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STAR-CUMULANTS OF FREE UNITARY BROWNIAN MOTION
NIZAR DEMNI, MATHIEU GUAY-PAQUET, AND ALEXANDRU NICA

ABSTRACT. We study joint free cumulants of u; and u}, where u; is a free unitary Brownian
motion at time t. We determine explicitly some special families of such cumulants. On
the other hand, for a general joint cumulant of u; and uy, we “calculate the derivative”
for t — oo, when wu; approaches a Haar unitary. In connection to the latter calculation we
put into evidence an “infinitesimal determining sequence” which naturally accompanies an
arbitrary R-diagonal element in a tracial *-probability space.

1. INTRODUCTION

Let (u¢)i>0 be a free unitary Brownian motion in the sense of [3], [4] — that is, every u;
is a unitary element in some tracial -probability space (A, ¢;), with ¢;(us) = e~%/2, and
where the rescaled element v, := e*/2u; has S-transform given by

(1.1) Sy (2) =€*, ze€C.

Closely related to Equation (ILII), one has a nice formula for the free cumulants of wuy,
i.e. for the sequence of numbers (/in(ut, ceey ) )Zozl, where k, : A} — C is the n-th free
cumulant functional of the space (A¢, ¢¢). Indeed, these numbers are the coefficients of the
R-transform R,,. By using the relation between the S-transform and the compositional
inverse of the R-transform (which simply says that 25(z) = R<1>(z)), one finds that

1

(1.2) R, (2) = ZW(tZ)’ t>0,
where .

3 8 -n)""

W(y)=y—y2+§y3—§y4+'~+%y”+---
is the Lambert series. Extracting the coefficient of 2™ in (LL2]) gives the value of ky, (vy, . . . , v¢),
then rescaling back gives
—nt/2 R G
(1.3) b (Ut - sug) = € " 2k (vg, . vy) = e —— ", neN t>0.
n!

In this paper we study joint free cumulants of u; and uf, that is, quantities of the form
ﬂn(uf(l), . ,uf(n) ), where n € N and w = (w(1),...,w(n)) € {1,*}".

The motivation for paying attention to these joint free cumulants comes from looking at the
limit ¢ — oo, when u; approximates in distribution a Haar unitary. Recall that a unitary u
in a *-probability space (A, ) is said to be a Haar unitary when it has the property that
o(u™) = 0 for every n € Z\ {0}. This property trivially implies £, (u,...,u) = 0 for every
n € N, thus the free cumulants of u alone do not look too exciting. However, things become
interesting upon considering the larger family of joint free cumulants of u and u*. There we
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get the following non-trivial formula, first found in [I0]: for w = (w(1),...,w(n)) € {1,*}"
one has
(—~1)F1Cy_y, if nis even, n = 2k, and
w=(1,%1,%,...,1 %)
or w= (x1,%1,...,%1),
0, otherwise,

with Cx_1 = (2k — 2)!/(k — 1)!k!, the (k — 1)-th Catalan number. Formula (L4]) leads to
the combinatorial approach to R-diagonal elements — these are elements in a x-probability
space which display, in some sense, free independence in their polar decomposition ([8], see
also Lecture 15 of [9]; a brief review appears in Remark below). For an R-diagonal
element a in a tracial x-probability space (A, ¢), the sequence (/ﬁlgn (a,a*,...,a,a*) )2021 is
called “determining sequence of a” (and does indeed determine the joint distribution of a
and a*); from this point of view, Equation (4] says that the determining sequence of a
Haar unitary consists of signed Catalan numbers.

Returning to the point of view that, for ¢ — oo, the free unitary Brownian motion wu; is
an approximation of u, it then becomes natural to ask what can be said about the joint free
cumulants of u; and uf. The expressions for these joint cumulants are far more involved than
what is on the right-hand side of (I.4]), but still turn out to have some tractable features. In
order to discuss them, it is convenient to start from the fact (easily obtained from the general
formula connecting free cumulants to moments in a noncommutative probability space) that
for every fixed w € {1, *}", the cumulant «,, ( uf(l), ... ,uf(n) ) is a quasi-polynomial in —¢/2;
more precisely, there exists a polynomial Z,, € Q[z, y], uniquely determined, such that

(1.5) /{n(uf(l), e ,uf(")) = Z,(t,e¥?), Vte|0,00).

It is moreover easy to see that the y-degree of Z,(z,y) is at most n, and that all the powers
of y that appear in Z,, have exponents of same parity as n. In other words, we can write

(1.6) Zua,y) = 200 (@) 5" + 20 (@) -y

with ZU(J"), Z}J“z), ... in Q[z]. Note that the formula (I3]) which describes the cumulants of
u (without wu}) fits here, and can be read as

(_n)n—l

n!

(1.4) Kn (uw(l), . ,u“(")) =

(1.7) Z1,1,... Hzy) = 2"y e N.

—

n

A less obvious fact about the polynomials Z,, is that the number of relevant terms (count-
ing from the top) in the expansion (L.6) is limited by how many times one switches between
the symbols ‘1’ and ‘*’, while going around the string w. Thus for w = (1,1,...,1) we have
Z,(x,y) = é")(x) -y™ (as just seen above), then for w of the form (1,...,1,%,..., %) we
have Z,(x,y) = ZU(J")(:U) Y+ Z=2) (z) -y 2, and so on. This fact is stated precisely in
Section 3 of the paper, and proved in Theorem B.8 of that section. It is significant because
it gives information on the speed of decay of ﬂn(uf(l), e ,uf(") ) when ¢t — 0o, in the case
(covering “most” strings w € {1,*}") when the right-hand side of Equation (4] is equal
to 0.

Here are some more details about what we do in this paper, and about how it is organized.
Besides the present introduction, we have five sections. After a review of background and
notations in Section 2, some general basic properties of the polynomials 7, are established
in Section 3. Then Sections 4 and 5 study two special types of w’s, as follows.

e In Section 4 we look at strings of the form w = (1,...,1,*,...,%), with k occurrences
of ‘1’ followed by £ occurrences of ‘x’. We retrieve by direct calculation the fact mentioned
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above, that the expansion from Equation (L)) is in this case reduced to its top two terms,

and we show moreover how the two polynomials Z£k+é)(x) and ZFH? (z) can be written
explicitly as Laplace transform integrals.

e In Section 5 we look at the case when w is an alternating string of even length; in other
words, we pay attention (as suggested by formula (I4]) to free cumulants

En(t) := kan(ug,uf, ... up,up), neN, te0,00).

The main point of this section is to observe a recursive formula for %gn(t), which amounts
to the fact that the generating function

H(t,2) = % +) &(t)"
n=1

satisfies a quasi-linear partial differential equation of Burgers type,
O¢H +2zH 0,H = z, with initial condition H(0,z) = 1/2.

We also show how examining the characteristic curves of the above partial differential
equation gives further information on &, (t).

Finally, in Section 6 we look at a general string w, and we study the behaviour of the
corresponding joint cumulant of u; and u; when t — co. We look at the limit
w2

) D, )

t—00 e_t/2 ’

ey U

where u is a Haar unitary. This limit turns out to always exist, and to have a very pleasing
form, which suggests some kind of “infinitesimal determining sequence” for a Haar unitary.
In Section 6 we also show how the idea of infinitesimal determining sequence can be extended
to the framework of a general R-diagonal distribution — this is done by considering products
utq where g = ¢* is free from {us, u;}, and then by taking the same kind of “derivative at
t = o0” as above.

2. BACKGROUND AND NOTATION

This section gives a very concise review, intended mostly for setting notations, of free
cumulants on a noncommutative probability space. We follow the terminology from [9] and,
for the various definitions and facts stated below, we give specific page references to that
monograph.

We start with the structure lying at the basis of the combinatorics of free probability, the
lattices NC(n) of non-crossing partitions. We will assume the reader to be familiar with
these objects, and we merely list below some basic notation that we will use in connection
to them.

Notation 2.1. [NC(n)-terminology.] Let n be a positive integer, and let us consider the
set NC(n) of all non-crossing partitions of {1,...,n}.

1° Partitions in NC'(n) will be denoted by letters like 7, p, .... Typical explicit notation
foram™ e NC(n)is m# = {Vi,...,Vi}, where V;,...,V} are called the blocks of . We
sometimes simply write V € 7 to mean that “V is one of the blocks of 7.”

2° On NC(n) we consider the partial order given by reverse refinement, where for m, p €
NC(n) we have m < p if and only if every block of p is a union of blocks of . The partially
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ordered set (NC'(n),<) turns out to be a lattice — that is, every m,p € NC(n) have a
smallest common upper bound 7 V p and a greatest common lower bound 7 A p. (See [9],
pp. 144-146.)

The minimal and maximal element of (NC(n), <) are denoted as 0, (the partition of
{1,...,n} into n blocks of 1 element each) and respectively as 1,, (the partition of {1,...,n}
into one block with n elements).

3° (NC(n),<) has a special anti-automorphism called the Kreweras complementation
map, which will be denoted as Kr: NC(n) — NC(n) (or as Kry, if we need to clarify what
n we are working with). The definition of Kr,, is made by using partitions of {1,...,2n}; we
take a moment to review how this goes, because it illuminates a construction of the same
kind which we introduce in Section 6.

Let m and p be in NC(n). We will denote by 7(°39) 1 p(even) the partition of {1,...,2n}
which is obtained when one turns 7 into a partition of {1,3,...,2n — 1} and one turns p
into a partition of {2,4,...,2n}, in the natural way. That is, 7(°d0) 1 p(eve) has blocks of
the form {2i — 1 |7 € V'} where V is a block of 7, and has blocks of the form {2j | j € W}
where W is a block of p. Note that 7(°dD) Ly p(even) may not belong to NC(2n), due to
crossings between its odd and even blocks. If we fix 7 € NC(n), then it actually turns out
that the set {p € NC(n) | 7(©3d) L plever) ¢ NC'(2n)} has a largest element with respect to
reverse refinement order; this largest element is, by definition, the Kreweras complement of
m. That is, Kr(m) is defined via the requirement that for p € NC(n) we have:

(0dd) || p(ovon) € NC(2n) & p < Kr(n).

Here is a concrete example, considered for n = 5, which also illustrates a standard way of
drawing non-crossing partitions.

12345678910
(N 123i1|5

12345 u
= | U | = qedd) | Ky(7)(even) = | I = Kr(m) = u

For more details on the Kr map, see [9], pp. 147-148. A neat fact which will be used in
Section 5 below is that one has
|Kry(m)| = n+1—|x|, Vre NC(n),
where |7|, | Kr,,(7) | denote the numbers of blocks of the partitions in question.
4° The Mébius function of NC(n) will be denoted as Moeb (or as Moeb,, if we need to
clarify what n we are working with). This function is defined on {(7,p) | 7,p € NC(n),

m < p}. We will actually only use two special cases of Moeb. The first case is when m = 0;
here we simply get (see [9], pp. 162-164)

Moeb(0p, p) = H ()" 1,
Wep
where for k € NU {0} we denote
Cp = (2k)!
El(k+ 1)!
The second case we will encounter is the one having p = 1,,, which reduces to the above via
the immediate observation that Moeb(w, 1,,) = Moeb(0,,, Kr(m)).

(the k-th Catalan number).
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Remark 2.2. In the description of Kr we used tacitly the fact that one can talk about the
lattice of non-crossing partitions NC(X) for any finite totally ordered set X (in particular
for X = {2,4,...,2n}). The lattice NC(X) can be of course canonically identified to
NC(n) for n = |X|, upon labelling the elements of X as 1,2,...,n in increasing order.

Another natural convention used in Notation 2.J13 was that if X and Y are two disjoint
finite sets, then we can put together a partition m of X with a partition p of Y in order
to obtain a partition denoted as “m LI p” of X UY. If X UY (hence each of X,Y as well)
is totally ordered and if we start with 7 € NC(X) and p € NC(Y'), then it may or may
not be that 7L p € NC(X UY) — the definition of the Kreweras complementation map is
actually built around this fact.

We now move to the review of free cumulants.

Notation 2.3. [Restrictions of n-tuples.]

In order to write more concisely various formulas that will appear in the paper, it is
convenient to use the following natural convention of notation. Let X be a non-empty
set, let n be a positive integer, and let (z1,...,x,) be an n-tuple in X™. For a subset
V=A{i1,...,im} C{1,...,n}, withl1 <m<mnand 1 <i; <+ <1y <n, we denote

(@1, xn) | V= (g, ooy 2,) € X

We will use this notation in two ways: one of them (already appearing in the next
definition) is when X is an algebra A of noncommutative random variables, and the other
is when X = {1, x} and we talk about the restriction w | V" € {1, *}" of a string w € {1, x}".

Definition 2.4. [Free cumulant functionals and R-transforms./
Let (A, ) be a noncommutative probability space.

1° For every n € N, the n-th moment functional of (A, p) is the multilinear functional
on + A" — C defined by ¢, (a1,...,a,) = ¢(a1---ay), ai,...,a, € A.

2° For every n € N, the n-th free cumulant functional of (A, ) is the multilinear func-
tional k, : A" — C defined by

(2.1) Fn(a,...,ap) = Z <M0eb 7, 1y H o) ((a1,. .. an) | V))

TeENC(n) Ver

Equation (2.1]) is referred to as the moment-cumulant formula.

3° Let a be an element of A. The formal power series R, (z) := Y oo knl(a,...,a)z
called the R-transform of a.

Remark 2.5. Let (A, ¢) be a noncommutative probability space, and consider its free cu-
mulant functionals k, : A" — C, as above.

1° Let B,C C A be unital subalgebras which are freely independent. The fundamental
property of the k,’s is that x,(a1,...,a,) = 0 whenever n > 2, ay,...,a, € BUC, and
there are elements from both B and C among ag,...,a,. We also record here a consequence
of this fact — a formula (presented in [9] on pp. 226-227) which expresses an alternating

moment p(bicy - - bye,) in terms of “free cumulants of the b’s and moments of the ¢’s”
(2.2)

cp(blcl'--bncn = Z HH‘V‘ bl,..., H (P\W| cl,...,cn)]W)).

TeNC(n) Ver WeKr(m



6 N. DEMNI, M. GUAY-PAQUET, AND A. NICA

2° We will make essential use of a result of Krawczyk and Speicher [7] (presented in
[9] on pp. 178-181), which gives a structured summation formula for “free cumulants with

products as entries”, as follows. Let o = {J1,...,Jx} € NC(n) be a partition where every
block is an interval: J; = {1,...,1},Jo={j1+1,..., 02}, .., Jx = {Jk—1+ 1,...,ji} for
some 1 < j; < jg < -+ < jg = n. Then for every ay,...,a, € A one has

’{k(al TGy Gyttt gy e ey Qg g 10 ajk)

(2.3) = > I svi((ar, . an) | V).

meNC(n) such Ven
that mvVo=1,

In the special case when o = 1,,, Equation (Z3]) becomes a formula expressing the moment
p(ay -+ - ay) in terms of free cumulants; this special case turns out to be equivalent to (2.1]),
and also goes (same as (2.])) under the name of “moment—cumulant formula”.

3° We also record some useful properties of free cumulants which follow immediately from
their definition, by taking into account obvious symmetries of the lattices NC'(n).
(a) Invariance under cyclic permutations of entries:

En(a,...,an) = 6n(@my -y Qny @1y yam-1), V1 <m<nanday,...,a, € A.

(b) Left-right symmetry: if C C A is a commutative subalgebra, then

En(C1,C2,. .. Cn) = Ep(Cp,...,c2,c1), Yn>1andcy,...,c, €C.

(c) Left-right symmetry in *-probability framework: suppose (A, ) is a *-probability
space, then one has ky(a},...,a%,a]) = kp(ar,a2,...,a,), Vn>1and ay,...,a, € A.

4° Suppose again that (A, ) is a *-probability space. Then by using the Cauchy-Schwarz
inequality for the functional ¢, one immediately sees that every unitary u € A has |p(u)| <
1. As a consequence, it follows that

(2.4) En(u,...,up) < 16", Vn >1and uy,...,u, € A unitaries.

The constant 16 in (2.4]) appears upon writing cumulants in terms of moments as in Equation
([2I)), then by using estimates on the Mébius function — see the discussion on p. 219 of [9].

From the bound (24) it is clear that for every unitary u € A, the R-transform R,(z)
(which was introduced in Definition 2413 as a formal power series) can also be viewed as
an analytic function on the disc {z € C| |z] < 1/16}.

Remark 2.6. [R-diagonal elements.]

Let (A, ) be a *-probability space, and suppose that u,q € A are such that u is Haar
unitary, ¢ = ¢*, and q is free from {u,u*}. The element a := uq € A is said to be R-diagonal.
The motivation for this name (introduced in [8]) is that there exists a sequence (aj)?,

called the determining sequence of a, such that for w = (w(1),...,w(n)) € {1, *}™ one has:
Qpy2, if neven and w = (1,%,1,%,...,1,%)
(2.5) nn(a“(l), e ) = orw=(x1,%1,...,%1),

0, otherwise.
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The ay’s can be written in terms of the free cumulants of ¢? via a formula which looks
similar to Equation (2.1):

(2.6) Z (Moeb m, 1) - H Kvi(q q2)>, ke N.
TENC(k) Ver
The derivation of these facts is presented in [9] on pp. 241-244 of Lecture 15.
Note that Equation (I4) from the Introduction corresponds to the special case ¢ =1,
of the above formulas. Indeed, in this case the sum on the right-hand side of (2.6]) has
only one non-vanishing term, corresponding to m = 0y, and we get ar = Moeb(0, 1) =

(—=1)F1C)_y, as stated in (T4).

3. THE POLYNOMIALS Z,,

Proposition and Notation 3.1. Let w = (w(1),...,w(n)) be a string in {1,*}", for some
n > 1. There exists a polynomial Z, € Q[z,y], uniquely determined, such that

(3.1) /{n(uf(l), e ,uf(")) = Z,(t,e7"?), Vte[0,00).

Moreover, the polynomial Z,,(x,y) has the form

(3.2) Zo(wy) = >, 20 () -y,
0<j<n/2

where ZJ"2) e Q[z] for 0 < j <n/2.

Proof. We will give an explicit formula for the polynomial Z,. In order to state it, we
introduce some preliminary items of notation. We first recall that Lemma 1 on page 4 of
[4] says that the moments of u; are oy (u) = Qn(t)e™ /2 n > 1, where

Qn(t) = _§$<jil>tj'

For a string w in {1, *}" which has k occurrences of the symbol “1” and ¢ = n—k occurrences
of “x”, we then introduce a polynomial M, € Q[z,y] defined by

_ Qugx)y*t i k£
(3.3) My (z,y) := { L il
go; 11gstance if n =7and w= (1,1,%,1,1,%,1) then M,(z,y) = Q3(z)y> = (1 — 3z +
577)y° ]

Based on (3.3), we define the Z,,’s as follows: for every w € {1,*}" we put
(3.4) Zo:= Y Moeb(r,1,) ( I1 MwW)
meNC(n) Vern

where the notations related to NC(n) and its Mdbius function are as in Section 2.
[A concrete example: if n =3 and w = (1,%, 1), then

21y = My = MayMeoy — My Moy — Mg May + 2M ) M My;

this comes, upon substituting the M’s, to Z( . 1y(7,y) = (= + Dy? —y.]
Fix a t € [0,00), and for every n € N let ¢, : A} — C be the n-th moment functional of
(A¢, pt). Then one has

(3.5) on(uy w@ ,uf(n)) = M,(t,e™¥?), VneNandw e {1,%}".
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This in turn implies that, for every n € N and w € {1, *}"™:

/{n(uf(l),... w(n Z Moebﬂl <H(’D|V\ ..,uf(n))|V))

TeENC(n Vern

Z Moeb(, 1,,) - ( H My (t, e_t/2)) = Z,(t, e t?)
TeNC(n) Ver

(where we first used the moment—cumulant formula (2.1), then we invoked Equations (3.3])
and ([B4)). Thus Z, has the property stated in Equation (B.1).

The uniqueness of Z,, with the property stated in Equation (B.)) follows from general
considerations (a polynomial in Q[xz,y] is determined by its values on pairs (¢, et/ 2), with
t € [0,00)).

Finally, let us also verify the specific form of Z, that was indicated in Equation (B2)).
It suffices to show that: for every m € NC(n), the term indexed by 7 in the sum on the
right-hand side of ([34) is of the form y* - T'(z), where s € {0,1,...,n} has same parity
as n, and where T € Q[z]. So fix a partition 7 = {Vi,...,Vi} € NC(n), and for every
1 < j < k denote by p; and by ¢; the number of occurrences of “1” and respectively “x”
in the restricted word w|V;. The term indexed by 7 in the sum on the right-hand side of

B4) is Moeb(m, 1) - H?:l Q‘pj_qﬂ(:n)y‘pj_qi‘, where we set Qo := 1. This is indeed of the
form y*® - T'(z), with s := Z?:l Ipj — qj], and we are only left to check that n — s is an even
non-negative integer. But the latter fact follows from

k k
n_SZZPJ+QJ Z‘p]_QJ Z(pj"‘%_‘pj_%‘)a
Jj=1 j=1
where every p; + ¢; — |pj — ¢;| is an even non-negative integer. O

Ezample 3.2. Here are some concrete examples of polynomials Z,;:

Zaw(zy) = —yi+1,

Zagw(zy) = (@+1)y°—y,

Zanam(@y) = —(Ba? + 20+ )yt + (z + 1)y
Zaawmy(@y) = —(@°+ 22+ 2)y* + 22,
Zapas(@y) = —(2z+ 3yt + 4y? — 1.

If we add to this list the formula for a polynomial Z ; ;) from Equation (L)), and if we
take into account some obvious invariance properties of the Z,’s (as recorded in the next
remark), then these examples cover all strings w € {1,*}" for n < 4.

Remark 3.3. The polynomials Z, have some invariance properties which follow directly
from their definition.

1° Let w,w’ € {1,*}"™ be such that w’ is obtained from w via a cyclic permutation.
The invariance of free cumulants under cyclic permutations of entries gives Z,(t,e""?) =
Z.y(t,e t/?), t € 0,00), which implies that the polynomials Z, and Z,, coincide.

2° The same conclusion as in 1° holds if we take w’ to be obtained from w by reversing the
order of its components, w’ = (w(n),...,w(1)). (This time we use the invariance property
of free cumulants that was reviewed in Remark [Z513(b).)
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3° The moments of the free unitary Brownian motion u; are real numbers (as reviewed
at the beginning of the preceding proof). This has the consequence that u} can also serve
as free unitary Brownian motion at time ¢, which in turn implies that

mn(uf(l),...,uf(n)) = /{n(uf,(l),...,uf,(n)), Vit e [0,00),

with w’ obtained out of w € {1,*}" by swapping the roles of 1 and * (every w(i) which is
a 1 is replaced by a *, and vice-versa). The uniqueness property of Z, thus implies that
Z., = Z, in this situation, too.

We next put into evidence a very useful recursion satisfied by the polynomials Z,,. This
is done in Proposition 3.5} the essence of the argument is a calculation which holds for any
unitary in a x-probability space, and is presented in the next lemma.

Lemma 3.4. Let (A, p) be a x-probability space, and let v € A be a unitary element.
Consider a string w = (w(1),...,w(n)) € {1,*}™ with n > 3 and where w(1) =1, w(n) = *.
Then
n—1
(3.6) mn(u“(l), IR ) =— Z mm(u“(l), L uetm) ) . /{n_m(u“(mﬂ), e )
m=1
(where Ky, Km, kn—m denote free cumulant functionals for (A, )).

Proof. We may assume (by replacing A with the x-algebra generated by u) that (A, ¢) is
tracial. In particular, we can write

/{n(uw(l), ™ ) = /{n(u“("),u“(l), =D ) = mn(u*,u,uw@), D) )

Now, we know that nn_l(u*u,uw@),...,u ) = 0 (a free cumulant of length > 2

always vanishes when one of its entries is equal to 1,). On the other hand, the formula
([23) for cumulants with products as entries gives

(3.7) kin—1(u*u, w@ L e )

N Z H Ry (@ u,u® D) 1),

TeNC(n) such Ver
that mvVo=1,

where 0 € NC(n) is the partition consisting of the 2-element block {1,2} and of n — 2
blocks with one element.

Let 1 € NC(n) be such that 7 Vo = 1,, and let V' and V" be the blocks of = which
contain 1 and 2, respectively. We observe that V'UV” = {1,...,n}; indeed, in the opposite
case we could consider the partition 7 € NC(n) which is obtained from 7 by joining together
the blocks V and V', andd this © would satisfy 7,0 < 7 # 1,, in contradiction with the
assumption that 7 Vo = 1,. If V/ = V" then 7 = 1,,. If V' # V" then either V' = {1},
V" ={2,3,...,n}, or V" is nested inside V'. In the latter case, denoting |V"| =: m, we
find that V" ={2,...,m+ 1} and V' = {1} U{m +2,...,n}, where 1 <m <n — 2.

The conclusion of the discussion in the preceding paragraph is that the sum on the
right-hand side of (3.1 can be written explicitly as

n
(3.8) /in(u*, w,u®, Y ) + Z ﬂmn(u*, w,u@ gl ),

m=1

w(n—1)

1 The partition # thus consists of V' U V" and of all the blocks V € & such that V # V', V". The detail
which prevents 7 from having crossings is that V’ and V" contain the adjacent points 1 and 2.
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with 7, = {{2,...,m+ 1} {1,...,n}\{2,...,m+1}}, 1 <m <n-—1. It is immediately

seen (by doing the suitable cyclic permutation of entries in x,—, ( w* uemt) o el ))
that for every 1 < m < n — 1 one has
Ko (u*, w,u@ el ) = nm(uw(l), e ) . mn_m(uw(mﬂ), ™ )

But the sum in ([B.8]) is equal to 0 (since it started as an expansion for k,_i(u*u,...) =0),
and the statement of the lemma follows. O

Proposition 3.5. Suppose that n > 3 and that w = (w(1),...,w(n)) € {1,*}" hasw(l) =1
and w(n) = x. Then it follows that

n—1
(3.9) Zo == Zo1),.olm)) * Zles(mt1),...co(m)
m=1

(equality of polynomials in two variables).

Proof. Let Z € Q[z,y] be the polynomial which appears on the right-hand side of (3.9). By
using Lemma [3.4] one immediately sees that Z(t, e_t/z) = nn(uf(l), e ,uf(") ), t €10, 00),
and this implies Z = Z,,,. O

As an application of Proposition we show the following: the number of relevant terms
(counting from the top) in the expansion given for Z,, in Equation (8.2)) is limited by how
many times we switch between the symbols ‘1’ and ‘x’, upon going around the string w. For

instance if w = (1,1,...,1) then the expansion (3.2]) amounts to just Z,(z,y) = Zf,n) (x)-y™,
if w=(1,...,1,%,...,%) then Z,(z,y) = ZU(J")(:U) -~y + Z}J“z)(a;) -y" 2, and so on. This
fact is stated precisely in Theorem B.8 below. In order to come to it, we first record the
(natural) definition for what is the “number of switches between 1 and *” in a string w.

Definition and Remark 3.6. For every n € N and w € {1,*}" we define the switch-number
of w to be

(3.10) Switch(w) := Sw(n),w(l) + Ew(l),w@) + -+ Sw(n_l)w(n),
where the 0’s on the right-hand side of the equation are assigned by putting
517* = 3*71 =1 and 3171 = g*,* =0.

It is easily seen that Switch(w) is an even integer such that 0 < Switch(w) < n. Another
immediate observation is that Switch(w) = Switch(w’) whenever ' is obtained out of w via
one of the transformations discussed in Remark [3.3]

Lemma 3.7. Let n > 3 be an integer, and let w = (w(1),...,w(n)) € {1,*}" be such that
w(1) =1, w(n) = *. Let m be a number in {1,...,n — 1}, and consider the strings

W= @), w(m) € {17, W= (wlm 1), w(n) € {1
Then we have

(3.11) Switch(w’) + Switch(w”) < Switch(w).
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Proof. We will prove the required inequality by assuming that 1 < m < n — 1 (the cases
when m =1 or m = n — 1 are analogous, and simpler). Look at the difference

Switch(w) — (Switch(w') + Switch(w") >

By cancelling common terms in the expressions which define these three switch-numbers,
we find that the above difference is equal to

(Ou(m)wim+1) + 0wy w)) = (Owim)w) T Suim)wim+1) )-
Since Sw(n)w(l) = 1 (while the other &’s appearing above are 0 or 1), we get that

Switch(w) — (Switch(w') + Switch(w")) > —1.

But switch-numbers are always even; so in the latter inequality we are actually forced to
have “> 07, and (3.11]) follows. O

Theorem 3.8. Let n be a positive integer, and let w be a string in {1,+}". Consider the
polynomial Z,,(z,y) and its expansion as sum of terms Z&n_zj)(m)-y”_%, with 0 < j <n/2,
which was obtained in Proposition [31. One has

(3.12) Z"=2) = 0 whenever 2j > Switch(w).

Proof. We first observe that the statement of the theorem holds when w is of the form
(1,1,...,1) or (%,%,...,%). In this case we have Switch(w) = 0; so Equation ([3.12)) says
that Zf,n_zj) = 0 for every j # 0, i.e. that Z,(z,y) = Zf,n)(x) -y™. This is indeed true, as
noticed in Equation (I.7) of the introduction.

We now prove by induction on n that the statement of the theorem holds for general
strings w € {1,%}". The case n = 1 is included in the preceding paragraph. Let us
also verify the case n = 2. In this case, the strings (1,1) and (%,%) are covered by the
preceding paragraph, while the strings (1, ) and (x, 1) have switch-number equal to 2 — so
for the latter two strings, Equation (8.I2)) is fulfilled vacuously (there is no j in the range
0 < j < n/2 such that 2j > Switch(w)).

In the remaining part of the proof we do the induction step: we fix an integer n > 3, we
assume that the statement of the theorem holds for strings of length < n — 1, and we will
prove that it also holds for strings of length n.

So let us also fix an w = (w(1),...,w(n)) in {1,*}", for which we will verify that [B.12])
holds. We distinguish three cases.

Case 1. w=(1,1,...,1) or w = (x,%,...,%).
This case was verified in the first paragraph of the proof.

Case 2. w is such that w(1) =1 and w(n) = *.

Consider a j € N such that 0 < j < n/2 and such that 2j > Switch(w). (We assume that
such j’s exist, otherwise there is nothing to prove.) We are in a situation where we can
invoke Proposition By extracting the coefficient of 4"~/ on both sides of the recursion
provided by that proposition, we find that

n—1

(n—27) _ (m—2k)  r7(n—m—2()
(3.13) Zy = 1 > Z (1)) " Dlo(met1),..o(n)

3
[

0<k<m/2, 0<t<(n—m)/2
such that k+0=j
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(equality of polynomials in Q[z]). We will show that Zf,n_zj i by verifying that every
term in the double sum on the right-hand side of (8.I3]) is the zero polynomial. Indeed, let
us pick such a term (indexed by an m, and then by a pair (k,¢)), and let us denote

W= (w(1), . w(m)) € {1}, W= (wim + 1), .. w(n)) € {1,

We have 2k + 2¢ = 2§ > Switch(w) > Switch(w’) + Switch(w”) (where at the second
inequality we use Lemma [B.7)). So either 2k > Switch(w’) or 2¢ > Switch(w”), and the

. . . . (m—2k) . (n+m—2¢0) o .
induction hypothesis gives us that either Z@(l)“:.’w(m)) =0 .or Z(w(m F1)o(n) 0. Elther
way, the product of the latter two polynomials is 0, and this completes the verification of

Case 2.

Case 3. w does not fall in either Case 1 or Case 2 above.

Since w is not in Case 1, both symbols 1 and * must appear among its components. It
is then easy to see that there exists a string w’ obtained from w via a cyclic permutation
of components, such that w’(1) = 1 and w'(n) = *. The string &’ has Z, = Z,, (Remark
B3l1), and has Switch(w’) = Switch(w) (Remark[3:6). For any j such that 2j > Switch(w) =

Switch(w’) we have ZS?—% )

that Zf,"_% ) — 0 as well. This concludes the verification of the induction step, and the
proof of the theorem. O

= 0, because w' falls in the Case 2 discussed above. It follows

4. A SPECIAL CASE OF Z,’S

In the present section we determine what is the polynomial Z, for a string of the form
w=(1,...,1,%,...,%), having k occurrences of “1” followed by ¢ occurrences of “x”, for
some k,¢ > 1. In this case, Theorem [B.8 says that the expansion from Equation (L) is
reduced to its top two terms:

Zy(x,y) = Z£k+€)(x) T Zf)k+£—2) (z) o2,

We will retrieve this fact, and we will moreover show how the polynomials Z£k+£)(aj),

Z£k+é_2)(m) can be written explicitly as some Laplace transform integrals. We start with
a calculation (consequence of the above Lemma [3.4]) which holds for any unitary in a -
probability space.

Lemma 4.1. Let (A, ) be a x-probability space and let u € A be a unitary element. It
makes sense to define an analytic function F, : {(z,w) € C? | |z|,|w| < 1/16} — C by
putting

[e.e]

(4.1) Fu(z,w) = Z Krae( .. ou, L u®) 2Rt
k=1 X Y

Moreover, there exists r € (0,1/16) such that for |z|,|w| < r one has

2w — Ry, (2) Ry (w)
(4.2) Bz w0) = T o T R ()

where Ry, Ry : {z € C| |z| < 1/16} — C are R-transforms (as discussed in Remark[2.0.4).
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Proof. The fact that F,(z,w) defined in Equation (A1) is well-defined and analytic on
{(z,w) € C%| |2|, |w| < 1/16} follows from the bound

Fpre( Uy u, u o ut) <16RH k0 e N,
e e’ N e’
k l

which was mentioned in Remark 2.54.
Let us next consider the analytic function defined on {(z,w) € C? | |z|,|w| < 1/16} by

(4.3) (z,w) = Fy(z,w) (1 + Ry(2) + Ry (w)) + Ry(2) Ry (w).

We will prove that this function is just (z,w) — zw; the formula claimed in the lemma for
F(z,w) will then clearly follow (with r picked e.g. such that |R,(z)| < 1/2 for |z| < r).

It thus suffices to prove that the coefficient of z*w’ in the analytic function from (&3) is
equal to 1 for k = £ = 1, and is equal to 0 for any (k,£) # (1,1) in N2. In the special case
when k = ¢ = 1, the coefficient in question comes out as ka(u,u*) + k1(u) k1 (u*), which is
equal to p(uu*) by the moment-cumulant formula, and thus is indeed equal to 1. The cases
when (k,¢) # (1,1) are covered by Lemma 3.4l Indeed, let us say for instance that both k
and £ are > 2 (if k =1 < £ or if £ =1 < k then the argument is analogous, and shorter).
Direct inspection shows that the coefficient of z¥w’ in the function from @3] is equal to

k—1
Kiare( U, ... u, u*,...,u*)+2;{i(u,...,u)-m(k_i)M(u,...,u, u, . ut)
k ¢ i=1 k—i ¢
—1
/—1
—i—;/ﬁkﬂg_j)(u,.;,u, u*,.g..',u*)-nj(u*,...,u*) + R(uy .. u) - ke(u™ ..o u®).
—j

But Lemma [3.4] (used for the string in {1, *}*** which has k occurrences of 1 followed by ¢
occurrences of ) says precisely that the latter sum is equal to 0. g

We now turn to the case of interest, of the free unitary Brownian motion.

Lemma 4.2. Let us fixrt € (0,00). In the framework of Lemma [{.1] let us put u = us (free
unitary Brownian motion at time t), and let us consider the analytic function F,,(z,w)
defined as in Equation ({{.1). Then for |z|,|w| small enough we have that

1 t2zw — W(te V22)W (te~t/?w)

44 Fu 3 = 7 )
(“4.4) ) = W e ) - W (te )

or equivalently that
1
(4.5) Fut (z,w) = tzw / e—ts e—sW(te*t/zz) e_sw(te—t/Qw) ds,
0

with W the Lambert function (viewed here as analytic function on {z € C| |z| < 1/e}).

Proof. As mentioned in the introduction, the rescaling v; = e*/?u; has R-transform R,,(z) =
t~ W (tz). But Ry, (z) = R, (e ¥/?2), so we find the R-transform of u; to be

(4.6) Rm@):%wqm4ﬂ@.

The equality (4.6]) holds when |z| is small enough so that both sides are defined (one can
e.g. use |z| < 1/16 on the left-hand side and |z| < e*/2/(et) on the right-hand side). The



14 N. DEMNI, M. GUAY-PAQUET, AND A. NICA

adjoint uf has the same R-transform as wu; itself. We replace all this into the result of
Lemma (4.1l Upon also requiring the condition that |z|, |w| are small enough such that
(W (te™22)|, W (te™t?w)| < t/2

(which ensures that the denominator ¢t + W (te="/2z) + W (te=*/?w) does not vanish), we
arrive to the formula for F,, that was stated in Equation (4.

In order to go from ({4) to (&A), let us fix z,w € C such that |z|,|w| satisfy the
restrictions mentioned above, and let us denote

W (te™%2) =: a, W(te "?w) =: .

From the definition of the Lambert function it follows that ae® = te %2z, Bef = te~/?w,
and multiplying together the latter equations gives
(4.7) 22w = afe!TotP,
We write the right-hand side of (&4 in terms of o and 3 (where t?zw is substituted from
Equation (4.7))), and we obtain

Fy (w) = 1 afe™ —af _af /1 pr(t+a+B) g
ue t t+a+8 t Jo

Finally, in the latter integral we make the substitution s = 1 — x, which leads to

1
Fut (Z7w) = OéTﬁ . et—l—a—l—ﬁ . /0 e—s(t—l—a—l—ﬁ) ds.

The constant (aBe!t*9)/t is (by ([@T)) equal to tzw, hence reverting back from a, 3 to
z,w takes us precisely to the integral formula stated in Equation (4.5]). O

Proposition 4.3. Let us firt € (0,00) and let uy be as above (free unitary Brownian motion
at time t). For every k,{ € N we have

« N G O LA WU AR I
(4.8) Ko Uty oo oyug, uf, ..o uy ) = (k‘—l)!(é—l)!t (e™"%) I (%),
k l
where
1
(4.9) I () == / e (s+k—1)F2(s+0—1)2ds.
0

Proof. Tt is known (see e.g. [5]) that for any s € [0,1] and y € C with |y| < 1/e one has the
series expansion

s(s+2) , s(s+3)? 3 Ls(s+n)nt

which we will find convenient to write concisely as
o0
_ s(s 4+ n)"1
(4.10) e W) = Z T(—y)"
n=0

Let us then pick some z,w with |z|, |w| small enough (in the sense discussed in Lemma
[4.2) and such that moreover z,w are real negative numbers. By using the expansion (£.I10)
in the Equation (45) of Lemma 2] we infer that

[e.9]

1 0 m—1 n—1
Fu(z,w) = tzw / e . Z %(—ta‘tﬂz)m . Z %(—te‘t/zw)" ds
0 m=0 ) n=0 ’
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m! n!

1 e ) m—1 n—1
= / ( Z tzw - e sls+m)™ (—te H2z)™. sle4n)"™ (—te_t/zw)") ds.
0

m,n=0
The terms of the infinite double-sum are non-negative, hence the monotone convergence
theorem allows us to interchange the double-sum with the integral. When we do that, and

we move the powers of —z, —w, t,e "% outside the integral, we come to the fact that (for
z,w picked as above) we have

Fu(z,w) = i (—Z)m+1(—w)"+1 ‘ tm+n+1(e—t/2)m+n

m,n=0

. </01 s(s+m)™ L s(s+n)" ! ds).

m!n!

It is convenient to also make here the shift of indices m + 1 = k, n+ 1 = £, and conclude
that

o0 k=1 —t/2\k+0—2
(4.11) Fyu(z,w) = kél(—Z)k(—w)z x (k _(1)!(£ z 1)! (1),

with Iy, ¢(t) defined in (£39]).
Now, it is easy to see that if we put
(_1)k+£

_ N gk ot/ 2\ k-2 kElcN
(k _ 1)|(€ _ 1)|t (6 ) Ik,f(t)v £ e,

Ae(t) ==
then the formula
Gi(z,w) := Z Ao (t)2Fwt
k=1

gives an analytic function defined for |z, |w| small enough. Indeed, one can simply bound
the integrand in Iy, o(t) by k*~2¢/~2 to conclude that

0 < Ipo(t) SEF 2072 <y bk — 1)1 - ef(0 - 1)),

where v > 0 is an absolute constant (not depending on k,¢) — the second inequality
displayed above follows from Stirling’s formula. This implies in turn the bound

e (8)] < (ve'ft) - (ete 2 Wk £ €N,

and gives the claim about the existence of G¢(z,w).

Finally, Equation (4I1]) can be read as saying that Fy,(z,w) = G¢(z,w) for z,w real
negative numbers of small enough absolute value. This implies that F,, and G; must have
the same series expansion around (0,0), which is exactly the statement that had to be
proved. O

The formula for cumulants found in Proposition [4.3] can be re-phrased as a formula for
the corresponding polynomials Z,, as follows.

Theorem 4.4. Let k,{ be positive integers. There exist polynomials Uy, Vi¢ € Zlx],
uniquely determined, such that

Upo(w) = =M [77em((s +1)%(s + k)" 2(s + )72 ) ds,
(4.12) e 00
Vie(z) = abH1 [ e (s2(s+ k — 1)F2(s + £ — 1)2)ds,
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One has

(=1 [, 02
(4.13) 21, (@) = oD —1) (Uw(x)y T Vie()y™ )

k 4

Proof. In order to verify that the function Uy ¢(x) defined by the first integral in (4.12) is

indeed a polynomial, we expand the product (s + 1)2(k + s)*2(¢ + 5)¢~2 in powers of s,
then use the fact that

o
et / e ™ sMds = ml "= g <y < 40— 2,
0

A similar calculation shows that Vj, ¢(x) is a polynomial as well.

In order to prove that (4.I3]) holds, it suffices to fix a ¢ € [0, 00) and to verify the following
fact: when evaluated at (,e~%/?), the polynomial in (z,%) from the right-hand side of I3
yields the free cumulant kgq¢(uy, ..., us, uf, ..., uy) (with k entries of u; and ¢ entries of u;}).
By comparing this fact against the result of Proposition 3] and by doing some obvious
simplifications, we see that it is actually sufficient to check that

T Lo (8) = Upe(t) €7 + Vie(®),
where Ij, ¢(t) is the integral defined in Equation (£3). But the latter verification is im-

mediately obtained when one writes the integral fol” which defines Iy 4(t) as a difference

“ fooo — 100” (by using the same integrand). Indeed, the very definition of Vj , says that

gttt / e (s+k—1)"2(s4+£—1)72ds = Viu(t),
0
while on the other hand the change of variable s = s — 1 gives

th+t-1 / e (s+k—1)"2(s+0—1)2ds
1

—_—ea / e—t(§+1 ('§+ 1)2 (fsv_’_ k)k—2 (,§+ 6)6_2 ds,
0

which is —e ' Uy 4(t). O

Remark 4.5. Let us illustrate the explicit writing of the polynomials Uy, and Vj, in the
special case £ = 1 (this gives, in some sense, the simplest possible example of free cumulants
of u; and uf that are truly “joint”). The formulas defining Uy ¢ and Vj, ¢ become here

Uga(z) = —xk/ e (s+1)(s+k)2ds, Vii(x) = xk/ e "s(s+k—1)F2ds, keN.
0 0
We note the special relation

)

1
U1 = _Evk—l—l,ly Vk>1,

which is easily derived by writing Vii1,1(z) = —a* [[°(e™) - s(s + k — 1)¥72ds, and by
doing an integration by parts. We thus only need to write explicitly the V}, 1’s; this is done
in the way shown at the beginning of the preceding proof, which gives V; 1(z) = Vo 1(x) =1
and
k-2
= . — 1 =) _ 1V #
(4.14) Vi1 () Z( ; > (k—1—j)- (k=17 ¢, k>3.

j=0
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In terms of the actual *-cumulants of wu;, the above considerations say that for every
k € N we have:

"fk+1(ut7’ - Ut 7“’:) = Z(l, ey 1,*)(t7 e_t/2)
k k
-1 k+1 3 3 3
:%%m(wAMeWﬁ“+WAMeWﬁ1>
_e—t/2 k—1 1 B
= ﬁ ( —EVkH,l(t)e ¢ + VkJ(t))

Thus, if we consider the sequence of polynomials
Vi i=Via/(k—=1)!, keN,

(with Vj, ; taken from Equation (4.14))), the conclusion is that for every k € N and t € [0, 00)
we have

(4.15) K1 (Ugy .o up uy ) = (—e_t/2)k_1(Vk(t) — e Wi (1)),
k

So for instance for k < 4 we have

%2(ut7 u;tk) = (_e_t/2)0 (1 - e_t)v

kg (ug, ug, uy) = (e /) (1—et(t+1)),

K (ug, wg, ug, uy) = (—e_t/2)2 ((t—l—l) —e_t(%t2 +2t—|—1)),

K5 (up, up, ug,up,uy) = (—e 2P (B2 +2t+1) —e S+ 442+ 3t +1)).

5. ANOTHER SPECIAL CASE — ALTERNATING w’S

The special form of free joint cumulants for a Haar unitary and its adjoint (reviewed in
Equation (L4) of the introduction) suggests that in our discussion of the polynomials Z,
we should consider the case when w is an alternating string of even length. The polynomial
Z,, associated to the alternating string (1,*,...,1,%) € {1,*}%¥ is of the form

61 DO =T @ P T @)yt - (CDRTO ) ),

where Cj_1 is the (k — 1)-th Catalan number, and every Tj(k) (1 <j < k) is a polynomial
of degree j — 1 with strictly positive rational coefficients. Examples for small k:

Zaw (2, y) = 11—

Z1 1,0 (T, 9) = —14+4y* — (22 +3)y",

Z(1a1,01,0 (2, 9) = 215y + (122 + 30)y* — (622 + 18z + 17)y5,

Z( st o110 (@ y) = —b+56y? —28(2x + T)y* 4 8(62? + 26z + 33)y°
— (%2 + 9622 + 1722 + 119) ¢5.

The inductive verification that the pattern (5.]) holds for general k is not hard (based on
the recursion from Proposition B.5]), and is left as exercise to the reader. In this section we
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do not focus on coeflicients of Z,’s, but we find it more interesting to look at the actual
cumulants

(5.2) Enlt) = Fon(un,uf, - unu) = Z1 w1y (te?), n>1,
N————

2n

where u; is the free unitary Brownian motion at time ¢. The notation introduced in (5.2))
emphasizes the dependence on t. This is of relevance because the main point of the section
is to put into evidence a recursion for the derivative of &, with respect to ¢, as shown next.

Theorem 5.1. Let &,(t) be as above. Then for every n > 2 one has

1d¢,

n—1
(53) - ;%(t) = gn(t) + Z Sm(t)gn—m(t)7 te [07 OO)
m=1

Proof. For convenience of notation, throughout this proof we will fix a tracial x-probability
space (A, ) which is large enough to contain all the unitaries u; for ¢ € [0,00). By enlarging
(A, p) a bitl] further, we will moreover assume that A contains two families of elements
{pg |0 <6 <1/2} and {gp | 0 < O < 1/2} such that

(i) p3 =y = po, 43 = qj = o and pagy = qope =0, VO € (0,1/2);

(i) ¢(pg) = wlap) =0, VO € (0,1/2);

(iii) {pg,qn} is free from {u;, u;}, for all # € (0,1/2) and ¢ € [0, c0).

We consider the rescaled elements v, = e/?u;. Following [2], for every n € N we define a
function fa, : [0,00) x (0,1/2) — R by

(5.4) fon(t,0) :=@((poveqovy)"), Vt=>0and 0<6<1/2.

[For instance for n = 1 we have f5(t,6) := p(pg v govy), and an immediate application of
formula (Z.2) for alternating moments yields fa(t,6) = 6%(e! —1).]

Claim. For every n € N, the function fs,, is of the form
2n

(5.5) fon(£,0) = gn (1) 67,
j=1

where the g, ;’s are quasi-polynomials, and where (for j = 2n) we have
(56) gn,Qn(t) = entfn(t)'

Verification of Claim. Fix n € N for which we will verify that (5.5]) and (5.6) hold.
We write fo,(t,0) as (vt go vy pg - - v go vf Py ), and we expand this alternating moment of
order 4n in the way indicated in Remark [Z5l1, in terms of moments of py, gy and of free
cumulants of v, vf. In this way we obtain the formula

(5.7) fon(t,0) = > go(t) - ho(6),

ceNC(2n)
where for 0 € NC(2n) we put

gO’(t) = HVGU’%|V\((UEU:7'"7vt7v;,k)’V))a
ho(e) = HWGKrQn(O') @\W|((q97p97 7Qt97p0) | W) )

2 For instance we can replace (A,¢) by the free product (A,¢p) * (L°[0,1],dt), and take ps,qo €
L*°[0, 1], dt) to be the indicator functions of the intervals [0, 6] and [1 — 6, 1], respectively.
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Note that every g, can be written as

go(t) = ent : H K/\V|((utvu;€k7---7ut7u:) | V))7
Veo

and is thus a quasi-polynomial by Proposition 3.1.

Let us next observe that for every non-empty set W C {1,...,2n}, the moment
@\W|((q9,pg, ey qa,pe) | W) ) is equal to either 0 or #. Indeed, if W contains both odd
and even numbers, then the moment in discussion vanishes due to the hypothesis that
poqs = qopo = 0. In the opposite case, we are looking either at go(p'ew‘) or at gp(q‘em), and
both these moments are equal to 6.

The observation from the preceding paragraph implies that, for every o € NC(2n), the
value of h,(0) is either 0 or 7(%) | with j(o) :=| Kran(c) | = (2n+1)—|o|, where |o| denotes
the number of blocks of o. Moreover, the case hy (8) = 67(%) occurs if and only if every block
W of Kry, (o) either is contained in {1,3,...,2n — 1} or is contained in {2,4,...,2n}. The
latter condition on Krg, (o) is easily seen to be equivalent to the fact that every block of o
has even cardinality (cf. [9], Exercise 9.42(1) on p. 154). We thus come to the conclusion
that we can re-write Equation (5.7)) in the form

2n
f2n(t7 9) = Zgn,](t) : 9]7
j=1
where for 1 < j < 2n we define the quasi-polynomial g, ; to be

(5.8) On,j = Z 9o (t).

ceNC(2n), |o|=2n+1—j
and |V| even for all Veo

In the special case j = 2n, the only partition involved in the sum from (B.8) is 0 = 1y,
which has g,, (t) = kan(ve, v, ... v, 0F) = € -kap (ug, uf, . .. ug, uf), and (B8] also follows.
[End of Verif. of Claim]

Besides the fo, f4,..., fon,... introduced in (B.5) we consider, also following [2], the
function fj : [0,00) x (0,1/2) — R defined by

fo(t,0) =0, Vt>0and 0 <6< 1/2.

(Note that the definition of fj is not obtained by extending the range of n from N to NU{0}
in Equation (54)!) Theorem 3.4 in [2] gives us that for every n > 1, the partial derivative
O fon, satisfies the following recursion:

Ot fan (t7 9) == Z f2n—(£—k) (t7 9) ff—k(t 9)
1<k<t<2n
k={ mod 2
(5.9) +eé Z Fon—e—r)-1(t,0) fo—r-1(t,0).
1<k<t<2n
k#L mod 2

[For illustration we record that the special cases n = 1 and n = 2 of (5.9) come to 0, fs =
el f2, and respectively to 0, fs = —2f3 + e - 4fo f2.]
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For a fixed t € [0,00), both sides of Equation (5.9]) are polynomials of degree 2n in 6; so
it makes sense to extract the coefficient of #?" in this equation. On the left-hand side, the
coefficient of #?" is equal to the derivative of Gn,2n(t), thus to

(5.10) " - (nén(t) + %( t))-

On the right-hand side of (5.9]) only the terms from the first of the two sums contribute to
6?", giving a coefficient equal to

=Y (R () (TR ot HZ&n )En—m(t)
1<k<f<2n
k={ mod 2

When we equate the latter quantity with the one in (5.10]), formula (53] follows. d

Corollary 5.2. Consider the function

(5.11) H(t,z) = % +) &n(t)z
n=1

defined on {(t,z) | t € [0,00), z € C, |z| < 1/162}. Then H satisfies the partial differential
equation

(5.12) OH+22H0.H =z,
with initial condition H(0,z) = 1/2.

Proof. The domain of H is considered by taking into account the bounds for &,(t)’s that
follow from Remark 25l4. In order to obtain (5.12]), we square both sides of (5.11]) and
then we take partial derivative 0., to find that

z-0,H?(t, 2) zgl(t)z+2(§2(t) +§%(t)> + - < ) + Z Em (£)&n—m( )

The latter equation can be written as

20, H*(t,2) = &1(t)z — E(t)22 — - — € (t)2" — - - (by Theorem [5.1])
=(1-& @)z —&t)22 = =€ (t)2" —--- (because &1 (t) =1 —e7?)
=z — 0iH(t,2),

and (5.12) follows. The condition on H (0, z) is also clear, since &,(0) =0 for alln e N. O

Remark 5.3. 1° Starting from &;(t) = 1 — e~" and the initial condition &,(0) = 0, Vn > 2,
one can use Theorem [5.1] to calculate all the &,’s, getting &o(t) = —1 + 4~ — (2t 4 3)e™ 2,
then &3(t) = 2 — 15e~! + 6(2t + 5)e~ 2 —(6t? + 18t + 17)e~3, and so on.

2° It stands to reason that one should also look for a description of the functions &, (t)
that is done by plain algebra (without resorting to the derivative dt) for a given value of t.
That is, we are interested in an algebraic description for the function

(5.13) Hy:{z€C| |2| <1/16°} = C,  H(z):= H(t,2) = % + ifn(t)z
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We will achieve this by examining the characteristic curves of the p.d.e. found in Corollary
0.2l

In order to state precisely what is the algebraic description obtained for Hy, we introduce
an auxiliary complex parameter ¢ and we consider, for every t € [0, 00), the function

(1 —c?)et
((L+c) = (1 —c)et)?
where Q; is the open set {¢ € C | 1+ c # (1 —c)e’}. One has Q; > 1, with x;(1) = 0 and
Xi(1) = e7¥2 #£ 0. The inverse function theorem thus gives a d; > 0 such that an analytic

inverse for x; can be defined on {z € C | |z| < d;}, sending 0 back to 1. We denote this
compositional inverse as

(5.15) Wi {zeC] 2 < &) - C.

X<_1> is injective and its range-set Ran( x is an open subset of .

Without loss of generality, we may assume that in (5.15) we have §; < 1/162, so that
Hy(z) from Equation (5.13]) is sure to be defined, too, for |z| < d;.

(5.14) xe: = C, xele) =

(-1) )

Theorem 5.4. Let t € [0,00) be fized, and consider the analytic functions Hy and X<_1>

defined in Remark[5.3.2. Then one has

(5.16) [H(P =24 200V @P, el <

Proof. Our strategy will be to prove the following fact.
There exists g > 0 such that for every ¢ € (1 — &, 1+ ;) C R one has:

(5.17) — c€Q and |x;(c)| < 1/162 (hence Hy(x:(c)) is defined);

= [Hi(xe(e))]* = xele) + -
This fact implies the statement of the theorem. Indeed, let us assume that (5.17]) holds. Take
a strictly decreasing sequence ()22 in (1 —&4, 1 +¢) NRan( X<_1> ), with lim,, o ¢, = 1,
and put z, := x¢(cn), n € N. Then (z,)52, are distinct points in {z € C | |z] < 0}, with
lim,, o0 2, = 0, and by applying the last line of (5.I7)) to the ¢, we get

1.
[He(z)]? = 20+ 20 ) Yne N,
Hence the analytic functions appearing on the two sides of (5.16]) coincide on a subset of
{z € C| |z| < 0} which has 0 as accumulation point, and (5.16]) follows.

We now start towards the proof of the fact stated in (5.17). We consider the rectangular
strip
R :=[0,00) x (—1/16%,+1/16%) C R?,
and we consider the restriction of H (from its domain stated in Corollary (5.2) to R. This
restriction will still be denoted as H, and [ we put

I:={(s,z,u) | (s,z) € R, u= H(s,z) € R} (graph of restricted H).
We also consider the vector field V : R x R — R3 defined by
(5.18) V(s,z,u) = (1,2zu,z), for (s,z)€ R, ueR.

3 Since “t” is here a specific time that was fixed in the statement of the theorem, we will use the generic
letter “s” for the first component of a point in R.
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The partial differential equation (5.11]) says that for every (s, z) € R, the vector V( s,x, H(s,x) )
is orthogonal to the normal direction ( (0;H)(s,z), (0, H)(s,z),—1) to I at the point
(S,:E,H(S,l‘)). It follows that V(S,:E,H(S,l‘)) gives a tangent direction to the graph T,
at the point (S,l‘,H(S,$) )

We next pick an a € (—1/162,4+1/16?) and we consider a path (a.k.a. characteristic
curve) Ly : [0, B(a)) — R3 which has

(5.19) L,(0) =(0,a,1/2) €T
and follows the vector field V:
(5.20) Ly(s) = V(La(s)), Vsel0,5(a)).

When we write L, componentwise,

La(s) = (pa(8), 4a(s),7a(s)), 0<s < fa),

the Equation (5.20) becomes a system of ordinary differential equations, for which (5.19])
gives an initial condition:

pfl(s) =1, qg(s) = 2Qa(3) Ta(s)v T&(S) = Qa(3)7
(5.21)
with p,(0) =0, ¢4(0) = a, ro(0) = 1/2.

Luckily, the Cauchy problem from (5.2I]) can be solved explicitly. More precisely: consid-
ering the auxiliaryﬁ, constants

(5.22) c=vV1—4da, a= =

we get

aec® c 14+ e
(5.23) Pa(s) =8, qa(s) = m, ra(s) = 9 1 —aes’
for 0 < s < B(a). A significant detail which comes up while solving (5.2I)) (and can, of
course, be checked directly on (5:23)) is that one has

2 1
(5.24) qa(s) — (ra(s)) =qa— 7
It is quite useful if at this point we take a moment to assess what we want to have for

“B(a)” in the discussion from the preceding paragraph. Clearly, 5(a) must be in any case
picked such that

Vs e [0,8(a)).

2

() 1—ae™ >0, Vse[0,8a), and (i) | 72255 | < 1=, Vs € [0, 8(a)).
The condition (i) ensures that the formulas (5.23]) give indeed a well-defined path L,(s) =
(Pa(8),qa(s),7ra(s)), 0 < s < B(a); then (ii) ensures that L,(s) € R x R (hence that
“V(Lq(s))” makes sense) for every s € [0, 5(a)). We will moreover insist that

(iii) B(a) is a continuous function of a € (—1/162, +1/162),
and
(iv) B(0) >t ( = the time fixed in the statement of the theorem).

We leave it as a routine (though tedious) exercise to the reader to check that all the
conditions (i)—(iv) are fulfilled if we go with

B(a) = min(t + 1, Bs)(a), Baiy(a)) for |a| < 1/16%,

41t is useful to keep in mind that ¢ runs in a neighbourhood of 1 (it satisfies v63/8 < ¢ < v/65/8), while
a runs in a neighbourhood of 0 (has sign(«) = sign(a) and |af < 4]a] < 1/64).
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where By, By (—1/ 162, +1/16%) — [0, 00| are continuous functions describing the natural
bounds up to which an s € [0, co) fulfills the conditions (i) and (ii), respectively. For instance
Biy(a) comes out as
%lné, if a >0,
By (a) =
oo, ifa<O,
with ¢ = ¢(a) and o = a(a) as defined in Equations (5.22]).
We now invoke a basic result from the theory of quasi-linear partial differential equations,
which states that: since it starts at a point L,(0) € I', the characteristic curve L, cannot
leave the graph I' of H. (See e.g. the theorem on page 10 of [6].) In other words, one has

(5.25) H(pa(5),qa(s)) =rq(s), Ya e (=1/16%,4+1/16%) and s € [0, B(a)).
If we square both sides of (5.25]) and take into account the formula (5.24]) (also the fact that
pa(8) = ), we arrive to
1

(5:26)  [H(s,a(5) )" = ga(s) + (§ — @), Va € (~1/16%,+1/16) and s € [0, (a)).

Finally, let us return to the time ¢ € [0, 00) that was fixed in the statement of the theorem.
Since 8 is continuous and has 3(0) > ¢, we can find 0 < \; < 1/16% such that B(a) > t for
all @ € (—A¢, \¢). For |a| < Ay we can thus put s = ¢ in (5.26]), to obtain that

1

(5:27) [H(t.qa(t))* = qa(t) + (7 — a).

On the other hand, we make the following claim.

Claim. If |a| < A\, then ¢ := /1 — 4a belongs to the domain € of the function x;, and
one has g, (t) = x¢(c).

Verification of Claim. We have t < (8
get 1—ae > 0, where a = (1—¢)/(1+4c¢
that ¢ € €. The equality q,(t) = x¢(c
formulas which describe g, (t) and x¢(c)

—~

a) < Bg)(a), hence (from how S (a) is defined) we
. This implies (1+c¢) — (1—c)e > 0, and it follows
is then immediately obtained by comparing the

cf. Equation (5.14]) and the case s =t of (5.23])).
[End of Verif. of Claim]

—~—

By using the above claim, we convert Equation (5.27)) into

[Hy(xe(e))]? = xe(e) + G, with ¢ = VI — 4a,

for every a € (=g, A¢).

But when a runs in (—\¢, A¢), the quantity ¢ = /1 — 4a covers (/1 — 4\, /1 4+ 4); ), which
contains an open interval centered at 1. This implies the fact stated in (517), and concludes
the proof. O

Remark 5.5. The formula (5.16]) from the preceding theorem can be used to calculate the
alternating cumulants &, (¢) without doing a derivative %, but rather by starting from the
Taylor expansion around 1 of the function x;(c) defined in Remark [(.3]2:

(c=1)?* ,

) 4

ale) = (e = (1) + L

= (5 =D+ (3%~ C + D)) (e~ 1)+
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Indeed, considering the expansion X<_1>(z) =14+ Nz+ X224+ of X<_1> around 0, one
can then calculate recursively the A, by writing that
1

625) 2 = () = (-2 (G -1+ G- G D) () -1) 4

L 2 L o
= (== () A Ze2t
(—5€ )Mz +A22” + )+(2e (1+3
and by identifying coefficients. The A, come out as quasi-polynomials in —¢ (for instance,

3 t

_+_)et) ()\12+)\222+--.)2+... 7
(
= —2¢t and

as immediately seen from the few terms recorded in (5.28]), one gets A
Ay =4de™t — (4t + 6)e™2).
Finally, Equation (5.16]) says that

1G0T (60 + 8P + (E(0) + 2 (0 W)P +

1
:z+1<1+2>\1z+(2>\2+>\§)z2+(2>\3+2>\1>\2)z3+---),

which allows the recursive calculation of the &,(t) (e.g. £&1(¢) =1+ % =1—e¢7!, then

(1) = 1(2% + ) — (1)
= (27— (2t +2)e )~ (1—eH? = —144et — (2t +3)e %,

which agrees, of course, with the formulas stated in Remark [5.3/1).

Remark 5.6. The proof presented above for Theorem (.4l is a standard application of the
method of characteristics, and has in its favour the fact that the relevant function y; from
Equation (0.I4)) is “discovered” as we move through the argument. The referee to the
paper pointed out to us how an alternative, shorter proof of the theorem can be made by
starting from the observation that, for fixed ¢, the function t — x;(c) satisfies the differential
equation

2

(5.29) aale) = 2u(e) () + 5 )"

The present remark gives a sketch of this alternative argument.
For the convenience of having all our functions defined around the origin, let us consider
the shifted sets € := {c—1|c €}, t >0, and let us define

(5.30) Xt 2) = Xe(2) == xe(z+1), t>0, z€Q,.

Formula (5.29]) then gives a family of ordinary differential equations satisfied by the functions
t — X(t,z) (with the parameter z running in a neighbourhood of 0), namely

Y i ~ 1) \ 1/2
(5.31) QX(t,2) = 2X(t,2) (X(¢2) + E55)
with initial condition X(0,z) = (1 — (2 +1)?)/4.

Now, Theorem [5.4] can be recast as the statement that a certain function constructed out
of H is equal to . Indeed, the conclusion of the theorem can be rewritten as

(5.32) [4(H:(2)? = )] 1= 47" () — 1= 77" (2).
So then let us denote

(5.33) G(t,2) = Gi(z) = [4(Hy()? — )] ~

1.



STAR-CUMULANTS OF FREE UNITARY BROWNIAN MOTION 25

By starting from the explicit series expansion of Hy(z) in (5.13]) and by following through
the algebra, one finds an explicit series expansion for G¢(z),
Gi(z) = 2(&1(t) — 1)z +2(a(t) + 261 () — 1)2° + -

What interests us here is that the expansion of G¢(z) has no constant term, and has linear
term 2(&1(¢) — 1) = 2((1 — e*) — 1) = —2e~* # 0; this implies that G is invertible under
composition. We can therefore define a function K (t,z) = K;(z) via the requirement that

K, = G§_1> (compositional inverse), VYt € [0,00).

With these notations and in view of the calculation from (5.32]), the statement of Theorem
(.4l amounts to checking that
(5.34) K(t,z) = X(t,2)

(for enough pairs (¢, z), with ¢ € [0,00) and z running in a neighbourhood of 0).

The final step of this line of proof is to verify that the function ¢ — K (t, z) satisfies the
same differential equation as found for ¢ — X (¢, z) in Equation (5.31]). This is obtained by
invoking the partial differential equation known for H from Corollary [5.2] which expresses
O¢H as z(1 —2H - 0,H). Indeed, upon working out the d; and 9, in the definition (5.33)) of
G, one finds the said p.d.e. for H to have the nice consequence that
(5.35) WG(t,z) = -2z H(t,2) 0,G(t, z).

So then if we take 0; in the identity G(t, K (t,z)) = z, we get
0=0,G(t,K(t,z)) +0.G(t,K(t,2)) O K(t,z)
— 9,G(t, K(t, 2)) <—2K(t, D H(t, K (t,2) + 8K (t, 2) )

where at the second equality sign we made use of (5.35]). In the resulting product we are
sure that 0.G(t, K(t,z)) # 0 (because taking 0, in the identity G(t, K (t,z)) = z gives
0.G(t, K(t,z)) - 0,K(t,z) = 1); so we can divide it out, and conclude that
(5.36) O K (t,z) =2K(t,z) H(t,K(t, z)).
We are left to observe that

A(H(t, K(t,2)? = K(t,2)) = (G(t, K(t,2)) + 1) (by def. of G)

= (= +1)%

this implies H (¢, K (t,2)) = (K (t,2)+(2+1)*/4) 1/2, hence (5.30)) is precisely the differential
equation which had been sought for ¢ — K (¢,2). The required initial condition K(0,z) =
(1 — (24 1)%)/4 is also easily verified, by writing Ko = Gé_1> with Go(z) = (1 —42)/2 — 1.

6. BEHAVIOUR WHEN t — 00
(n) )

In this section we look at the behaviour of a joint cumulant /{n(uf(l), R Ve , for
general w € {1,%}", when t — co. Specifically, we discuss how the limit and derivative at
oo relate to the corresponding polynomial Z,,,.

When it comes to just taking a plain limit ¢ — oo, things are straightforward: we have

(6.1) Jim s (™) = g (@),
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where u is a Haar unitary; and the #-cumulants of a Haar unitary have a very nice form,
first found in [I0], which puts the spotlight on alternating strings of even length. For
later perusal throughout the section, it is convenient to include the latter concept into the
following definition.

Definition 6.1. 1° Let n be an even positive integer. A string w € {1,*}" is said to be
alternating if it is equal either to (1,%,1,%,...,1,%) or to (%, 1,%,1,...,%,1).

2° Let n be an odd positive integer. A string w € {1,x}" is said to be alternating
if it is obtained by a cyclic permutation of components from either (1,%,1,...,%,1) or
(e, Lok 1,%).

[So note that we only have 2 alternating strings of length n when n is even, but we have 2n
alternating strings of length n when n is odd. A concrete example:

(L, 1,%,1,%), (x,1,1,%,1), (1,%1,1,%), (x,1,%,1,1), (1,%,1,%,1)

are 5 of the 10 alternating strings of length 5, and the remaining alternating strings of
length 5 are obtained by swapping the roles of ‘1’ and ‘¢’ in the above list.]

Proposition 6.2. Let w = (w(1),...,w(n)) be in {1,%}", for n € N.

1° We have
(—DF1C_y, ifn is even, n = 2k, and
(6.2) lim (uw(l) uw(n)) _ w is an alternating string,
. Hm s (ug™ - =

0, otherwise,

with Cyx—1 the (k — 1)-th Catalan number (same as in Equation (1.7)) of the introduction).

2° Suppose that n is even, n = 2k. Consider the polynomial Z, and as written in
Proposition [31),

Zo(x,y) = Z30) () y?* + ZZ D (@) y? 2 - 4 ZP () v+ Z0 ().

Then Zf,o) (z) is a constant polynomial, where the constant is given by the right-hand side

of Equation (6.2).

Proof. 1° This is the limit from (6.1I), where we also invoke the explicit formula for the *-
cumulants of a Haar unitary that was found in [10]. (See Section 3.4 of [10], or Proposition
15.1 in the monograph [9].)

2° In view of how Z,, is defined, from 1° it follows that lim; . Z,(t, et/ 2) exists. Since
limy o0 Zf,n_zj)(t) (e ¥2)"=% = 0 for j < n/2, we then infer that lim;_, o z0 (t) exists as

well. But this can only happen if 7 is a constant (and the constant in question must be
the one appearing on the right-hand side of (6.2])). O

For the present paper it is important that upon looking at strings of odd length, we get
the following analogue of Proposition [6.212.
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Theorem 6.3. Let w = (w(1),...,w(n)) be in {1,%}". Suppose that n is odd, n =2k — 1,
and consider the polynomial Z,,, written in the form

Zo(w,y) = 25V (@) y? 7+ 28 @)y 1 2D @)y + 20 (1) .
Then Zf,l)(x) s a constant polynomial, and more precisely:

(~DF1C_y, if w is alternating,
(6.3) Z{(x) =
0, otherwise.

Proof. Tt is easily seen that every w € {1, *}" has Switch(w) < n — 1, with equality holding
if and only if w is alternating. Thus if w is not alternating, then Theorem 3.8 can be applied
with 7 = (n — 1)/2, and gives that ZU(Jl)(a:) is constantly equal to 0.

We are left to prove the following:

{ if n =2k —1 and if w € {1,*}" is alternating,

6.4
(64) then Zf,l)(x) is constantly equal to (—1)*"1Cj_;.

We will prove this statement by induction on k. The case k = 1 is clear, since Z(;)(z,y) =

Zy(w,y) = y (corresponding to the fact that u; has expectation e 2Vt € [0,00)). The
remaining part of the proof is devoted to the induction step: we fix k > 2, we assume that
(6-4]) holds for alternating strings of length 1,3, ...,2k — 3, and we prove that it also holds
for alternating strings of length 2k — 1.

Since any two alternating strings of length 2k — 1 can be obtained from each other by
operations which do not affect Z,’s, it will suffice to verify that, for the k that was fixed,
we have

(6.5) 201 w1 @) = (D) G

In order to verify (6.3]), we invoke the recursion from Proposition (used for the string
w=(1,1,%,...,1,%) € {1,*}?*=1) and we extract the coefficient of y on both sides of that
recursion. On the right-hand side of the resulting equation we get a sum which (same as
in Equation (3] of Proposition B.0) is indexed by m, with 1 <m <n —1 =2k — 2. By
grouping the terms of the sum according to the parity of m, we obtain that

(1) _
(6.6) Z1 1%, 1,0y =~ (Bodd + Beven ),
2k—1
where
_ (1) £(0) (1) (0) (0) (0)
Yodd = Z(l) Z(l,*,...,l,*) +Z(l,l,*) Z(l,*,...,l,*) Tt Z(l,l,*,...,l,*)Z(l,*)
N———— N———— N—————

2k—2 2k—4 2k—3

and
_ 70) (1) (0) (1) (0) (1)
Yieven = Z(1,1) Z(*,l,*,... ,1,*)+Z(1,1,*,1) Z(*, 1,%,..., 1,*)+' e Z(l,l,*,l... %, 1) Z(*)-
— — —
2k—3 2k—5 2k—2

The sum Yeyen is equal to 0, because of

7O _ 70 . _ 70

(LD = “(110) (1,1,%,1...,%1)
—_——
2k—2

=0
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(cf. Proposition [6.212, case of non-alternating strings). On the other hand, the induction
hypothesis and the case of alternating strings in Proposition [6.212 give us that

Sodd = (—1)°Co - (=1)*2Ch_a + (-1)'Cy - (-1)F 3Chz + -+ + (=1)" 2Ch_s - (—-1)°Co.
Thus Equation (6.6]) comes, after all, to

k—2
Z((ii 17 yeany 17 *)(.Z') - (_1)k_1 Z C] ' Ck—2—j'
7=0

2k—1

A basic recursion for Catalan numbers says that the sum on the right-hand side of the latter
equality is just Ci_1, and the required formula (65 follows. O

We can now follow the same kind of connection as in Proposition [6.2] (but going in reverse)
in order to obtain the “derivative at ¢ = co” for *-cumulants of the wu;’s.

Corollary 6.4. Let n be a positive integer and let w = (w(1),...,w(n)) be a string in
{1,%}". We consider the limit
w(1) w(n)y _ w(1) w(n)
R (u o uY) = R (w ) u ™)
(67) tllglo e_t/2

where uy s the free unitary Brownian motion at time t, and u is a Haar unitary. This limit
exists, and is equal to

(—DF1C_y, ifn is odd, n =2k — 1, and

(6.8) w is an alternating string,
0, otherwise.

Proof. If n is even, n = 2k, then the difference on the numerator of the fraction in (G.7)) is

ng)(t) . (e—t/2)2k + Zo(fk_Q)(t) . (e—t/2)2k—2 4t Zu(.;2) (t) . (e—t/2)27

and when divided by e~*/2 this is sure to go to 0 as t — oo.

If n is odd, n = 2k — 1, then the difference on the numerator of the fraction in (6.7) is
Z£2k—1) (t) . (e—t/2)2k—1 + Z£2k_3) (t) . (e—t/2)2k—3 NI Z£)3) (t) . (E_t/2)3 + ZLSI) (t) . (B_t/2).

When divided by e~*/? this converges to the constant Zf,l)(t) described in Theorem [6.3] and
the result follows. U

Remark 6.5. The limit from Corollary [6.4] points towards an “infinitesimal structure” which
accompanies the #-distribution of a Haar unitary, in the sense of the paper of Belinschi and
Shlyakhtenko [I]. In order to relate to the framework of [I], one has to do a change of
variable: consider the noncommutative probability spaces (Bs,s), defined for s € [0,1],
where for s # 0 we put By = A_s1og., s = P—210g., While for s = 0 we take (Bo, o) to be
the space where the Haar unitary lives. With this change of variable, the limit from (6.7))
becomes a derivative at 0, as prescribed in [1].
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Remark 6.6. As reviewed in Remark 2.6 the Haar unitary is a basic example of R-diagonal
element, with determining sequence consisting of signed Catalan numbers. For a Haar
unitary u, Corollary [6.4] brings into the picture an additional “infinitesimal determining
sequence”, which happens to also consist of signed Catalan numbers, and which determines
the derivatives at oo of all joint cumulants of u; and uy (with u; seen as an approximation
of u). It is natural to extend this concept of infinitesimal determining sequence to the case
of an R-diagonal element a = uq as appearing in Remark Indeed, we can approximate
such an a with elements of the form a; := u;q (where ¢ is now assumed to also be free from
{ut, uy}), and we can consider the same kind of limits as in Equation (6.7)) of Corollary 6.4,
but now in connection to a and a;. This leads to the next proposition, which provides a
nice infinitesimal analogue for the facts reviewed in Remark

Proposition 6.7. Let a and {a; | t € [0

,00)} be as in the preceding remark. There exists
a sequence (Br)5>, such that for w = (w(1),

..,w(n)) € {1,*}" one has:

K (aw(l) L aw(n)) ok (a“(l) . aw(n)) B(n+1)/27 z'fn is odd and w
. n t 9 Yt n 9 9 _ . .
(6.9) thm —73 = is alternating,
e € 0, otherwise.

The By ’s can be written in terms of the free cumulants of ¢ and ¢ via a formula similar to
Equation (2.8), as follows:

(6.10) Br= > <Moeb(7r, - I k(@ d®a) | V) ) ke N.
meNC (k) Ver

A concrete example: for w = (1, %,1) the above proposition says that

[ y

i r3(ueq, quf, uq) — k3(ug, qu*, uq)
11m
t—o0 e—t/2

= fBa, with B = —k1(¢?)k1(q) + K2(¢%, )]

The remaining part of this section is devoted to discussing the proof of Proposition
The arguments revolve around a certain set of non-crossing partitions NC,(2n) C NC(2n)
that is associated to an w € {1,*}"™. The sets NC,(2n) are introduced next, and their
relevance for the limits on the left-hand side of Equation (6.9]) is explained in Lemma
below. The conclusion of Proposition will then be derived via a calculation which relies
on the structure of these NC,,(2n)’s. In order to not make the discussion excessively long, we
will merely state (in Lemmas and [6.13)) the relevant facts we need about NC,,(2n), and
we will leave the proofs of these purely combinatorial facts as an exercise to the interested
reader.

Definition 6.8. Consider a string w = (w(1),...,w(n)) € {1,*}".

1° We denote U, :={2i — 1|1 <i<mn, w(i)=1}U{2i|1<i<mn, w(i)==*}, and
Qu:=1{1,2,....2n}\ U, =120 |1 <i<n, w(i) =1} U{2i — 1|1 <i<n, w(i)=x}.
(Thus Uy, Q. C {1,...,2n}, and they have n elements each.)

2° We will use the notation NC,,(2n) for the set of partitions 7 € NC(2n) which fulfill
all of the following conditions (i)—(v).

(1) 7v{{1,2},{3,4},...,{2n — 1,2n} } = 1a,.
(ii) For every V € 7 we have that either V' C Q,, or V C U,,.
(iii) There exists precisely one block V, of 7 such that V, C U, and |V,] is odd.
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(iv) If Vo = {i1,...,4p} (with 43 < --- <ip) is as in (iii) then, modulo a cyclic permutation,
the numbers iy, ..., 7, have alternating parities.

V) IV ={j1,...,4r} (with j; <--- < j,) is a block of 7 such that V' C U,, and r is even,
then 71, ..., J, have alternating parities.

[Note: the meaning of (iv) is that if in (i1,...,4,) we replace every i, which is odd by a
“1” and every ij, which is even by a “«”, then we get an alternating string in {1, *}?, in the
sense of Definition [6.112. The same happens for (v), but there we don’t need to mention
the possibility of a cyclic permutation.]

Ezample 6.9. To illustrate the above terminology, let us pursue the case when n = 3 and
w = (1,%,1). Then U, = {1,4,5} and Q. = {2,3,6}. Direct inspection shows that for a
partition 7 € NC,,(6), the restriction 7 | U, has to be one of {{1,4,5}} or { {1}, {4,5} }.
(If we try to make 7 | U, = {{1,4}, {5} } then condition (i) of Definition [6.812 cannot
be satisfied. Likewise, trying to make 7 | U, be one of {{1,5}, {4} } or {{1}, {4}, {5} }
violates condition (v), respectively (iii).) We find in this way that NC,(6) consists of 5
partitions, depicted as follows.

123456 123456 123456 123456 123456
I Ul

Lemma 6.10. Let a and {a; | t € [0,00)} be as in Proposition [6.7, and let w be a string in
{1,*}™. The limit considered on the left-hand side of Equation (6.9) exists, and is equal to

(6.11) Z term{Y) - term(®),
TENCL(2n)

where for every T € NCy(2n) the numbers termg]) and term(TQ) are defined as follows:

e Let V, be the unique block of T such that V, C U,, and |V,| is odd, and let V..., V} be
the other blocks of T which are contained in U,. Then

k

(6.12) term(TU) - (_1)(lVol—1)/20(|V0|_1)/2 ) H(_l)(“/i‘_2)/20(“/;'_2)/2'
i=1

o Let Wr, ..., Wy be the blocks of T which are contained in Q. Then

l
(6.13) term(®@) = H Kw, (G5 -+ -5 )-
j=1

In the case (which may occur) when NC,,(2n) = 0, the quantity (6.11) should be read as 0.

Proof. In the cumulant /{n(agw(l)), . ,aﬁ“’(””) we replace every a; by u;q and every aj by

quy, and we invoke the formula for a cumulant with products of entries which was reviewed
in Remark 2.512. This gives

(6.14) /{n(agw(l)), e ,agw(n))) = Z Term,,
TENC(2n) with
TVv{{1,2},{3,4},...}=12,
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where every Term, is a product of cumulants with entries from {q,us, u;}. But ¢ is free
from {uy, u;}; hence free cumulants which mix g with {u¢, u; } vanish, and this implies that
on the right-hand side of (6.14]) we can restrict the sum to the smaller set

7o = {7 € NC(2n) | 7 fulfills conditions (i) and (ii) in Definition [6.812}.

For every 7 € 7T, the quantity Term, appearing in (6.I4) is a product where some
factors are joint cumulants of u; and u;, while some other factors are cumulants of q. The
dependence on ¢ is coming exclusively from the factors involving u; and u}, which are quasi-
polynomials in ¢/2, in the way found earlier in the paper. If we are interested in the limit
on the left-hand side of Equation (6.9]), then what we have to do is pick the coefficient
of e %2 in every Term,. (Note that the coefficient of (¢=%/2)? in Term., if existing, will
be removed by the subtraction of r,(a“™) ... o)) in the numerator of (63).) By
invoking Proposition [6.212 and Theorem [6.3] one easily sees that a partition 7 € 7, can
include a contribution of order e=*2 in Term, only if 7 also satisfies the conditions (iii)—
(v) listed in Definition [6.812, i.e. only if 7 € NC,(2n). (If NC,(2n) = (), then we see at

this point that the limit in (6.9) is equal to 0.) Finally, for every 7 € NC,(2n) one has

Term, = term(TU) -term&Q), with termg]) and term&Q) described as in Equations (G.12),

(613); this verification is immediate (with the signed Catalan numbers in (6.12) coming
from Proposition [6.212 and Theorem [6.3]), and is left as exercise to the reader. O

Now, there are many strings w € {1,x}" with NC,(2n) = (). An obvious necessary
condition for NC,(2n) being non-empty is that [¢ — ¢'| = 1, where
C={1<i<n|w(@)=1}and ¢ :=|{1 <i<n|w(i)=*};
indeed, if it is not true that |¢ —¢'| = 1, then no partition 7 € NC(2n) can satisfy conditions
(iii)—(v) of Definition [£.812. But even when |[£ — ¢'| = 1, it still turns out that NC,(2n) = ()
unless w is alternating. This is caused by the condition (i) of Definition [6.812. The next

lemma records the precise statement that we will need later on; the proof of the lemma
(which goes in the same spirit as those of Propositions 11.25 or 15.1 in [9]) is left as exercise.

Lemma 6.11. Let w = (w(1l),...,w(n)) be a string in {1,x}" for some n > 2, such
that w(1) = w(n) = 1. If NC,(2n) # 0, then n is odd and w is the alternating string
(I,%,1,...,%,1). O

We are thus prompted to focus on alternating strings of odd length. In order to describe
what is going on in this case, we introduce some additional bits of notation.

Remark and Notation 6.12. Let k be a positive integer, and consider the alternating string
wi = (1,%,1,...,%1) € {1,%}2*~1. Note that the sets Uy, , Q, C {1,...,4k—2} associated
to wy in Definition 6.812 are

Uy, ={1,4,5,8,9,... 4k — 4,4k — 3} and Q,, = {2,3,6,7,...,4k — 6,4k — 5,4k — 2}.

1° For every partition 7 € NC(k) we denote by m7("=P°"%) the partition of U, which
is defined by “converting” the points 1,2, ...,k into the groups of points {1}, then {4,5},
then {8,9},..., then {4k — 4,4k — 3} of U,,. That is, m(u=points) hag hlocks of the form

V= U {4i — 4,4i — 3}, where V is a block of 7 such that 1 ¢ V|
eV
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and also has a block

V, = {1} U ( U {4i—4,4i—3}>,
1€Vo,
i#1
where V,, is the block of 7 such that 1 € V. .
Likewise, for every p € NC(k) we denote by pla=Ponts) the partition of Qw, which is

defined by converting the points 1,2, ...,k into the groups of points {2, 3}, then {6,7},... ,
then {4k — 6,4k — 5}, then {4k — 2} of ()., . For example, for k = 4 we have:

1234 , 1 45 89 1213
S T R
and
B 1234 (q—points) _ 23 67 1011 14
= U = a1 I A I

2° There exists an analogy between the notation for 7("=Points) and pla—points) that was
just introduced, and the notation for 7(°d4) and p(eve") used in the description of the Krew-
eras complementation map, in Notation 2.113. This is due to the fact that if we think of
the sets

{1}, {2,3},{4,5},..., {4k — 4,4k — 3}, {4k — 2}

as of a sequence of 2k consecutive “fat points”, then U,, covers the odd positions and @,
covers the even positions among these fat points.

As a consequence of the above, it is easily seen that if we start with a partition © €
NC(k) and we draw the combined pictures of 7(*=Pos) and (Kr(r))@Points) then we
obtain a partition in NC(4k — 2). Moreover, (Kr(w))@Po"%s) can be characterized as the
largest (with respected to reverse refinement order) partition o of the set @), which has
the property that 7("=Pots) | |5 ¢ NC(4k — 2).

3° Let p be in NC(k), and consider the partition p47Pmt) of ), . We will need to work
with a special way of breaking the blocks of p(4=P°"%) into pairs (plus a singleton), which
is described as follows. Let W = {j1,...,jp} be a block of p, where j; < --- < j,. We
distinguish two cases.

Case 1. jp # k. In this case, the block of pla—Points) that corresponds to W is
W i= {451 — 2,451 — 1,42 — 2,452 — 1,..., 45, — 2,45, — 1},
and we break it into p pairs by going cyclically as follows:
(615) {4]1 - 174j2 - 2}7 {432 - 174j3 - 2}7 ceey {4jp—1 - 174jp - 2}7 {431 - 274jp - 1}
Case 2. jp, = k. In this case, the block of pla—Points) that corresponds to W is
W i= {djr — 2,41 — Ldjs = 2,4j5 — 1, Ajpo1 — 2,451 — 1,45, — 2},
and we break it into p — 1 pairs and a singleton as follows:

(6.16) {451 — 2}, {441 — 1,452 — 2}, {442 — 1,443 — 2}, ..., {4jp—1 — 1,47, — 2}.
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The partial pairing (with one singleton block) of @, which results upon doing all the
breaking described in (6.15) and (6.16) will be denoted as p(4-Paring) In the example with
k = 4 depicted in part 1° of this notation, we get

1234 23 67 1?11 14

p = LI LI = p(q—pairing) _ | L I

Based on the notation introduced above we describe, in the next lemma, the structure
of a general partition in NC,,, (4k —2). (The statement of the lemma also uses the lattice
structure of NC(Q., ), and invokes the “L” operation — this is analogous to the note
recorded in Remark [2.2])

Lemma 6.13. Let k be a positive integer, let wy, be the alternating string (1,%,1... %, 1) €
{1,%}%~1, and consider the terminology introduced by Notation [6.12 in connection to wy.

1° Let 7 be a partition in NC,, (4k — 2). Then the restricted partition 7 | Uy, is of the
form m(u=points) for. g (uniquely determined) m € NC(k). The quantity termg]) appearing

in (612) of LemmalG10 is precisely equal to Moeb(0k, ) for this m € NC(k).

2° Let T be a partition in NC,, (4k —2), let m € NC(k) be such that T | U, = m(u—points)
and let us denote Kr(m) =: p € NC(k). Then the partition o0 := 7 | Qu, € NC(Qu,) has
the properties that o < pla=Points) g o\ pla—pairing) — ,(q—points)

3% Conversely: let m be in NC(k), put p := Kr(m), and let o be a partition in NC(Q., )
with the properties that o < pla—points) gy q o v/ pla—pairing) — ,(a—points) — Thep the partition
7= q(UmPoINts) | |5 of {1,... 4k — 2} is in NC,, (4k — 2). O

Proof of Proposition If n is even, then it is immediate that NC,(2n) = () for
every w € {1, *}" (cf. discussion preceding Lemma [6.1T]). Thus in this case the limit on the
left-hand side of Equation (6.9) is indeed equal to 0, as required. For the rest of the proof
we will assume that n is odd.

We next note a couple of reductions that can be done on w.
(a) Observe that if the conclusion of the proposition holds for a stringw = (w(1),...,w(n)),
then it also holds for the “adjoint” string w* with entries

w1, Hfwh+1—1i)=x .
”(”—{ﬁ ﬁwm+1—0:1}’1§2§m

This follows from the left-right symmetry of free cumulants that was noted in part (c) of
Remark 2513, where we also take into account the fact that {u; | ¢ > 0} form a free unitary
Brownian motion, and that (due to the hypothesis ¢ = ¢*) all the limits postulated on the
right-hand side of Equation (69) are real numbers.

(b) Observe that if the conclusion of the proposition holds for a string w, then it also
holds for an w’ obtained by cyclically permuting the entries of w. This is immediate from
the invariance property of free cumulants noted in part (a) of Remark 2.5.3.

As aresult of the above observation (a), we see that it suffices to handle strings w € {1, *}"
that have {1 < i <n|w() =1} > |{1 <i<n|w()==*}. By doing a suitable cyclic



34 N. DEMNI, M. GUAY-PAQUET, AND A. NICA

permutation of entries for such an w and by using observation (b), we then see that it
suffices to prove the proposition under the additional assumption that w(1) = w(n) = 1.

If w(l) = w(n) = 1 but w is not alternating, then Lemma says that NC,,(2n) = 0.
The limit on the left-hand side of (6.9]) is therefore equal to 0, as required.

We are left to discuss the case when w is alternating of odd length, with w(1) = w(n) = 1.
This is exactly the case when w = wy, = (1,%,1,...,%,1) € {1,*}?*~! for some k € N, as
discussed in Notation In the remaining part of the proof we fix k, and we will prove
that for w = wy, the limit on the left-hand side of (6.9]) is equal to the [ described in
Equation (GI0). In view of Lemma [6.10] it will suffice to verify the equality between the
summation formulas that appear in (G.I1I]) and on the right-hand side of Equation (6.10).
The sum from (G.IT]) takes here the form

(6.17) Z term{Y) - term(@).
TENCL,, (4k—2)

But a partition 7 € NC,,, (4k — 2) is parametrized in Lemma [6.13] in terms of a pair (7, o)
with 7 € NC(k) and 0 € NC(Q,,); recalling the specifics of how that goes (which includes

the writing of termgU) as Moeb(0k, ) and the writing of termgQ) in terms of o), we see that

(6I7) can be rewritten in the form

Z Moeb(0g, ) < Z H /{|W\(q,q,...,q)).

TENC(k) GENC(Quy)s Weo

with Kl‘(ﬂ') p O.Vp(quairing) :p(quoints)

In the above expression it is convenient that in the first sum we do the change of variable
p = Kr(m) (where we also substitute Moeb(0g, ) as Moeb(p, 1x)); the quantity in (6.17)
takes then the form

(6.18) Z Moeb(p, 1) ( Z H /£|W‘(q,q,...,q)>.
peNC (k) GENC(Quy), Weo

O_vp(quairing) :p(quoints)

Now let us fix for the moment a partition p = {By,...,B;} € NC(k) and, for this
particular p, let us examine the summation over ¢ which appears in (6.18]). Let Wy,..., W,
be the blocks of pla—pPoints) where W; corresponds to Bj in the natural way (cf. discussion in
Notation [6.1213), and where let us assume that k € By, hence 4k —2 € W,. It is easy to see
that the summation over o in (6I8]) amounts in fact to doing ¢ independent summations,
over partitions o3 € NC(Wh),...,00 € NC(Wy). Moreover, the formula (23] for cumulants
with products as entries applies to each of these ¢ summations, leading to the conclusion
that the result of the j-th summation is

K‘Wj|(q27’2”7q2)72 lf] <€7
cw (g ¢ q) i j =L
|W;|-1

Since |W;| = | B;j| for every 1 < j < ¢, and since R‘BZ‘(q,q2,...,q2) = R‘BZ|(q2,...,q2,q), we
obtain that for our fixed p we have:

(6.19) > I swi@a o) = T] sm (@ d*q) | B).

dENC(Quy), Weo Bep
a—\/p(quairing) :p(quoints)
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Finally, we let p run in NC(k), we substitute Equation (6.19)) into the second summation
from (6.I8]), and we arrive to the right-hand side of Equation (6.10]), as we wanted. O
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