme 4.1], we deduce

that (ZI1)) also holds in the case when all the metrics are semipositive.

In consequence, p = p; — pa is p-integrable and, using (Z8), (ZI0), ZII), the
arithmetic Bézout theorem in (Z2)) and the inductive hypothesis,

/zm p(w) dp(w) = W T T T (div(sn)hor/5)

.....

which concludes the proof. O

Example 2.5. Let K ~ Q(z1,..., 2,) with the measured set of places (I, u) as in
Examples [T and [L4l Let
—Q——— __can

X =Py, xP; and L=w"0p(1)

)

n

where @ denotes the projection P4 x PL — PL. and let L = Opwl((l)ca denote the
canonical 9M-metrized line bundle structure on the universal line bundle of Pk as
in Example

Let (1 : ) € PL(K) with v € K*. The closure ) of this point in X is the
hypersurface defined by the bihomogenization of the polynomial P, in (L6)). In
this case, Theorem 2] together with (2.4]) and (LH]) gives

hﬂ'*ﬂl,...,ﬂ'*m,Z(y) = hf(l : 7) = t]K,EDT,,u(’Y) = m(P’Y)v

where m(P,) denotes the logarithmic Mahler measure of P,.

3. HEIGHT OF TORIC VARIETIES OVER FINITELY GENERATED FIELDS

Using our previous work on toric varieties in [BPS14], we can give a “combi-
natorial” formula for the mixed height of a toric variety with respect to a family
of M-metrized line bundles. As a consequence of Theorem 24 this formula also
expresses an arithmetic intersection number, in the sense of Gillet-Soulé, of a non
toric arithmetic variety.
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Let B be an arithmetic variety of relative dimension b and H; = (H, || - |4),
it =1,...,b, a family of nef Hermitian line bundles on B, as at the beginning of §[I1
Let K =K(B) and (90, 1) the associated set of places of K as in (2)).

Let T ~ G}, be a split torus of dimension n over K. Let N = Hom(G,,, T) be
the lattice of cocharacters of T, M = Hom(T,G,,) = NV the lattice of characters,
and set Ng = N @ R and Mr = M ® R.

Let X be a proper toric variety over K with torus T, described by a complete
fan ¥ on Ng. A toric divisor on X is a Cartier divisor invariant under the action
of T. Such a divisor D defines a “virtual support function”, that is, a function
U p: Ng — R whose restriction to each cone of the fan ¥ is an element of M. The
toric divisor D is nef if and only if Up is concave. One can also associate to D the
polytope defined as

ADZ{,TGM]R|.TZ\I/D}.
Now let
T X =B

be a dominant morphism of arithmetic varieties of relative dimension n > 0 and
L a Hermitian line bundle on X. We assume that (X, L), the fibre of (X, L) over
the generic point of B, is a toric variety over K with a line bundle associated to a
toric divisor D on X. We consider the associated 9t-metrized line bundle L on X
as in (ZI).

For each place w € 9, we associate to the torus T an analytic space T%' and
we denote by S,, its compact subtorus. In the Archimedean case, it is isomorphic
to (S1)™. In the non-Archimedean case, it is a compact analytic group, see [BPS14]
§ 4.2] for a description. Then, the 9t-metrized line bundle L = O(D) on X is toric
if its w-adic metric || - ||, is invariant with respect to the action of S,, for all w.

Assume that L is toric and let s be the toric section of L with div(s) = D.
For each w € 9, denote by X§", the analytification of the open principal subset
Xo C X corresponding to the cone {0}, which is isomorphic to the torus T. Then
the function X§%, — R given by p > log||s(p)||, is invariant under the action
of S, and induces a function ¢7 _ ,: Ng — R as in [BPSI4] Definition 4.3.5]. For

shorthand, when L and s are fixed, we will denote VL 50 DY Yw-

We now further assume that the line bundle £ is generated by global sections
and that the Hermitian metric on £ is semipositive. Hence, the line bundle L is
also generated by global sections and, for each w € 9, the metric induced in L2}
by L is semipositive. In this case, by [BPSI4, Theorem 4.8.1], for each w € 9N,
the function ), is concave. We associate to it a concave function on Ap, denoted
by 97, ,, or ¥y for short, and called the w-adic roof function of the pair (L,s) as
in [BPS14, Definition 5.1.4]. This function is defined as the Legendre-Fenchel dual
of 1,,, and so it is defined, for x € Ap, as

Do () (2, u) = Y (w)).

We denote by voly; the measure on Ap given by the restriction of the Haar
measure on My normalized so that the lattice M has covolume 1.

= inf
u€ Np

Corollary 3.1. With notation as above, the function

M — R, w+—— Y+

L,s,w(x) dvoly (x) (3.1)
Ap

is p-integrable. Moreover,

hw*ﬁl,...,w*ﬁbf...Z(X):hf(X):(n"'l)!/m R VE o) dvolps(z) dp(w).
(3.2)
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Proof. By [BPS14, Theorem 5.1.6], the quantity
(n+ 1)!/ U7 (@) dvolpas ()
Ay D

is equal to the difference of local heights
DL 0,0 seees Lo l) (V5805 -5 80) =L 10,10 cam) seees Lo ) (V5 805+ 8m),

where || - ||iw,can is the canonical w-adic metric on L; as in [BPS14l Proposition-
Definition 4.3.15]. By Theorem [2.4] both local heights are p-integrable. Hence, so
is the function in (31), which proves the first statement.

For the second statement, the first equality follows from Theorem 24l By the
discussion above,

(n+ 1)!/ / ﬁf,s,w(z) dvoly(z) dp(w) = hy (X) — hyean (X).
mJAp
Using the argument in the proof of [BPS14] Proposition 5.2.4], it can be shown that
hean (X)) = 0, which proves the second equality in ([B.2). O
Theorem 3.2. Let notation be as above.
(1) For each x € Ap, the function
M— R, wr—— Jy(x)
18 p-integrable.
(2) The function
Ap — R, = »—>/ D) dp(w)
m
18 concave and continuous on Ap.
(3) The function
Mx Ap — R, (w,x) — Jy(x)
is (1 x volyr)-integrable.

Proof. Let 0 € ¥". The closure V(o) of the orbit of X corresponding to o is a
point. By [BPST4] Proposition 4.8.9], for each w € 9N,

ﬁL*Z,L*Sg,’UJ(O) = ﬁf,sg,w(mg) = ﬂw(md)ﬂ
where ¢ denotes the inclusion V(o) < X. By Corollary Bl the function w
Yy (my) in p-integrable, and its integral coincides with the height of V(o) with
respect to L.
Since 1, is a concave function, for all z € Ap,

i 79w o) = i 79w S'l?w . 3.3
Lain Gu(mo) = min Ju(y) (x) (3.3)

On the other hand, using again the concavity of ¥,
V(@) — Jnin Vu(y) < Jnax 3y (y) — nin Juw(y)
< #—’(—Alp) /AD (19w(z) - yrélir; ﬁw(y)) dvoly(z)  (3.4)
It follows from (B3] and (34 that, for all 2 € Ap,
ocexn ~ volp (Ap) ocexn

By Corollary 3] and the fact that Ap has finite measure, we have that both the
upper and the lower bound are integrable with respect to the measure p x voly,.
The statements ([{]) and (@) follow directly from these bounds, while the statement

min vy, (my) < 9y (x) < niﬂ/ P (2) dvolpr(2) — n min 9, (my).
Ap
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@) follows from the same bounds and Lebesgue’s bounded convergence theorem

[Fed69, Theorem 2.4.9]. O

Definition 3.3. With notations as above, the (global) roof function is the contin-
uous concave function 97 .: Ap — R given by

@) = [ Do) dntw),

Corollary 3.4. With the previous notations,

hem  omz. 2X)=bhp(X)=(@m+1)! [ Iz (2) dvoly(z)

Ap
holds.
Proof. This follows from Corollary Bl and Theorem B2(B]) together with Fubini’s
theorem [Fed69) Theorem 2.6.2]. O
Remark 3.5. More generally, when we have a family Lo, ..., L, of semiposi-
tive Hermitian line bundles on X" such that the induced Hermitian line bundles
Lo,...,L, on X are toric, we can express

bty ot 2o, 2, (X) = 0, 7 (X)
in terms of mixed integrals, similarly as in [BPS14, Theorem 5.2.5],

4. CANONICAL HEIGHT OF TRANSLATED OF SUBTORI OVER FINITELY
GENERATED FIELDS

In this section, we particularize the formulae in § [B] to the case when X is the
normalization of a translated of a subtori in the projective space.

As before, let B be an arithmetic variety of relative dimension b and H; =
(Hi, |l - |li), @ = 1,...,b, a family of nef Hermitian line bundles on B. Let also
K = K(B) and (9, i) the associated set of places of K as in (L2).

Let 7 > 1 and consider the projective space Pz over B and the universal line

bundle Opr, (1) on it. Since Pz =P7 x B and Opy(1) is the pull-back of Opy (1)
Spec(Z) )

under the first projection, we can pull-back the canonical metric on Opr (1) to
obtain a metric on Opr, (1), also called canonical. We denote by O(1) = Opy (1) the
obtained Hermitian line bundle.

Choose m; € Z™ and f; € K*, j = 0,...,r. For simplicity, we assume that
my = 0 € Z" and that the collection of vectors m; generates Z" as Abelian group.
Consider the map

Grx — Pg, t—— (fot™ - fit™r),

where f;t™ denotes the monomial f;¢;"”" ... ¢;”"". We then denote by Y the clo-
sure in Py of the image of this map.

The projective space Py is the fibre of P; over the generic point of B. We denote
by Y the closure of Y in P and by 7: ) — B the dominant map obtained by
restricting the projection Pj; — B. In this setting, we want to give a formula for
the arithmetic intersection number

h

TH, ..., ﬂ*ﬁ,m ..... (9(1)(y) (41)

The subvariety Y is not a toric variety over K because it is not necessarily
normal. Indeed, it is a “translated toric subvariety” of Pk in the sense of [BPS14]
Definition 3.2.6]. Let X" be the normalization of ), and X the corresponding variety

over K. Let £ be the pull-back of O(1) to X and L the associated M-metrized line
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bundle over X as in ([I). Therefore, X is a toric variety over K with torus GJ,
and the 9M-metrized line bundle L is toric and semipositive.

In this case we can give an explicit description of the corresponding w-adic roof
functions.

Proposition 4.1. With notation as above, let s be the toric section of L determined
by the section xo of O(1). The polytope associated to the divisor D = div(s) on X
s given by

A = conv(my,...,m,)
and, forw € M, the w-adic roof function ¥,,: A — R is the function parameterizing
the upper envelope of the extended polytope Ew C R" xR given by

X _ Jeony ((my, —hagg, a7, Vordv(f)))j=0....r), if w=VeBD,
Y | conv((my, log | £5(p)])j=0....r); if w=pe B(C)s"
Proof. This follows from [BPS14] Example 5.1.16]. O

Combining this result with Corollary [B.I] we obtain a formula for the arithmetic
intersection number in [T, that we will particularize to concrete examples.

can

Corollary 4.2. With notation as above, set B = IP’% and H; = H = Opg(l) ,
i=1,...,b. Then hﬂ*ﬁ7~~~77r*ﬂ,m7~~~,m(y> is equal to

(n+1)! (/ (/A Up(x) dvol(x)) dus + Z Iy (x) dvol(x)),

vec/A

where C € BW s the set of irreducible components of the divisors div(f;), j =
0,...,r, vol denotes the Lebesgue measure on R™, and us is the Haar measure of
the compact torus S as in Example (L1l

Proof. We have that hw*ﬁ7...,ﬂ*ﬁ,m,___’m(y) =h, 5  wmz.. z(X) by the in-
variance of the height under normalization. The formula then follows from Corol-
lary Bl Proposition [] the description of the measured set of places (9, u) of
the field K in Example [[LT] together with the fact that, for V € B \ C, the local
roof function ¢y vanishes identically. O

Example 4.3. Consider the case n = 0. Thus my; = 0 for all ¢ and choose a

collection fo, ..., fr € Z[z1,. .., 2] of coprime polynomials with integer coefficients.
Hence A = {0} C R? and, for w € 9M, the local roof function is given by
(o)  [macloz 1) if w = p € PL(C),
Y —h(V)mingordy(f,) ifw="V e (P)D.

If V is not the hyperplane at infinity of P’, then by the coprimality of the f,, we
have ming ordy,(f;) = 0, while, if V is the hyperplane at infinity, h()) = 0. Thus the
finite contribution vanishes and, from Theorem [2.4] and Proposition 1] we deduce

by corzY) = [ max(log | fop) dps.

In particular, if » = 1, this arithmetic intersection number agrees with the size
of the element v = f1/fp given in Example [[4l For instance, consider the case
when b =1, fo = @ and f; = 821+~ with «, 3, coprime integers. Using (L) and
(CH), the corresponding intersection number is given by the logarithmic Mahler
measure of the affine polynomial at; — 8z; — 7. By [Mai00, Proposition 7.3.1],
this logarithmic Mahler measure can be computed in terms of the Bloch-Wigner
dilogarithm.
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Example 4.4. Let n = 1 and consider the case when m; = ¢, ¢ = 0,...,r, and
foseooy fr €Z]z1, ..., z) is a family of coprime polynomial with integer coefficients
with fO = fr =1.

We have that A = [0,7]. Let w € M and ¢,,: [0,r] = R the corresponding local
roof function. By Proposition 1] if w =V € (P%)(l), then this function is zero.
Also, if w = p € P4(C)&", this function is the minimal concave function on [0, 7]
whose values at the integers are given, for i = 0,...,r, by

Du(i) = gl + =2 g Aol )

max
0<j<i<e<r \ £ —
£t

In particular, 9,(0) = log|fo(p)lw = 0 and Yy (r) = log|fr(p)|lw = 0. It follows
that

6—1

r V— 7‘7
[ oo =3 e, (7=5rsltol + =S eslsi) - 62)

From Corollary 22 and ([£2]), we deduce that

l—i -7
b, emz(Y 2/ZO<]IE?2(€<T(£jIOg|fJ( )|+ ~log|f; (v I) dus.

Hence, this arithmetic intersection number can be expressed in terms of integrals
over the compact torus, of maxima of logarithms of absolute values of polynomials.
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