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Abstract

We give a Dirichlet form approach for the construction of a distorted Brownian motion in
E :=1[0,00)", n € N, where the behavior on the boundary is determined by the competing ef-
fects of reflection from and pinning at the boundary (sticky boundary behavior). In providing
a Skorokhod decomposition of the constructed process we are able to justify that the stochas-
tic process is solving the underlying stochastic differential equation weakly for quasi every
starting point with respect to the associated Dirichlet form. That the boundary behavior of
the constructed process indeed is sticky, we obtain by proving ergodicity of the constructed
process. Therefore, we are able to show that the occupation time on specified parts of the
boundary is positive. In particular, our considerations enable us to construct a dynamical
wetting model (also known as Ginzburg-Landau dynamics) on a bounded set Dy C Z% under
mild assumptions on the underlying pair interaction potential in all dimensions d € N. In
dimension d = 2 this model describes the motion of an interface resulting from wetting of a
solid surface by a fluid.
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1 Introduction

arXiv:1409.7171vl [math.PR] 25 Sep 2014

In [EP12] the authors study stochastic differential equations (SDEs) with sticky boundary behavior

and provide existence and uniqueness of solutions to the SDE system
dX, = 2d0)T(X) + Lio,00)(X3) dB;
o (1.1)

for reflecting Brownian motion X in [0, 00) sticky at 0, where X := (Xt) starts at € [0, 00),

t>0

v € (0,00) is a given constant, (" (X) is the right local time of X at 0 and B := (Bt)t>0 is the
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1 Introduction

standard Brownian motion. In particular, H.-J. Engelbert and G. Peskir show that the system
(LI) has a jointly unique weak solution and moreover, they prove that the system (1) has no
strong solution, thus verifying Skorokhod’s conjecture of the non-existence of a strong solution in
this case. For an outline of the historical evolution in the study of sticky Brownian motion we
refer to the references given in [EP12].

In the present paper we construct a reflected distorted Brownian motion in £ := [0,00)", n € N,
with sticky boundary behavior. First we use Dirichlet form techniques in order to construct
solutions in the sense of the associated martingale problem for general Wentzell type boundary
conditions. Then, by providing a Skorokhod decomposition for the constructed process, we can
show that this process solves the stochastic differential equation

dX] = 15(X;) V2dB] + 9;In(0) (X4) 1 (Xy) dt
s {1E+ ) (X)) V2dB] + 0;1n(0) (X4) L, 5) (X¢) dt, if j € B

1 o
S U s les )(Xy) dt, if jel\B
1
+ B L{(,....0)} (Xt) dt, for some >0, (1.2)
Weakly for quasi every starting point with respect to the underlying Dirichlet form. Here j € I :=
{1,...,n}, E.(B ':{x€E|xi>0f0ralli€Bandx,~:OforalliGI\B}forBCIWith

E+( ) C OF for B C I, (B])i>o are one dimensional independent standard Brownian motions,
jel. pisa contlnuously differentiable density on E such that for all B C I, o is almost everywhere

positive on E, (B) with respect to the Lebesgue measure and for all @ # B C I, ,/Q‘E+(B) is in

the Sobolev space of weakly differentiable functions on E, (B), square integrable together with its
derivative. o continuously differentiable on E implies that the drift part (8j ln(g))j <7 Is continuous

on {o > 0}. The stochastic differential equation (L2)) can be rewritten as

AX] = Lo, (XI) (V2B + 05 In(0) (X)) dt) + % Loy (Xi)dt, jel, forsome >0, (13)

or equivalently
AX] = Lo0) (X) (VZdB] + 0, n(0) (X,) dt) +d”,
. 1 [t .
with E?’] = B/ Loy (Xg) ds, je€l, forsomef >0.
0

Note that a solution to (L3) is a continuous semimartingale. By [RY91, Chapter VI the right
local time €077 of (Xi)t>0, j € I, is charaterized by

t
X3 = [x3] + / san(X7) dX 4+ (9
0

where sgn is defined by sgn(z) =1 for # > 0 and sgn(z) = —1 for x < 0. For a solution to (L3)
holds

t t
X = X3+ [ o () X0+ 5 [ 10X ds
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t t
— |3 + /0 sgn (X)) dxg+% /0 10 (X7) ds,

since XJ > 0 for all t+ > 0 and sgn(0) = —1. Hence, &)/ = gfot Loy (X7) ds = 2 £} almost

surely. In other words, £/ equals one half of the right local time ¢/, Furthermore, due to [RY91.
Corollary 1.9] we can conclude that £)” coincides with the central local time of (X’ ) g 1€ 1
holds almost surely B

o1 . 1.1/ ' '
0 = E/ Loy (Xe) ds = 5 i 2 | Lo (X2) X0
0 : 0

1 /[t , ,
= leli(r)l 2_6 /0 1(_575) (Xi) d(XJ>S.

Our considerations are motivated by the so-called V¢ interface model which provides a fun-
damental mathematical model for the physical description of interfaces from a microscopic or
mesoscopic point of view. As an application of our results we are interested in the time develop-
ment of such interfaces. In [FS97| the authors consider a scalar field ¢,, ¢ > 0, where its motion
is governed by a reversible stochastic dynamics, i.e., in a finite volume A C Z¢, d € N, under suit-
able boundary conditions, the scalar field ¢, := (¢t(at)) t > 0, is described by the stochastic
differential equations

zeN’

dp(z) = — Y V'(dy(z) — ¢,(y))dt + V2dBi(z), z €A, t>0.
ot
Here | - | denotes the norm induced by the euclidean scalar product on RY, V' € C?(R) is a sym-

metric, strictly convex potential and {(By(z))>0|z € A} are independent standard Brownian
motions. Such a dynamics is known as the Ginzburg-Landau V¢ interface model in finite volume.
Of particular interest in the framework of V¢ interface models is the so-called entropic repulsion.
Though one considers the V¢ interface model with reflection on a hard wall. This phenomenon
was investigated e.g. in [DGO00] and [BDGOI]| for the static V¢ interface model. Interface motion
with entropic repulsion, i.e., the Ginzburg-Landau V¢ interface model with entropic repulsion was
studied recently in [DNO7| for dimension d > 2. Here the underlying potentials are again symmet-
ric, strictly convex and nearest neighbor C?-pair potentials. The Ginzburg-Landau dynamics with
repulsion was introduced by T. Funaki and S. Olla in [Fun03|, [FO01]. In [Zam04] this problem was
tackled via Dirichlet form techniques in dimension d = 1.

In considering the V¢ interface model with reflection on a hard wall and additionally putting
a pinning effect on that wall, we are dealing with the so-called wetting model. In dimension
d = 2 this model describes the wetting of a solid surface by a fluid. The static wetting model was
studied recently in [DGZ05], see also [CV00]. Considerations of the Ginzburg-Landau dynamics
with reflection on a hard wall under the influence of an outer force, causing e.g. a mild pinning
effect on the wall can be found in [Fun03].

In [Fun05) Sect. 15.1] J.-D. Deuschel and T. Funaki investigated the scalar field ¢, := (¢,(z))
t > 0, described by the stochastic differential equations

zeN’

A, (7) = —Lio) (B1(7)) Y V'(dy(z) — @, (y)) dt

yeEA
lz—y|=1
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+ Lio,00) (¢, (2)) V2dBy(z) + dl3(z), x €A, (14)
subject to the conditions:

() >0, £)(x) is non-decreasing with respect to t, £}(x) =0,

/dn ) de(z) = 0,

Bl (x) —/0 Lo} (¢,(x)) ds for fixed 8 > 0,

where ¢7(z) denotes the central local time of ¢,(z) at 0 and the pair interaction potential V' is
again symmetric, strictly convex and C?.

For treating this system of stochastic differential equations the authors gave reference to classical
solution techniques as developed e.g. in [IW89]. The methods provided therein require more
restrictive assumptions on the drift part as in our situation (instead of boundedness and Lipschitz
continuity we only need continuity and a mild integrability condition, see Condition 2.14] and
Remark 2.T5]), moreover, do not apply directly (the geometry differs). First steps in the direction
of applying [IW89| are discussed in [Fun05| by J.-D. Deuschel and T. Funaki.

As far as we know the only reference that applies to the system of stochastic differential equations
(L3) is |[Gra88]. By means of a suitable choice of the coefficients the system of equations given by
[Gra88, (II.1)] coincides with (L.3)), but amongst others the drift part is also assumed to be Lipschitz
continuous and boundend. For this reason, it is not possible to apply the results of [Gra8§| to the
setting invenstigated by J.-D. Deuschel and T. Funaki, since the potential V' naturally causes an
unbounded drift. Moreover, neither properties of the corresponding L?-semigroup are worked out
nor the invariant measure, Dirichlet form or generator are provided. Such tools are very useful for
analyzing scaling limits of the considered system, see e.g. [GKLRO03| and [Zam04|. These we plan
to investigate in a follow-up article.

The theory of Dirichlet forms provides appropiate techniques in order to construct and analyze
solutions to (L4) for a large class of potentials. Indeed, we obtain a weak solution to ([4]) with
sticky boundary behavior under rather mild assumption on the underlying probability density.
Note that in view of the results provided in [EP12], this notion of solution is the only reasonable
one. That the boundary behavior of the constructed weak solution to (L4]) indeed is sticky, we
obtain by proving an ergodicity result (see Theorem below). From this we can conclude, that
the occupation time on the boundary of the constructed process increases asymptotically linear,
whenever the process starts in a point with positive density ¢ connected with the boundary, see
Corollary 5.7 below.

A Skorokhod decomposition for reflected diffusions on bounded Lipschitz domains with singular
non-reflection part was provided by G. Trutnau in [Tru03|. Here we consider the case of the
Wentzell type boundary condition. Dirichlet form methods in the context of Wentzell boundary
condition were introduced in e.g. [VV03]. Here, however, in view of our application we construct
via the underlying bilinear form a dynamics even on the boundary. In [VV03] a static boundary
behavior is realized. An overview of the state of the art in the framework of interface models is
presented in e.g. [Gia02|, [Fun05].

Our paper is organized as follows. In Section 2l we provide the functional analytic background to
apply Dirichlet form methods in order to tackle the problem of sticky reflected distorted Brownian
motion. We analyze the bilinear form (2.3]) below and show in Theorem [2.12 and in the proof of




2 The functional analytic background

Lemma [5.4] that (5 ,D(& )) is a recurrent, hence in particular conservative, strongly local, strongly
regular, symmetric Dirichlet form on the underlying L?-space. In Section [3] we present the proba-
bilistic counterpart of Section 2l The main result of this section is obtained in Theorem B.I] where
we show that (5 ,D(S)) has an associated conservative diffusion process M, i.e., an associated
strong Markov process with continuous sample paths and infinite life time. The diffusion process
M is analyzed in Section 4. Here we provide in Corollary .18 a Skorokhod decomposition of
M. This proves that M is a weak solution to (L4]). In Section Bl we show in Theorem that
the constructed process M is ergodic. Moreover, we present the consequences of the ergodicity
result for the occupation time on the boundary of the constructed process, see Corollary (.7 below.
Finally, we apply our results to the problem of the dynamical wetting model, see Theorems [6.0]
6.10) and Corollary below.

The following list of main results summarizes the progress achieved in this paper:

(i) We construct conservative diffusion processes in [0,00)", n € N, with the competing effects
of reflection and pinning at the boundary (sticky reflected distorted Brownian motion) under
mild assumptions on the drift part, see Theorems [B.1] and below.

(ii) We provide a Skorokhod decomposition of the constructed processes and thereby prove that
the processes solve the underlying stochastic differential equations weakly for quasi all start-
ing points, see Corollary ELI8 below.

(iii) We show ergodicity of the constructed processes, see Theorem [G.6]below. Using this ergodicity
result, we illustrate the behavior of the processes at the boundary by studying the occupation
times on specified parts of the boundary by the constructed processes, see Corollary 5.7 below.

(iv) Our general considerations apply to the construction of the dynamical wetting model in finite
volume and all dimensions d € N for a large class of pair interaction potentials, see Theorems

6.10) and Corollary below.
2 The functional analytic background

Let n e N, [ := 1, := {1,...,n} and £ := FE, := [0,00)". We have that E = (0,00)™ and we
denote by OF the boundary of E. For each = = (x1,...,x,) € E we set

Lz):={iel|z;=0} and I (2):={iel|z >0},
and define for A, B C I,

Ey(A) = {x € E|I(x) = A} and E,(B):= {x cE

I(z) = B},

respectively.

Remark 2.1. We have the decomposition

E= UACIEO(A) - UBCIE+(B)’

In particular,

OE =E\ E = U E,(A) = UBCIE+(B).

GAACT
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On (E,B(E)) with B(E) being the trace o-algebra of the Borel o-algebra B(R™) on E we define
for fixed 8 € (0, 00) the measures
Mo =Y Ap? with Mg =g #7200 and A =[] do’ ] 467, (2.1)
BcI i€B  jel\B

where #S denotes the number of elements in a set S, dz’ is the Lebesgue measure on

(10, 00), B([0,00))) and &) denotes the Dirac measure on (10,00), B([0,00))) at 0. The indices
i,j € I give reference to the component of x = (z1,...,x,) € E being integrated by dz’ and 5,
respectively.

Condition 2.2. g is a m,, g-a.e. positive function on E such that o € L' (E; mnﬂ).

Remark 2.3. In particular, o can be chosen to be a probability density.

Under Condition 2.2 we define on (E, B(E)) the measure p, g, := 0m, s and hence, the space
of square integrable functions on F with respect to p, g ,, denoted by L? (E ; un,@g).

Remark 2.4. Note that the measure p, 5, on (E,B(E)) is a Baire measure. In our setting this
means /i, g, is a Borel measure with the additional property that

fngo( ) < oo for all compact sets K C E. (2.2)

([2.2) is fulfilled, since ¢ € L* (E : mnﬂg). Obviously, F is locally compact and countable at infinity.
We set

Cc? (E) = {f FE—>R } f is continuous on E with supp(f) C F compact},

where supp denotes the support of the corresponding function and for £ € N we define

Cc* (E) = { f:EF—=R ‘ f is k-times continuously differentiable on E
with supp(f) C E compact and
d' f extends continuously to E for |I| < k}

Here and below ' f denotes the partial derivative of f to the multi index [ € N7, i.e.,
L= (L,....0,) eENY, [l|=bL+...4 1,
Of=000p.. onf, Oif=0if 0f:=f i€l
We write 0; instead of 9} . Furthermore, C2°*(E) := ey, Co(E).
Remark 2.5. Under Condition 2.2 we have that C2°(E) is dense in L*(E; p,5,,)-

2.1 Dirichlet forms

Let n € N be fixed and denote by {ey,...,e,} the canonical basis of R". For g € (0,00) and o
fulfilling Condition 2.2 we define on L? (E ; Mn,ﬁ,g) the bilinear form

E(f,9):=E"P(f,9) = > Eulf9), fgeD:=C(E), (2.3)

@#£BCI



2 The functional analytic background

with
Ex(f.q) = EP2(f,g) = / (VEF, VB duen’, @+ BC I,
E4(B)

where u5™" := o A\p” (see (Z))), (-, -) denotes the euclidean inner product and VZ f := 3, , 9 f e;
for f € D.

Remark 2.6. Suppose that Condition 2.2]is satisfied. Then (5 , D) is a symmetric, positive definite
bilinear form which is densely defined on L? (E ; ,un,m,).

To prove closability of the underlying bilinear form, we have to put an additional restriction on
the density o. For @ # B C I we define

R,(E(B)) = {:c cT.D)

0 td\"P < 0o for some ¢ > O} ,

< ()

where Be(z) := {y € E.( E.(B) |lx—y| <e}andfor @ #BC I, E E.(B) is the closure of E.(B) with
respect to \ \

Condition 2.7. For @ # B C I we have that o = 0 Xp’-a.e. on E.(B)\ R,(E.(B)).

Lemma 2.8. Let Condition 27 be satisfied. For @ # B C I let p € CX (RQ(E+(B))> and
f - L2 (E, ,U/g,n,ﬁ)-
(i) There exists C1(p, B) € (0,00) such that

‘ / fodAn?
Ry(E+(B))

Here L2 (E (B); ug™" ) denotes the spaces of square integrable functions on E,(B) with
n,B

S Cl(@, B) : ||fHL2(m;u%nﬁ).

respect to pug"

(i) There exists Cy(p, B) € (0,00) such that

/ fodom?
OR,(E+(B))

where " : EBCB)\"B.

Proof. (i) See e.g. [MR92, Chap. 2, Lemma 2.2].

S C2(¢7 B) ' Hf||L2(EWg,n,ﬂ)’

(ii) Let @ # B C I, ¢ € CF (RQ(E+(B))) and f € L?(E, ppn,3). By a multiple application of
part (i) we obtain

/ fiodom?
ORy(E+(B))

3

/ fod\»’
bop | OR(FLB))

szcl 0. B) 1l oo ety S C2(: B) - L2 .00
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Proposition 2.9. Suppose that Conditions[2.2 and [27] are satisfied. Then (5,1)) 1s closable on
L? (E;,ug,nﬁ). Its closure we denote by (€,D(€)).

Proof. Let (fx)ren be a Cauchy sequence in D with respect to &, i.e., E(fx—fi, fx—fi) = 0ask,l —

oo. Furthermore, we suppose that f, — 0 in L? (E§Mg,n,6) as k — oo, i.e., (fk, fk)Lz(E-u s 0
wre,n,

as k — oo. We have to check whether E(f, fx) = 0 as k — oo. Let @ # B C I. We know
that for fixed i € B, (&-fk)keN converges to some h; in L? (E+(B) ,uQB"B), since (&-fk)keN is a

Cauchy sequence in L?(E, (B); u%"ﬁ) and (L*(E.(B); u%"ﬁ) IE ||L2(m.ugn,5)) is complete. Let
¢ € C°(R,(E,(B))). Using Lemma Z§(i) we obtain that

/ hi o dA™P — / Oi fr o ANP
Ry(E+(B)) Ro(E+(B))

| (w-on) e
Ro(E+(B))

This, together with an integration by parts, triangle inequality, Lemma 2.§|(ii) and the fact that
(fr, fk)LQ(E_u ;) — 0as k — oo implies:
wre,n,

S 01(4,0, B) : th - aikaLz(m;“QB,n,B) — 0 as ]f — OQ.

= lim
k—oo

/ 0, fi AL
R

o(E+(B))

/ fopdom? - / fo i dAL?
O(Ro(E+(B))) Ry, (E4+(B))

/ kaOdO'nB / fkﬁz‘@d)\g’ﬁ
d(Ro(E4(B))) R, (E+(B))

Thus h; = 0 in L*(R,(E,(B)); )\g’ﬁ) and therefore h; = 0 in L*(E, (B); QAZ’B) by Condition 27
For all @ # B C I this yields h; = 0 in L*(E, (B); u%nﬁ) for all i € B. Moreover,

E(fr, fx) = Z /E ‘vak‘ dﬂgnﬁ

@#BCI

/ hi @ dA™P
Ry (E- (B)

= lim
k—oo

+hm =0 as k — oo.

—00

< lim
k—o0

Z ZHafk hHLzE+ um8) =0 as k—o0

o#BCI i€B
and closability is shown. O

Remark 2.10. Since (£,D) is closable on L?(E; py,5) by Proposition 20 we have that D(€) is

. 1 1
complete with respect to the norm || - [|¢, :== E(-,-)? + (-, -)EQ(EWQ,W).

Proposition 2.11. Suppose that Conditions[2.3 and 271 are satisfied. Then (5, D(é')) 1S a sym-
metric, reqular, strongly local and recurrent, hence in particular conservative, Dirichlet form.

Proof. The Markov property is clear, see e.g. [FOT11, Theo. 1.4.1]. Regularity can be shown
as follows. The extended Stone—Weierstrafs theorem, see e.g. [Sim63, Chap. 7, Sect. 38|, yields
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that C°(E) is dense in C?(E) with respect to || - [|sup. Furthermore, D is dense in D (&) with
respect to || - [|g,. Since C°(E) € D € D(£) N CY(E), we obtain that (€, D(E)) is regular. Using
[FOT11l, Theo. 3.1.1] and [FOT11], Exercise 3.1.1] it is sufficient to show the strong local property
for elements in D. Therefore, let f,g € D with supp(f), supp(g) compact and let g be constant
on some open (in the trace topology of E) neighborhood U of supp(f). Then

= > /E (VPf,VPg) dug™’

@#BCI
- (v ¥ dug+ Y | (VL. V7g) dug™? =0,
@;ézB:cl /JE+(B)ﬂsupp(f) -0 @;AEB:C] E4(B)\supp(f) ~

Hence (€, D(€)) is strongly local.

In order to deduce recurrence of (€, D(£)), it is enough to show that there exists a sequence
(fi)ken C D(E) such that limy_,o0 fr = 1 pion g-a.e. and limg o0 E(fr, fr) = 0 by [FOTTI, Theorem
1.6.3]. This we do next. 1p € L*(E;pn,3) by Condition We show that 1g € D(E). Set
A = [-1,00)" and K}, := [0,k]", k € N. Then there exist cutoff functions f, € C*(A), k € N,
such that 0 < fi < fra1 < 1, fr = 1 on Ky, supp(fx) C Bi(K}) and ‘&fk‘ < (O3 < 00. Cy
independent of k € N. Here B;(K}), k € N, denotes the 1-neighborhood of the set K. Hence

2
11E = fillZe(mp, . ) = /E (1g — fi) dpgnp

— /E\K (]]-E — fk)zd,ugm,ﬁ S ,ugm,ﬁ(E \ Kk) —0 as k— oo. (24)
k

Furthermore,

E(fifi) = D / VPl dug™ < nCppns(EN\ Ky) — 0 as k — oo (2.5)
E

o£Bc1 Y E+(B)

Using (2.4) and (Z.5) we easily obtain by applying the Cauchy-Schwarz inequality that (fy)gen is
&1-Cauchy. Hence 1 € D(E) with

E(lp,1p) = l}l)flolog(fka fr) = 0.
Therefore, (€, D(£)) is recurrent and, hence in particular, conservative. O

Finally, we end up with the following result.

Theorem 2.12. For fizedn € N, § € (0, 00) and density function o we have that under Conditions
2.2 and (27

> &ulf.9), f.geD=C(E),
@#BCI
with

5B(f,g):/ (VEf,VPg)due™?, @#BcCl,
E4(B)

and p&™" = o X% is a densely defined, positive definite, symmetric bilinear form, which is closable
on L? (E,,ug,nﬁ). ]ts closure (5, D(é’)) 1s a recurrent, hence in particular conservative, strongly
local, reqular, symmetric Dirichlet form on L* (E; ,ug,nﬁ).

Proof. See Remark and Propositions and 2.17] O



2 The functional analytic background

2.2 Generators

By Friedrichs representation theorem we have the existence of the self-adjoint generator
(H,D(H)) corresponding to (£, D(E)).

Proposition 2.13. Suppose that Conditions [2.2 and [270 are satisfied. There exists a unique,
positive, self-adjoint, linear operator (H, D(H)) on L* (E; /Lgm,ﬁ) such that

D(H)C D(&) and E(f,g) = <Hf,g>L2(E | forall f € D(H), g € D(E).
iHo,n,B
Proof. Using Proposition this is a direct application of [FOT11], Coro. 1.3.1]. O

We need additional assumptions on the density function g in order to derive an explicit formula
for the generator H on a subset of its domain D(H), dense in L*(E; fipn3)-

Condition 2.14. g is a m, g-a.e. positive function on E such that
(i) Q}E+(B) € H'"*(E,(B)) for all @ # B C I, where H"*(E,(B)) denotes the Sobolev space
of weakly differentiable functions on E,(B), square integrable together with their derivative.
(ii) 0 € CY(E), where C*(E) denotes the space of continuously differentiable functions on E.
Remark 2.15.

(i) Note that the additional assumptions collected in Condition 2.I4] are not necessary for the
existence of the generator (H, D(H)).

n

(i) If o fulfills Condition 22l then Condition 2.T4(i) is equivalent to (9;In(0))._,
€ L*(E; o).

(iti) Condition ZT4(ii) implies that (0; ln(g))?:1 is continuous on the set {o > 0}.

(iv) If p fulfills Condition 214 (ii), ¢ is in particular continuous on E and therefore Condition
2.7 is implied. Moreover, Condition 2.14] (i) implies Condition 2.2

For f € D= C?*(E) and B C I we define
1
LPf =170 f =" (07 f+0:fo(lno) + > =0if
i€B i€I\B b

=APf+ (VPf,VPIno) + %(VI\Bf, e),
and

Lf:= Z ]]-E+(B)Lva

BCI
where APf:=3"._,0?f for f € D, B C I and e is a vector of length n containing only ones.

Proposition 2.16. Suppose that Condition[2.1]] is satisfied. For functions f,g € D we have the
representation E(f, g) = ( — Lf, g)

LQ(E;uQ,n,/j)

10
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Remark 2.17. Let LY := AP 4+ (V7 V¥#1ny) and LIP .= (VI\B ¢). Using this notation we can
express L in the form

1
Lf = 1p.m(LEf+ ELé\Bﬂ
BCI
1
=1g,. )" Lif+ Z ]1E+(B)(—L11T\Bf + BLg\Bf), [ e€D.
BCI

The interpretation of L is that on E (B) the operator L¥ describes the dynamics of the coordinates
1 € B by means of a diffusive and a drift term whereas the operator —L I\B forces the remaining

coordinates i € I'\B with constant drift 3 back to positive height. The operator —LP + 1LB
for B # @ is called a Wentzell type boundary operator. The associated Cauchy problem can be
formulated in the form

Duy(z) = Auy(z) + (Vu(z), V(In p)(z)), t>0, z€ek,
O?ug(z) + Oue(z)0i(In o) () — 8ut(x =0, t>0,iel, x€ En{x; =0}, (2.6)

uo(z) = f()
The second line of (2.6]) is called Wentzell boundary condition (for the i-th coordinate).

Proof of Proposition[216. Let f € D and g € C}(E). In order to show this representation we
carry out an integration by parts. We start with B =1, i.e., #B = n:

&0 =3 [asageiy =3 [ ofoogan

i€l el
- / —2fo— 0,10, g) e — / 8, fgod\®
i€l LBCI iel\B E+(B)
_Z/ —Of — 9,0 In(o )) Jod\ — Y Z/ Oif god\i.
el BCI 1€I\B

B=n-1

Next we consider all B C I such that #B =n — 1, i.e.,

Z/ 0ifogBo [[day T do

i€B i€B jeI\B

- Z/E ) <_ 0 f —0ifo 1n(9)) goBdAy

1€EB
- X X [ arsesng

BCB i€B\B E+(B)
#B=n—2

Proceeding inductively we end up with all B C I fulfilling #B = 1, i.e., we consider

Enlfg) =3 [E 0:f Brg 08" [ aat, T %

i€B i€B jeI\B

11



3 The associated Markov process

= E — O*f — 0,f0;In nml A
2 [E+(B) ( cf —0if (9)) gop
=" " 9:£(0) g(0)0(0).

i€B

Combining all this yields

:Z/ — 0} f — 0:f0;In(o ))deM’”
> (-

82f — 8,8 n(o )——Zaf g8 0dAD

+
+\
A

mM

BCI zeI\B
#B=n—1
+Z/ ( O?f — 8,0 In(o )——Zaf gB%od\
Bcr YE+(B) \ ieB zeI\B
#B=n—2
+
_l_
>/ ~ O~ o) = 5 3 f | 98" ela) Xy
BcI Y E+(B) ZEB zeI\B
#B=1
—Zﬁaf B"0(0). (27)
i€l
Now using the definition of L, we obtain the desired result. O

3 The associated Markov process

Since (£, D(£)) is a regular, symmetric Dirichlet form on L?(E; u,,,,5) which is recurrent, hence in
particular conservative, and possesses the strong local property, we obtain the following theorem,
where (Tt) denotes the C°-semigroup corresponding to (5, D(é')), see e.g. [FOT11, Chap. 4 and
Chap. 7].

t>0

Theorem 3.1. Suppose that Conditions[2.2 and[27 are satisfied. Then there exists a conservative
diffusion process (i.e. a strong Markov process with continuous sample paths and infinite life time)

M := M®"" := (Q,F, (Fo)i>0, (Xt)ez0, (O1)1z0, (PL™)oecp)

with state space E which is associated with (€, D(E)), i.e., for all (g g-versions of) f € L*(Ej; pons)
and all t > 0 the function

E >z~ pf(r) :=EL™ (f(Xt)> = / f(X;) dP2™" € [0, 00)

Q

12



4 Analysis of the stochastic process by additive functionals

is a quasi continuous version of Tyf. M is up to fi,, g-equivalence unique. In particular, M is
Mo, B-Symmetric, i.e.,

/ pef gdpions = / fpgdignps forall f,g:E —[0,00) measurable and all t > 0,
E E

and has 1,y 5 as reversible, invariant measure, i.e.,

/ pef Apton g = / fdponp forall f:E —[0,00) measurable and all t > 0.
E E

In the above theorem M is canonical, i.e., 2 = C’O([O, 00), E), the space of continuous functions
on [0,00) into F, Xi(w) = w(t), w € Q. The filtration (F;);>o is the natural minimum completed
admissible filtration obtained from the o-algebras F? := O’{XS ‘ 0<s< t}, t>0,and F :=F_ :=

Vte[o,oo) F;. For each t > 0 we denote by ©, : 2 — € a shift operator such that X, o0 ®;, = X,
for all s > 0.

Proof. See e.g. [FOT11, Theo. 7.2.2 and Exercise 4.5.1 |. O

Theorem 3.2. The diffusion process M from Theorem[3.1l is up to p,n s-equivalence the unique

diffusion process having pi,n 5 as symmetrizing measure and solving the martingale problem for
(H,D(H)), i.e., for all g € D(H)

3~ 50%) + (Hg)(XJ)ds, t>0,

is an Fi-martingale under P2™P for quasi all v € E. Quasi all x € E or quasi every v € E
(abbreviated by q.a. © € E or q.e. x € E, respectively) means all x € E except those contained
in a set of capacity zero. (Here g denotes a quasi-continuous version of g, see [MR92, Chap. 1V,
Prop. 3.3]. Moreover, note that in our setting the notions of capacity in the sence of [MR92] and
JFOT11)] coincide.)

Proof. See e.g. [AR95] Theo. 3.4(i)]. O

4 Analysis of the stochastic process by additive functionals

Throughout this section we assume that we are given the regular, symmetric Dirichlet form
(5 ,D(& )) on L? (E; ,ug,nﬂ) which is recurrent, hence in particular conservative, and possesses the
strong local property, see Section 2, and the associated diffusion process M from Section [8l Let
g € D(E) be essentially bounded. Due to [FOTT11], Sect. 3.2 there exists a unique, finite, positive
Radon measure v, on (E, Bg) satisfying

/ f vy = 2€(gf,9)— E(*.f) for all f € D(E) N CO(E).
E

Remark 4.1. For an essentially bounded g € D(€) the measure v,,, is called the energy measure of
g.

13



4 Analysis of the stochastic process by additive functionals

Lemma 4.2. Suppose that Condition 2.2] is satisfied and that p is additionally continuous on FE.
Let © be a relatively compact subset of E'\{¢ = 0} such that Q@ C F\{¢ =0} and @ # B C I such
that £, (B) N Q is non-empty. Then the restriction map ip : g — g|g, (B)no maps continuously
from D(€) to HY*(E,(B) N Q), i.e., there exists a constant Cy = Cp(B,,n,0,) such that

9l 12z, By < Cr\/E1(g,9) for g € D(E).

Proof. Let @ # B C I such that E,(B) N # @. By assumption (2 is compact and contained in
{0 > 0}. Therefore, there exist constants o*, 0~ € (0,00) and such that o~ < o < o on Q. Let
g € D. Note that g € D is (weakly) differentiable on E. (B) with gradient VPg := >"._, dige;.
We have

[ pape]  wrap
EL(B)NQ EL(B)NQ
1 n n
< (/ g dpi; ’ﬁ+/ IV21* dus; ’ﬁ)
B 0 B4 (B)NQ B4 (B)NQ

1 / 2 n,B B |2 n,B3
o ([ s [ e
pr-ibo- ( Ei(B) b E.(B) 7

1
S mf/‘l(u,u) < 0.

Hence, ip : D — H“?(E,(B)NQ) is well-defined and continuous. Therefore, iz admits a continuous
extension to D(E). Let g € D(€) and (gx)ren be a sequence in D converging to g with respect to
the Elé-norm. Then i5(gr) = gklE, (B)no — v =ip(g) in HY*(E4(B) N Q). In particular, the same
holds true with respect to the L?(E,(B) N Q; )\g))—norm. Certainly, the convergence of (gi)ken
to g implies convergence in L*(E; p,n,) which in turn implies that gx|e, (5yne — 9lE, (B)ne in
L*(E.(B) N Q; )xgl)) due to the boundedness of ¢ on 2. Hence, we can conclude that ig(g) =
9l (B)no by the uniqueness of the limit. Thus, the map

ip : D(&) — HY*(EL(B)NQ), g~ glp, m)ne

1

is well-defined and continuous. Set Cp := —(———. O

Proposition 4.3. Suppose that Conditions[2.2 is satisfied and that o is additionally continuous on
E. Let g € D(E)NCYE). Then g is weakly differentiable on E.(B)\ {0 =0} for each @ # B C I
with gradient VPg € L*(E,(B); p%™") and its energy measure v, is given by

Vigy = 2 Z [V g)? pg™e.

@#BCI

In particular, for g € D holds

Vigy = 2 Z Z (8,-9)2,u%”’5.

@+#BCI i€B

Proof. First let f,g € D. We have

2E(gf.9) — €G> f)

14



4 Analysis of the stochastic process by additive functionals

=2 Z /+(B Z@ gf 8gdu9"6 Z /E Z@ 0fdu9"6

@#BCE @#BCI ) ieB
—2 Y / S (00f +90.f) dgdng™® —2 3 / S 90,9 0.f dps?
@£BCI ) ieB o£Bc1 Y E+(B) icp
—2 Y / Z ((09) 1+ gog0s) s 2 3 [ S gogasdug?
o£BCI o#Bc1” E+(B) jep
=23 [ e st = [ 12 3 S (o) d
@#BCI ZEB @#BCI ieB
This shows the assertion for g € D, since D is dense in C?(E) with respect to || - ||sup-

Now let g € D(E)NCY(E) and f € D. Moreover, let (gx)ken C D such that g — g in (D(E), [|-¢,)-
By [FOTI1I1, p.123] it holds

([ s0)! = ( [ )

< ([ f4-10)" < 20 Sl €5 — 19— 90
Hence

/de<g> = lim [ fdv,) = lim (25(f9k’9k) —5(913>f))
E —oo | g

k—o0
— i on,B
lim [ 72 30 S (0 du
@#BCI i€B

It remains to show that g possesses on each set £, (B)\ {o = 0} a square-integrable weak gradient
(with respect to %"") and that VBg, — VBg in L2(E,(B); u%"") as k — oco.

Define G := [0,7)" N (E \ Bi({¢ =0}) and G} := E,(B) N G; for j € N. Then each G fulfills
the assumptions of Lemma @J] and Gf; T E.(B)\{0=0}as j 1T oco. This yields a weak gradient
V% of g on each set GF and therefore a weak gradient in Lj,.(E,(B)\ {¢ = 0}). Additionally, it
holds

/ |VBg‘2 dugnﬁ < 11m1nf/ ]lG |VBg|2 dﬂgnﬁ < EB( )
E+(B) E+(B)

J—00

since the last inequality holds for fixed j € N. This shows that Vg € L*(E,(B); u%™") and
furthermore, applying the above inequality to g — g, finishes the proof. O

Proposition 4.4. Suppose that Condition[2.17 is satisfied. Let f,g € D C D(E). Then

£(f.0) = (vp.0) = [ aay

with

vpi= 3 (= AP = (VP V(o)) 2 5Z(v1\3f e) A"

BcCI BCI

Proof. This representation is valid due to the integration by parts carried out in the proof of
Proposition 2.16l O

15



4 Analysis of the stochastic process by additive functionals

Next we recall the definition of a positive, continuous, additive functional (see e.g. [FOT11]
Appendix A.2, A.3|).

Definition 4.5 (additive functional). A family (4;) 1> Of extended real valued functions A4; : 2 —

R, with R := R U {—00, 00}, is called additive functional (AF in abbreviation) of M if it satisfies
the following conditions:

(A1) A; is Fi-measurable for each t > 0.

(A2) There exists A € F., with P2"5(A) =1 for all z € E, ©;A C A for all t > 0 and for each
we€ A, t— Ay(w) is right continuous and has left limit on [O, oo) satisfying

(i) Ap(w) =0, and
(i) Apgs(w) = Ap(w) + As(BOuw) for all ¢, s > 0.

The set A in the above is called a defining set for (At)t>0' An (At)t>o is said to be finite if

|Ay(w)| < oo for all ¢ € [0,00) and each w in a defining set. An (At) ., is said to be continuous

if [0,00) 3 t = Ay(w) € R is continuous for each w in a defining set. A continuous AF (4;),.
consisting of a family of [0, co]-valued functions A, : © — [0, 00] is called a positive continuous
AF (PCAF in abbreviation). The set of all PCAFs we denote by Af. Moreover, we call an AF

which is also a square integrable martingale with respect to (Ft) a martingale AF (MAF in

>0

abbreviation).

Remark 4.6. Suppose that Conditions2.2land 2.7 are satisfied. Let 0 < g € C°(E) and M € B(E).
Then A := (A;)i>o with

Ay(w) ::/0 9(Xo(w) Ly (Xo(w)) ds, w e O,

is a PCAF, i.e., A € Af. If g is bounded, A is even finite. Compare e.g. [FOT11, Exam. 5.1.1].
Given M and a positive measure y on (E, B(E)) we define a positive measure P, on (2, F) by

P,():= /E P2 () du(x), T €F,

Now we want to assign to the measures v, from Proposition and v; from Proposition [4.4] the
corresponding additive functionals (AFs). In order to do this we make use of [FOT11), Theo. 5.1.3|.
We consider the following classes of measures.

Definition 4.7 (smooth measure, measure of finite energy integral). We denote by S the family of
smooth measures, i.e., all positive Borel measures p on B(E) such that p charges no set of capacity
zero and there exists an increasing sequence (Fk) JeN of closed sets in F such that ,u(Fk) < oo for
all £ € N and limy_, ., cap (K \ Fk) = 0 for any compact set K C E. Here cap (S) denotes the
capacity of a set S C E.

A positive Radon measure p on B(E) is said to be of finite energy integral if

/E\f\dug@ £.(f.f), feDE)NCE),

for some C; € (0,00). We denote by S, the set of all positive Radon measures of finite energy
integral.

16



4 Analysis of the stochastic process by additive functionals

Remark 4.8. A positive Radon measure p on B(FE) is of finite energy integral if and only if there
exists for each @ > 0 a unique U, € D(S ) such that

Ea(Units f) = /E fdu forall f € D(€) N CO(E),

whete £a(1) = E(,) + 0 (+)

Definition 4.9 (a-potential). We call U,pu from Remark [4.8 an a-potential and denote by S,, the
set of all finite 1 € S, such that |[Uypl|~ sy, , 5 < 00

Remark 4.10. Let p € Sy, be a finite measure and g : F — [0,00) measurable and bounded.
Applying [FOTT11], Theo. 2.2.1] we obtain that p, := gu € Seo.

Lett>0,u€8S, A Af and f,h: E — [0,00) measurable. Then we consider

En,s ((£4),) = /Q /0 f(x,) dA,dPy,, . | (4.1)

and

/ (b ds = / t [ o) s

= [ [ [ ) et r dutds. (42

Definition 4.11 (Revuz correspondence). A measure p € S and a AF A € A} are said to be
in Revuz correspondence if and only if equality of (£1]) and (4.2]) holds for all f,h: E' — [0, 00)
measurable.

Remark 4.12. Suppose that Condition 2. T4l is satisfied. Using the symmetry of (p;):>o in (£2)) one
easily checks that the measure p,, g is in Revuz correspondence with the PCAF (A;)i>0 := (t)>0.

Remark 4.13. Suppose that Condition [2.14]is satisfied. Then for B C I the positive Radon measure
Ly = pp? = o A7 is an element of S,, and, by using Remark together with [FOT11], Lemma
5.1.3], in Revuz correspondence with the PCAF (A7) >0 8iven by

1

t
Af = A?,B,B = ﬁn—#B/ ]1E+(B) (XS) dS.
0

Remark 4.14. Suppose Conditions 2.2 and 27l Let n € C°(E) such that n > 0. Again by applying
[FOTII, Lemma 5.1.3| and using Remark A.T0l we obtain:

(i) If p € Sy and A; = f(fg(Xs) 1y (Xs) ds, t > 0, as in Remark [£.6] are in Revuz correspon-
dence, then

t
pn i=np and Al = /0 n(Xs) 9(Xs) Lar (Xs) ds

are in Revuz correspondence.

17



4 Analysis of the stochastic process by additive functionals

(ii) If, moreover, n has compact support, then y, € S,.

Remark 4.15. If pq, po € Sy, with Revuz corresponding AFs Ay, Ag, respectively. Then p1+pus € S,
with Revuz corresponding AF A given by A := A; + A,.

Theorem 4.16. Suppose that Condition [2.14) is satisfied. Let f € D. Then

f(Xy) = f(Xo) = M,[fﬂ + Ny] PP — a.s. for ge. x € E, (4.3)

where M,Ef Vis @ MAF with quadratic variation
M), =2 3 [T L (%) ds
@#BCI

and
= [ (877 (97597 1000)) (%) 1,00 (X))

+ (Z é(vf\Bfa 6) (Xs) 1g, (B (Xs)> ds.

BcCI

Remark 4.17. Note that the decomposition (3] is valid P2 —a.s. for q.e. z € E. This is weaker
then the statement in [FOT11, Theo. 5.2.5] where the decomposition holds P2™?—a.s. for each x €
E. This is caused by the fact that in our setting we do not know if the absolute continuity condition

is fulfilled.

Proof. We have to check the assumptions of [FOTILI, Theo. 5.2.5]. f € D C D(E) is clearly
bounded and continuous. The measure v, € Sy, due to Proposition .3, Remarks T3] E.T4(ii)

and .15l applied inductively. In addition, these results yield that v, is in Revuz correspondence
with the PCAF

2 ) /Z (0:)*(Xs) 1, () (X,) ds.

@£BCI icB

By Proposition [4.4]

£(1.9) = (vr.a) = [ g

with

-5 (5 (tr-asaa) S (2 )

BcI \ ieB BCI iel\B

for all f,g € D. We can split the densities contained in v; into positive and negative part. This
yields two positive Radon measures V}’ and v, such that vy = V}’ — vy . These measures belong
to Seo by Remarks [4.13] 4.4 and We can calculate the associated PCAFs A" and A~ in the
same way like in the case of v;,. By [FOT11], Theo. 5.2.5] Ny] = —A" + A~ and we obtain that

18



4 Analysis of the stochastic process by additive functionals

N /0 t (32 (3 (22 + orsa1m(9) ) (X.) e (X))
+ (Z( S af) ) 1e, ) (X, )) ds.

BCI zeI\B
O

Corollary 4.18. Let j € I. We denote by m; : R" — R, x — x;, the projection on the j-th

coordinate. Then under the assumptions of Theorem [{.10] the coordinate processes (X{) A

(Wj(Xt))tZO, 1 < j <mn, corresponding to M 1is given by

t t
SX{= VR [ 1,(X)dB+ [ 0n(0)(X)15(X.) ds
0 0
N V2 Jg e, (3 (X,) dBI + [29;10(0) (X,) g, 3)(X,) ds, ifj€ B
e 5 o e (Xs) ds, ifjel\B
1 t

+ B L{(o,...,00} (XS) ds Pfc’"’ﬁ —a.s. for ge. x € E, (4.4)
0

where (B])1>q is a one dimensional standard Brownian motion. Moreover, (B} )0 and (B!);>o are
independent fori,7 € I with i # j.

Proof. We consider

k L Zj, 1f:c€[0,k+1)" < i< k
W.(l’).—{o’ if 2 € [k + 2,00)" 1<j<n, k€N, such that 7; € D.

Furthermore, we define
=inf {t >0|X; ¢ [0,k]"}, keN

(T )ken is a sequence of stopping times with 74, 1 0o as k — oo. Now using the decomposition (4.3))
we obtain for k € N and j € I the representation

X{,\Tk - Xé = Wf (Xt/\'rk) - W;? (XO) = Ml[t/\r]k + Nl[t/\r]k

[ﬂ_,ﬂ tATE
— M /0 9, n(0)(X.)Lp(X.) ds

s { SN 9,0(X,) g, (5 (X,) ds, if j € B

@#BCI f(f/wk 1g, (B) (XS) ds, ifjel\B
1 tATE
+ B/ L{0,....00} (Xs) ds Pg’"’ﬁ —a.s. forqe. rz € F

Additionally we have the cross variation

t/\Tk
wk ok _ ok _ U
<M[ 1}7 M[ J]>t/\7'k N 52] <M ]>t/\Tk o 7'] Z / ]lEJF ) dS Pg g - a.S., S E
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5 FErgodicity and occupation time

wk il . . .
For k € N large enough M£ AJT]k = M£ Vs a continuous, local martingale and moreover, for fixed

@ # B C I andi,j € B we have that

t t 2
<M[’”], M[m]>t = ;2 /0 1g, (p)(X;) ds = /0 <5ij \/§]lE+(B) (Xs)) ds P2"F —as., xc k.

Thus for t > 0 and j € B we obtain (perhaps after enlarging the probability space) by using [Ka01l
Theo. 18.12] that

t
M — /3 / Ly, (X,) dB! P —as. zc .
0

where (B );s0 is a one dimensional standard Brownian motion. Moreover, (B} )i and (B?);>¢ are
independent for ¢, 7 € I with ¢ # j. O

5 Ergodicity and occupation time

Definition 5.1 (part of a Dirichlet form). Let (G, D(G)) be an arbitrary regular Dirichlet form
on some locally compact separable metric space X, m a positive Radon measure on X with full
topological support and G an open subset of X. Then we define by GY(f,g) = G(f,g) for
frge{f e D) f=0qe onX\G} the part of the form (G, D(G)) on G, where f denotes a
quasi-continuous version of f. Indeed, this defines a regular Dirichlet form on L?(G;m) and for
any special standard core C of (G, D(G)), Cq := {f € C| supp|f] C G} is a core of (G, D(G)) (see
[FOT11), Theorem 4.4.3]).

Throughout this section, suppose Condition [2.14] is satisfied and denote by

M := M™F = (Q> F, (F:)i>0, (Xt)i=0, (©) >0, (Pg’n’ﬁ)er)

T

the process constructed in Theorem [B.Il Furthermore, for an open subset G of £

M := (2, F, (Fi)iz0, (X})iz0, (©1)iz0, (P2"

T

7B)JEEGA)

is called the part of the process M on G, where X?(w) results from X;(w) by killing the path upon
leaving G for w € Q. Here Ga := GU{A}, where A denotes the cemetery, see e.g. [FOTT1I, Chap.
A.2|. By [FOTTI, Theorem 4.4.2] the process MY is associated to (¢, D(EY)).

In (23) we defined the form &, for & # B C [ and functions f,g € D. We can extend
the definition to functions in f,g € C?*(E,.(B)). Denote the closure of the pre-Dirichlet form
(€5, C2(E.(B))) on L*(E,(B); u&™") by (€5, D(E5)) and by (TP )40 the corresponding semigroup.
It is known that this yields for each B a strongly local, recurrent, regular Dirichlet form.

Let A;, i € Z, be the connected components of E := E \ {o = 0} for some index set Z and
AB := A, N E, (B). We suppose an additional condition:

Condition 5.2. 7 is finite, each A;, i € I, is convex and the density o fulfills

/ ditgmp < COr* asr — 0
Br({0=0})

with a constant C < oo.
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5 FErgodicity and occupation time

For the following lemma we need the notion of a strongly regular Dirichlet form (see also [Stu94.
Section 4.2] and [Stu95]):

Definition 5.3 (strong regularity). A regular Dirichlet form (G, D(G)) on L*(E; ji,n ) is called
strongly regular, if the topology induced by the intrinsic metric

d(ry) = swp{ () ~ fp)] € DG) N COB) with Sy, < g}, 7.y € .

coincides with the topology generated by the euclidean metric on E. Here v, < 15, 3 means that
the energy measure of f is absolutely continuous w.r.t. j,, s and its Radon-Nikodym derivative is
almost everywhere less or equal than two.

Lemma 5.4. (i) {0 = 0} is of capacity zero and {p = 0} N E,(B) is of capacity zero for every
g #BCl.

(ii) A; is open and Ti-invariant for every ¢ € T .

(iii) AP is open in E, (B) and TP-invariant for every i € Z and @ # B C I.

Proof. (i) We only show the first statement for the Dirichlet form (£, D(£)). The second statement
follows for the same reasons. By [Stu95, Theorem 3| and Condition [5.2]it is enough to show strong
regularity of (£, D(E)). Let f € D(€) N CY(E). Then the energy measure of f has the form

1 n
SV = > VI Pug = ( > \VBf|2]lE+(B)> fhon,B

@#BCI @#BCI

by Proposition 3. Thus,

d(z,y) = sup{f(z) — f(y)| f € DE)NC(E) with > [VPf[’lp, () <1ae on E}

@#BCI

=sup{f(x) — f(y)| f € D(E)NC.(E) with [VPf?*<1ae. on E,(B), @# BcCI}
for x,y € E. Since E is convex, we have by the fundamental theorem of calculus

|z =yl = d(z,y).

This proves the assertion.

(ii) Clearly, each A; is open in F, since ¢ is continuous. In order to show Tj-invariance, it is
sufficient to prove that A; is quasi open and quasi closed simultaneously by [FOT11, Corollary
4.6.3|. Since each open set is quasi open, it is left to show that A; is quasi closed or equivalently
that £\ A; is quasi open. Thus, let ¢ > 0. Since {90 = 0} is of capacity zero by (i), there exists
an open set B containing {¢ = 0} with cap(B) < €. The set G := U;,;A; U B is open, contains
E\ A; and it holds

cap(G \ (E\ A4;)) < cap(B) < e.

Hence E \ A; is quasi closed. Thus A; is Tj-invariant.
(iii) follows by the same arguments. O

Remark 5.5. (i) Due to [FOT11, Lemma 4.6.3], Ti-invariance of A; implies that there exists a
properly exceptional set N; such that A; \ NN; is M-invariant in the sense that

P2"P(X, € (A, \ ;) for all t > 0) =1 for all z € A; \ N;.
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5 FErgodicity and occupation time

(ii) Fix some set AZ and define G, := {z € AZ| d(z, {0 =0}NE (B)) > £} N[0, k)". This yields
a sequence of bounded open subsets of AP increasing to AZ. Since ¢ € C'(E) by Condition
[2.14] it follows that v := ess inf,eq, 0> 0, k =1,2,..., (with respect to the measure Ag)).

(iii) By a similar argument, LP-norms on K with respect to the measures u%n’ﬁ and )\gl) respec-
tively are equivalent for some compact set K contained in some AP.

(iv) In the case that o(x) > 0 for all # € E, E = E is already connected. Moreover, in Condition
6.2l instead of assuming convexity it suffices to require that Z is finite and the intersection of
some A; with £, (B) is either empty or connected.

Theorem 5.6. Leti € Z. For all f € L*(A;; pipn ) holds

. fA fdpignp
g | s = ST o0

PonPq.s. for qe. x € A,.

Proof. Fix i € Z. Due to [FOT1I, Theorem 4.7.3(iii)], the definition of M# and Remark
(i) it is sufficient to show that (£4¢, D(£4%)) is irreducible recurrent. [FOTTI, Theorem 1.6.3].
Recurrence has already been shown in Proposition .I1l In particular, we have that 1p € D(E)
and £(1g, 1g) = 0. Since A; is Ti-invariant, we have 14, = 14,15 € D(E) and

0= S(ILEv ]lE) = S(JlAN ]l‘Ai) + S(ILE\A“ ILE\Ai)

by [FOT11, Theorem 1.6.1]. Hence, 1,4, € D(E4) and £4¢(14,,14,) = 0 which implies recurrence
of (4, D(E4)). Taking into account that the considered form is recurrent, irreducibility is equiv-
alent to the condition that every f € D(E4¢) with E4(f, f) = 0 is p,ns-a.e. constant (on A;)
by [CE11, Theorem 2.1.11]. Denote by (€, D(EL)) the part of the form (€5, D(E)) on AP. This
is the closure of (g, C?(AP)) by [FOTII, Theorem 4.4.3] and thus, it is irreducible. Indeed, the

closure of the pre-Dirichlet form

) / O:frgaNy), f,g € CX(AP),

i€EB

on L?(AP; A ) yields reflecting Brownian motion on A? which is irreducible (see |CF11l p.128])
and hence the closure of the form defined for functions in C%(A?) on L?(AF; Al )) is also irreducible
in view of [CF11, Theorem 2.1.11]. Hence, it follows by [FOT11l, Corollary 4.6.4] and Remark 5.5
(ii) that (&L, D(EY)) is irreducible.

Let f € D(E%) and choose a seqeunce (fi)ren in C2(A;) such that f, — f with respect to /&7

Then the restriction to F, (B) is by definition £,;-Cauchy and converges to the restriction of f in
L2(E.(B); u%™"). Therefore, the convergence holds also in D(E,) and

EV(f. ) =E(f.f) = lim E(fi, fi) = lim > Exlfifi) = Y Ealf.f)

@#BC[ @#BCI
AB+#go AB+#go

by definition. By 7,°-invariance
EML ) = ) Elanf, Lanf).

@#£BCI
AB+£go

(3
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5 FErgodicity and occupation time

Therefore, E4i(f, f) = 0 implies EL(L nf,145f) = 0 for each summand and hence, f = ¢

,u%"’ﬁ-a.e. on A? for some constant ¢, by |[CE11, Theorem 2.1.11]. Thus, we can conclude

It remains to show that there exists a constant ¢ such that ¢, = ¢ for all B. Let @ # B C I with
AP # @ be arbitrary and [ € B such that A; also intersects £, (B \ {l}) . We show that c =
by contradiction. Then the assertion follows by applying this result successively. If ¢, # ¢!

B\{l}
B\ W

f
= 1, since ﬁ € D(EA). Fix a point z € A7, Then, by

construction there exists a (bounded) neighborhood U of z in E such that its closure is contained
in A;. Choose a C'*°-cutoff function 7 defined on F which is constantly one near z and has support
contained in U. Then it is easy to see that nf € D(E4¢) and (nfy)ren is an approximation for nf
whenever (fi)ren is a sequence of C2(A;)-functions which approximates f in D(E4¢). Moreover,
Es(Mfi,nfr) — 0 as k — oco. By construction we have

can assume that c =0 and ¢

nfi() = (@) — nfi(z + Cep) = / Du(nfe) (x + te))dr.

where z € UN E, (B \ {l}) and C > 0 is chosen such that z + Ce¢; € U \ supp(n). Hence,

nfil@)] < / ) (@ + te)ldt

This implies
(n).
/As\{z}) [kl dAB\{l} /A 10;(nfr)] dA

Since we can restrict our considerations to the closure of U by construction, we have equivalence of
norms by Remark (iii) and hence, the left hand side converges to a positive constant, whereas
the right hand side converges to zero. This is a contradiction and thus ¢, = ¢ for some constant
¢, all B and 1. O

By the preceding ergodic theorem it follows immediately by choosing f as the indicator function
of the boundary that the occupation time of the process M on the boundary increases asymptot-
ically linear whenever the process starts in a component which possesses a boundary part with
Iton,p POsitive measure. In particular, the process spends in this case P2mF.a.s. a positive amount
of time at the boundary (with respect to the Lebesgue measure).

Corollary 5.7. For all measurable I' C OF = UBgE+(B) and all i € T holds

t .
lim 1 Ir (Xs) ds = w

5.2
) am (A1) (5:2)

Pe™Poq.s. for g.e. x € A;. In particular, under the condition that p,, s(TNA;) > 0 for g.e. x € A;
and P2™P-a.a. w € Q there exists T'(w,z) € [0,00) and c(w,x) € (0,00) such that

/t Ir(Xs(w)) ds > te(w,z)  forall t>T(w,z). (5.3)
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6 Application to the dynamical wetting model in (d + 1)-dimension

Corollary 5.8. Let o > 0 pointwisely, j € I and B # I. Then

1 : trom,s({; = 0})
lm = [ Loy (X7)ds = Doty >0 5.4
t—00 0 {0}( ) :Uwz,ﬁ(E) ( )
and
I thons(Ey(B))
lim = [ 1 X,)ds = FenPAmr 7)) o
e A 15)

P2™P_a.s. for g.e. x € E and ([53) holds. Moreover, the right hand side of (5.4) is increasing in
B, converges to 1 as f — oo and converges to 0 as 5 — 0.

Proof. The first statement follows directly from (5.2). In order to proof the latter assertion note

that
ponsa; =0) | pans{; > 0)
:Ug,nﬁ(E) /J“Q,N,B(E)
and
n—#B d)\(n) n :
pons((; > 0) _ 255 e TN s g -
Ng,n,B(E) ZBCI fE+(B) 5"_#B9d)\(;) Z?:o Bib;’

where

a; == od\ fori=0,...,n—1,
2 /E+(B> ’

#B=n—i, j€B

b; = / od\? fori=0,...,n
2 BB

BcCI
#B=n—i

and a, :==0. It holds 0 < a; < b; fori=1,...,n—1,0=a, < b, and 0 < ag = by. Hence, (5.0) is
decreasing in 3, converges to 0 as 5 — oo and converges to 1 as § — 0. O

6 Application to the dynamical wetting model in (d + 1)-dimension

Let d € N and D, := (O,I]d C R% For N € N we define D,y :== ND,NZ% where ND, :=
{N 0 ‘ 0 c Dd}. Here N stands for the scaling parameter. The discretized set Dy y is a microscopic

correspondence to the macroscopic domain D, and given by D, y = {1, 2,...,N }d. The boundary
0D,y of D,y is defined by 0D,y = {x € Z3\ D, ‘ |x —y| = 1 for some y € Dd’N} and the

closure Dy y of D, y is defined by Dy := Dynx U0D, . Hence D,y = {0, 1,2,...,N+ l}d. For
fixed N € N we consider the space of interfaces

Qfy = [0, 00) 0 1= {¢ . Dux — [0, oo)}

on D, . Note that ¢(x) describes the height of an interface ¢ € Q , at position x € D,y with
respect to the reference hyperplane D, y. Therefore, ¢(z), x € D, y, is also called height variable.

We extend ¢ € Qfy to the boundary 9D, y by setting ¢(z) = 0 for all z € 9D, . The restriction

24



6 Application to the dynamical wetting model in (d + 1)-dimension

for the functions ¢ to take values in [0,00) C R reflects the fact that a hard wall is settled at
height level 0 of the interface.

The potential energy of an interface ¢ € Qd ~ 18 given by a Hamiltonian with zero boundary
condition, i.e.,

Qw200 HL@)=5 Y V(o) -6) R (61)
m,yem
|lz—y|=1

where the pair interaction potential V' fulfills Condition below.

Condition 6.1. The potential V : R — [=b,00), b € [0,00), is continuously differentiable and
symmetric, i.e., V(—r) =V (r) for all v € R and moreover, k := [, exp (—V(r)) dr < cc.

A natural distribution on the space of interfaces (QIN,B (QIN)) is given by the probability
measure jy defined by

1
api3(9) = oo (— HIy©0) [ (Bdoo(@) +do.(@)), o€y, (62)
4N IEGDdyN
with pair interaction potential V' under Condition 6.1l and normalizing constant Z3. Here
[loen, s <d50(a7)—|—d¢+(a7)> denotes the product measure on [0, c0)N*, where d¢. (z) is the Lebesgue

measure on ([0,00), B([0,00))) and &,(z) denotes the Dirac measure on ([0, 00),B([0,00))) at 0
for x € Dy . pyy is a finite volume Gibbs measure conditioned on [0, o0)PaN . The corresponding

space of square integrable functions we denote by L? (QjN, Y N) Next we define the probability
density

0(9) == o (9) =

1 -
7z o (— Hix(9), o€l

Hence we can rewrite (6.2)) as

Aty s, = dpyy =0 H (ﬁd% )+ doy(x ))

ZBEDdN
d__ d -
=0 Y BYHF ] dor(x) [ doolw) | =0 D d\)"P=odmyig o€y
BCDg N z€B y€Dg N\B BCDyg, N

Condition 6.2. V'(z,-) € L? (QdN7,l,LNd ,) for allx € D, , where

Qxdo—= V(g = Y V(@) —o(y) R
yeDa N
lz—y|=1
Remark 6.3. Condition [6.1] guarantees that V(0) € [—b,00), hence flat interfaces are natural
elements in the space of interfaces QF v, i.e., occur with positive probability, see (6.2)). Furthermore,

Conditions [6.1] and [6.2] imply Conditions 214 and 5.2 (see also Remark 2.T5)).
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6 Application to the dynamical wetting model in (d + 1)-dimension

Remark 6.4. In [Fun05)] the authors assume that the potential V' is twice continuously differentiable,
symmetric and strictly convex, i.e., it exist some constants c_, ¢, > 0 such that c. < V”(r) < ¢, for
all 7 € R. This implies that s := [ exp(=V (r))dr < oo. In particular, the potentials investigated
in [Fun05] obviously fulfill Condition 6.1l In addition, Condition is also satisfied. Indeed, in
the case d = N =1 with ¢ := ¢(1) it holds by integration by parts

0< [ VLGP exp(-2v(6)) (50 + doy)
[0,00)

b

= lim [ (=2V'(¢))(—2V'(¢)) exp(—2V(¢)) do+

b—o0 0
= lim —2V/(5) exp(—2V(8)) + /[0 2(6) (-2 (9) o

<2, /[ -2V () o < o

since V' is non-decreasing and V’(0) = 0. Similar, but more lengthy, calculations show that this
result is valid for higher dimensions and larger numbers of height variables. Therefore, the class of
admissible potentials in our construction includes the one considered in [Fun05| for the dynamical
wetting model.

For each ¢ € Qfy we denote by
D3 (¢) = {x € Dyn |¢(z) =0} and  D;(¢) := {z € Du |$(x) > 0},

dry regions and wet regions associated with the interface ¢, respectively, and define for A, B C D, ,

i = {0 € O

Do) = A} and Qb= {o € Q| Do) = B},
respectively.

Remark 6.5. The following decomposition of the state space is valid:

Of — U Oy U O wet
d,N .
ACDd,N 4N, A BCDd,N 4N, B

— N B0 Nt B .
Therefore, fiya ,, = ZBch’N py e with phy = i

Theorem 6.6. Let d,N € N. For § € (0,00) we have that under Conditions[6.1 and[6.2
EVB(RG) = S EN'PF,G), F,GeD=Cal) (6.3)
@#BCDdyN
with
ENPO(F,G) =) / 0.F 0,Gdpy"", @ # B C Dy,
zeEB Q;ﬁ(g

15 a densely defined, positive definite, symmetric bilinear form, which is closable on
L2(Qfwi piyas,). Its closure (ENdvﬁ’Q, D(SNde’Q)) is a recurrent, hence in particular conservative,

strongly local, strongly reqular, symmetric Dirichlet form on L? (QIN; ,uNdﬁ,g).
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6 Application to the dynamical wetting model in (d + 1)-dimension

Remark 6.7. Note that for functions in D, [ € {1,2} and z € D, we denote by &’ the partial
derivative of order [ with respect to the variable ¢(z). In particular, 9, := 9.

Proof of Theorem[6.6. Use Remark and apply Theorem 2121 For strong regularity see the
proof of Lemma [5.4](3). O

For FF € D := C? (Q;FN) and B C D,y we define

LOF = LYol N (2F + 0,F (o) + 3. 0.F

reB fEGDdyN\B

=APF+ (VPF,VPIng) + %(VDW\BF, e),

and

> Lgpya LOF,

BCDdyN

where VBF := %" 5 0,F ey with some ¢ : D,y — {1,..., N} bijective and {ey, ..., eya} being
the canonical basis in RN, Moreover, ABF := Y _, 8§F for F € D, BC D,y and e is a vector
of length N¢ containing only ones.

Proposition 6.8. Suppose Conditions[6. 1 and[6.2 to be satisfied. Then we have the representation

ev'oe(FG) = (- LRG) for F,G € D.
LQ(QIN#‘Nd’ﬁ’Q)
Proof. Use Remark and apply Proposition 216l O

Remark 6.9. Let L := AP+ (VP VP Inp) and LF := (V7. e). Using this notation we can express
L in the form

Z ]].Q+ wet (EBF —|— LDd N\B )
BCDdN /6

:IQ;}VVV?;EIDd’NFjL ST Lgrwe (L7 VF 4 551’”\3 ), FeD.

d,N,B
BCDy N

The interpretation of £ is that on Qfy< the operator £ describes the dynamics of the height
variables ¢(z), x € B, by means of a diffusive and a drift term whereas the operator lﬁDd NAB
forces the remaining height variables ¢,, © € D, y\ B with constant drift 1 back to posrclve height.

The operator —L£P + %Ef for B # @ is called a Wentzell type boundary opemtor. The associated
Cauchy problem can be formulated in the form

2U(9) = AU(9) + (VU(¢),V(In0)(9)), >0, ¢ € Qfy,
O2U(9) + 0,Ui(9)0:(In 0)(¢) — %@Ut(gb) =0, t>0,v€ D,y, ¢ €QxN{p, =0},
Us(¢) = F(9)

(6.4)

The second line of (6.4)) is called Wentzell boundary condition (for the x-th height variable).
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6 Application to the dynamical wetting model in (d + 1)-dimension

Theorem 6.10. Suppose that Conditions[6.1 and[6.2 are satisfied. Then there exists a conservative
diffusion process (i.e. a strong Markov process with continuous sample paths and infinite life time)

d
MN5e = (QF, (Fy)z0, (#1)e0, (O1)iz0, (PL79) —
o)

with state space Qfy which is associated with (5Nd’6’9,D(€Nd’B’9)). MN"Be g up to findg -
equivalence unique. In particular, MN"Be g fNd g o-symmetric and has (e g, as mvariant and
reversible measure.

Proof. Use Remark [6.3 and apply Theorem [B.11 O

Theorem 6.11. The diffusion process M Bee from Theorem [6.10 is up to pinag ,-equivalence
the unique diffusion process having jini g, as symmetrizing measure and solving the martingale

problem for (HNd’ng, D(?—[Nd’ﬁvg)), i.e., for all G € D(’HNd’B’Q)
Glo) - Glay)+ [ (WWoeG) @ ds. 120
0

is an F;-martingale under Pgd’ﬁ’g for quasi all ¢ € Q5.
Proof. Use Remark [6.3] and apply Theorem O

Corollary 6.12. Suppose that Conditions[6.1] and[6.3 are satisfied. Let x € D, . We denote by
T Qi — [0,00), & — ¢(x), the projection on the x-th coordinate. The coordinate processes
(¢t(x))t>0 = (m(qbt))po corresponding to MN“¢ s given by

Bia) =~ dufo) =V [ Aog, (8) aBu(o) ~ [ V(0.0 1g; (6) s

S V2 JJ Lop e (6.) dBy(2) = [3 V' (2,6,) Loy e (9, ds, yzeB
@#BCDg N % fO ]lQ;ﬁ‘; (¢s> dS, lfl’ € Dd,N \ B

1 t
+E/0 ]1{(0,...,0)}(¢s) ds, (6.5)

where (By())t>0, © € Dy, are one dimensional independent standard Brownian motions and

V'(z,¢) = 2V'(¢<x> —o(y), ¢ €y,

y€Da,n
lz—y|=1
with pair interaction potential V.
Proof. Use Remark and apply Corollary [4.18| O

Remark 6.13. (6.5) provides a weak solution to (L) for quasi every starting point in €, even
for boundary points.
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6 Application to the dynamical wetting model in (d + 1)-dimension

Theorem 6.14. Suppose that Conditions[6.1) and [6.2 are satisfied. For all F € L* (QIN; uNd,Byg)
it holds that

t

lim 1 F(¢,)ds = / Fdpya,,

t—o00 4
0 Qd,N

Pgd’ﬁ'g—a.s. for q.e. ¢ € Q.
Proof. Use Remark and apply Theorem O

Corollary 6.15. Under the Conditions of Theorem we have that for all measurable I' C
0 = Upcp, Qe it holds that

t

1
lim — 1r (q’)s) ds = fiyd g, (F)

t—o00 0

Pgd’ﬁ’g—a.s. for q.e. ¢ € Qfy. In particular, under the condition that pya () > 0 for g.e. ¢ €
Qi and Pgd’ﬁ’g-a.a. w € Q there exists T(w, ¢) € [0,00) and c¢(w, ¢) € (0,00) such that

/Ot Ir(¢,(w))ds > te(w, @) forall t>T(w,¢). (6.6)

Corollary 6.16. Let v € D,y and B # D, . Then under the Conditions of Theorem [6.14) we
have that

1t
i 2 [ Ly (8,0 = e ({0(2) = 0}) >0 (6.7
o0 0
and
: ]' ! +,wet
tliglo Z o :“-Q;’I’Vw;(qss)ds = /’l’Nd,ﬁ,Q(Qd,N,B) >0

Pgd’ﬁ’g—a.s. for g.e. ¢ € Qi and (6.8) holds. Moreover, the right hand side of (6.7) is increasing
in 3, converges to 1 as  — oo and converges to 0 as [ — 0.

Proof. Use Remark and apply Corollary 5.8 O

Remark 6.17. Corollary justifies that [ is called strength of pinning.
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