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AN ASYMPTOTIC PROPERTY OF FACTORIZABLE COMPLETELY POSITIVE
MAPS AND THE CONNES EMBEDDING PROBLEM

UFFE HAAGERUP() AND MAGDALENA MUSAT(2)

ABSTRACT. We establish a reformulation of the Connes embedding problem in terms of an asymptotic
property of factorizable completely positive maps. We also prove that the Holevo-Werner channels
Wy, are factorizable, for all odd integers n # 3. Furthermore, we investigate factorizability of convex
combinations of W; and W5, a family of channels studied by Mendl and Wolf, and discuss asymptotic

properties for these channels.

1. INTRODUCTION

The class of factorizable completely positive maps (introduced by C. Anantharaman-Delaroche in [I])
has gained particular significance in quantum information theory in connection with the settling (in the
negative) of the asymptotic quantum Birkhoff conjecture. This conjecture originated in work of J. A.
Smolin, F. Verstraete and A. Winter (cf. [10]), where they provided evidence that every unital quantum
channel might always be well approximated by a convex combination of unitarily implemented ones.
Further support for this conjectured restoration in the asymptotic limit of Birkhofl’s classical theorem
was given by C. Mendl and M. Wolf in [9], where they presented a family of unital quantum channels
outside the convex hull of the unitary ones, exhibiting the interesting property that they fall back into
this set when taking the tensor product of two copies of them.

In [6], we proved that every non-factorizable unital completely positive and trace-preserving map on
M, (C), n > 3, provides a counterexample for the conjecture, and we gave examples of non-factorizable
unital quantum channels in all dimensions n > 3. It was then a natural question whether every factorizable
unital quantum channel does satisfy the asymptotic quantum Birkhoff property (AQBP, for short). This
question turned out to have an interesting interpretation, in that it seemingly related to the celebrated
Connes embedding problem (cf. [4]), known to be equivalent to a number of other fundamental problems
in operator algebras. We showed in the above-mentioned paper [6] (see Theorem 6.2 therein) that if for all
n > 3, every factorizable unital quantum channel in dimension n does satisfy the AQBP, then the Connes
embedding problem has a positive answer. However, after the paper [0] was submitted for publication, we
discovered that the factorizable channel from Example 3.3 therein does not satisfy the AQBP, thus, there
is no direct connection between the asymptotic quantum Birkhoff property and the Connes embedding

problem. We announced this result in Remark 6.3 of [6]. Furthermore, we also announced therein that the
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Connes embedding problem connects, in fact, to another asymptotic property of factorizable completely
positive maps. Namely, the Connes embedding problem has a positive answer if and only if the following

equality holds for every n > 3 and every factorizable unital quantum channel 7" in dimension n:
(1.1) klim den (T ® Sk, conv(Aut(M,(C) ® M(C)))) =0,
— 00

where S, is the completely depolarizing channel on M (C), i.e., Si(x) = ()1, for all x € M (C). Here
7 denotes the normalized trace on My (C), and 1j is the identity k x k matrix. We give the proof of
these statements in Sections 2 and 3 of this paper. We then prove that the Holevo-Werner channels W,
are factorizable, for all odd integers n > 5, and show that they do satisfy the asymptotic property (LII)
above. We have shown in [0, Example 3.1] that W5~ is not factorizable. Here we investigate furthermore
factorizability of convex combinations of W5~ and W, a family of channels studied by Mendl and Wolf
in [9]. We also determine the cb-distance from W, to the factorizable maps. This is all done in Section
5. The main tool in the proof of these factorizability results is Theorem 4.5, which is the main result of
Section 4. This theorem is motivated by the averaging techniques of Mendl and Wolf from [9], building on
earlier analysis of entanglement measures under symmetry carried out by Vollbrecht and Werner in [I1].
In the last section we study further asymptotic properties of the family T = AW3"+(1-A\)W5,0 < A < 1.
Mendl and Wolf showed in [9] that these channels satisfy the interesting property that T belongs to the
convex hull of automorphisms of M3(C) if and only if A > 1/3, while furthermore, for some 0 < Ao < 1/3,
one has Th ® T € conv(Aut(My(C))), for all A € [Ag,1]. Our main result in this section is Theorem 6.1
asserting that for every \ € [1/4,1] and every integer k > 2, one has TEF € conv(Aut(Msx(C))) . Hence
T does satisfy the AQBP, for all A € [1/4,1].

Throughout the paper, we denote the set of unital quantum channels in dimension n, that is, unital

completely positive trace-preserving maps on M, (C), by UCPT(n).

2. AN EXAMPLE OF A FACTORIZABLE MAP WHICH DOES NOT SATISFY THE ASYMPTOTIC QUANTUM
BIRKHOFF PROPERTY

We begin this section by establishing a number of intermediate results, some of which may be of inde-
pendent interest. The first one is probably known (and follows from the work of Choi [3]), but we include

a (possibly different) proof for convenience.

Proposition 2.1. Let T: M, (C) — M, (C) be a UCPT(n)-Schur multiplier.
(1) If Te = Y% alza;, for all € M,(C), for some ay,...,aq € My(C), then aj ..., aq are

i=1""
diagonal matrices.

(2) If T € conv(Aut(M,(C))), ie., Tx = Z?:l cufzu;, x € M,(C), where ¢; > 0, Z?Zl ¢ =1,

u; €UN), 1 <i<d, thenuy,...,uq are diagonal matrices.

Proof. (1) Suppose that Tz = Zle aiza;, v € M,(C), for some aj,...,aq € M,(C). Let p be a
projection in D,,(C), the set of diagonal n x n complex matrices. We then have p = Tp = Z?:l a;pa;.
Therefore Zle(pai(l —p))*(pa;(1 —p)) = (1 = p)p(1 — p) = 0, which implies that pa;(1 —p) = 0, for
all 1 <4 < d. Similarly, Ele((l —p)a;p)*((1 — p)a;p) = 0, which implies that (1 — p)a;p = 0, for all
1 <i < d. Then the commutator [a;,p]: = a;p —pa; = (1 —p)a;p —pa;(1 —p) =0, for all 1 <14 < d. This
shows that a; € D,,(C)' N M, (C) = D,,(C), 1 <i < d, as claimed.

(2) follows from (1), by setting a; = /cju;, for all 1 <i < d. O



Theorem 2.2. Let T: M,(C) — M,(C) be a UCPT(n)-Schur multiplier, and S: My(C) — My(C) a
UCPT(k)-Schur multiplier, where n,k are positive integers. The following statements are equivalent:

(1) T® S € conv(Aut(M, (C) ® Mi(C))).

(2) T € conv(Aut(M,(C))) and S € conv(Aut(My(C))).

Proof. The implication (2) = (1) is clear, so we proceed to showing that (1) = (2). Let (e;;)1<s j<n and
(fst)1<s,t<k be the canonical matrix units in M, (C) and My (C), respectively. If T®S € conv(Aut (M, (C)®
My (C))), then by Proposition 2] there exist a positive integer m and numbers ¢; > 0, 1 < ¢ < m with
S ¢ =1, as well as diagonal unitaries w1, ..., up, € Dpi(C) = D,,(C) ® Di(C), such that
(T®S)(y) =Y cufyus, y € Mu(C)® My(C).
i=1

Forall 1 <i<m,v;: =u;(1,® f11) is a unitary in (1, ® f11)(M,,(C) @ Mi(C))(1, & f11) =~ M, (C)® f11.
Hence, there exist unitaries w; € M,,(C) such that v; = w; ® f11, 1 <i < m. Then, for all z € M,,(C),

(2.1) ToS)r® fi1) = (1n®i)(T®9)(z® fi1))(1, @ fi1)
= <Zciw;‘xwi> ® f11-
i=1
Since S(f11) = f11, we infer from @I that Tz = i ciwfzw; , for all € M,(C), which implies that
i=1
T € conv(Aut(M,(C))). A similar proof shows that S € conv(Aut(M,(C))). O

Remark 2.3. The Schur multiplier T constructed in Example 3.3 of [6] is a factorizable UCPT(6)-map
with the property that Tp ¢ conv(Aut(Ms(C))). In view of the above theorem, it now follows that
TE"™ ¢ conv(Aut(Men(C))), for any n > 2.

The next result shows that Ts does not satisfy the asymptotic quantum Birkhoff property.

Theorem 2.4. Let T' be a UCPT(n)-Schur multiplier and S a UCPT(k)-Schur multiplier, where n, k are

positive integers. Then
1
dep(T @ S, conv(Aut(M,,(C)))) > gdcb(T, conv(Aut(M,(C)))).
In particular, if T ¢ conv(Aut(M,(C)), then T fails the asymptotic quantum Birkhoff property.

Proof. Let a = dep,(T ® S, conv(Aut(M,x(C)))). Then there exists m € N, and for 1 < j < m, there exist
¢j >0 with 377" | ¢; = 1 and unitary nk x nk matrices u; such that HT ® S =370, cjulru,

As before, let (fsi)i1<s,1<k be the canonical matrix units in Mj(C). Then, for every 1 < j < m, there
exists b; € M,,(C) such that (L,® fi1)u;(1,® f11) = b;® f11 . Next, set R(x) = X7, ¢;bfab;, x € My (C).

Then R is a completely positive map, and we claim that

= Q.

(2.2) IT - Rl < a.

To prove this, note first that for all 2 € M,(C) @ My(C), (T ® S)(2) — 3271, cjujzuyl| < allz]|. In
particular, using that S(f11) = f11, it follows for all z € M,,(C) that

m

T(r)® fi1 — Z%‘@(I ® fi)ug|| < oflz] .

j=1



This implies that ||(1, ® fi1)(T(z) ® fir — 270 cjuf(z @ fin)us)(1n © fin)ll < aflz]] . Equivalently,

T(r)® fi1 — chbﬁxbj ® fui|| < allzl|, z € M,(C),

j=1
which shows that |7 — S|| < a. A similar argument applied to T ® id; , [ > 2 yields (22]).
Next, for 1 < j < m, since ||b;|| < 1, we have b; = (v; + w;)/2, for some n X n unitaries v; , w;. Further,

set T(z) = (1/2) Z;nzl cj(vizv; + wizw;), x € My(C). Then T € conv(Aut(M,(C)). We claim that
(2.3) IT - Rl <a.

Note that (T — R)(x) = (1/4) 37" ¢;(v; — w;)*z(v; — w;), @ € M,(C), hence T’ — R is completely

=
positive. Therefore

(2.4) IT = Rlleb = [I(T' = R)(1,)|| = % > (v —wy) (v —wy)|| = || Y ¢ (1o = b3by)
j=1

By using (Z2),

Y il =650 || = 11 = R(L)| = [T(L) = Rl = IT = Rlles < av.

j=1
Combined with (24]), this yields ([Z3]). An application of the triangle inequality gives that
1T = Tlep < 2a.
Since T' € conv(Aut(M,,(C))), the conclusion follows. O

3. TENSORING WITH THE COMPLETELY DEPOLARIZING CHANNEL AND A NEW ASYMPTOTIC PROPERTY

Definition 3.1. Let T': M, (C) — M, (C) be a UCPT(n)-map. We say that T has an exact factoriza-
tion through M,(C) ® N, for some von Neumann algebra N with a normal, faithful, tracial state Tn, if
there exists a unitary uw € M, (C) @ N such that

(3.1) T(z) = (id, ® 7)) (u*(z ® Iy)u), @ € M,(C).

Remark 3.2. By (the proof of) Theorem 2.2 in [6], a UCPT(n)-map T has an exact factorization through
M, (C)® N, for some von Neumann algebra N with a normal, faithful, tracial state 7y if and only if 7" is
factorizable in the following more precise sense, that there exist unital completely positive (7, 7, ® Tn)-
preserving maps «, §: M, (C) — M, (C) ® N such that T = 5* o av.

We now introduce another definition:

Definition 3.3. A UCPT(n)-map T: M, (C) — M,(C) is said to be factorizable of degree k, for some
integer k > 1, if

(3.2) T @ Sy € conv(Aut(M,(C) ® M(C))),
where Sy, is the completely depolarizing channel on My(C), i.e., Sk(y) = m(y) 1i , for all y € My (C).

The following result establishes the connection between these notions.



Proposition 3.4. Let T be a UCPT(n)-map. Then T is factorizable of degree k, for some integer k > 1,
if and only if T has an exact factorization through M,(C)® N, where N = M}, (C) ® L*°([0,1],m) . (Here

m denotes the Lebesgue measure on [0,1].)
Proof. Suppose that T is factorizable of degree k, for some integer k > 1, i.e.,
T ® Sy € conv(Aut(M,(C) @ Mi(C))).

The following arguments are in the spirit of the proof of Proposition 2.4 in [6]. Write T ® S =
> =1 cjad(uy), for some r € N, ¢; > 0,1 < j <7, with 377, ¢; = 1, and unitaries u; € M, (C) ® My(C),
1 < j < r. Then there exist projections p1 ,...,p, € L>([0,1],m), where m is the Lebesgue measure
on [0, 1], such that 10,11y = p1 + ... +pr and 7(p;) = ¢;, 1 < j < r, where 7(f) = f[ fdm, for all
f € L>([0,1]). Further, let N = M (C) ® L*>(]0,1],m), with trace 7y = 7;; ® 7, and set

0,1]

u=Y u;®p; € Mp(C)®N.

j=1

Note that u is unitary, and for all y € M,(C) ® My(C), u*(y ® 1p~(o1)))u = d_5—; wjyu; @ p;. Thus,
(3.3) (T ® Sk)(y) = chu;yuj = (id, ®idp @ 7)(u" (y @ 1pec(o)))u), Yy € My(C) @ Mp(C).
j=1

Further, note that 7' = (id, ® 1) o (T'® Si). Combining this with (83]), we deduce that
T(z)=(id, @ 78) (0" (z @ 1n)u), z€ M,(C).

That is, T has an exact factorization through M, (C) ® N.
Conversely, assume that T has an exact factorization through M, (C) ® N, where N = M;(C) ®
L*°([0, 1], m), with m being the Lebesgue measure on [0, 1]. Using the identification N = L°°([0, 1], My (C)),

the trace 7y on NV is given by

(34) = [ O)m@, yeN.

By the hypothesis, there exists a unitary v in M, (N) = L*°([0, 1], M,,(C) ® M(C)) such that
T(x)=(1d, @ v)(u"(z @ 1x)u), =€ M,(C).

Under the above identification, u(t) is a unitary in M,,(C) ® M (C), for all ¢ € [0,1].
We claim that for all z € M,,(C) and y € M(C),

(3.5) (T®Sk)(r®vy) _/[0)1] /u(k) /u(k)(ln@)w)*u(t) (1, @) (z@y)(1, ®v)u(t)(1l, ® w)dvdwdm(t) ,

which, by interpreting the iterated integrals as a limit of convergent Riemann sums, yields the conclusion.
The proof of (3] will be achieved through a few intermediate steps. First, since

/ v'yvdv = 7 (y) 1 = Sk(y), y € Mg(C),
U(k)



we can rewrite the right-hand side of (B.H) as

(3.6) /[0)1] /Z/l(k) /Z/l(k)(ln Q@w) u(t) (1, @ v)"(z @ y) (1, @ v)u(t)(l, @ w)dv dw dm(t)

— / / (1, ® w)*u(t)” (x ® / U*yUdU) u(t) (1, ® w)dw dm(t)
0.1] Juk) Uk

= 7(y) / (1, @ w)*u(t)" (z @ 1p)u(t) (1, ® w)dw dm(t).
U(k)
Next, observe that for all z € M, (C) @ My(C),
(3.7) / (1 ® W) 2(1, ® w)dw = (idy @ Se)(2) = (idy © 7)(2) © 1,
U(k)

where both equalities can be checked easily on elementary tensors z = a®b, where a € M,,(C), b € M (C).
In particular, by using B7) with z = u(t)"(x ® 1,)u(t) € M,,(C) @ My(C), t € [0,1], we get

(3.8) 71 (y) /[0)1] /u(k)(ln @ w)*u(t) (x @ 1)u(t)(1, @ w)dwdm(t)

= Tk(y)/ (idp, @ 1) (u(t)" (z @ 1x)u(t)) @ 1 dm(t)
[0,1]

= (idn & 7']\[)(’([‘< (33 ® lN)u) ® Sk (y)

T'(z) ®@ Sk(y) ,

wherein we have used (84 and the fact that under the identification N = L°°([0, 1], M} (C)), the identity
1n of N is given by 1n(t) = 1, for all ¢ € [0,1]. Combining (B8)) with (8] gives the conclusion. O

Corollary 3.5. If a UCPT(n)-map T has an exact factorization through M, (C)® My (C), for some k > 1,
then T s factorizable of degree k.

In the following we give a characterization of the UCPT(n)-maps which admit an exact factorization

through a von Neumann algebra embeddable into an ultrapower R“ of the hyperfinite IT;-factor R.

Theorem 3.6. Let T be a factorizable UCPT(n)-map. The following statements are equivalent:
(1) T has an exact factorization through M,(C)® N, where N is a finite von Neumann algebra which

embeds into R*.

(2) There exists a sequence (Ty)p>1 of UCPT(n)-maps, where each Ty has an exact factorization
through M, (C) @ M)(C), for some integer I(k) > 1, such that |T — Tg||cp — 0, as k — 0.

(3) khﬁrgo dep(T @ Sk, conv(Aut(M,(C) ® M(C)))) =0.

Proof. The proof of (1) = (2) is based on standard ultraproduct arguments and uses also some of the
ideas of the proof of Theorem 6.2 in [G]. For the sake of completeness of exposition, we include the details.
Let us begin by recalling the necessary background. Given a free ultrafilter w on N, the ultrapower R
of the hyperfinite II;-factor R is the quotient space RY = (>*°(R)/I, where I = {(zp)r>1 € {*(R) :
lim,, [|zx|l2 = 0}. Let m: £*°(R) — R* denote the quotient map. Then R* is a II;-factor with unique

trace Tre satisfying

(3.9) TrRe (T(2)) = lig)nTR(xk), x = (xk)k>1 € L(R).



Consider the map id,, ® 7: M,,(C) @ {*°*(R) — M,,(C) @ R¥ . We identify M, (C)®@¢(>*(R) = {>°(M,(C)®
R). Let y € M, (C) @ R¥ and find = = (zx)x>1 € £°(M,,(C) ® R) such that (id,, ® 7)(z) = y. By (33),

(3.10) (idy, ® TR ) (y) = liolgn(idn ® mr)(TK) -

The convergence in (BI0) is a priori entry-wise convergence in M, (C). However, since all vector space
topologies on the finite dimensional space M, (C) are the same, we conclude that ([BI0) holds with
convergence with respect to the operator norm on M,,(C).

By hypothesis, there exists a von Neumann algebra N with a normal faithful tracial state 7 such that
N embeds into R¥, as well as a unitary v € M,(C) ® N so that Tz = (id,, ® 7v)(v*(x ® 1n)u), for all
x € M,(C). Since we can view u as a unitary in M, (C) @ R“, the above relation can be rewritten as

Tz = (id, ® Tre)(u"(z @ 1ge)u), x € M,(C).
The goal is to show that for every € > 0, there exists a UCPT(n)-map Ty such that |7 — Tp|cp < €, and
To has an exact factorization through M, (C) ® M;(C), for some integer I > 1.

Let v = (vg)k>1 € €°°(M,,(C)®R) be a unitary lift of u, i.e., (id, ®7)(v) = u, and each vy, € M, (C)@R

is unitary. For every k > 1, define V: M,,(C) — M, (C) by

Vie(z) = (idp, @ ) (v (2 @ 1R)vg), =€ My(C).
Since (vi(r ® 1r)vk)k>1 is a lift of u*(z ® 1r)u), it follows from (BI0) that for all x € M, (C),
(3.11) T(x) = (id, ®7mre)(u (@ lge)u)

= lim(id, ® 7)(vj(z ® 1g)vr) = lim Vi (x),

that is, lim,, Vi = T, where the convergence is with respect to the point-norm topology. Since the space

of linear maps from M, (C) to M,(C) is finite dimensional, this implies that (V})r>1 converges to T in
cb-norm, as well. Hence, given ¢ > 0, there exists kg € N such that

(3.12) IT = Vig llev < €/2.

Further, since R = U, A; S'O't, where A; C Ay C ... are unital finite dimensional factors, A; >~ My; (C), it
follows from Corollary 5.3.7 in Vol. I of [7] that there is a sequence (w;);>1 of unitaries, w; € M, (C)® A4;,
converging in strong operator topology to the unitary vy, € M,,(C) ® R. For every j > 1, define

Tj(z) = (idn ® 7a; ) (]} (r ® 1a,)w;), x€ Mu(C),
where 7; is the normalized trace on A;. By construction, T} has an exact factorization through M, (C)®A;.
As above, we can view w; € M, (C) ® A; as a unitary in M, (C) ® R, and therefore rewrite

Ti(z) = (id, ® TR)(’U}; (x®@1g)w;), x€ M,(C).

Since the sequence (w (z® 1z )w;);>1 converges in weak operator topology to vy (z®1x)vg,, and id, @R
is w.o.t.-continuous, we deduce that the sequence 7); converges to Vj,, a priori point-entry-wise, hence as

argued above, in cb-norm. Therefore, there is some jy > 1 such that
(3.13) ||Tj0 _Vlm”cb < 8/2.

Combining this with [12), we deduce that || — T}, ||cb < €, as wanted.
We now prove that (2) = (3). For every k € N, set 0 = inf{||T — T”"||cb}, where the infimum is taken
over all UCPT(n)-maps T’ having an exact factorization through M, (C)® My, (C) . Note that this infimum



is actually attained, so it can be replaced by minimum. Further, observe that condition (2) shows that
infren 0 = 0. In the following we will show that this actually implies that

(3.14) lim 6, =0,

k—o00
which yields (3). To prove [BI4]), we first claim that for every &, € N, we have
k l

1 < — 5.
(3 5) 5k+l_k+lak+k+l5l
Indeed, given k,l € N, we can find unitaries ug in M,, ® My and u; in M,, ® M; such that the maps
defined by Ui(z) = (id,, @ ) (ur(z ® 1,)uy) and U(z) = (id, @ 7)(w(z @ 1,)u)), = € M,(C) satisfy
|17 = Ukller = 0 , respectively, | T — Ujller, = 61 . Set

U(z) = (idy @ Tiet1) (ur ® wp)(x @ 1) (uf, @ wp)), x € M,(C).

It is easily checked that

l
(3.16) Ulx) = —Ug(z) + k—_HUl(:E) , x € M,(C),
from which (I3) follows.

We are now ready to prove (BI14). Let ¢ > 0 and find j € N such that §; < /2. Then, by B.IH),
dkj < €/2, for all k € N. Set C' = max{d1,...,d,-1} and choose ky € N such that C/ky < /2. Set
N =koj. Let m > N. Then m = kj + [, for some k > kg and 0 <! < j—1. By 3I9),

kj l kj l
O < Lopy+ —0 < 2.4 ~C<e,
m m m 2 m
which gives [B.I4]), and completes the proof of (3).

Finally, we show that (3) = (1). Suppose that T satisfies condition (3). There exists a sequence (gx)x>1
of positive numbers converging to zero so that for every k > 1, there is Vj, € conv(Aut(M,(C) ® My(C)))
satisfying

(3.17) 1T ® Sk — Villeb < ek.

Set Ty, (z) = ((idy, ® 7%) 0 Vi) (z ® 13), © € M, (C). By the proof of Proposition B4 we conclude that T},
has an exact factorization through M, (C) ® Ny, where Ny = M (C) ® L>°([0,1]). Note that Nj embeds
into R, hence there exists a unitary uy in M, (C) ® R such that

Ti(x) = (idy @ o) (uj(z ® 1g)uk), « € M,(C).
Since T — T}, = (idy, ® 71) o (T ® Sk, — Vi), it follows by BI1) that
lim ||T - Tk”cb =0.
k— o0

Let u: = (id, @ m)((ug)k>1) € M, (C) @ R¥, where, as before, 7: £>°(R) — R¥ is the canonical quotient
map. Then w is a unitary in M, (C) ® R*, and, moreover,

T(xz) = (id,, ® Tre)(u*(z ® 1gw)u), x € M,(C),
which proves (1). O

Based on this, we now establish the following reformulation of the Connes embedding problem (cf. [4])

whether every finite von Neumann algebra (on a separable Hilbert space) embeds into R .



Theorem 3.7. The Connes embedding problem has a positive answer if and only if every factorizable
UCPT(n)-map satisfies one of the three equivalent conditions in Theorem[3.8, for all n > 3.

Proof. If the Connes embedding problem has a positive answer, then clearly every factorizable UCPT(n)-
map satisfies condition (1) in Theorem B for every integer n > 3.

Conversely, suppose that every factorizable UCPT(n)-map satisfies one of the three equivalent conditions
in Theorem [3.0], for all n > 3. Assume by contradiction that the Connes embedding problem has a negative
answer. Then, as shown by Dykema and Juschenko [5], based on a refinement of Kirchberg’s deep results
from [8], there exists a positive integer n such that G, \ F,, # 0. Recall that F,, is defined in [5] as the
closure of the union over k£ > 1 of sets of n x n complex matrices (b;;)1<; j<n such that b;; = Tk(uiu;) ,
where u1, ..., u, are unitary k x k matrices, while G,, consists of all n x n complex matrices (b;;)1<i,j<n
such that b;; = 7 (ulu;) , where uq, ..., u, are unitaries in some von Neumann algebra M equipped with
normal faithful tracial state 7as (where M varies). Let B € G, \ F,,. By [0l Proposition 2.8], it follows
that the associated Schur multiplier T'5 is factorizable. By the hypothesis, T5 has an exact factorization
through R“. Then, as shown in proof of Theorem 6.2 in [G], this implies that B € F,,, thus yielding a
contradiction. 0

4. THE MENDL-WOLF/VOLLBRECHT-WERNER AVERAGING METHOD

The main result of this section (Theorem below) is motivated by the averaging techniques used by
Mendl and Wolf in [9], building on the analysis of entanglement measures under symmetry done by
Vollbrecht and Werner in [IT] (see also the further references given therein).

Let H be an n-dimensional Hilbert space. Split the tensor product H ® H into its symmetric and

anti-symmetric parts:
(Ho H)" =span{¢@n+E@n:&ne HY, (HH) =spanfé@n—£®n:&ne H,
and note that
dim(H @ H)t =n(n+1)/2, dim(H® H)” =n(n—1)/2.

With (ei;)1<i,j<n being the canonical matrix units for M, (C), consider the so-called flip symmetry

(4.1) Sn = Z eij Qej; € Mn((c) ® Mn((c)v

ij=1
which interchanges the factors in the tensor products C" ® C™ and M,,(C) ® M,,(C), i.e., $,(E®@n) =n®¢
for £&,m € C™, and s,(a ®b)sk =b® a for a,b € M,(C). The spectral projections
(4'2) p:{ = %(171 + Sn)a Py = %(171 - Sn)
of s, are the orthogonal projections onto (H ® H)* and (H ® H)~, respectively. We shall also often have
the occasion to consider the one-dimensional projection

1
4.3 n = — i ®ei; € Mp(C)® M,(C).
(43) tn=— 3 i ®cij € My(C) ® My(C)

1,j=1

n

The range of ¢, is the one dimensional subspace spanned by the unit vector

(oL
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where (d;)%_; is the standard orthonormal basis for C". Note that s,{ = &, 80 5,4, = gn, which implies
that ¢, < p;”. We shall often omit the subscript n and write s, p™ and ¢ for s,,, p> and ¢, respectively.

It is clear that the subspaces (H ® H)t and (H ® H)™ are invariant for p(u) := u ® u, for each
unitary n x n matrix u. Let p™(u) and p~(u) denote the restriction of p(u) to each of these two invariant
subspaces. Then, by the Schur-Weyl duality for the special case of two-tensor factors, p™ and p~ are
irreducible representations of the unitary group U(n) (see, e.g., [12]). They are obviously not equivalent
because (H @ H)* and (H ® H)~ have different dimension. It follows that the commutant, p(U (n))l, of
p(U(n)) in B(H ® H) is equal to Cp™ + Cp~. Moreover,

(4.4) E(x) = /u( : (u@u)z(u" @u")du, re€B(H®®H)

is the trace preserving conditional expectation of B(H ® H) onto the commutant p(U (n))l =Cpt+Cp~.
(The integral is with respect to the Haar measure on U(n).) Being trace preserving, F is the orthogonal
projection of B(H ® H) onto Cp™ + Cp~ with respect to the Hilbert-Schmidt norm. Using that the
Hilbert-Schmidt norm of the projections p* and p~ is equal to the dimension of (H® H)™ and (H® H)™,
respectively, we obtain that

2 2
nn+1) nin —1)

where Tr,, denotes the non-normalized trace on M, (C).

(4.5) E(x) = Tr, (zp™)pt + Tr,(xp )p~, x€eB(H®H),

Definition 4.1. For T € B(M,(C)) and u € U(n), set p,(T) = ad(u) T ad(u') and define
(4.6) F(T): :/ pu(T) du.
U(n)
The map F: B(M,(C)) — B(M,(C)) is called the twirling map.
Given u € U(n), since the adjoint of the transposed u of u is i, we have
pu(T)(z) = uT (u'vu)u*, x € M, (C).
Note that F(T") belongs to the (point-norm) closed convex hull of {p,(T) : u € U(n)}.

Proposition 4.2. The twirling map has the following properties:
(1) F(UCP(n)) € UCP(n).
(2) F(UCPT(n)) € UCPT(n).
(3) F(conv(Aut(M,(C)))) C conv(Aut(M,(C))).
Proof. Ttems (1) and (2) follow from the fact that the sets UCP(n) and UCPT(n) are convex, closed in
the point-norm topology and invariant under p,, for all u € U(n).
(3). By linearity of F, it suffices to show that F'(ad(v)) belongs to conv(Aut(M,(C))) for all unitaries v

in M, (C). Now, p,(ad(v)) = ad(uvu?). Since conv(Aut(M,(C))) is convex and closed in the point-norm
topology, we conclude that F(ad(v)) belongs to conv(Aut(M,,(C))). O

Lemma 4.3. The following identity holds:

n

1
(4.7) / u®udu = — €ij Qe =q.
. = e ®ey

i,j=1

10



Proof. For each a in M,,(C), let L, and R, in B(M,(C)) be left and right multiplication by a. The map
a® b+ LRy extends to an algebra isomorphism from M, (C) ® M, (C) onto B(M,(C)). Applying this
isomorphism to (A7) and evaluating at = € M, (C), we see that (1) is equivalent to

n

1
(4.8) / uzu* du = — €ijTeji, x € M, (C).
U(n) n iJZ:1
We verify ([A8)) by showing that both expressions are equal to Tr,(z) 1,. Straightforward calculations
show that the trace of both expressions is equal to Tr,(z). Next, the left-hand side of (@8] belongs
U(n)" = Cl,, while the right-hand side of ([ is easily seen to belong to {e;; : 1 < i,j < n} = Cl,.
This gives the conclusion. g

For T' € B(M,,(C)) consider its Jamiolkowski transform:

ij=1

f:

S|

It is well-known, see, e.g., |2l Proposition 1.5.4], that T is completely positive if and only if T is positive.
Part (2) of the lemma below shows that the Jamiolkowski transform intertwines the conditional expectation
E and the twirl map F' from (@6]) and ([@.4]).

Lemma 4.4. The following hold for each T € B(M,(C)):
(1) ad(u @ u)(T) = m, for allu € U(n).
(2) F(T) = B(T).

Proof. (1). If we apply T ® idpy, ¢y to (@1) we find that
(4.9) T = / T(v) ® o dv.
U(n)

Hence,
—_—

pu(T) = / pu(T)(v)@0dv = / uT (u'va)u* @ v dv
U(n) U(n)

~

= /u(n) uT (w)u* @ uwu* dw = ad(u@u)(/u( T(w) ®1de) = ad(u ® u)(T),

n)

t

as desired. (At the third equality sign we used the substitution w = w'va and invariance of the Haar

measure, and ([£9) is used at the last equality sign.)
(2). Tt follows from (1) that

Fﬁ_/a( )p/u(\T)du—/M( )(u®u)f(u*®u*)du:E(T),

as claimed. O

For each integer n > 2, recall the Holevo—Werner channels W, W, € B(M,,(C)), studied in [9]:

1 1

(4.10) WH(z) = ) —

(Trn(x) 1, + xt>, W, (z) = (Trn(:v) 1, — ZCt), x € M,(C).

11



They can alternatively be expressed as

1 O 1 <
W= . . . ) W= e e )E
(4.11) n (z) = o + 2 JE 1(ew + eji)w(eij + €ji)", n (z) = o — 9 ]E 1(ew eji)z(ei; — €5i)",

for x € M, (C). (One can easily verify (ZI1]) by first considering the case where & = ey is a matrix unit.)
We conclude by ([@IT) that W, and W, are UCPT(n)-maps. Using notation set-forth above (cf. (2],
#3)), the Jamiolskowski transforms of the Holevo—Werner channels and of the identity operator are

2
nn+1)

—— 2 _ —~
p+7 Wy =——0p, id, =

(4.12) Wi = OREY

Recall that the 2-norm on M,,(C) is defined by ||z|j2 = 7, (z*x)"/2, x € M,(C). As already observed
in [11], the twirling map F is a projection of M, (C) onto the subspace spanned by W,I and W, , and it

n

maps UCP(n) onto the line segment spanned by W& and W, . More precisely,

Theorem 4.5. The following hold for all n > 2:
(1) F(W}) =W and F(W;) = Wi
(2) F(T) = Tep(Tpt)W,F + Trn(Tp~ )W,y , for all T € B(M,(C)).
(3) If T € CP(n) has Choi representation T(x) = 2?21 a;zal, v € M,(C), where d € N and
ai,...,aq € M,(C), then
F(T) =" (T) Wy + e (T) W,

where the coefficients ¢t (T) and ¢~ (T) are given by

d d
1 _ 1
= et allB (@) =73 e - alll
i=1 =1

Proof. (1). An easy calculation shows that p, (W) = WE, for all u € U(n). Therefore (1) holds.
(2). From Lemma 4] together with (£3H]), and (£12)), we deduce that

—— - 2 - 2

- T (Tp)pt + ———— T, (Tp) p~ = Ten(Tp™) Wit + T (Tp™) Wi .
Y p— (p)p+n(n_1) (Tp~)p (Tp™) Wi + Trn(Tp™)
Since the map T+ T is linear and injective, we conclude that (2) holds.

(3). Note first that it suffices to consider the case d = 1. We can therefore assume that T'(z) = aza*,
z € M, (C), for some a € M, (C). In this case, T = (1/n) doij=1aeija* @ e . Hence

(4.13) Trn Z Tr,(ae;ja”) Tr, (e;5) = ZTrn ae;;a*) = 1, (aa™).

1]1 zl

Let s = s, be the flip symmetry defined above, and write a = (a;;)1<; j<n. Then
(4.14)
1 1 ¢
Tr,, (Ts ; 1Tr ae;ja’ere) Try(eijeon) = - .Zl Tr, (ae;ja”e;;) Zl a;;0i; = Tn(ad).
0.9, ij= i

12



Now use item (2) together with ([2)), (£13) and (ZI4) to conclude that
F(T) = T (TpH) Wi+ T (Tp )W,

1 1
= 5 (aa* + aa) W, + ng(aa* —aa) W,~

1 1
= o+ aB W+ fla—atl W

In the last equality we have used that transposition is trace preserving, along with the identities a'a* =
(@a)t and a'(a’)* = (a*a)t. O

Corollary 4.6. Let T be a UCP(n)-map written in Choi form as T(z) = Z?:l a;zal, x € My (C), for
somed €N, a; € M,,(C), 1 <i<d.

(1) If all a; are symmetric, i.e., at = a;, 1 <i <d, then F(T) = W,F.
(2) If all a; are anti-symmetric, i.e., at = —a;, 1 <i < d, then F(T) =W, .

Proof. (1). If all a; are symmetric, then ¢~ (T') = 0, in which case by Theorem (3) it follows that
F(T) = ¢t (T)W, . Use now that F(T) and W, are unital to conclude that ¢*(7T) = 1. Ttem (2) is

proved similarly. (]

Corollary 4.7 (Mendl-Wolf, [9]).

(1) W, € conv(Aut(M,(C))), for all integers n > 2.
(2) W, € conv(Aut(M,(C))), for all even integers n > 2.

Proof. (1). It follows from Corollary FE8] (1), with 7' = id,,, d = 1, and a; = 1,, = a} that
W,F = F(id,).

This proves the claim because F(id,,) belongs to conv(Aut(M,(C))) by Proposition 2 (3).

(2). For each even integer n > 2, there is an anti-symmetric unitary v in M, (C). Take, for example,

Y= < 0 1’“) € M, (C),
-1z O

where n = 2k. It follows from Corollary [L.8] (2), with T = ad(v), d = 1, and a; = v that
W= = F(ad(v)).

Furthermore, F(ad(v)) belongs to conv(Aut(M,(C))) by Proposition 2 (3). O

Lemma 4.8. ||W, — W, ||cb = 2 for all n > 2.

Proof. Since W, and W, are UCP-maps, they are complete contractions, and hence |[W,F — W, ||cb < 2.
To prove the other inequality note first that

W) — W (2) = nfﬁ 1 <xt - %Trn(:zr) 1n) .

13



Let s = s, be the flip symmetry defined in ([@1]) and let ¢ = ¢,, be the projection defined in ([@3]). Then,
by the identity above,

1
ng — Eln

— _ . 2
IWor =W llew = [[ (W5 = W) @ idas, ) ()] = 5

n? —

thus giving the conclusion. O

Lemma 4.9 (Mendl-Wolf, [9]). For all odd integers n > 1,

2
v+ ot

2

min
veU (n)

2 n

Proof. In [9] (see Theorem 13 and its proof) it was verified that

. _ 2
(4.15) uénul&) T(vD) = — 1.
Since [|v + v||3 = 2 + 27(vd), formula [@IH) is equivalent to the identity we wish to verify. For the
convenience of the reader, we include an elementary proof of the lemma.
Let v € U(n) and set a = (v+v')/2 and b = (v — v')/2. Then v = a + b, a’ = a, and b* = —b. Since
n is odd and det(b) = det(b*) = (—1)" det(b), we conclude that det(b) = 0. Hence b€ = 0, for some unit
vector £ € C™. Thus ||a€|| = |[v€]] = 1, so ||la|| > 1. It follows that

2

v+ vt 1 . 1
] =iz = A > 1
To prove the reverse inequality consider the unitary
(4.16) v=-e11+ (€23 —e32) + (€45 —€54) + -+ (En—1,n — €n.n—1)-
Then v + v = 2e11, so ||(v + v')/2||3 = |le11||3 = 1/n, which completes the proof. O

Theorem 4.10. For each odd integer n > 3,

dey (W, , conv(Aut(M,(C)))) = 2/n.
Proof. Let v € U(n) be such that ||(v + v')/2||3 = 1/n, cf. Lemma FE9 or (I6). Since [v|j2 = [|vf|l2 = 1,
it follows from the parallelogram identity that ||(v — v')/2||3 = (n — 1) /n. By Theorem 3] (3),

F(ad(v)) = 1 W+

n n

We know from Proposition L2 that F(ad(v)) belongs to conv(Aut(M,(C))), so by Lemma 8|

n—1

W

| Do

det, (W, , conv (Aut(M,(C)))) < HW; - (% Wi+ "; ! W—>

n

1 _
=W, =W, len =
n

cb n

Let now v be any unitary in M, (C). The same reasoning as above shows that F(ad(v)) = A\W,[ +
(1 — \)W,7, where A = [[(v + v*)/2||3, and it follows from Lemma that 1/n < A < 1. Fix T in

14



conv(Aut(M,(C))). By convexity of the line segment {AW,5 + (1 — \)W,; : 1/n < X < 1}, we see that
F(T)= W+ (1 —\NW,, for some 1/n < X < 1. It follows that
Wo =Tllev = [[FW,) = F(T)[en
= W = QW+ (1 =)Wl
AWy =W, len = 24 > 2/n,

wherein we have used Lemma As T € conv(Aut(M,(C))) was arbitrarily chosen, we conclude that
deb (W, , conv (Aut(M,(C)))) > 2/n, as wanted. O

The corollary below follows immediately from the theorem above and its proof.

Corollary 4.11 (Mendl-Wolf, [9]). For each odd integer n > 1 and for 0 < XA <1,
AW+ (1= X)W, € conv(Aut(M,(C)))
if and only if A > 1/n.

5. FACTORIZABILITY OF THE HOLEVO—WERNER CHANNELS

It was shown in Corollary 7] that the Holevo—Werner channel W, for all integers n > 3, and W, for
all even integers n > 4, belong to conv(Aut(M,(C))), and hence they are factorizable. Also, it was shown
in [6] Example 3.1] that W5 is not factorizable. We shall prove here that the Holevo-Werner channels
W, are factorizable of degree 4, for all odd integers n > 5. Furthermore, we shall discuss factorizability of
convex combinations of W and W5, and determine the cb-distance from W; to the factorizable maps.
Keeping the notation from [G], we denote by FM (M, (C)) the set of factorizable UCPT(n)-maps.

Lemma 5.1. There exists five self-adjoint unitaries vy, v, vs,vq, vs in Ma(C) such that
(1) vivj +vjv; =0, when i # j (anti-commute),

(2) {viv; : 1 <i < j <5} is an orthonormal set in My(C) with respect to the inner product arising

from the normalized trace 74 on My(C).
Proof. This follows from standard Clifford algebra techniques. Consider the 2 x 2 matrices

T A B O P ()

Check that J, K, and L are anti-commuting skew-adjoint unitaries which satisfy the relations JK = L,
KL =J,and LJ = K. In particular, {12, J, K, L} is an orthonormal basis for M5(C) with respect to the
inner product arising from the normalized trace 72 on M2(C). Use these relations to see that the following

1, 0 0 1,

V1 = ) Vo = y

! 0 —1, "1, o
(0 -7 _ (0 K (0 L
T\ o) T \k o0 ) >\ o)

have the desired properties. (]

five 4 x 4 matrices
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Theorem 5.2. The following hold:
(1) W5 has an ezact factorization through Ms(C) @ Ma(C).
(2) W,

n

is factorizable of degree 4, for all odd integers n > 5.

Proof. (1). Let 0 = (04;)1<i,j<5 be a unitary matrix in M5(C) which is zero on the diagonal and such

that all off-diagonal entries have modulus 1/2. For example, one can consider

0 o B8 B «
1a00¢ﬁ6
a—gﬁaOaﬁ,

8 B a 0 «

a B B a 0

where o = —1/2 +iv/3/2 and 8 = —1/2 +i\/3/2. Use that |a| = |3| = 1 and Re(afB) = —1/2 to verify
that o has the desired properties. Further, let v1,...,v5 be as in Lemma [5.1] and define a unitary u by

uir U2 vt ULs vp 0 --- 0 vy 0 -+ 0

U21 Uz cc Us 0 v 0 0 vy 0
(5.17) u=1| . =1 _ (c®ly) | . _ ;

us1  Us2 - Uuss 0 0 Vs 0 0 Vs

where the block matrix entries u;; belong to My (C). We will show that
(5.18) Wy () = (ids @ 74) (u(z @ 14)u*), x € M5(C),
thus proving the assertion that Wy has an exact factorization through M5(C) @ M4(C).

Observe first that

Uij = T450;Vy, 1 S i,j S 5.
Since o;; = 0, for all j, and the v;’s anti-commute, we see that u;; = —uj;, for all 1 < 7,5 < 5.
Consequently, we can write
(5.19) w= Y i ®ug,
1<i<j<5

where a;; = e;; — €j;, for 1 <i < j <5, and where (e;5)1<i,j<5 are the matrix units in M5(C).

Recall from Lemma [5.1] (2) that {v;v; }1<i<j<5 is an orthonormal set in M, (C) with respect to the inner

product arising from the normalized trace 4. Using this fact together with (BI9) and (EI]), we can
conclude that for all x € M5(C),

(ids ® 1) (u(z @ 14)u*) = Z Z a(uijur,) ajjrag,

1<i<j<5 1<k<t<5

1 _
> oilPagal; = 1 > ayaay = Wy (),

1<i<j<5 1<i<j<5

This proves item (1).
(2). It follows from (1) that (2
k = (n—>5)/2. Define R € UCPT

(:E ) 0 o r11 T12
e = < 0 W2k<x22>>’ x‘(:fcﬂ m)EM"(C)’

16
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where the block matrix decomposition of z is taken with respect to the decomposition C* = C° & C?*, so
that 211 € M5(C) and xay € My (C). By Corollary BT (2), Wy, € conv(Aut(Mzx(C))), so there exist an
integer s > 1, unitaries uq, ..., us in Mo, (C), and positive scalars c1, ..., ¢, with Zle ¢; = 1, such that

Wy, = Z ci ad(u;).

i=1

For 1 <14 < s, define unitaries u;L and u; in M, (C) by

u 0 _ U 0
= y ui = )
0 u;®1y 0 —u;®1y

where u is the unitary defined by (EIT) above. Further define R*, R~ € UCPT(n) by

Jr
Uy

S

RE(z) = ci(idy @ ) (uf (z @ Lo)(u)?), @ € Mu(C).

i=1

Then R = (Rt 4+ R7)/2, and hence R is factorizable of degree 4. As before, let (e;5)1<; j<n be the matrix
units in M, (C) and set a;; = e;; — e;; for 1 < i < j < n. Then, by (@I,

W7($11) 0 1 1
R(x) _< ’ _ =1 2 ey to— D aira
0 W (222) 1<i<j<5 2k —1 6<i<j<n

Since a —ajj, for all 4, j, it follows from Corollary .6l (2) that

t,, =
ij
W= =F(R)= / pu(R) du.
U(n)

The map p,(R) = ad(u) Rad(u') is factorizable of degree 4 for each u € U(n), and hence so is W, . O

We will need a few intermediate lemmas before we can prove Theorem below. Given a finite von
Neumann algebra N with normal faithful trace 7y and 1 < p < oo, we shall consider the p-norm of
elements in M3(N) defined as follows:

e yEAT
lally = (rs @ 78) ((@*2)8) /7, @ € M(N).
Lemma 5.3. Let N be a finite von Neumann algebra with normal faithful trace Ty, and let
u = (uij)lgi,jSB EMg(N), Ujj €N,

be a unitary operator. Let ul = (uji); ; € M3(N) be the transpose of u, and set b= (u —ul)/2. Then

(1) 1ol <5/3,
(2) [IBlI3 < [[Dl]2,
(3) [Iol5 = (3/2) [[B]l3-

Proof. (1). Denote the transposition map = +— ' on M3(C) by t3, so that v’ = (t3 ® idy)(u) and
b= (1/2) ((id3 — t3) @ idn)(u). It suffices to show that

(5.20) lids — t3[en < 10/3.
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To prove (B.20), we first show that W, — (1/6)ids is a completely positive map. For this it suffices to

show that its Jamiolkowski transform, W5 — (1/6) ids is a positive operator in M3(C) ® M3(C), cf. [2
Proposition 1.5.4]. We know from ([£I12) that

3
— 1 —~ 1
W;LZEpJF, 1d3=§ Zeij®€ij:q

4,j=1

where p™ = p§ and ¢ = g3 are the projection in M3(C) ® M3(C) defined in (&I) and @3). It was
observed right after [@3]) that ¢ < p, and so V[//Er - (1/6)1d/\3 > 0. This proves that W3 — (1/6)ids is
completely positive. Furthermore, it follows from the definition of the Holevo—Werner channels in (Z10),
that 263 = 4W5" — 2W5 . Thus ids — t3 = ids + W5 — 2W," = ((2/3)ids + Wy ) — 2 (W55 — (1/6)id3),
and hence

10

§§+2.§:_
b 3 6

. 2. _
[lids — t3|en < Hg ids + Wy 3

1
+2 ng — —ids
cb 6

because ||T||cr = ||T(1)|| for every completely positive map 7.
3 3 : * ) % * 3
(2). Note that [[u’[|3 = (1/3) 357 j—y lwsill3 = (1/3) 327 ;= lluai 13 = llull3 - Since (uTw*)* = u(u®)*, it
follows that

Re(r3 @ 7v) ((u —b)b*) = (1/4)Re(r3 @ 7nv) ((u + u®)(u — u®)*)
= (/4 (Iull3 = 1 + Re(rs © ) (u(w)* = u'u”) ) =0.

We conclude that
0 = Re(rs @ ) ((u — b)b*) = Re(r3 ® 7o) (ub*) — [[bll5 < [lub®|[x — [[bll5 = [Ib]l» — [[b]13,

which proves (2).
(3). The element b € M3(N) has the following matrix representation

0 z -y
1 1 1
b=|—-z 0 =z |, where z= 3 (u23 — us2), y=5 (usz1 — u13), 2=5 (u12 — u21),
y —xz 0
and [[[13 = (2/3) (=] + [[y13 + [|2]13). Moreover,
Yy + 2%z —y*x —z*x
b*b = —x*y 2z 4+ axtx —2*y
—x*z —y*z r¥x + y*y
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Hence
b3 = 15°bl3
1 * * * * * * * * *
= (I y+ =213+ =2 + 2*all3 + la"z + y I3 + 2la"yll3 + 22113 + 201273
2 * * * * * * * * *
= (2" 2l3 + Iyl + =" 203 + 7 (y7y="2) + 7 (=" 22"2) + 7 (2" ay"y)
+rn(za*yy®) + T (yy*zz2") + TN(zz*ajx*))
1 * * * 112 * * *1(12
5 (la*z +y'y + =213 + laa* + yy* + 2"13)
1
3 (TN(x*x +yty 4+ 2%2)? + T (wrt +yyt zz*)2>
2 2 3
= 5 (I=I3+ w3+ 1213)" = 5 Nl

Along the way we have used Cauchy—Schwartz inequality, which in our context asserts that |rn(a)] <
llall2 - [|1n]|2 = ||all2, for all a € N. O

Lemma 5.4. Let (N,7n), u € M3(N), and b= (u —u?)/2 be as in Lemma[53 Then ||b||3 < 25/27.

Proof. Denote the normal faithful tracial state 73 ® 7y on M5(N) by 7. Consider the positive element
h=(6/5)|b| in Ms(N). Then, by Lemma 53]

(5.21) 0<h<2I, 7(h?) < (6/5) 7(h), 7(h*) > (3/2) 7(h?)?.

Consider the spectral resolution h = foz AdE()) of h, and define a probability measure u on [0,2] by
=70 FE. Then

2
T(h"™) = / t" du(t), n > 0.
0
The polynomial p(w) = (w — 1)?(w — 2)(w + 4) = w* — 11w? + 18w — 8, w € R, is negative on [0, 2], so
2
(5.22) 7(h*) — 117(h?) + 187(h) — 8 = 7(p(h)) = / p(w) dp(w) < 0.
0

Set a = 7(h?). Then 7(h) > (5/6)a and 7(h*) > (3/2)a? by (B2I). Inserting o into (B22) yields
(3/2)a? — 11a + 18- (5/6) a — 8 < 0, which implies that 7(h?) = a < 4/3. This shows that

5\ 2 5\ 4 25
bi=(2) 7)< (2) - ===
16112 <6> 7( )_<6> 3= 50

as desired. O

The following lemma gives a generalization of Theorem (3).

Lemma 5.5. Let n > 1 be an integer, N a finite von Neumann algebra with a normal faithful tracial
state T, and let a = (ai;)1<ij<n € Mn(N). Define T, € CP(n) by To(x) = (idn, ® 7v)(a(z @ 1y)a*),
x € M, (C). Then

F(To) = (1/4) la+a'|3 W + (1/4) [la = a'|3 Wy,

where a' = (aj;)1<i j<n € Mp(N) is the transpose of a.
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Proof. We compute the Jamiolkowski transform of T,. Write a = ZZ /—1 €kt @ agp, where ape € N. Then

3
I
3=

Z Tu(eij) @ e4j
=1

) 1 n n
Z (id, ® Tv) (a(es; ® 1n)a*) @ ey; = - Z Z TN (@ikaje) €ij @ ep .
ij=1 ij=1k,t=1

SN

It follows from Theorem [£3] (2) that
F(To) = T(Tap") W + Te(Tap™) W,

where p* = pf are as in [@Z). Recall that p* = 1(1 +s), where s = s, is defined in ([@I)). Hence
(eij @ exe) pt = (eij Qe ey ® ekj)/2. Thus

_ 1 n n
(T, pT) = — Z Z v (@inaje) Tr(e;; @ ene £ eir @ egy)

N
S

I
[N
S=
[~]=
\]
=z
—~
£
ol
&9
ol
S~—
H_
l\>|)_l
()=
\]
P4
—~
£
>
S
¥
t../

This proves the claim. 0

Theorem 5.6. The following hold:
2 25

(1) o Wit + 77 W3 has an ezact factorization through Msz(C) ® Ms(C).
_ 4
(2) dep(W5 , FM(M3(C))) = 77

Proof. Let s = s3 € M3(C)® M3(C) be the flip symmetry defined in (@I]) and let ¢ = g3 € M3(C)® M3(C)
be the projection defined in (A3). Since sq = ¢ it follows that u := s — 2¢ is unitary in M3(C) ® M5(C).
We claim that

2
27

25

(5.23) >

Wi+ = Wy = (id3 @ 73) (u(z ® 13)u”), x € M5(C),

from which (1) will follow. Set a;; = e;; —e;; and bj; = e;; +ej;, 1 <i < j < 3. Recall from [@II) that

Wy (x) =

] =
/

3
Z bijxb; + 2 261-1»906;}), W3 (z) = % Z aijras; ,

1<i<j<3 1<i<j<3

for all € M3(C). Moreover,

3
u:%zeii@)en‘-l-% Z bij®bij_% Z a5 @ gj.
i=1

1<i<j<3 1<i<j<3
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Since {611,622,633,blg,b137b23,a12,a13,a23} is an orthonormal set in Mg(C) with respect to the inner
product arising from 73, and since |le;;[|3 = 1/3 and ||a;;(|3 = [|bi;]|3 = 2/3, then for all z € M3(C)

3
, . 1/1\2 . 27182 . 2/5\2 .
(ids ®7’3)(u(:17® 13)u ) = §(§) Zeiixeii + g(g) Z bijwhy; + 5(6) Z aijraj;
i=1 1<i<5<3 1<i<5<3
2 25
= EW?’ (x) + 2—7W3 ().
This proves (5.23]).
(2). Tt follows from (1) and Lemma [J that
_ _ 2 25
dcb(W3 ,fM(Mg((C))) < ||Ws — —W; + = W;
27 27 "
2 4
< WS Wl = —.
= 97 ||W3 W [ 27

To prove the reverse inequality, let 7' € FM(M3(C)). Then T(z) = (id3 ® 7v) (u(z @ 1x)u*), x € M3(C),
for some finite von Neumann algebra N with faithful normal trace 7y and some unitary operator u €
M3(N). By Lemma [55]

1 1
FT) = 5 lu+ |3 Wif + o llu = ol Wy = AW, + (1= )W,

where A = (1/4) ||u+u!||3. (By the parallelogram identity, (1/4)[|u+u'||3+ (1/4)|u —u!||3 = (1/2)|lu]3 +
(1/2)|u'||3 = 1.) Recall from Lemma [5.4] that ||u — u?||3 < 25/27. Hence A > 2/27. Since the twirl map
F is a complete contraction and F(Wy ) = Wy, it follows that

W =Tl = [[W5" = F(T)]le,

= W5 - ()‘W:"‘(l_)\)W;)”cb = AWy _W3+||cb = 2)\ = 4/21,

wherein we have used Lemma O

The following corollary follows now immediately by convexity of the set of factorizable maps:

Corollary 5.7. Let 0 < A < 1. Then
AW+ (1= XN Wy € FM(M;5(C))
if and only if X > 2/27.

6. THE CASE OF THREE TENSORS 1)\ ® T ® T’

For A € [0,1],set Tx: = AW +(1—\)W; . As we have seen (cf. CorollaryEETT]), Ty € conv(Aut(M;z(C))
if and only if A € [1/3,1], and, respectively (cf. Corollary B1), Th € FM(M3(C)) if and only if \ €
[2/27,1]. Further, Mendl and Wolf proved in [9] that for some 0 < \g < 1/3, one has

(6.24) T\ ® Ty € conv(Aut(My(C)), for all X € [Ao,1].

The value A\ is not stated explicitly in [9], but following the details of their proof one can show (see
Remark 6.5 (i¢) below) that (624 holds for

Mo=(V2-1) (1 - %) ~ 0.17507 .
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It follows that for all A € [\g, 1] and for all even integers k > 2, one has TF € conv(Aut(Mazx(C))).
However, the results in [9] do not imply that, e.g., Th @ T\ @ T € conv(Aut(M27(C)), for any A € (0,1/3).
Our main result in this section is the following:

Theorem 6.1. For every \ € [1/4,1] and every integer k > 2,
TSR € conv(Aut(Msx (C))) .

Since Aut(M,(C)) ® Aut(M,(C)) C Aut(M,(C) ®@ M,(C)), for all positive integers p,q, it is clearly
sufficient to prove that for all A € [1/4, 1],

(6.25) T\ @ Ty € conv(Aut(My(C))),
and, respectively,
(6.26) T\ @ T ® Ty € conv(Aut(Mar(C))).

In view of Mendl and Wolf’s result (cf. above comments), it suffices to prove ([6.26). Nonetheless, in the
process of establishing (6.20]), we will also provide an elementary proof of (6.20]), based on ideas from [9].

Before proving Theorem 6] we establish some preliminary results. Let F' € B(M3(C)) be the twirling
map introduced in Definition 1] considered in the case n = 3. Then FF'® F € B(M3(C) ® M3(C)) is given
by

(6.27) (Fe F)(T)= / ad(u ® v)Tad(u' @ v")dudv, T € UCPT(3).
U3)xU(3)

In particular, we have as in Proposition [£.2] that

(6.28) (F® F)(UCPT(9)) C (UCPT(9)),
respectively, that

(6.29) (F ® F)(conv(Aut(My(C))) C conv(Aut(My(C)).
To simplify notation, we set in this section

(6.30) wt=ws, w-=w;,

where W5~ and W5 are the Holevo-Werner channels in dimension n = 3 defined in @I0). Moreover, let
S and A, respectively, denote the symmetrization (resp., anti-symmetrization) map on M3(C), that is,

(6.31) S(a) = (a+a')/2, ae€ Ms(C),
(6.32) Ala) = (a—a")/2, a€ Ms3(C).
Lemma 6.2. Let u € U(M3(C) ® M5(C)). Then
(6.33) (F@ F)(adw) = [[(S@S)WZWT oW’ +[(S@ A)(u)|W oW
HARS) W W' +[[(A A)(w)|3W- @ W™
Proof. Given a,b € M3(C), define T, T, € B(M3(C)) by
Tos(x) = azb*, Ty(z) = Taa(z) = aza*, x € Ms(C).
Then for @ € M3(C) we have by Theorem EH (3
F(T,) = |S@3W* + A |3W .

) that
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Hence, by using the polarization identity Ty p = (1/4)(Tot+s — Tu—b + iTuyin — iTu—ip), it follows that
F(Tap) = (S(a), S0)WT + (A(a), A(b))W ™,
where (a,b): = 13(b*a). Furthermore, for a1, az,b1,b2 € M3(C), Ta,2as,b:0bs = Tuy.by @ Tas by, and hence
(F®F)(Tal®a2,b1®b2) = F(Tal,bl) ®F(Ta27b2)
((S(a1), S(b1))W* + (A(ar), A(br1))W ™)
® ((S(a2), S(b2))W™ + (A(az), A(b2))W ™).

Since the map (a,b) — T, p is linear in the first variable and conjugate-linear in the second, it follows that
for all a,b € M5(C) @ M5(C),

(FRF)(T.p) = (S®9)(a),( S@S)0)WTeaWT + (S®S)(a), (S A)B)WT W™
+{(A®8)(a), (A2 S)(L)Y W~ @WT + (A A)(a),( A2 A)B) W~ oW .

The conclusion follows now by taking a = b = u in the above equation. O

The following lemma can be extracted from Mendl and Wolf’s paper [9], cf. Remark [6.3] (4) below. We

present here a more direct proof, based on ideas from [9].
Lemma 6.3. Set W,, = (Wt @ W~ + W~ @ W)/2. Then the operators

2 25 2 1
QqL=Wrewt, Q2:§W+®W++ﬁW*®W*, Q3:§Wm+§W*®W*

are all contained in conv(Aut(Ms3(C) @ M3(C))) .

Proof. The statement about @ is clear from Corollary 7] (1). Consider next the unitary u from the
proof of Theorem 5.6l namely,

3
UZ%Z%@(%@'-F% Z bij®bij_% Z Ajj & i,
i=1

1<i<j<3 1<i<j<3

where bi)j =ejj + €j; and Qi j = €45 — €44, 1 <1< j<3. Then

3
1 1 )
(S®8)(u) = 3 E €i ® eii + & E bij @bij, (A®A)(u) = ~5 E aij ® agj .
i=1

1<i<j<3 1<i<j<3

Moreover, (S ® A)(u) =0= (A ® S)(u). Hence, by Lemma [6.2]
(F @ F)(ad(u) = [(S@ S)(u)[ZWT oW + (A0 A) ()3 W~ e W™ .

Using the orthogonality of the set of vectors {e11, €22, €33, b12, b13, b2s, a12, a13, as3 }, together with the fact
that ||€”||§ = 1/3, ||CL1J||% = ||bU||§ = 2/3, 1 S 1< j S 3, we obtain that

I(S @ S)(W)l3 =2/27, [[(A® A)(u)]z = 25/27.

Combined with ([629]), this shows that Q2 = (F @ F)(ad(u)) € conv(Aut(Ms3(C) @ M3(C))). Consider
finally the matrix v € M3(C) @ M5(C) given by

UV = V1 + wvug + wWus,
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where w = (—=1/2) +i(v/3/2), @ = (—1/2) — i(v/3/2) and
v = e12 W eje +e23 @ eo3 +e31 Xesr, v2 =e12 ez + e23 Qese+ e31 ey,

v3 = e21 ®e12 +e32 @ e23 + €13 X esr.

Note that |w| = |©] = 1. By the standard identification of M5(C) ® M3(C) with My(C), we have

00 001 0 0 00
00 0w OO 0 00O
00 0000 @w 00
0w 0 0 0 0 0 00
v=|(0 0 0 0 0 0 0 0 1],
00 0000 0 w0
0 0w O OO0 0 00
00 000 @ 0 00
10 0 000 0 00
which shows that v is unitary. Moreover, using w + @ = —1 and w — @ = iy/3, we have the following
S®S)(v) = 14+w+w)=0,
1
(AeA)w) = (1-w-0)(Ae4) () = 3 > a®ay,
1<i<j<3
- 1 —2\/—
(S@A)(’U) = (1—w—w)(S®A)(U1) = 1 (b12®a12+b23®ag3—b13®a13) ,
1+iv3
(A® S)(v) = 1 (@12 @ b1z + a23 @ bag — a13 @ bi3) .
Hence,
[(A® A)(v ZHQWHQ__v I(S ® A) ()3 = I(A® S)(v leaull waH2——
Z<J Z<J

By Lemma and ([6.29), we deduce that
Q3 = (F ® F)(ad(v)) € conv(Aut(M3(C) @ M3(C))),

which completes the proof.

Next we will consider operators in B(M3(C) ® M3(C) ® M3(C)). To simplify the notation, set

W+++ — W+®W+®W+,
1
Wa = sWreWwreWw +WreW oW +W oW eW"),
1
Wo = sWreW oW +W-aWreW" +W-aW-aW?),
W = W oW oW .

Furthermore, let o € B(M3(C) @ M3((C) ® M3(C)) denote the unique linear map for which

(6.34) o(T1@Th@T3) = 5 Z Tty ® Tr(ay @ Trgzy,  Th,To, T € B(M3(C),
TES3
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where Ss is the group of permutations of {1, 2,3} and |Ss| = 6. It is clear that ¢ maps conv(Aut(M3(C)®
M3(C)) ® M3(C)) into itself.

Lemma 6.4. The following four operators

1 1
Ry = g(W+++ +2W,5), Ry = Sl QW 1 aW; + 25W,, +50W "),

1 1
Ry = §(QW; +5W,, +2W""7), Ry= % (AWHHt 4 168W,1 + 3W,, +14W ")

are all contained in conv(Aut(Ms3(C) @ M3(C)) ® M3(C)) .

Proof. Recall that (1/3)W* + (2/3)W~ € conv(Aut(M;5(C))). Let Q1,Q2,Q3 € conv(Aut(M;(C) ®
M3(C))) be as in Lemma[63l By a straightforward computation,

1 2
Ri=0<Qi®<§W++§W>> , i=1,23.

Hence R1, R2, R3 € conv(Aut(M;3(C) @ M3(C)) ® M3(C)). To prove the same statement for Ry, we will
show that

1 26
~ 27 27
with respect to the standard identification of M3(C) ® M3(C)) ® M3(C) with Ma7(C). The desired
conclusion will then follow by Corollary 111 We first show that

(6.35) Ry Wb + =Wy,

1

(6.36) Wyt = ?(4W+++ +3W,,),
1

(6.37) W, = —(12W,F + W—~7),

13

from which (635) will follow immediately. In order to prove (630 and (6.37]), observe first that with
respect to the standard identification of M5(C)® M3(C))®M3(C) with Ma7(C), we have Say = S3053®.53 ,
where S, is the completely depolarizing channel in dimension k € N. Moreover, to7 = t3 ® t3 ® t3, where
ty : x — ' is the transposition map on M (C). By (EI0),

Wt = (353 +1t3)/4, W~ = (353 —t3)/2.
Therefore, Sz = (2W* + W~)/3 and t3 = 2W* — W~ . Hence

1

(6.38) T

1
QW +W)®3 = §(8W+++ +12W,E +6W,, + W),
and, respectively,

(6.39) tor = QW T+ W) = 8W T —12W,F +6W, — W~ 7).

Since by (@I0),
1 _ 1
W;’% = 2—8(27527 + f27) , W27 = 2—6(27527 — t27) ,

relations ([63]) and ([G39) imply (636) and ([G37), which prove ([G35), and complete the proof. O
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Proof of Theorem Consider the matrix

B =

o o o
NEJR=RM®
Wi W O

Note that det(B) # 0. By Lemma [63]
(Q1,Q2,Q3)=WHreWt W, W @W )B.

Here (71,2, ..,x,) denotes the n-dimensional row vector with components x1,xs, ..., z,. Hence (W' ®
W+ W , W= W) =(Q1,Q2,Q3)B~!. Note next that
Th@Ty = AW+ (1 - W )2
= NWreaWr+201 - MW, + (1 =AW W™
)\2
= (Q1,Q2,Q3)B [ 2x(1-))
(1-N)?
= p(NQ1 +p2(N)Q2 + p3(N)Qs,

pl()\) )\2
where | po(A) | =B~ 2A(1 = \) | . Since (1,1,1)B = (1,1,1), then also (1,1,1)B~' = (1,1,1). Hence
p3(N) (1=N)?
p1(A) + p2(A) +p3(A) = A2 +2X(1 — \) + (1 — N\)2 = 1. It follows that if p;(\) >0, i = 1,2,3, then by
Lemma [6.3]

Ty®T) € CODV({Ql, QQ, Qg}) - COHV(Aut(Mg(C) & Mg(C))) .

Elementary computations in MAPLE or MATHEMATICA yield
1 27
p1(A) = %(21% +6X—2), pa(N) = %(2% —3X+1), p3(N) =3A1—=\).
The roots of p; are A\] = (=3 ++/51)/21 ~ 0.19721 and A\ = (=3 —+/51)/21 < 0, while the roots of ps
are 1 and 1/2. Hence p;(A) >0 i =1,2,3 when

(6.40) AT <A<1)2.

Thus T\ ® Ty € conv(Aut(Ms3(C) @ M3(C))), when A satisfies ([G40]) . Since, on the other hand, T\ €
conv(Aut(Ms(C))) when A € [1/3,1], we have altogether shown that

(6.41) Ty ® T\ € conv(Aut(M3(C) ® M3(C))), for A € [\],1].

Since A\] < 1/4, this implies ([6.25). We next prove (6.26)) in a similar way, this time by applying Lemma
Consider the matrix

1 2 4
3 81 0 189
2 4 2 168
_ 3 81 9 189
C= 0 2 5 3
81 9 189
0 50 2 14
81 9 189

Then det(C) # 0, and by Lemma [6.4]

(Ri Ry, Ry, Ra) = (W W0 W Wo)C.
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Therefore (W W.r W, W~"") = (R1,R2,Rs,R4)C~!. Note next that
ThRT\QT\, = (/\W+ + (1 — )\)W_)®3
MW £ 302 (1 — VW5 4+ 301 = N2 W, + (1 =AW,

By arguing further as in the proof of (G28) above, we have T\QT\QT = Z?:l qi(M)R; , where q1, q2, q3, qa
are the polynomials in A given by

aq1 ()\) )\3
q2(N\) 3=
g3(A) BA(L = A)?
q1(A) (1=N)?

Moreover, ¢1(A) + g2(A) 4+ ¢3(\) + ga(A) = 1. Hence, if ¢;(A\) >0, i =1,2,3,4, then by Lemma [6.4]
T)\ (24 T)\ (24 T)\ S CODV({Rl, RQ, Rg, R4}) g COHV(Aut(Mg(C) X Mg(@) (24 Mg(C))) .
Explicit computations in MAPLE or MATHEMATICA yield

15 123 77 149 927 . 1971 1620 397
A= 2322y Oy A) = 2ty e 020y 00
oV =7 00" Y100t 000 0 W s T 300 200 " 200"
15, 33, 10 7 ;
BN = FN = TN 10N - G = -5 BA -1

The polynomial ¢; has only one real root, A\; ~ 0.23971. The polynomial g2 has three distinct real roots:
A~ 0.45606, AP ~ 0.75435 and A & 1.70959.. Respectively, the polynomial g3 has also three distinct
real roots: )\gl) ~ 0.14241, )\gz) =~ 0.89425 and )\gg) ~ 1.16334, while ¢4 has only one root Ay = 1/3, with
multiplicity 3. Taking into account the sign of the leading terms in ¢;(\), i = 1,2, 3,4, we deduce that
¢i(A) >0,i=1,2,3,4, whenever X € [A1,1/3]. It follows that for all A € [Ay,1/3],

(6.42) Ty ® Ty ® Ty € conv(Aut(Ms(C) ® M;(C) @ M;(C))).

Combining this with the fact that Ty € conv(Aut(M3(C))) when X € [1/3,1], we conclude that (G42])
holds for all A € [A1,1]. This proves (6.26)), since A\ < 1/4, and completes the proof of Theorem [6.1]

Remark 6.5. (i) As mentioned at the beginning of this section, a different proof of Lemma can be
extracted from Mendl and Wolf’s paper [9]. We will briefly explain the ideas of their proof using our
terminology. Let o2 be the unique linear map on B(M3(C) @ M3(C)) for which

(T @Ty) =(TiTy+Te®T)/2, Ti,Tx € B(M3(C)),
and set §: = o090 (F ® F). Then by ([6.29),
(6.43) B(conv(Aut(Mg(C))) C conv(Aut(My(C)),
and by Lemma [6.2] we also have
(6.44) B(conv(Aut(My(C))) C conv({Wt @ W W,,, W™ o W™}),
Consider next the unique affine map a: conv({W+ @ W+ W,,, W~ ® W~}) — R? for which
aWTreWh) =(1,1), a(W,) =(-1,0), a(W- W) =(-1,1).
In [9] Sections V.A and VIIL.C] it is proved that the set
(6.45) A= (a0 B)(Aut(My(C)))
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contains the blue area (here denoted by Ag) (see [9, Fig. 3, p.17]). Note that A is the convex hull of two
points, namely, (1,1) and (1/9,—7/9), together with the path I' = {(¢) : t € [0,1]} in R? given by

(6.46) y(t) = % (—g(t+1)2+3,16t2—7) . telo,1],

(cf. [9 formulas (23), (36) and (37)]). The path IT" is obtained by an explicit construction of unitaries
u() € U(M3(C) ® M3(C)), 6 €[0,7/2],
for which (o 8)(u(f)) = vy(cosd). We now have
aWHeWt) =(1,1) € Ay,
and by letting ¢ = 1 and ¢ = 1/2, respectively, in ([646]), we deduce that

23

— M/ M/ — M/ M/ - — [

C
% 1)€F_Ao

and, respectively,

2 1 1 1
a(§Wm+§W oW ) _ (_g,_§> eTC Ay,
Since « is one-to-one, it follows that @1, Q2 and Q3 from Lemma are all contained in a~1(A) =
B(conv(Aut(Mg(C)))) C conv(Aut(My(C))), as claimed.

(i) Let o, B, A and Ay be as defined above. Mendl and Wolf’s proof of the fact that there exists
Ao € (0,1/3) such that T\ @ T € conv(Aut(Mg(C))), for all A € [Ao, 1], is obtained by considering the

path A in R? given by
A={a(Tx®@Ty): A€ [0,1]} ={(2A—1,(2A = 1)?) : A € [0,1]},

which is the orange-colored parabola in Fig. 3 of [9]. The two paths I" and A intersect in precisely one
point, called pr, whose first coordinate is equal to —1/3 — &, where ¢ = (2/3)(4 — 3v2 — V3 + V6),
according to [9] Sect. V.A]. Hence pr = a(Th, ® Ty, ), where \g is determined by

22 —1=-1/3—¢.
Thus Ao = —1/3—¢/2 = (v/2—1)(1—-1/+/3) = 0.17507. By [0, Fig. 3], a(Th®T)) € Ay, for all X € [Ao, 1],

and hence

T\ @ Ty € B(conv(Aut(My(C)))) C conv(Aut(My(C))),
for all A € [Ao, 1].
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