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NUMERICAL APPROXIMATION OF THE SINGULARLY
PERTURBED HEAT EQUATION IN A CIRCLE

YOUNGJOON HONG

ABSTRACT. In this article we study the two dimensional singularly perturbed heat
equation in a circular domain. The aim is to develop a numerical method with a
uniform mesh, avoiding mesh refinement at the boundary thanks to the use of a
relatively simple representation of the boundary layer. We provide the asymptotic
expansion of the solution at first order and derive the boundary layer element re-
sulting from the boundary layer analysis. We then perform the convergence analysis
introducing the boundary layer element in the finite element space thus obtaining
what is called an “enriched Galerkin space”. Finally we present and comment on
numerical simulations using a quasi-uniform grid and the modified finite element
method.

1. Introduction

In this article we consider the two-dimensional singularly perturbed heat equation
of the form

aait —eAur=f, inDx(0,T),

(1.1) u(z,y,t) =0, on dD x (0,T),
u(x,y,0) = up(z,y), on D,

where 0 < € < 1 is the heat conductivity and D is the unit disc centered at (0, 0).
The functions f = f(z,y,t) and ug = ug(z,y) are assumed to be sufficiently regular.
We also assume the compatibility condition

(1.2) up =0 on dD.

The numerical methods for singularly perturbed problems have been studied in
many articles. In [24], [25], [28] and [29] the authors proposed numerical methods
for stationary convection-diffusion equations using finite element methods. More
recently, one can find numerical results for parabolic type problems in [3], [9], [21], [22],
and [34]. In those articles the authors utilized mesh refinement near the boundary.
Furthermore, for the parabolic type cases, the authors mainly focused on the finite
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difference methods in a unit interval or rectangular domains and this did not address
the issue of the curved boundary in the context of time dependent problems. Our
object here is to address these issues. We do so and avoid the costly mesh refinements
at the boundary using some results from the boundary layer analysis.

In an earlier work [I1], which gives the theoretical background of this article, one

can find the asymptotic expansion for the solution of (LI]) in a smooth domain and
the H'-estimates for the “error” (see below). In this article devoted to the numer-
ical analysis of (L)) we first look for H?-estimates of the “error”, which play an
important role in the numerical analysis, thus completing the results in [I1]; see e.g.
Remark 2.I] and Theorem 2.1l We then introduce the boundary layer element based
on the boundary layer analysis. Incorporating the boundary layer element in the
finite element space, we obtain the proposed “enriched” Galerkin space to be used in
the numerical simulations (together with a “uniform” mesh). Then we perform the
convergence analysis applying the Aubin-Nitsche trick (duality argument) as in [1],
[6], [15] and [23]. We then present the results of our numerical simulations using a
quasi-uniform grid and the enriched finite element space.
For the time-dependent problems, the mesh refinement is rather costly since we have
to consider large scale matrices at each time step. Moreover, if the domain is not
rectangular as is the case in our problem, the finite difference methods are not prac-
tical. This justifies the approaches used in this article which, we believe, should also
be applicable to many other types of time-dependent singularly perturbed problems
such as reaction-diffusion equations. In addition we intend, in the future, to extend
our numerical methods to the linearized Navier-Stokes equations when the viscosity
is small; see e.g. [10], [32], [33], and a forthcoming article [13].

The concept of enriched space and boundary layer element was first introduced in
[26]. Unaware of [26], the authors of [5] and [6] introduced independently a similar
concept for the one-dimensional equations. Especially, in [6], the authors studied the
numerical analysis of the one-dimensional time-dependent problem. In [16], [18], and
[19] the authors presented the numerical methods for the two-dimensional stationary
convection-diffusion equations using the finite element methods and finite volume
methods in a rectangular domain. Lately, in [12], [I4] and [20], the time-independent
equations were considered in a circular domain.

This article is organized as follows. In Section 2] we look for L>(0, T; H?) estimates
of the error between the exact solution u¢ and its asymptotic expansion to a certain
order. In Section [ we define the boundary layer element which we incorporate
in the finite element space, and provide the convergence analysis for the enriched
finite element approximation using the duality argument. In Section [ we present
approximate boundary layer elements and perform numerical applications using these
elements.
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2. Asymptotic analysis

2.1. Boundary fitted coordinates. The weak formulation of (I.1l); reads
To find u®: (0,7) — H}(Q) such that

@2.1) (Opus,v) + e(Vus, Vo) = (f,v), Yo € Hi(Q),

' u(0) = up.

The formal limit problem of (I.1), namely when e — 0, is easily seen to be

0
o mDx(07),

u(](x’y’o) ZUO(zay) on D.

(2.2)

Hence, we easily find the explicit solution u°(z,y,t) = ug(z,y) + fot f(z,y,s)ds. To
investigate the boundary layer in the circular domain, we first introduce the boundary
fitted coordinates as in [14]

z = (1—¢)cosn,
Y= (1 - g) Sinnv

where £ = 1 — r, r is the distance to the center, and 7 is the polar angle from Ox.
We then define the domains D* and D 1 as follows:
D* ={(n,€) € (0,2m) x (0,1)},
. 1
Dy={(n&eD ¢< )

Using this change of variables, we obtain

(2.3)

1
2

o 0  sinn 0 o . 0  cosnd
(2.4) i cosnag 1 —coy oy Smn8§+1—§0n’
and then (I.I), becomes

o ouf . ouf e O%uf e out Qe
(25) Le(u)_ BT —eAut = ot - (1_£>2 8772 + 1—58—5_68—52—.]0.

2.2. Convergence analysis. We first look for the expansion of u¢ at first order:
(2.6) ut =~ u’ + 6,

where u° is the solution of (2.2), and #° is the first corrector. Setting f = 0 in (23,
and using the stretched variable £ = €*¢, (2.3)) is transformed to
o € D*u e dut 5, 0%

(27) ot - (1 o 6045)2 anz + 1— 60‘58—5 - 852
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The dominating terms in (2.7)) are
ous | 5, 0%uf

(2.8) 5 € e

=0,

and tklus the reasonable thickness of the boundary layer is a = % so that & = e%§ ,
with £ = O(1) in the boundary layer.
Then, we obtain the equations for the corrector §° = 0°(n, &, t):

(900 9200
%it - %; —0, inD*x(0,7),
(2.9) $0%n,0,t) = —u’, at £=0,
0°(n.€,0) =0,
0" — 0, as & — 00.

The explicit solution §° is

t 0
(2.10) 6° = —/0 I(&,t— )%(n,o s)ds,

where

I(¢,t) = erfc(\/f_)
(2.11) erfc(z) = 1 — erf(z \/7/ exp dy,
erf(z \/7/ eXp dy,

see e.g. [4]. To avoid the singularity of #° at the origin (at £ = 1), we introduce the
approximation

(2.12) °(n, €, 1) = 6°5(¢)

where §(§) is a smooth cut-off function such that §(§) = 1 for 0 < ¢ < 1/4 and
(¢ =1for1/2 << 1.
We need an additional compatibility condition as in [I7] to estimate the higher order
derivatives of #y; namely

ou’

(2.13) S (0.0,0)=0.
Due to (2.2)),
0
(2.14) Wyl onon,
t=0
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and hence we require the compatibility condition
(2.15) f(z,y,0) =0, on ON.
We now recall the following lemma from [I1].
Lemma 2.1. For m = 0,1 and k > 0, the following pointwise estimates hold for
0° = 0%n, & t):

m £2
(2.16) \8§8§“90| < Ke 2 exp ( — 4—€t)
Moreover, for (n,§) € Dy, and for j =0 and m > 2, and for j > 1 and m > 0, we
find

2

t
kgm0 < pee—i—m+3 —2j—m+1 S
(2.17) 070, 080" | < ke /0 (1+s ) exp ( 4€8>d8

Here and below k 1s a positive constant which is independent of € and may depend on
the data and which may be different at different occurrences.

Furthermore, we recall the definition of an e.s.t..

Definition 2.1. A function or a constant depending on €, g, §¢ is called an exponen-
tially small term, and denoted e.s.t., if there exist 3, 3 > 0 such that for any k > 0,
there exists a constant cg g > 0 independent of € such that

(2.18) 15[+ < .00 exp(=B/€7).
Of course ||Ge|lg+ = |§¢| if ¢ is a constant.

Lemma 2.2. For j,k,m > 0, we find that
ik qm (p0 _ 70 :
(2.19) H(?g&n&g (0° -6 )HLQ(D%) is an e.s.t.,

fort e [0,T].
Proof. For m =0, 1, by (216]), we deduce that

27 %
= [ okoria = apacay
2T %
</ )
o i

o (~ gl e <o (- 55))
we obtain

(2.21) |oF oz (6°

|0k (6° = 6°)[} .
(2.20) ’

2

ke T exp ( — 4§_et) ’2d§d77.

Noting that

- éo)HLQ(Dl) is an e.s.t..
2
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For j =0, m > 2,0or j > 1, m > 0, thanks to the pointwise estimate in (Z17), we
find
(2.22)

27 % ) | t ) |
ot @~y < [ )7 (7 [ ass e (-
2 0 1 0

We then focus on the problematic part in (2.22]):

(2.23) /% / / exp(—%)ds)zdfdn,

where [ = 2j +m — 5. Since z” exp(—1?) < kexp(—1?/2) for r > 0, where « depends

only on r, we find
/t s~texp ( — 45—628>ds
0
t 2 _
(2.24) = /0 s lexp ( - %) (\/fg)zl<\/%> 2lds

2

¢ -2l
Sm/s_lexp(—g—)< § ) ds.
0 8es des
Hence, we obtain

/%/ / exp(— 45—;)ds)2d§dn

< by(m)

< [ / ([sten (- &) (=) "as) dean
(2.25)
gf{/o /}lexp<—4—€t><\/§j>_4ld§dn

2

f—es) ds) “dedy.

(1/4)2)
< _
= Rexp ( 4et
< e.s.t. (for t € [0,T]).
Then, the lemma follows. O

For the error analysis we borrow the following lemma from [17].

Lemma 2.3. Assume that the compatibility conditions (L2) and (2I3) hold. For
0<m <4 andk > 0, there exists a positive constant k independent of € such that

H am-{-kQO

(2.26) S

< ke 2ti, for ae t€0,T]
L(D;)
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We now define “the error” w? = w?(n, &, t) = u¢ — u® — 6°; then from (1), 2.2),
we deduce that

0
ow,

ot
(2.27) wd(n,€ = 0,1) =0,

w?(ﬁ>f>t:0) =0,

where L. is as in (2Z5). We multiply ([2:27), by w? and integrate over D; then we
obtain

Le(6%),

1d
S Zlella o) + eIVl 2oy
(228) < el 180120y + 20y | L) 1200

€ 1 -
< ||w2||%2(D) + §||AUO||%2(D) + §||Le(90)“%2(1))-

We note that
ILe(@°) 122 oy = N Le(O) 22 () = HLE(éo)H%Q(D%)
229) SN~ ) ey + 12 oo,
<e.s.t + ||L€(90>H%2(D1)7
2

and we rewrite L.(6°), using (2.9)),, as

e 020" L€ 8_(90
G—erop "T-¢oe

Le(eo) ==

Then, from Lemma 2.3 we find

(2.30) 1Lz, < KeT + ket < Kel

From (2.29) and (2.30), and using the regularity |Au°|? 12(py < K, ([2.28) becomes
Ld, 0 0 3

(2.31) 5 g Welze) + elVwlllzw) < [wllzem) + ke

Using the Gronwall inequality, we find
3
€1,

(232) ||’LU ||L°°(0TL2(D)) S
Integrating (Z31) over [0, 7], we obtain

T T
1 3
(2.33) / ||Vw?||ig(D)dt§E/ (1wl Z2py + Ke?)dt.
0 0
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Hence, we find

1
(2.34) [w? |20 () < et

Remark 2.1. In [11], one can also find the same convergence results for ||w?|| (o 7;12(0))
and ||w?|| 20,11 () where Q is a general smooth domain. Hence, (232) and (234)
are special cases of the results in [11]. However to develop the convergence analy-
sis for the finite elements space, we need an estimate on ||'U,]S||Loo(07T;H1(D)) and on
|w?| Lo (0,7 2(py) which do not appear in [11]; see below.

We now look for estimates of ||w?||pe(o7;1(py) and ||[w?]| e o,r;m2(p)) which play
an important role in Section Bl We take the scalar product of (2:27), in the space
L?(D) with —Aw?, and we obtain

1d
thHVMOHL? )+ ellAwl]|Z2 )
(2.35) < €| AuC|| L2 (py | Aw?| 2oy + | Le(0°)]] L2y | Awe || 2y

€ € 1 B
< ZHAUJS||2L2(D) + EHAUOH%Q(D) + ZHAU}S||%2(D) + E’|LE(90>’|%2(D)-
Using (2.29), (230) and (2Z35]), we find

1d
2.
(2:36) 2dt

Hence, by the Gronwall inequality, we obtain

€
Vi) + ell M52y < Fl1AW ) + e

1
(237) HwSHL“’(O,T;Hl(D)) < Kex,
Furthermore, integrating (2.36]) over [0, 7], we also find
1
(2.38) HwSHLZ(O,T;HZ(D)) < RE T

To find the estimate on ||w?|| s (0,r;12(p)), We first take the time derivative of (227
and write

( 0%w? ow? ou® of°
o1 —A() = ealr) — L),
(239> gze (nag =0, t) =0,
ow?
\ atﬁ (n,&,t=0) = eAu®.

Remark 2.2. We derive the initial condition [239); using 29) and (2Z27). We
consider [221), at t =0, we then obtain

8“’? 0 0 70
5 | = (eAwE +eAu’ — L (0 )) o

According to 227),, w? vanishes identically at t = 0 so that
(2.41) Aw! =0, att =0.

(2.40)
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Using (2.5 the term L. (0°) in (240) becomes:

o0° e 0% e 00°  9%0°

(2.42) L (0% = YRR + 3 o “oe

According to 29), and [2I2) the spatial derivatives of 6° at t = 0 vanish, that is,

0%6° of° %0
(2.43) o 0, P 0, and o 0, att=0.
We deduce, from 29), and (2ZI2), that

00° o00° 020"

9.44 9 _ sey9 _ _ o
(2.44) o = 05 =8O =0 att =0
From [2:42), (243), and [2:44) we obtain
(2.45) L(6°) =0, att=0.

Hence we arrive at:

0
ow,

ot

(2.46) =eAu’, att=0.

We take the scalar product of ([2:39), in the space L*(D) with 8;;9:

0
L?(D Hv<8gzjfﬁ> ;(D)
70 0
= =e<A<%>ﬁ;e>—<Le<%%>?;e>
00\ |12
< e’ + L2(D) + ’ LE(E) L2(D) L2(D)
Using the similar argument as in (2.29)
70 70 0 0
)Lﬁ(aait> ;(D) - ) <88it B 88%) iQ(D%) )L <a;t ) L2(Dy)
(2.48) < (by Lemma 2.2)

L (5]

L2(Dy)
2
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Noting that

I 0% |12 030° |2 020° |2
‘ E(E) ‘ 13(Dy) H€8t772 L2(Dy) H 8t§ L2(Dy)
, 010" , 0300 2
(2.49) 852 LQ(D%) ¢ €3 L2(Dy)
< (by Lemma 2.3))
< HE%,
then (2.47) becomes
Ow? 112
SN s R (CS | T -
( ) 2 dt L2(D) ot /Loy — e 2 L2(D)
Thanks to the Gronwall inequality, we obtain
o 0
(2.51) ‘ o ket
From (2.27)),, we deduce that
(2.52)
o mon < 2| 2| iy 18820y + I osncoy
< by m)

K
< ke T4 KA+ —||L (6° = 0°) | L= o722y + E||Ls(90)||L°°(0,T;L2(D))

(by [2.30))

< Ke~

IA

usl»—'

Hence, we finally obtain

A
N

(253) ||w8||L°°(O,T;H2(D)) < KE
We then arrive at the following conclusion.

Theorem 2.1. Let u¢ be the solution of (1)) and u® be the solution of [Z2). Then,
the following estimates hold:

~ 3
[ = u® — 0°| Lo 0.7 12(m)) < KET,

(2.54) [u€ — u® — 6°|| Lo (0,111 () < K€,

NG

N

HUE — UO — H_OHL“’(O,T;H?(D)) S KE s

where §° is the corrector in (2.12) and k is a constant independent of e.
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3. Approximation via finite elements

In this section, we show how to approximate ([.I) using P1 finite elements with or
without an enriched space. We first introduce the classical finite elements spaces Vi

and then define the new finite element spaces (VM) re0.7] enriched with the boundary

layer elements and the corresponding approximations. Then, we develop the conver-
gence analysis for the new scheme.

3.1. Finite element spaces. We define the standard finite element spaces V such
that

(3.1) Vy = {ﬁ:%%(%y)} C Hy(),

where the ¢;(x,y) is the classical P1 functions equal to 1 at some node M; and to 0
at all other nodes with 1 < ¢ < N. We then introduce the new finite element space
supplemented with the boundary layer elements:

N

(3:2) (V) sciory = { 2 cDheulay) + D dy(t)golé. () }.

i=1

where the 1,;(n) are the classical P1 elements in 1D space, i.e. the hat functions, for
1 <j< M. Here pg = ¢o(&,t) is the boundary layer element, that is,

(3.3) aten=(1- [ (6.t 9)ds)(6),

where I = I(§,t) is the function in ([2I0]), and 6 = 6(§) is a smooth cut-off function
as in Section
We aim to study the classical and new approximation solutions uy € Vy and ufy €
(VNt) tel0T]’ respectively, such that
uﬁv : [O,T] — VN,
(3.4) (Qyusy,v) + (Vusy, Vu) = (f,v), Yve Vy, te(0,T)],
(U?V(O),U) = (UOav)a YORS VN>
and
uy : 0, T] — (VNt)te[o,T}’
(3.5) (Oyuy,v) + (Vay, Vo) = (f,v), Yve (VNt)te[O,T]’ t € (0,7T),
(uy(0),v) = (ug,v), Vv € (VNt)t:O‘
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3.2. Convergence analysis. In this section, we study the convergence analysis for
the finite element approximation using the results in Section 2l Thanks to (2.54),
and the regularity assumption

(3.6) 1l e orsm20y) <

where u° = u°(n, 0,t), we obtain

_1
4.

(3.7) Ju — 0°)| Lo (o712 (y) < ke
Setting g(n,t) = u°(n,0,t) and I = I(£,t — s), we then have:
[Ju — 9900||L°o(0,T;H2(D))
= [ = 6° + 6° — g0l L= (0,712 (D))
< lus = 0°|| Lo, m20y) + 10° — g0l oo 0,312 (1))

tooud

L t
Bs) <ne b= (] 1rm0.9ds)s—g(1- /0 145)3)_ oo

) t ou’
< i ]( - - >0a )d H 0| e ;
s me H/o T (1.0.5) )ds L>=(0,T3H? (D)) “lgells (TP

)

NI

< e T + R,

where

t 0
o[ 10 00 9)6]

1
2
To estimate the term R, we consider only the dominating term which is the second
. . . . 2
derivative in &, i.e. 5—52. We note that

t ou® t
3.9 /I — —(n,0,s) )ds = /Ids—i—HO;
(3.9) (9= p0.9)ds =g |

hence we deduce that

t
R < ||90||L°°(0,T;H§2(D%)) + Hg/ ]dsH
0

Loo (o,T;Hg(D

, t
< e i + KJH / IdsH )
0 Le(0,T3HE(Dy )

We apply Lemma 2.1 in [I7], which is the generalized version of Lemman in this
article, we then obtain

t
(3.11) H/ IdsH < ket
o lp=@rmzon,)

1))
2

(3.10)
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Hence, we obtain

(3.12) R < ke i,
Hence, from (371), (3.8), and (B312), we find

3
(3.13) 1w — goll oo o, m2(D)) < KeE 1.

For further analysis, we now prove the following interpolation lemmas.

Lemma 3.1. Let h be the one-dimensional mesh size.

(1) Assume that v € H'(0,27) for 1 = 1,2. Then, there existc; € R, i =1,..., Ny,
such that form=0ifl=1and m= 0,1 if [ =2

< ghl™™ .
H™(0,271) h 71| 220,20

Ny
(3.14) | =3 cw
i=1
(2) Assume that v € C([0,T]; H'). Then, there exist ¢; = c;(t) € C([0,T)),
1=1,..., Ny, such that form =0 ifl=1 and m =0,1 if | =2

< kh=™ sup |7 gio.2m-
o s IhOllaozn

(3.15) wa—ﬁfmwm

1=

Proof.

(1) The result is classical and the proof can be found, e.g., in [8].
(2) Now the ¢; depend on t, ¢; = ¢;(t) and we need to analyze the dependence in
t of the ¢;. A perusal of the proof in [§] shows that the result hinges on the
regularity in time of the interpolation mappings I1:
1 )
3.16 — (-t I <—,t> - <—,t>, = 0,.... N,
(3.16) 7 =708 — ey "\ i 1
which map H'([0,27]) into C([0,27]) and H"([0,27]) into C"(]0,27]) for
r > 0. Hence the continuity in time of the interpolants in H" follows when
v € C([0,T]; H"([0, 2])).
U

Lemma 3.2. Let h be the two-dimensional mesh size, that is the maximum diameter
of the triangular elements.

1) Assume that w € H?(D). Then, there exist c; € R, j = 1,..., Ny, such that
j

< “hz_meHfﬂ(D)'

N2
3.17 Hw— Cip;
(5.17 >
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(2) Assume that w € C([0,T]; H*(D)). Then, there exist ¢; = ¢;(t) € C([0,T)),
j=1,..., Ny, such that

2—m
oy ST sup [w®| 12 y-

(3.18) |t - zjizjcjum .,

Proof.

(1) The result is classical and the proof can be found, e.g., in [§].
(2) We use the same method as in Lemma 3.1l Considering the regularity of the
interpolation mapping Ilx, we write

(3.19) w=w(-,t) — (Ilgw)(A4;,t) = w(4;,1),

which map H?(D) into C(D), where the A; are the nodal points of the P1
elements. Hence the continuity in time of the interpolants in H?(D) follows
when w € C([0,T]; H*(D)).

O

Remark 3.1. The interpolation results in (1) of Lemmal3dl and[32 are standard and
the proofs have been presented in many other places; see e.g. [2] and [27]. However,
in the case (2) of Lemmas (31 and [3.2, we could not find the specific proofs in any
earlier works although the results has been referred to in the literatures. Hence the
proofs in Lemmas[3.1 and[3.2 are useful in this article and for the future works.

Lemma 3.3. There ezist ¢; = ¢;(t) € C([0,T]) and d; = d;(t) € C([0,T)), i =
1,...N,3=1,...., M, such that

N M
’ ut =Y g — Y digot
=1 =1
N ]M
’ u — Z Citp; — Z djpot;

i—1

j=1
Proof. Using (B.13) and Lemma B.2] for m = 0,1, we deduce

3
< kh%e1,
L>(0,T;L?(D))

(3.20)

3
< khe 1.
L (0,T;H(D))

< KRP™|uf — 90|\ Lo (0,1;12(DY)

N
U= gpo — ) Cipi
(3.21) H ; L (0,T;H™ (D))

3
< kh?> ™Me1,
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Moreover, by Lemmas 23] and Bl we also find

Hg% - i djwoij
j=1

M
— N dabs ’
Lo (0,T;H™ (D)) H(po(g ; i) Lo (0,13H™ (Dy)

(3.22) -
< kh? HSOOHLM(O,T;HE(O’%))

3
< kh?> Me 1.

Then, Lemma follows. O

We now prove the main convergence theorem of Section [3] concerning the new
scheme. See Remark below comparing to the result for the classical scheme.

Theorem 3.1. Let u® and uS be the solutions of ([21)) and ([B3), respectively, then
T 1

ﬁ) + Khe 1.

Proof. For the proof, we apply the Aubin-Nitsche trick as in [I], [6], [I5] and [23]. We
first set

. _3
(323) ||U6 — uN||L°°(O7T;L2(D)) S /ﬁh2€ 4 <]. + 10g

N M
(3.24) iy =Y _cpi+ Y dieoty.
i=1 j=1

Then, by Lemma B3] we deduce that

(3.25) [u = |l Lo o,rs22(m)) < luf 3— Uiy || oo 0,:22(0y) + iy — Ul Lo (0,m:02(D))
< ke 1h? 4 ||y — @[l oo 0.1 22(0))-

We now consider a duality argument to estimate e (¢) := 45, —uS in L=(0, T; L*(D)).

For t € (0,7), let @ : (0,t) — (VNt)te[O 1 satisfy

G26) @O0 Fad@x(s)v) =0, 0<s <t ve ()
' Y (1) = e (1),

where a.(u,v) = €(Vu, Vo). Taking v = efy(s) in ([3.26),, we find
(3.27)
lesv(®)l20) = / { = (0:05(5), 5(5) + @iy (5), ey (5)) fs + (@ (1), (1))

= (by integration by parts)

- / {(0ue5,(5), B(5)) + aclefy (5), By () s + (D5(0), €5,(0).
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From (2.1)) and (B.5), we find

(Oulu — 1), 0) + afut — Ty, 0) =0,
(3:2%) {(uﬁ(@) — a5(0),0) =0,

Let us set ©%(s) = u(s) — a5 (s), then from ([B.27) and (3.28)) we obtain

lesv (®)l2 ) = / {(0.05,05) + ac(©%, B) }ds + (©5,(0), #5(0))
(3.29) = (by integration by parts)
= [ { - ©.005) + aer. %) fas + (©x(1), 9500

To finish the proof, we look for estimates on the R.H.S. of (8:29). Note that (326 is
equivalent to the following ODE system

—w' + eApw =0 0,t
(3.30) w +eApw =0, se(0,t)
w(t) = w,
where w' = %w and Ay, is the discrete laplacian with respect to the spatial variables.

We first take the scalar product of (B:30) with w; we see that

1d
(3.31) - ——\w|2 + 6|A2w|2 = 0.

Integrating (3.31)) over (s,t), we then find

(3.32) lw(s)| < [w(t)], Vs € (0,1);
hence we obtain
(3.33) 1PN | Lo 0,6,2(0)) < Kl ()| 2y

Moreover, integrating ([B.31) over (0,t), we have

(3.34) /|A2w|2<|w t)[*.

To find further estimates, it is convenient to consider the change of variable 7 =t —s.
We then define w(7) = w(t — s) and rewrite (3.30) as

{w'+eAhw — 0,

3.35
(3.35) w(T =0) = wy = w(t).
Multiplying (B.35) by 7@’, we obtain

d
(3.36) a2+ &
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Integrating (3.30) over (0,7) and using (3.34), we deduce

1 T Loy
(337) rafo@P < [ 1At < [ Al < S
0 0
Hence,
1 K
(3.38) |AZw(T)| < lw(t)], Ve (0,t).

Vet —s)

Moreover, integrating (3.36) over (0,¢) and using (3.34]), we find

(339) [ rtaas+ Satawr <5 [ afaras
implying that

(3.40) V7@ 220, < Klw(®)].

Hence, we obtain

(3.41) VT || 20,0 < Kl (T)].

We now consider the time derivative of (3:35))

(3.42) w" + €Ay’ =0,

and multiply ([3.42) by 72w’

1d 1
(3.43) §d—|m~/\2 — 7|@'|* + €| Az |? = 0.
T

Integrating (3.43)) over (0, 7) and using (3.41), we find

t
(3.44) 210 (1) < /<a/ Flw'|2d7 < k|lw(t)|?.
0

Hence,

(3.45) 1@ (7)] < kT Yw(t)], VT e (0,1).

17
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Moreover, we also deduce

h2
/|u~/\d7_/ |zI/|dT+/ i |dr
0

< (by (8.33)) and (3.45))
h2 t 1

§/ e\Ahw\dT+H/ —|w(t)|dr
0 h2 T

< (by the standard inverse Poincaré inequality |A,w| < kh™?|w])

h? T
g/ e~ (1) dr + sl ()| log -
0

(3.46)

T
< wlw(t)](e +log 75).

Back to (3.29), we finally obtain
(3.47)

t
levOll72my < | —(O%, 0s@y) + ac(Of, Py )ds + (O (t), Py (1))
0
< 1O% 20,6220 10PN | L1 (0.6:2 (D)) + €llON | oo (0,651 (D) | PN | L1 0,652 (D)
+1ON )| L2y |l e (O || 2y
< (by B20), 333), (337, (3.38), and (3.40))
_s3 TN, . 1y .
< kh%e 1 <e + log ﬁ) ey (D)l 2oy + whe™ 1|y (D) || L2y
8 .
+ kh2e 4||€N(t)HL2(D).

Hence, from (3.25]) and (B.47), we obtain

. _3 T _1
(348) ||u€ - UNHLOO(O,T;L?(D)) < kh?e 1 <1 + log ﬁ) + khe 4.,
This completes the proof of Theorem [B.11 O

Remark 3.2. We recall the corrector 6°:

¢ 0
90 = _5(5)/0 ](€>t - 5)8_?(7%0’ 8)d57

which cannot be expressed by the separation of variables in space and time. Hence
we could not fully take advantage of (Z54), when we find the upper bound in (3.13)).
Hence the upper bound of ||u¢ — uS||, the convergence of the standard FEM, is the
same as in Theorem [31. However, in view of numerical simulations, we easily see
that the new scheme with the boundary layer elements is much more accurate than
the standard one; see e.q. Figures[3H8.
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4. Numerical simulations

In this section, we present the results of numerical simulations of (LLI]) using the
standard finite element method (SFEM) and the new finite element method (NFEM),

which correspond to (84]) and (B3.3]), respectively.

4.1. Modified boundary layer element. In the simulations, we do not use the
boundary layer element g in (B8.3]) directly since the term I (£, — s) is not convenient
for the integrations over a triangle. Instead, we consider the modified boundary layer
element @y = @o(&, 1):

2

(1.1) polet) = [1 —exp (= £2)]566)

The approximation ¢y is much easier to implement numerically in coding than the
corrector g. More precisely, the approximation ¢q produces less errors in the numer-
ical integrations than the boundary layer element ¢q of ([B3]); One drawback of both
boundary layer elements ¢, and ¢ is that we calculate the element matrices for each
time step since the boundary layer element in (4.1]) depends on time. To improve
computational efficiency, we introduce the time-independent boundary layer element
@1 such that
2

(1.2) P16 = [1—e (- £)]5(6)

As long as the final time is not very large, or € is small enough (for instance T'e ~ 107),
then the time-independent approximation of the boundary layer element is acceptable
in the sense of numerical simulations as shown by the following results; see Figures [Il

and 2

The comparison g, @y and ¢_; for e = 107> at t=50

The comparison @y, @y and ¢_; for e = 107° at t=1
; . : : ; : : ; —

15

15

-5 -G -8-g
~© -9 -®-9
1
= m! %
m
w & Q'
I
Illﬂ [}
I
‘e §
05§ , :,

L L L L
0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 1. The comparison of g, @o and ¢_; for e = 1075 at t = 1
and t = 50.
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The comparison ¢y, ¢y and ¢_; for e = 1077 at t=10 The comparison ¢y, @y and ¢_; for e = 107 at t=1000
15 . . . . . . . ; : 15 . . . : . . . : :
- -0 - *-%0
] -B -9
- -0, -e-p

IM

1 L]

N []

n ®

! 2

! ?

05f []
&

\

L L L L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 2. The comparison of ¢y, @y and ¢_; for e = 107° at t = 10
and ¢t = 1000.

Remark 4.1. In addition, we use, in the numerical simulations, "% which is the

linearized form of the boundary layer element p_q such that
2 2

5 50 [-om(-$) - (1-om(- ) e
where o > 0 is chosen in numerical examples below; see e.q. Figure[3. Compared

with ([A2), we replace the cut-off function §(§) in ([A2) with the linear term in (A3).
Introducing the linearized boundary layer element "%, the numerical integrations are
simpler than with $_1. For more details, see [12] and [14].

- 5 ~ .
@1 fore=10"" P for e = 107°
15 : ! ! 15 : ! !
yw 1
' . 1’\\\
1 X 1
1 \ 1
1 X 1
1 . 1
U U
05y X 1 05l
I X "
" % I
%
x
x
X
o . . . Pl " o .
0 0.1 02 03 04 05 06 07 0 01 02 03 0.4 05 06 0.7

F1GURE 3. The left figure is the modified corrector ¢_;, and the right
one is the linearized (modified) corrector @' for e = 1075.

We compute the solution of our problem using a quasi-uniform mesh in place of
the adaptive mesh refinement near the boundary layer as in common in the literature
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9], [24], [28] and [29]; see e.g. the triangulation in Figure 4l For the numerical
integrations, we employ the Gauss-Legendre quadrature. Moreover, in the following
numerical examples, we apply the implicit Euler method for the time discretizations.

\WAVAY A
V AAVAAV VVAVAVAVAVAV
:%zex%xé&mxé%ﬁ%:
SRR v%vvvvvﬂgﬂu

VAVAVAVAVAVAY YAVAVAVAVAY
4VAVAVAuuﬁﬁﬁﬁiﬁvnﬂm N
1;‘ ﬂvvvvvvvvux‘uxéy

§VA AAAAAAAAVAVAV

N TAVAAVAVAVAVAT YA
SUTAVAVAVAVAVAYGN
Lo

FIGURE 4. Example of a quasi-uniform grid in a circle.

4.2. Simulation 1: One-dimensional example. We first present a simple one-
dimensional example. Indeed, in the previous sections, we mainly focused on the two-
dimensional problem, but we can simply reduce our problem to the one-dimensional
case. To compare the numerical solutions with the exact solutions, we consider the
following equations:

uf —eul, = f(x,t), in (0,1) x (0,7,
(4.4) w(0,8) = us(1,t) =0, te(0,T),
u(x,0) = up(z), x€(0,1).
We choose the exact solution u(x,t) of (L4 as

(4.5) uf = t(l — exp ( — %) cos (%)) <1 — cos <(1\k$)> exp ( - (1\;;)»

Hence, f is computed from (4.4),. In Figure 5 we observe that the SFEM method
(the solid line) produce oscillations near the boundary, however, with the NFEM
method (the dotted line), the boundary layer elements capture the sharp transition
near the boundary.




22 YOUNGJOON HONG

Figure [6 shows the rate of convergence of the relative L? errors for the SFEM method
and the NFEM method in log-log scales. We define the relative L? error

(4.6) luex — un||2
|upx|| L2

where ugx is the exact solution as in (4.5]) and uy is the numerical solution. According
to Figures[Hand [6, we observe that the errors from the NFEM method is much smaller
than that from the SFEM method.

14

—O— classical scheme
= B = new scheme

y—axis

0.6

0.4

0.2

o,
0

0

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
X—axis

FIGURE 5. Solution at 7" = 1 of (£4) where ¢ is as in (£3) and
e = 107°; the solid line: the classical scheme u$;, the dotted line: the
new scheme #%;. The number of elements is N = 50 and the size of the
time step is At = 0.01.

4.3. Simulation 2: Two-dimensional example. For the two-dimensional exam-
ple, we approximate the following exact solution u¢ of (I.T))

I (-
(4.7) u® = exp(t) <1 — O(\f)),

Io(%)
where Iy(x) is the modified Bessel function of the first kind; see e.g. [12]. Then, we
can find the corresponding f = exp(t). Figure [7] shows the approximate solutions for
different schemes. We find that the numerical solution with the NFEM method (B)
is smooth. On the other hand, the solution with the SFEM method (A) displays wild
oscillations near the boundary.
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Rate of convergece where € = 107
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1.7 10

10
N

101.6

FIGURE 6. The convergence of the relative L2-errors at time 7' = 1 for
the solution of (LX) for two different schemes (the SFEM method and
the NFEM method) in log-log scales where ¢ = 1075 and the size of the
time step At = 0.01.

In Figure ] we observe the rate of convergence of the relative L? errors for the SFEM
method and the NFEM method in log-log scales. As we expect, the NFEM method
is more accurate than the SFEM method.

5. CONCLUSION

The numerical evidence in Section [4] shows that we found an accurate approximate
solution for the heat equation with small thermal conductivity. One of the novelties
of this article is to compute a non oscillatory numerical solution using a quasi-uniform
mesh in a curved domain.

In the future we intend to study singularly perturbed convection-diffusion equations
introducing the convective terms. However, there are two new major difficulties.
Firstly, due to the convective terms, the numerical errors propagate into the interior
of the domain. Secondly, one should take into account the compatibility conditions
near the characteristic points; for more details, see e.g. [20] and a forthcoming article
[13]. One can also extend our results to the Stokes equations (linearized Navier-Stokes
equations) as in [L0]. However, one should propose a new numerical approach to treat
the pressure and the divergence free condition (such as the projection method in [30],
[31], and [7]), keeping in mind that the pressure is a global (nonlocal) function of the
velocity.
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_1 -1

y-axis

FIGURE 7. Solution at 7' = 1 of (LI where u¢ is as in (£7) and
e = 1078, (A): solution u§, with the SFEM method and (B): solution
u%y with the NFEM method. The number of elements is N = 1,008,
and the number of boundary nodes is M = 52. The size of the time
step is At = 0.01.
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