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1. Introduction

Stability of linear and non-linear control system is an important area of research in
control theory. Stability of finite dimensional system of ordinary and fractional differential
equation is discussed in [6] and [3]. Gronwall Inequality was generalized in [7] and is used
to discuss the finite time stability in [4]. In [2] Mittage-Leffler function and its properties
are discussed in details.

The main result of this paper provides a condition for finite time stability of a frac-
tional order system with multi-state time delay. It depends on the result of Generalized
Gronwall’ inequality for fractional order differential equation.

2. Fundamental concepts

In this section we provide an overviews on the fundamentals related to Riemann-Liouvill
fractional integral and derivatives [5], fractional order differential equations and fractional
order system, generalization of the Granwall’ inequality for fractional order differential
equation [7] and finite time stability.

2.1. Fractional Integral and Differential. Riemman Liouville Fractional integral of
a function f : R → R of order ν is defined as [5] [1]

0D
−ν
t f(t) =

1

Γ(ν)

∫ t

0

(t− ξ)ν−1f(ξ)dξ ; Re(ν) > 0

The µ-th order Riemman Liouville fractional derivative is given by

Dµf(t) =

{

1
Γ(ν)

dm

dtm

∫ t

0
(t− ξ)ν−1f(ξ)dξ when m− 1 < µ < m
dm

dtm
f(t) when µ = m ∈ N
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Consider the semi-linear fractional order differential equations

Dqx(t) = A0x(t) +

p
∑

i=1

Aix(t− τi) +B0u(t) + f(t, x); t ≥ 0

x(t) = ψx(t); t ∈ [−τ, 0]

(2.1)

on the space (C[−τ, T ],Rn) with the uniform norm defined as

‖x‖= max{|x1(t)|, |x2(t)|, . . . , |xn(t)|}.

Where

τ = max{τ1, τ2, . . . , τp}; τi > 0 are contants.

x(t) : R → R
n; is a n× 1 vector and x ∈ C[[−τ, T ] : Rn]

Dqx(t) = (Dqx1(t),D
qx2(t), . . . ,D

qxn(t))
t; is an n× 1 vector.

(Ai)n×n = {aj,k}i; are constant matrix for i = 0, 1, . . . , p.

f(t, x)n×1 : R× R
n → R

n; satisfies Lipchitz condition on w.r.t x.

∴ ‖f(t, x)− f(t, y)‖ ≤ L‖x− y‖

⇒ ‖f(t, x)‖ ≤ L‖x‖+m,

where m = ‖f(t, θ)‖, θ is null vector.

2.2. Generalized Gronwall Inequality. [7] Suppose y(t) : R → R and a(t) : R → R

are non-negative and integrable in every closed and bounded subinterval of [0, T ) and
g(t) : [0, T ) → R is non-negative, non-decreasing, continuous and bounded function such
that

y(t) ≤ a(t) + g(t)

∫ t

0

(t− s)q−1y(s)ds

then for 0 ≤ t ≤ T

y(t) ≤ a(t) +

∫ t

0

[

∞
∑

n=1

g(t)Γ(q)

Γ(nq)
(t− s)nq−1a(s)

]

ds

Moreover if a(t) is nondecreasing then

y(t) ≤ a(t)Eq(g(t).Γ(q)t
q).

Where Eq is the Mittag-Leffler function, defined by

Eq(z) =
∞
∑

k=0

zk

Γ(kq + 1)
.



FINITE TIME STABILITY ANALYSIS 3

2.3. Finite Time Stability. [4] The system given by (2.1) is finite time stable w.r.t.
{δ, ε, qu, J}, if ‖ψx‖ < δ and ‖u(t)‖ < qu, ∀t ∈ J = [0, T ] imply ‖x(t)‖ < ε, ∀t ∈ J .

The system (2.1) is called homogeneous if u(t) = 0. In this case the system will be
finite time stable if ‖ψx‖ < δ imply ‖x(t)‖ < ε, ∀t ∈ J .

In [4] it has been shown that the linear system (2.1)is stable if the following condition
is satisfied. i

[

1 +
(n + 1)σtq

Γ(q + 1)
+

qub0t
q

δΓ(q + 1)

]

Eq((n+ 1)σtq) <
ε

δ

3. Main Result

Theorem 3.1. The system given by (2.1) is finite time stable w.r.t. {δ, ε, qu, J}, if the
following condition is satisfied

[

1 +
(m+ bqu)T

q

δΓ(q + 1)

]

Eq{(L+ σ(p+ 1))T q} <
ε

δ

Proof. The solution of (2.1) is given by

x(t) =x(0) +
1

Γ(q)

∫ t

0

(t− s)q−1

{

A0x(s) +

p
∑

i=1

Aix(s− τi) +B0u(s) + f(s, x)

}

ds

⇒ ‖x(t)‖ ≤‖x(0)‖+
1

Γ(q)

∫ t

0

(t− s)q−1{‖A0‖‖x(s)‖+

p
∑

i=1

‖Ai‖‖x(s− τi)‖

+ ‖B0‖‖u(s)‖+ ‖f(s, x)‖}ds

Now let σmax(A) is the largest singular value of the matrix A and

σ = max
0≤i≤p

{σmax(Ai)}

b0 = σmax(B0)

∴ ‖Ai‖ ≤ σ; ∀i = 1, 2, . . . , p.

iThe condition derived in this paper is stronger than that of [4]
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‖x(t)‖ ≤‖x(0)‖+
1

Γ(q)

∫ t

0

(t− s)q−1{σ‖x(s)‖+

p
∑

i=1

σ‖x(s− τi)‖

+ b0‖u(s)‖+ ‖f(s, x)‖}ds

≤‖ψ(0)‖+
1

Γ(q)

∫ t

0

(t− s)q−1{σ‖x(s)‖+

p
∑

i=1

σ‖x(s)‖

+ b0‖u(s)‖+m+ L‖x(s)‖}ds

≤‖ψ(0)‖+
1

Γ(q)

∫ t

0

(t− s)q−1{σ(p+ 1)‖x(s)‖

+ b0qu +m+ L‖x(s)‖}ds

≤‖ψ(0)‖+
m+ b0qu

Γ(q)

∫ t

0

(t− s)q−1ds+

L+ σ(p+ 1)

Γ(q)

∫ t

0

(t− s)q−1‖x(s)‖ds

≤

{

δ +
(m+ b0qu)t

q

Γ(q + 1)

}

+
L+ σ(p+ 1)

Γ(q)

∫ t

0

(t− s)q−1‖x(s)‖ds

‖x(t)‖ ≤a(t) + g(t)

∫ t

0

(t− s)q−1‖x(s)‖ds

Where a(t) =δ +
(m+ b0qu)t

q

Γ(q + 1)

and g(t) =
L+ σ(p+ 1)

Γ(q)

Now a(t) is nonnegative and locally integrable. g(t) is non negative bounded and nonde-
creasing. Now by the Gronwall’ inequality we shall say that

‖x(t)‖ ≤a(t)Eq(g(t)Γ(q)t
q)

=

{

δ +
(m+ b0qu)t

q

Γ(q + 1)

}

Eq

{

L+ σ(p+ 1)

Γ(q)
Γ(q)tq

}

≤δ

{

1 +
(m+ b0qu)T

q

δΓ(q + 1)

}

Eq {(L+ σ(p+ 1))T q}

So for the finite time stability we require ‖x(t)‖ < ε if
{

1 +
(m+ b0qu)T

q

δΓ(q + 1)

}

Eq{(L+ σ(p+ 1))T q} <
ε

δ

�

Special Cases



FINITE TIME STABILITY ANALYSIS 5

(1) If the control term u(t) = 0, then qu = 0. Then theorem (3.1) will take the
following form

{

1 +
m

δΓ(q + 1)
T q

}

Eq {(L+ σ(p+ 1))T q} ≤
ε

δ

(2) If f(t, θ) = 0 i.e. m = 0 them theorem (3.1) will take the following form
{

1 +
b0qu

δΓ(q + 1)
T q

}

Eq {(L+ σ(p+ 1))} ≤
ε

δ

(3) Let there is no non-linear term i.e. f(t) = 0. So L = 0 and m = 0. Then the
theorem (3.1) will take the following form

{

1 +
b0qu

δΓ(q + 1)
T q

}

Eq {σ(p+ 1)T q} ≤
ε

δ
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