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1. INTRODUCTION

The notion of Hopf algebra and its generalizations appeared as useful tools in relation with many
branch of mathematics such that algebraic geometry, number theory, Lie theory, Galois theory, quantum
group theory and so on. A common principle to obtain generalizations of the original notion of Hopf
algebra is to weak some of axioms of its definition. For example, if one does not force the coalgebra
structure to respect the unit of the algebra structure, one is lead to weak Hopf algebras. In a different
way, the weakening of the associativity leads to Hopf quasigroups and quasi-Hopf algebras.

Weak Hopf algebras (or quantum groupoids in the terminology of Nikshych and Vainerman [12]) were
introduced by Bohm, Nill and Szlachanyi [4] as a new generalization of Hopf algebras and groupoid
algebras. A weak Hopf algebra H in a braided monoidal category [2] is an object that has both, monoid
and comonoid structure, with some relations between them. The main difference with other Hopf algebraic
constructions is that weak Hopf algebras are coassociative but the coproduct is not required to preserve
the unit, equivalently, the counit is not a monoid morphism. Some motivations to study weak Hopf
algebras come from the following facts: firstly, as group algebras and their duals are the natural examples
of Hopf algebras, groupoid algebras and their duals provide examples of weak Hopf algebras and, secondly,
these algebraic structures have a remarkable connection with the theory of algebra extensions, important
applications in the study of dynamical twists of Hopf algebras and a deep link with quantum field
theories and operator algebras [12], as well as they are useful tools in the study of fusion categories in
characteristic zero [6]. Moreover, Hayashi’s face algebras (see [7]) are particular instances of weak Hopf
algebras, whose counital subalgebras are commutative, and Yamanouchi’s generalized Kac algebras [17]
are exactly C*-weak Hopf algebras with involutive antipode.

On the other hand, Hopf quasigroups are a generalization of Hopf algebras in the context of non
associative algebra. Like in the quasi-Hopf setting, Hopf quasigroups are not associative but the lack of
this property is compensated by some axioms involving the antipode. The concept of Hopf quasigroup
is a particular instance of the notion of unital coassociative H-bialgebra introduced in [I5]. It includes
the example of an enveloping algebra of a Malcev algebra (see [II] and [I4]) when the base ring has
characteristic not equal to 2 nor 3, and in this sense Hopf quasigroups extend the notion of Hopf algebra
in a parallel way that Malcev algebras extend the one of Lie algebra. On the other hand, it also contains
as an example the notion of quasigroup algebra of an I.P. loop. Therefore, Hopf quasigroups unify I.P.
loops and Malcev algebras in the same way that Hopf algebras unify groups and Lie algebras. Actually,
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Hopf quasigroups in a category of vector spaces were introduced by Klim and Majid in [II] in order to
understand the structure and relevant properties of the algebraic 7-sphere.

The main purposes of this paper are to introduce the notion of weak Hopf quasigroup as a new Hopf
algebra generalization that encompass weak Hopf algebras and Hopf quasigroups and to prove that the
more relevant properties of these algebraic structures can be obtained under a unified approach, that is,
we show that the fundamental assertions proved in [4] and [2] about weak Hopf algebras and in [I1] for
Hopf quasigroups can be obtained in this new setting. Also, we construct a family of examples working
with bigroupoids, i.e. bicategories where every 1-cell is an equivalence and every 2-cell is an isomorphism.
The organization of the paper is the following. After this introduction, in Section 2 we introduce weak
Hopf quasigroups and we explain in detail how the first non-trivial examples of this algebraic structures
can be obtained considering bigroupoids. In Section 3 we discuss the consequences of the definition of
weak Hopf quasigroups obtaining the first relevant properties of this objects. Finally, Section 4 is devoted
to prove the fundamental theorem of Hopf modules associated to a weak Hopf quasigroups.

2. DEFINITIONS AND EXAMPLES

Throughout this paper C denotes a strict monoidal category with tensor product ® and unit object
K. For each object M in C, we denote the identity morphism by idy; : M — M and, for simplicity of
notation, given objects M, N, P in C and a morphism f : M — N, we write P® f for idp® f and f® P
for f ® idp.

From now on we assume that C admits split idempotents, i.e. for every morphism Vy : YV — Y
such that Vy = Vy o Vy there exist an object Z and morphisms iy : 7 — Y and py : Y — Z such
that Vy = iy o py and py oiy = idz. There is no loss of generality in assuming that C admits split
idempotents, taking into account that, for a given category C, there exists an universal embedding C — ¢
such that C admits split idempotents, as was proved in [9].

Also we assume that C is braided, that is: for all M and N objects in C, there is a natural isomorphism
em,N M ®@N — N® M, called the braiding, satisfying the Hexagon Axiom (see [§] for generalities). If
the braiding satisfies ¢y v © car,N = idypgn, the category C will be called symmetric.

Definition 2.1. By a unital magma in C we understand a triple A = (A, 74, pa) where A is an object
inCand 74 : K — A (unit), pua : A® A — A (product) are morphisms in C such that ps o (A®n4) =
ida = pao(na ® A). If pa is associative, that is, pa o (A ® pa) = pa o (ua ® A), the unital magma
will be called a monoid in C. Given two unital magmas (monoids) A = (A,na,pa) and B = (B, np, 1B),
f : A — B is a morphism of unital magmas (monoids) if ugo (f ® f) = foua and fons =np.

By duality, a counital comagma in C is a triple D = (D,ep,dp) where D is an object in C and
ep: D — K (counit), 6p : D — D ® D (coproduct) are morphisms in C such that (ep ® D)odp =idp =
(D®ep)odp. If 6p is coassociative, that is, (6p ® D) o ép = (D ® dp) o dp, the counital comagma
will be called a comonoid. If D = (D,ep,dp) and E = (E,eg,0g) are counital comagmas (comonoids),
f: D — E is a morphism of counital comagmas (comonoids) if (f ® f)odp =dgo fandego f=¢p.

If A, B are unital magmas (monoids) in C, the object A ® B is a unital magma (monoid) in C
where Nagp = Na @ np and pags = (ua @ up) o (A®cp,a ® B). In a dual way, if D, E are counital
comagmas (comonoids) in €, D ® E is a counital comagma (comonoid) in C where epgrg = ep Q@ g and
5D®E = (D Xcp,p® E) o (51) ® 5E)

Finally, if D is a comagma and A a magma, for two morphisms f,g: D — A with f*g we will denote
its convolution product in C, that is

frg=pao(f®g)odp.
Definition 2.2. A weak Hopf quasigroup H in C is a unital magma (H,ng,puy) and a comonoid
(H,ep,dp) such that the following axioms hold:

(al) dp o pn = (b @ p) o dueH.
(a2) egopmo(ug @ H) =cpopmo(H ® pum)
=((egopn)®(egopun))o(H®dg® H)



=((emopn)® (cmopm)) o (H® (cg'yodn) @ H).
(a3) (dp @ H)odgony = (H @ py @ H) o ((6m onm) @ (u onu))
= (H & (o cgrg) © H) o (6 0 i) @ (O 0 111)).-
(ad) There exists Ay : H — H in C (called the antipode of H) such that, if we denote the morphisms
idy * A by 11 (target morphism) and Ay * idy by ITE (source morphism):
ad-1) T = ((egopn) @ H) o (H @ e ) o (0 omur) @ H).
7 = (H& (emopu)) o (cun @ H) o (H® (g 0nm)).

pro(H® pg)o(H Ay @ H)o (6 @ H) = pp o (5 ® H).
pr o (e @A) o (H®6y) = pp o (H @ ).
(a4-7) pgo(py @ H)o(H@Ag @ H)o (H®6g) = pug o (H® IE).

Note that, if in the previous definition the triple (H,ng, pg) is a monoid, we obtain the notion of
weak Hopf algebra in a braided category introduced in [I] (see also [2]). Under this assumption, if C is
symmetric, we have the monoidal version of the original definition of weak Hopf algebra introduced by
Bo6hm, Nill and Szlachanyi in [4]. On the other hand, if ey and dy are morphisms of unital magmas,
L = E = ny ® ey and, as a consequence, we have the notion of Hopf quasigroup defined by Klim and
Majid in [I1] ( note that in this case there is not difference between the definitions for the symmetric and
the braided settings).

(

o1

534-45 i o (Aw @ ) o (6m @ H) = py o (T @ H).
(ad-6)

Example 2.3. In this example we will show that it is possible to obtain non-trivial examples of weak
Hopf quasigroups working with bicategories in the sense of Bénabou [3]. A bicategory B consists of :

(bl) A set By, whose elements x are called 0-cells.

(b2) For each z, y € By, a category B(z,y) whose objects f :  — y are called 1-cells and whose mor-
phisms « : f = g are called 2-cells. The composition of 2-cells is called the vertical composition
of 2-cells and if f is a 1-cell in B(z,y), x is called the source of f, represented by s(f), and y is
called the target of f, denoted by ¢(f).

(b3) For each z € By, an object 1, € B(x,z), called the identity of z; and for each x,y,z € By, a
functor

By, z) x B(z,y) = B(x, 2)

which in objects is called the 1-cell composition (g, f) — go f, and on arrows is called horizontal
composition of 2-cells:

[ eBxy), 9.9 €Bly,2), a:f=f,B:9=¢

(B,a) = Bea:gof=golf

(b4) For each f € B(z,y), g € B(y,z2), h € B(z,w), an associative isomorphisms &, 4.¢ : (hog)o f =
ho(go f); and for each 1-cell f, unit isomorphisms I : 1ysyo f = f, vy : folyy) = f, satisfying
the following coherence axioms:

(b4-1) The morphism &, 4 ¢ is natural in h, f and g and l¢, r¢ are natural in f.

(b4-2) Pentagon axiom: &k p.gof © Ekoh,g,f = (idk ® En.g. 1) © &k hog,f © (Ekn,g ® 9dy).

(b4-3) Triangle axiom: r, @ idy = (id, ®lf) 0 &y, ;) 1
A bicategory is normal if the unit isomorphisms are identities. Every bicategory is biequivalent to a normal
one. A l-cell f is called an equivalence if there exists a 1-cell g : t(f) — s(f) and two isomorphisms
go f = 1lyy), fog= 1yy). In this case we will say that g € Inv(f) and, equivalently, f € Inv(g).

A bigroupoid is a bicategory where every 1-cell is an equivalence and every 2-cell is an isomorphism.
We will say that a bigroupoid B is finite if By is finite and B(x,y) is small for all z,y. Note that if B is a
bigroupoid where B(z,y) is small for all 2,y and we pick a finite number of 0-cells, considering the full
sub-bicategory generated by these 0-cells, we have an example of finite bigroupoid.



Let B be a finite normal bigroupoid and denote by B; the set of 1-cells. Let F be a field and FB the

direct product
FB= P Ff.
feBy
The vector space FB is a unital nonassociative algebra where the product of two 1-cells is equal to their
1-cell composition if the latter is defined and 0 otherwise, i.e. g.f = go f if s(g) = t(f) and g.f = 0 if

s(g) # t(f). The unit element is
g = Y Lo

zE€By
Let H = FB/I(B) be the quotient algebra where I(B) is the ideal of FBB generated by

h=go(foh),p=(peof)eg
with f € By, g € Inv(f), and h,p € By such that t(h) = s(f), t(f) = s(p). In what follows, for any 1-cell
f we denote its class in H by [f].

If there exists a 1-cell f in B(z,y) such that [f] = 0 and we pick g € Inv(f) we have that [1,] =
l9-f] = [g].[f] = 0 and [1,] = [f.g] = [f].[g] = 0. Conversely, if [1,] = 0 or [1,] = 0 we have that [f] =0
because f.1, = 1,.f = f. Therefore, the following assertion holds: There exists a 1-cell f in B(z,y) such
that [f] = 0 if and only if [h] = 0 for all 1-cell h in B(x,y). Moreover, let z,y, z,w be O-cells. If there
exists a 1-cell f € B(z,y) satisfying that [f] = 0 we have that [1,] = 0 and then [h] = 0 for all 1-cell
h in B(y,z). As a consequence, [1.] = 0 and this clearly implies that [p] = 0 for all 1-cell p in B(z, w).
Thus, if there exists a 1-cell f such that [f] = 0 we obtain that [h] = 0 for all h € By. According to this
reasoning, there exists a 1-cell f such that [f] = 0 if and only if I(B) = FB. Equivalently, H is not null,
if and only if [f] # 0 for all f € By.

Then, in the remainder of this section, we assume that I(5) is a proper ideal. Under this condition if
f € By and g, h € Inv(f) we have

9] = lg-(f-9)] = l9-1y] = [Lo-g] = [(h-f).g] = [R].
Moreover, for all f, f’ € By such that [f] = [f’], the following holds: if s(f) # s(f’) we have

1= [f-Lsp) = [ Lsep)] = [F1-Lsp] = [ Lsn] = 0.
In a similar way, if ¢(f) # t(f’) we obtain that [f] = 0. Thus, [f] = [f’], clearly forces that f and f’
are 1-cells in B(s(f),t(f)). Moreover, if f, f' are 1-cells in B(x,y) such that [f] = [f’] and g € Inv(f),
g’ € Inv(f’) we have

9] = [le-g'1 = [(9-1)-9'] = (lg}.LD-lg'] = (lg)-[F']) 1] = [(9-1")-9') = lg]-
Then, for a 1-cell f we denote by [f]~! the class of any g € Inv(f). Note that, in the previous equalities,
we proved that [f]~! is independent of the choices of g € Inv(f) and f’ such that [f] = [f’].
Therefore, the vector space H with the product ug([g] ® [f]) = [g.f] and the unit

e (1e) = [lrs] = Y [1a]
z€By

is a unital magma. Also, it is easy to show that H is a comonoid with coproduct 64 ([f]) = [f] ® [f]
and counit g ([f]) = 1. Moreover, the morphism Ay : H — H, Ag([f]) = [f]~! is well-defined and
H = (H,nu,p,em,00, A\) is a weak Hopf quasigroup. Indeed: First note that, for all 1-cells f,g we
have

(O o pu)(lgl @ [f]) = lg-fl @ [g.f]
if s(g) = t(f) and 0 otherwise. On the other hand,
((na @ pr) 0 buen)(l9] © [f]) = (na(lg) @ [f]) @ pu(lgl @ [F]) = lg-f1©[g.f]
if s(g) = t(f) and 0 otherwise because cg i ([9] ® [f]) = [f] ® [g]- Therefore, (al) of Definition 22 holds.
If f,g,h are 1-cells we have the following equalities:

(eropm o (pr @ H))([A] @ [g] @ [f]) = 1r = (e o pr o (H @ pm))([h] @ [g] @ [f])



when s(h) = t(g), s(g) =t(f) and
(emopm o (pa @ H))([h] @ [g] ©[f]) = 0= (em o pr o (H @ p))([h] @ [g] @ [f])
otherwise. Also,
(((err 0 prr) @ (e 0 pr)) o (H @ 0 @ H))([h] @ [9] @ [f])
= (e opm)([h] ©[9]) ® ((er o pm)) (9] © [f])) =
if s(h) =t(g), s(g) = t(f) and
(((em o pr) @ (em o pr)) o (H @ 65 © H))([h] @ [g] @ [f]) = 0

otherwise. Then (a2) of Definition holds because in this case cy g = c;{}H and dg o cggp = dp (ie.

H is cocommutative).
To prove (a3) first note that

(6 © H) 08 o) (1) = Y [1a] ® [Lo] @ [Lo]
TE€By
Then (a3) holds because:

(Hopg @H)o ((dgonm)® (dmonm)))(lr @ 1r)
=(Heum @ H)(D_ [l lle Y [1,]@[1,)

T€By yeBo

= > LIl 1]el,] =) [l e[l

z,y€Bo x€Bo
To prove the antipode identities first note that

g (1f1) = el TED = [Lus) (1)
for all 1-cell f.
Then, (a4-1) and (a4-2) hold because, for all 1-cell f,

(((ez o pm) © H) o (H @ c.ir) o (0 © nzr) @ H))([f])

= ((emopn) @ H) o (H®cgm))( Y (L] 1] @ [f])
xz€Bo

=Y en([la-f]) ® [1a] = [Ly(p)]

z€By
and, by a similar calculus,

(H®(egopn))o(cun®@H)o(H® 0monm)))(f]) =L
Also, if f € By, by (@),
g = I5)([f]) = 17" ep) = [F171 = Aa (),
(I35 = Ae)([f]) = Lo LA = U1 = 2a ()

and then (a4-3) holds.
The proof for (ad4-4) is the following: It follows easily that for two 1-cells f, h we have that

(nm o (T @ H))([h] @ [f]) = [f]
if s(h) = t(f) and 0 otherwise. On the other hand,
(e o (Mg @ pr) o (0n ® H))([h] @ [f]) = pu([h] ® [h.f])
)

I~
= t(f) the equality
fl

if s(h) = t(f) and 0 otherwise. Therefore, if m € Inv(h) and s(h

pr (R @ [h.f]) = [m.(h.f)]
holds and thus (a4-4) holds.



If f, h are 1-cells we have

(ur o (T @ H))([A] @ [f]) = [f]
if t(h) = t(f) and 0 otherwise. Moreover, let m € Inv(h), then

(ne o (H@pm)o (H® Ay @ H)o (6y @ H))([h] ©[f]) = pau([h] @ [m.f])

= [h.(m.f)] = [f]
if t(h) = t(f) and 0 otherwise. Therefore, (a4-5) holds.

The proofs for (a4-6) and (a4-7) are similar and the details are left to the reader.

Note that, in this example, if By = {z} we obtain that H is a Hopf quasigroup. Moreover, if |By| > 1
and the product defined in H is associative we have an example of weak Hopf algebra.

3. BASIC PROPERTIES FOR WEAK HOPF QUASIGROUPS

In this section we will show the main properties of weak Hopf quasigroups. First, note that by the
naturality of the braiding, for the morphisms target and source the following equalities hold:

I = ((ew opn ocyy) @ H) o (H@ (5m 0 nu)) (2)
= (H® (em o pm)) o ((cgiy o 0m onu) ® H),
1 = (H @ (er 0 o © ¢ ) © (O omar) @ H) = (3)

((egopug)®H)o (H® (cfilH odyony)).
Proposition 3.1. Let H be a weak Hopf quasigroup. The following equalities hold:

0L s idy = idg * I = idy, (4)
W onm = nm = I o na, (5)
egollly =cy =eg o, (6)

Proof. By the definition of 1% and (al) of Definition we have
H%I*idH =g @H)opuggno(bpong)®dg) =(g @ H)odgougo(ny @ H) =1idy.
We can now proceed analogously to the proof of idy * [T = idy. Finally () and (@) follow easily from

the definitions of Hf{ and Hﬁ.
O

Proposition 3.2. The antipode of a weak Hopf quasigroup H is unique and leaves the unit and the counit
invariant, i.e. Agong =ng and €Eg oAy = €x.
Proof. Let Ay, sy : H— H two morphisms satisfying (a4) of Definition 222l Then,
su = (sg* H)xsp = A * H) % sg = p o (g © si) o (Awr @ 6pr) 06 = A + Iy = Apg,
where the first and the last equalities follow by (a4-3) of Definition 22 the second one by (a4-2) of
Definition 2.2] the third one by the coassociativity of dy and the fourth one by (a4-6) of Definition
On the other hand, by (a4-3), (a3) of Definition [22] the naturality of the braiding and (&), we have
AH O NH

= (I * M) o nm

= pr o (H® (eg o pmocyy) @A) o (6r 0 nwr) @ (6a 0 1ar))

=pmo((H®eg)odny)®Au)obuonn

= Hjl{l ony

="NH-

The proof for the equalities involving the counit follows a similar pattern but using (a2) of Definition
and (6) instead of (a3) and (B) respectively. O



Definition 3.3. Let H be a weak Hopf quasigroup. We define the morphisms ﬁg and ﬁfl by

Ty = (H ® (enr 0 urr)) o (51 0 nar) @ H),
and
T, = ((err 0 par) ® H) o (H® (55 0 r)).

Proposition 3.4. Let H be a weak Hopf quasigroup. The morphisms Hf{, Hg, ﬁf{ and ﬁg are idem-
potents.
Proof. First, by @) and (a3) of Definition [Z2] we have that
Hf{ o Hf{l
=((emopmocyy)®(mopmocyy)®H)o(H® (0mon)® (6 onm))
=((egopn oc;LlH) Reg®H)o(H® ((6g @ H)odg onm))

=TIk,
With the same reasoning but usmg (]3]) 1nstead of (IZI) we prove that £ is an idempotent morphism.
Finally, by (a3) of Definition 22 HH o HH = HH and HH o HH = HH O

Proposition 3.5. Let H be a weak Hopf quasigroup. The following identities hold:

pa o (H®T) = (e o par) @ H) o (H ® carar) o (g © H), (7)
pr o (I ® H) = (H® (eg o pr)) © (g @ H) o (H @ dp), (8)
pr o (HoTy) = (H® (en o pum)) o (61 ® H), (9)
pa o (T ® H) = (e © par) ® H) o (H @ 5. (10)

Proof. We first prove ().
purr o (H @ 1)

=(eg ®H)odyopyo(H®IE)

=(em @ H)opngn o (0n @ dm) o (H @ (((em o pp o cgriyy) @ H) o (H @ (61 0 11))))

= ((((5HONH)@(EHO,UH))O(H®(C;I}HO(SH)@)H))@MH)O(H®H®CH,H®H)O(H®CH,H®H®H)
o(6n @ cy'ly @ H) o (H® H® (8 onu))
=((egopro(pr @ H))@pu)o(HRH@cyg@H)o(H®cy g ®@cau)o (0 ®(0gony)®@H)
=((enopn)®H)o(H®chn)o ((tnen © (6n ®0y)) ® H) o (H® 1y @ H)

=((emopn)®H)o(H ®chu)o (6n ® H).

In the last identities, the first one follows by the properties of the counit, the second one follows by (2
and (al) of Definition The third and the fifth ones rely on the naturality of ¢. The fourth equality
is a consequence of (a2) of Definition and finally the last one follows by (al) of Definition and the
properties of the unit.

The proof for (8) is similar but in the second step we must use (3] instead of ([2). To finish the proof
we show that (@) holds. The proof for [I0) is similar.

o (H ©TI)

= (5H®H)O(5H0MHO(H®ﬁg)

=(ur ®(cgopn)®(cgopn)) o (bren ®H @ H) o (H® (0gonu) ® H)

= (pr @ ((eropn) @ (egopm)) o (H® oy ® H))) o (dngn ® H) o (H @ ny @ H)

= (pu @(egopgo(py @ H)))o (0ngn @ H) o (H @ng @ H)

=(H @ (enopn))o((6mopum)eo(H@nu))® H)
The first equality follows by the counit properties, the second and the fifth ones by (al) of Definition
22 the third one follows from the coassociativity of 0z, the fourth one by (a2) of Definition 22 and the
sixth one by the properties of the unit.

O
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Remark 3.6. Note that if we compose with e in the equalities (@), ), [@) and (I0) we obtain

emopmo(H®I) =enoum, (11)

egopgo(ME @ H)=cyopum, (12)

EHOMHO(H@)ﬁg):EHOMH, (13)

enougo(y®H) =cmoun. (14)

Proposition 3.7. Let H be a weak Hopf quasigroup. The following identities hold:

(H @11) 0 6 = (i @ H) o (H @ czr) o (511 0 1) @ H), (15)

(T @ H)ody = (H ®@ pp)o (cau @ H)o (H® (55 onw)), (16)

(T @ H) 06 = (H @ i) o (5 0 i) ® H), (17)

(H ©Thy) 0 b = (s & H) o (H & (3 0 nir))- (18)

Proof. The proof for ([I3)) is the following:

(b @ H)o (H®ch,p)o ((0g onu) @ H)
(((H@EH)O(SHOMH)@)H) (H®0H7H)O((6HOT]H)®H)
=(pr®@(Egopn)®H)o(H®cyu @cau)o(0g @cug®H)o ((0gony)®dn)
= (H®(((£HOMH)®H) (Hocy,u)o(0up®@H)))o (g @H)o(Hch,g)o(dponu)H))@H)ody
= ((um ocHH) @ ((egopn)@H)o(H®cym)))o(H®(H®Ig)odgony)®H)ody
= ((MHOCH,lH)®(EHOMH)®H)°(H®H®(MHOCB,1H)®CH,H)O(H®(5HO77H)®(5HO77H)®H)°5H
=(pr@((caopmo(pp®@H))@H)o(HRH®chg)o(H®cyg®@H)o((0pong)®H® H)))
odpgH © (Mg @ H)
=(pa @ ((cropro(HRpn))@H)o(H®H@chu)o(H®cyu@H)o((6gonn)®H® H)))
o0uen © (nu @ H)
=(H®IE)o (ug @ pu) o duew o (ng @ H)
In the last equalities the first one follows by the counit properties, the second one by (al) of Definition
and the naturality of c¢. In the third one we used the naturality of ¢ and the coassociativity of dz.
The fourth and the sixth ones are consequence of the equality

(ng @ H)o (H®chm)o ((6gonu) ®H) = ((ngocy'y) ®H)o (H® (0g onu)) (19)

and the fifth one follows by (a3) of Definition The seventh one relies on (a2) of Definition 22 the
eight one follows by the naturality of ¢ and the last one by the unit properties.
The proof for (I6]) is similar but using

(H® pm) o (cag @ H)o(H® (0 onu)) = (H® (umocy'y)) e (6 onu) @ H) (20)
instead of (I9)).
Moreover, (7)) holds because
(ﬁfq ® H)ody
= HH®H)06HOMHO(’I7H®H)
My © H) o (1 © ) 0 Srror o (0 © H)

(
(I
=H&(popno(H@pn)) @ pm)o ((0nonu)® (dugn o (na @ H)))

E @ (((emopn) @ (emopn))o(H®op @ H)) @ pu)o (6 onu) ® (dnewn o (nn ® H)))
=(

=(

H@(enopn)® ((en @ H)odmopn))o((0nonm)® (6monu) ® H)
H®@ey @pg)o((dg @ H)odyony)® H)
H®ppg)o((6mgonm)® H).
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The first equality follows by the unit properties, the second one by (al) of Definition and the third

one by the definition of ﬁf{. The fourth equality relies on (a2) of Definition The fifth one is a
consequence of the coassociativity of dy and the sixth one follows by (a3) of Definition Finally the
last one holds by the properties of the counit.
The proof of (8] is similar to the developed for ([IT7)) and we leave it to the reader.
O

Remark 3.8. Note that if we compose with 7y in the equalities (1), (I6), (I'l) and ({I8) we obtain
(H @) o dm onu = 6 o, (21)
(If ® H) o 6 onar = 6w 0, (22)
(T © H) 0 85 0 i = 851 0 i, (23)
(H@TIp) 00 onm = 0m 0. (24)
As a consequence of Propositions and [3.7] we can get other useful identities.

Proposition 3.9. Let H be a wek Hopf quasigroup. The following identities hold:

IIf o p o (H @ 1) = 1 o ju, (25)
% o py o (T ® H) =% o ug, (26)
(H@TE) 0y oIl =6y o T1k, (27)
(TR @ H) o5 o IR = 65 o TIE. (28)

Proof. The equality (25) holds because:
Hf{o‘uH o (H®Hf{)
= ((EH OMH) ®H%) o (H®CH,H) o (6H ®H)
=((egopn)®@H)o(H®@cypu)o ((H@UL)ody)® H)
=(egopro(pg @ H))®@H)o(H®H ®®cyu)o(H®cgu@H)o((dgony)® H®H)
=((egopno(H@pup)@H)o(H®HQ®cupn)o(HRcuyu®H)o((dgony)®H®H)
= Hf{l o g
In the previous equalities, the first one follows by (), the second and the fifth ones by the naturality
of ¢, the third one by ([[3) and the fourth one by (a2) of Definition
The proof for (28) is similar. To finish we will show that ([27) holds (using the same reasoning we
obtain (28)). Indeed:
(H®T1h) 06y o ITL
= (ur @ H) o (H ® cym) o ((0m 0 nar) @ 1)
= ((prr o (H @ T0)) ® H) o (H @ cpp,pr) © (91 0 nir) © H)
=((((eropn)®H)o(H®chpm)o (6n ®H))®H)o(H®chu)o ((0nonm)®H)
=0y o H%{.
The first and the third equalities follow by (&) and the second one by the naturality of ¢. Finally, the

last one relies on the naturality of ¢ and the coassociativity of .
O

Remark 3.10. By the equalities contained in Remark B.8 and using similar arguments to the ones utilized
in the previous Proposition we have that

T, 0 pg o (H @ T1%) =TTy 0 (29)
I 0 purr o (I @ H) =10y 0 g, (30)
(IIE @ H) o by oy = 65 011, (31)
(H@TE) 0 6y o Ty = dpr o . (32)
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Proposition 3.11. Let H be a weak Hopf quasigroup. The following identities hold:

H%OﬁZZH%, Hlﬁoﬁgzﬁgv (33)
Ty oIk =Ty, T, oIk =11k, (34)
% o Ty = Ty, 1§ oIy =11, (35)
Iy ol =118, T, oI =T} (36)

Proof. We only check [B3) and (34). The proof for the other equalities can be verified in a similar way.
Taking into account the equalities (2)) and (a2) of Definition 2.2l we have

L oﬁf{
= (H® (emopm) @ (e o pn)) o ((cg'y 0 0m onm) © (6 onm) @ H)
= (H @ (en o pm)) © ((cipipg © 0 0 1) @ (i © (na ® H)))
-1},
and composing with ey ® H in ([32) we obtain 1T o ﬁfl = ﬁfl. Also, composing with ny ® H in (29)
we have the equality ﬁqu ollf = ﬁz.
Finally, by the usual arguments
ﬁg o ITk
=(emopmocy'y)® (emopn)®@H)o(H® (6uonu) @ (8m onu))
= ((emopnocy'y)® ((eg @ H)obx)) o (H @ (3m o nm))

_
O
Proposition 3.12. Let H be a weak Hopf quasigroup. The following identities hold:
M4 oAy =TT o IR = Mgy o TIE, (37)
I oAy =TIE o T, = Ay o 1Tk, (38)
s =TI, oAy = Ay o T, (39)
8 =TI} 0 A = Ay o Ty (40)

Proof. As in the previous Proposition, it is sufficient to check B7) and ([39). The proof for the other
equalities can be verified in a similar way.

The equalities of ([B7) hold because by (a4-3) of Definition 2.2l and (28) we have
I oAy =1%o O\ # 1Th) =15 o IR
and by ([28)
Mg o TR = (TI « Ap) o IR = T14 o IR
On the other hand, by (a4-3) of Definition [22] (B0) and (34]) we obtain
ﬁgo/\H :ﬁgo(ﬂg*)\H) :ﬁZoHL = 1%,
Moreover, by (3I)) and (B3]
AH Oﬁf{ = (IT% % \p) Oﬁf{ =115 Oﬁf{ =11,

and then ([B39) holds. O
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Proposition 3.13. Let H be a weak Hopf quasigroup. Put Hy, = Im(I1%) and let p;, : H — Hy, and
ir, : Hp — H be the morphisms such that 1% =iy opr and pr oip = idg, . Then,
O
H HoH
(H®1lE)ody

ir

Hy

is an equalizer diagram and u
H

HeH H
L © (H & HIIL’I)
is a coequalizer diagram. As a consequence, (Hp,ng, = pr o nm, e, = pr o pg o (ip @1i1)) is a unital
magma in C and (Hy,,eg, =eg oir,0g = (pr ® pr) o dg oir) is a comonoid in C.

bL

Hy,

Proof. Composing with iy, in the equality 2T, we have that i, equalizes g and (H ® IT%) o §5. Now,
let t : B — H be a morphism such that (H@H%)OéHOt: dgot. If v=ppot, since H%otz t we have
i, ov = t. Trivially the morphism v is unique and therefore, the diagram is an equalizer diagram. In a
similar way we can prove that the second diagram is a coaqualizer diagram using (25]) instead of (21).
Finally, note that the morphisms ng, and pg, are the factorizations, through the equalizer iy, of the
morphisms gy and pg o (i ®iy) and then it is an easy exercise to show that (Hy,ng, , pm, ) is a unital
magma in C. The proof for the comonoid structure it is similar and we leave it to the reader. ([l

Example 3.14. If H is the weak Hopf quasigroup defined in Example[2Z3Inote that Hy, = {[1,], « € By).
Then, in this case we have that Hj, is a monoid because its induced product pg, is associative because
[1g]-([1y].[1]) and ([1¢].[14]).[1;] are equal to [1,] if + = y = z and 0 otherwise.

Note that if we denote by Hr = Im(I1%) and pr : H — Hg and ig : Hg — H are the morphisms
such that Hg =1irpopgr and proir = iduy, in this example H;, = Hp.
Remark 3.15. By the second equality of [34)) it is easy to show that

O
H HeoH
(H® ﬁg) odny
is an equalizer diagram in C. Analogously, by (33)),
HH
HeH H

—L
pr o (H®1ly)

ir

Hy,

pL

Hy

is a coequalizer diagram in C.

Also, by a similar proof to the one used in Proposition B.I3, we obtain that Hr = Im(II1£) is a unital
magma in C with structure (Hg,ng, = Pr © N, o, = Pro pm o (ig ® ig)) and it is a comonoid in C
where e, =g oip and dg, = (pr @ pr) 0 0y o ir. Moreover,

in On
Hp H HeoH
(IR ® H)ody
in Or
Hp H HoH

—L
(II; ® H)ody
are equalizer diagrams and
HH
HoH H

purr o (I @ H)

PR

Hp
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HH
HeoH H

—R
pr o (y @ H)

PR

Hp

are coequalizer diagrams.

Proposition 3.16. Let H be a weak Hopf quasigroup. The following identities hold:

pr o (pr ® H)o (H® (I ® H) 0 61)) = pir = g © (py @ 115) o (H ® 0p), (41)
pr o (I @ pr)o (0g @ H) = pp = g o (H @ (py o (I @ H))) o (65 @ H), (42)
pr o (A @ (pg o (I ® H))) o (0 @ H) = pr o Ay ® H) (43)

= prr o (I ® (par o (A ® H))) o (0 @ H),
g o (pp @ H) o (H® (Ag @ 1) 0 6n)) = pm o (H @ Apr) (44)

=pgo(ug @ H)o(H® (I @A) odn)).
Proof. Let us first prove @Il). By (al) of Definition 2.2 and (7)) we have
pr = (en @ H) o b oy = (e o pimr) @ punr) © Spoom = pnr © (ng @ H) o (H @ (g @ H) 0 dp)).
On the other hand, by the coassociativity of dp, (a4-6) and (a4-7) of Definition [22]
pr o (pp @IE) o (H® 6p)
=pugo(pg @H)o (g @Ay @ H)o(H®QH ®dg) o (H® )
=pg o (pag ®H)o(ug ®A\g @ H)o (H ®ég @ H) o (H @ 6n)
= pn o (puy @ H) o (H @ (11 ® H) 0 dp7))
The proof for ([@2) is similar but we must use (&), (a4-5) and (a4-4) of Definition instead of (),
(a4-6) and (a4-7) respectively.
To prove ([A3) first note that by (a4-5), (ad-4) of Definition [Z2] and the coassociativity of d we have:
pi © (A @ (pr o (I @ H))) o (9 © H)
=pgoAg ® (pro(H®pm)o(H@An @ H)o (0g ® H))) o (0p ® H)
=pgoAg@uy)o(dg@H)o (HR (g oAy @ H)))o (dg @ H)
— o o (T & (uzy o (Asy @ H))) o (6 @ H).
On the other hand, by (3], the naturality of ¢, the coassociativity of 65 and (al) of Definition 2.2 we
also have the following identity:

(po @ (pm o (H @) o duen = (pu @ H) o (H @ cp i) o (6y @ H). (45)
Therefore,

pr o (M5 @ (pe o Ay @ H))) o (6n @ H)
=H®&(exopn))o(cun@H)o(H®((0gopm)o(Ag®@H)))o(dn @ H)
=H®&(exopn))o(cun@H)o(H® (((hg @ /LH) odugn) o (An @ H)))o (0 @ H)
=(H® (emopm))o(cam@H)o(H® ((na ® (I o pu)) o duem) o (Aa @ H))) o (6n © H)
= (H®(egopm))o(caa@H)o(H® (((nr® (I OMHO(H®H N)oduen)o(An®@H)))o(n®@H)
=(H®(xopm))o(can@H)o(H® (((har @ (umo (HTE)))odnen)o (A ®@H)))o (0g @ H)
=(H® (tp@H)o(H®cuu)o(dp®H))o(Ay®@H)))o(dn @ H)

(Ho((
=ugo(H® (mopn))o(chu@H)o(HRy)@H)o(HRAg @ H)o (0y ® H)
=g o (Hg*)\H)Q@H)
=pg oAy ® H).
In the last calculus the first and the eight equalities are consequence of (). In the second one we used
(al) of Definition The third and the fifth ones follow by (), the fourth one by (23 and the sixth
one by [{#l). The seventh one relies on the naturality of ¢ and the last one follows by (a4-3) of Definition

By a similar reasoning but using that
(o (L © H)) ® pr) © Speomr = (H @ pr) o (cam © H) o (H @ 0r) (46)

(
EEH opm))o(cug®@H)o
(
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instead of ([@3]) we obtain that ([@4]) holds.

Remark 3.17. Note that as a consequence of {I]) or (Z2)) we have
Y xidy = idyg = idg * IE. (47)
Proposition 3.18. Let H be a weak Hopf quasigroup. The following identities hold:
pug o (1 ®HR)—NH°CHH o (Il @ 117), (48)
(H%{®H§)05H:(HH®H§)OC;{,HO5Ha (49)
pr o (I @ 1) = pa o e, o (I @ 1), (50)
(I ®11f) 0 oy = (I ® I1) 0 ey 0 O, (51)
Proof. The equalities (B0) and (GI)) can be obtained from @8) and [@J) composing with cg . Then we
only need to prove [@8) and {@9)). Note that, by @), () and (a3) of Definition 2.2l we have:
W © (Hf{l ® HR)
= ((enopmocyy) ®H® (egopmocyy))o(H®(H®pg®H)o(0monm) @ (5m onm))) @ H)
= ((emopmocy,y)®H®(enopmocy ) o(H@(H@(umocy ;) H)o((6ronm)® (0monm))) ® H)
= lpr © cI_JlH o (I, ® TIR).
Therefore, @8] holds. The proof for [@d]) is similar using (a2) of Definition instead of (a3).
(]

Theorem 3.19. Let H be a weak Hopf quasigroup. The antipode of H is antimultiplicative and antico-
multiplicative, i.e. the following equalities hold:

A opuy =paocan oAy ®Ag), (52)
0 org = (Aa ® Ag)ocu,podn, (53)
Proof. We will prove (B2)). The proof for (53)) is similar and we leave the details to the reader.
AH O [LH
()\H * HH) oy
= pr o (Mg o pm) ® (g o ppr)) o SHen
=pgo((Ago MH) ® (Hf{ opugo(H® H%)) odHgH
=pugoAg@NE)o(ug @ H)o (H®chu)o 6y ® H)
= pp o (pu ®)\H) A ®@0m)o (pag @ H)o (H®ch,u)o (dy @ H)

=pao((pro(Ag®@H)) @A) o ((pn @ H)o(H®ch,a)o(6n @H))®@H)o(H@ch,n)o(0n®H)
= pro((pro(g @ H))@Am)o (ur @ (pmo (H® 1)) odpen) @ H) o (H®cp ) o (6n ® H)
=pu o ((pr o (Au @ H)) ®Ag)o (ur @ (pu o (ng @A) o (H ®0p))) 0 bneon) ® H)
O(H®CH7H)O(5H®H)
=puo((proAnp@un)o (g @H))QH)o (g @Ag @H)o(H®dg@Ag)o(H®cu u)o(dy @ H)
=pmo((ppo(MME@H)@H)o (ug @Ay @ H)o (H® 0y @A) o (H ®cpp)o (6 @ H)
= pro((pro(M@H))@H)o((nro(IF@H))@Ag®@H)o(H®dy®Am)o(H@ch )0 (dn @ H)
=pmo((pro(MMF@H))@H)o(H®(egopum))o(can@H)o(HR0y)) @A @H)o(H®0g @A)
o(H®@chm)o (6n ® H)
=pao((proAg®pmr)o(dn @H))®H)o ((H®(egoun))o(cun®H)o(H®0n))®Ag @ H)
o(H® oy ®Ag)o(H®chu)o (dg ®H)
=pgo(pgp@H)o(HRpug @H)o(Ag @ (H® (egopm))o(can @H)o(H®0H))® Ay @A)
o(crH®@0g@H)o (H®0g@H)o(H®cuu)o (0 ®H)
=pgo(pyr @®H)o(HRug @ H)o Ag @ (g o (IR @ H))) @ Ay @ Ap) o (ca,u @ 6y @ H)
o(HRég®H)o(H®cuu)o(0g®H)
=uHo(uH@)@H)o(AH®((uHo(Hﬁ,@ﬂﬁ,)))@AH)o(cH,H®H®H)O(H®5H®H)O(H®CH,H)
o(dy @ H
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=pgo(ug ®H)o Ay @ (pa ocapo (I @ %)) @ Au)o (cayg ® H@H)o (H® 6y @ H)
o(H®chm)o (6n ® H)

= g o (uH ®H) o (H(X)/LH ®H) o ((()\H ®H}Lq) o 5H) ® ((Hﬁ ® /\H) oéH)) O CH,H

= pmr o (pg @ H) o (Ag @ ((IIF ® Agr) 0 6m)) o cp,mr

= lLH ©CH,H © (/\H & )\H)

The first equality follows by (a4-3) of Definition 2] the second one by (al) of Definition and
the third one by (25)). The fourth and seventh ones relies on [@&]). The fifth, eighth and sixteenth ones
are consequence of (a4-6) of Definition In the sixth, ninth and eighteenth equalities we used the
naturality of ¢ and the equalities tenth and thirteenth follow by (a4-4) of Definition By (28) we
obtain the eleventh equality and the twelfth and fifteenth ones are consequence of (§). The naturality
of ¢ and the coassociativity of § imply the fourteenth equality and the seventeenth one follows by (@S]).
Finally, the nineteenth equality relies on ([#3) and the last one on (@4). ([

A general notion of dyslexia was introduced by Pareigis in [13]. The following definition is the weak
Hopf quasigroup version of dyslexia introduced by us in the weak Hopf algebra setting [2]. As application
of (52) and (B3]) we obtain a generalization of the main result about (co)dyslexia contained in [2].

Definition 3.20. Let H be a weak Hopf quasigroup. We will say that H is n-dyslectic if pgocy g = pn
where ¢}y = cm,mo ", ocy,r- When ¢}y ooy = o we will say that H is n-codyslectic.
Proposition 3.21. Let H be a weak Hopf quasigroup. If N} = idg, then H is n-dyslectic and n-
codyslectic.
Proof. By (B2)), we have that
pr =Ny oug =Ny odgouy =N o oAy ®Ag)ocun
=M 2odgopnoAy®@An)ocum =Ny Zopmo (N ®Ny)ockh =
:/’LHO(A%(@)\%)OC%,H :’LLHOC?I)H.

Analogously, if we use (B3]), with a similar calculation, we obtain that H is n-codyslectic. O
Theorem 3.22. If H is a weak Hopf quasigroup (co)commutative then the antipode \p satisfies A2, =
idp .

Proof. If we assume that H is commutative (ug o cg,g = pm, equivalently, pp o c;LlH = pm), by @)
ng = ﬁﬁ. Analogously, by @), I = ﬁz. Then
)\H O/\H = )\H o (/\H *HII{I) = ()\H O)\H) * ()\H OH}Lq) = ()\H O)\H) * ()\H Oﬁg)
=Mgody) T8 = pgo(ug @ H)o(Agodg)®A\g @ H)o (H® ) ody
= (A oAg) * M) % idg = (A o IR widyy = (A o Tlp) % idpy = 115 % idpy = idp.

The first equality follows by (a4-3) of Definition 222 the second and seventh ones by (52) and the

commutativity of ug, the third and eight ones by the commutativity of py and the fourth one by ([@0Q).

The fifth equality relies on (a4-7) of Definition 221 and the sixth one follows by the coassociativity of d.
In the ninth one we used [B9) and finally the last one follows by (@T).
The proof for a cocommutative weak Hopf quasigroup is similar using that 1% = ﬁﬁ, and 11& =

. -

4. THE FUNDAMENTAL THEOREM OF HOPF MODULES

In the following definition we introduce the notion of right-right H-Hopf module for a weak Hopf
quasigroup H. Note that if H is a Hopf quasigroup and C is the symmetric monoidal category F — Vect,
we get the notion defined by Brzeziriski in [5].

Definition 4.1. Let H be a weak Hopf quasigroup and M an object in C. We say that (M, ¢ur, par) is
a right-right H-Hopf module if the following axioms hold:
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(c1) The pair (M, pys) is a right H-comodule, ie. py : M — M ® H is a morphism such that
(M ®eg)opy =idy and (ppr @ H) o pryr = (M @ ) 0 par-
(¢2) The morphism ¢y : M @ H — M satisfies:
(c2-1) ¢dpr o (M @ny) =idpy.
(c2-2) prpr oo = (o @ pr) o (M Q@ ey @ H) o (ppm @ dp), i.e. ¢ is a morphism of right
H-comodules with the codiagonal coaction on M ® H.
(c3) dar o (Ppm @A) o (M @) = dar o (M @ 11g).
(c4) ¢po(pp @ H)o (M@ Ay @ H)o(M @)= dn o (M IIF).
(c5) ¢amro(pn ®@ H)o (M @1y @ H) o (M @ dp) = -
Remark 4.2. Obviously, if H is a weak Hopf quasigroup, the triple (H, ¢g = pn, pag = dg) is a right-right

H-Hopf module. Moreover, if (M, ¢ar, par) is a right-right H-Hopf module, the axiom (c5) is equivalent
to

o o (S ®TIf) o (M @ 0x) = P (54)

because by (c3) and (c4) of Definition L.T] we have that
o 0 (dur ®T17) 0 (M @ 0n) = s 0 (6a ® H) o (M @ Ty @ H) o (M & ). (55)

Also, composing in (¢2-2) with M @ ng and M ® ey we have that
brr o (M @TE) 0 pay = iday. (56)
Finally, by (c¢5) and (54]) we obtain

$ar o (¢nr ® H) o (M @11 @ H) o (M @ (3u o nm)) = idar, (57)
éar o (dur @105 o (M @ (0n © 1)) = idar. (58)

Proposition 4.3. Let H be a weak Hopf quasigroup and (M, ¢ur, par) a right-right H-Hopf module. The
endomorphism qur = dpr o (M @ M) o ppar : M — M satisfies
par o gu = (M @ 115) 0 par 0 g (59)
and, as a consequence, is an idempotent. Moreover, if M°°H (object of coinvariants) is the image of qur
and par : M — MH gy - MH — M the morphisms such that gar = iar o par and idpypeorr = pas 0 inr,
: PM
M
McoH — M Mx H
=R
(M @) o pm

is an equalizer diagram.

Proof. The equality (59)) holds because

PM C4Mm

=(pm @ pu)o (M @cpn @ H)o(pym @ (0m 0 An)) o pum

= (¢m @ pu)o (M@ cyn ®H)o (pu @ (Ag ® Ag) © cua 0 6m)) © pu

= ((¢pr 0o (M @A) @ ) o (M @ (e, ©6m)) © pur

= ((pm o (M @ Ar)) ® (I o ITgg)) o (M @ (cpr,mr © 0m)) © pur

= (M ®1If) © prr o qur
where the first equality follows by (¢2-2) of Definition [l the second one by (B3)), the third one relies
on (cl) of Definition [£1] as well as the naturality of the braiding, the fourth one is a consequence of the
properties of IT1% and the last one uses the arguments of the three first identities but in the inverse order.

On the other hand, gjs is an idempotent. Indeed,

qm © qm
=¢mo(M®Ag)opmogm
:¢MO(M®()\HOH%))OPMOQM
:¢MO(M®()\HOHHOH§/—I))OpMOqM
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= ¢n o (M @) o pas o qur

=d4qm-
In the last equalities, the first one follows by definition, the second one by (BY), the third one by (B4),
the fourth one by ({@0) and (B9) and the last one by (BAl).

Finally, by {@0) and @G8) ¢pr o (M @ (Mg oﬁg)) opup = o (M @TIE)) o pas = idps. Then,
: PM
in
McoH — M Mo H

=R
(M @1y) o pum
is a split cofork [10] and thus an equalizer diagram.

O
Remark 4.4. Note that, in the conditions of Proposition (£3]), by (B3] and (34), we obtain that
. PM
i
McoH — M M® H
(M @11f) 0 pus
is also an equalizer diagram.
Moreover, by the comodule condition and (c4) of Definition .1l we have
dr o (g @ H) o pyr =idyy. (60)
Finally, the following identities hold:
py o ¢ o (ivg ® H) = (pur @ H) o (ing @ 0pr), (61)
par o dar o (inr @ H) = par o gar o (i © 1), (62)
. _ =L
P o paro (ing @ H) =par o g o (i @ Ijy). (63)
Indeed:

pm o ¢ o (in @ H)
= (o @ pm)o (M@ cuym @ H)o((paroim)@dm)
=(pp @puug)o(M@cyppg®@H)o (((M@HZ) oprMOin)®IH)
= (6 ® (ur o (M @ H))) o (M @ cxr © H) o (par ©iar) © 011)
= (d)M X (EH O,U'H) ®H) o (M@CH,H ®5H) o ((pM oiM) ®5H)
= (((M®5H) S pPm OQbM) ®H) o (iM ®5H)
= (¢m @ H)o (ing @ 6m).

The first equality follows from (¢2-2) of Definition 1] the second one by Proposition @3 and the third
one by the naturality of the braiding. The fourth equality is a consequence of ([I0)). In the fifth one we
used the coassociativity of 0 and (c2-2) of Definition Il The last one follows by (c1) of Definition 11

On the other hand, by (GI) and (a4-6) of Definition 2.2l we have

pm oo (i @ H)
=pumoqm o ¢um o (i @ H)
=pmoppmo(MAg)oprmopuo(iy®H)
=prp o dnr o (O @A) o (ipg @ pr)
=pam o du o (in @),
Finally, composing with M“H @ ﬁqu in (62)) and using ([B3) we obtain (G3)).
Proposition 4.5. Let H be a weak Hopf quasigroup, (M, dnr, par) a right-right H-Hopf module. The
endomorphism

Var = (pam @ H) o parodaro (ing @ H) : M°H @ H — M @ H
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18 an tdempotent and the equalities

Vi = ((prrodn) @ H)o (i @0m), (64)
(M" @ 65) 0oV = (Vi @ H) o (M @ 6p). (65)
V=M @ pup)o(Varo (M @ny)) @ H). (66)

hold.
Proof. Trivially, by ([60) we have that
VoV = (pu @ H)oprroduo(gu @ H)oproduo(iv®H) =V

The equality (64]) follows from (GI) and (65]) is a consequence of (64) and the coassociativity of .
Finally, (G0 holds because, by (64)), (I7) and (63]) we have

(M @ ) o (Var o (M @) @ H) = ((par © ¢r 0 (M @ 1)) @ H) 0 (ing @ 0nr) = Vo
O
Remark 4.6. In the conditions of Proposition we define the morphisms
wy MH @ H - M, Wy M- MToH

by wy = ¢ar o (in @ H) and wh; = (pmr @ H) o par. Then, wpy owh, = idy and Vi = wh; owyy. Also,

we have a commutative diagram
M
WAL w‘
H Vm H
MCO ® H MCO ® H

pMc% %’%@H

McoH x H

where M°H x H denotes the image of Vs and pyjeon g g7, i preot i are the morphisms such that pyseor g 0
inreoigy = tdpgeort gy AN 4 ppeorr g pr O Prseorr gy = Var. Therefore, the morphism ay = ppreong g owly is
an isomorphism of right H-modules (i.e. pyreonygoa = (a® H)opys) with inverse o@[l = W Od pfeot g -
The comodule structure of M x H is the one induced by the isomorphism « and it is equal to
H .
pMcoHXH:(pMcoH®H®H)O(MCO ®5H)OZMCOH®H.

Proposition 4.7. Let H be a weak Hopf quasigroup and (M, dnr, par), (N, on, pN) right-right H-Hopf
modules. If there exists a right H-comodule isomorphism o : M — N, the triple (M,¢$, = a1 o ¢y o
(a ® H), par) is a right-right H-Hopf module.

Proof. The proof follows easily because, if a is a right H-comodule isomorphism, py; = (o '@ H)opyoa
holds. O

Proposition 4.8. Let H be a weak Hopf quasigroup, (M, o, pa) a right-right H-Hopf module. The
triple (M°H x H, ¢preon s i1, paseor o) where

Prreort g = Pareorigrr © (MM @ ppr) o (ipgeon gy @ H),
and pppeorr g i the coaction defined in Remark[{.6, is a right-right H-Hopf module.

Proof. By Remark we have that (MH x H, pyreor «pr) is a right H-comodule and it is clear that
(c2-1) of Definition BT holds. On the other hand, by (63)),

pMCOHXH o (choH xH — (pMcoH®H ® H) o (MCOH ® (5H o ,UH)) o (/[;MCOH®H ® H)
Moreover, by (@3]), the properties of Vs and (al) of Definition 22 we obtain
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(Pnreor g @ prr) o (M 5 H® e @ H) o (pajeorr g @ 1)
= ((pmeorrgm o (M @ pp)) @ H) o (Vay @ H @ pgg) o (M" @ H® cyp @ H)
o(MH" @6y ®dp) o (ippeor gy @ H)
= (Preongn @ H) o (M @ ((urr @ pmr) 0 Smgm)) © (Vs 0 ippeongr) © H)
= (prpreotior @ H) o (M? @ (8 0 ppr)) o (ipgeongy @ H)
and then (c2-2) of Definition 1] holds.
The proof for (c3) of Definition ] is the following:

Oareott g © (Pageorr g @ M) o (M x H ® o)
= Pareott ey © (P © @) @ ) © (ing @ (61 © por) @ Amr) © (ingeor s ir @ 0p1)
= Pueott i © (Par © Or) @ ) © (ing ® (e ® pr) © On@n) ® Ar) © (ingeor g @ Omr)
= Pageott g © ((par © G © (ing @ par)) @ (pm o (H @ 1)) o (M7 @ ) © (ingeort oy @ H)
= pareott g © (Parodaro (ing @ o))  H) o (MM @ H@ ey, pr) o (M @0 @ H) 0 (ingeon sy @ H)
= pareort s © (Par 0 a0 (ing @ (I o pp))) @ H) o (MH @ H® cpypr) o (M" @ 6y ® H)
O(iMconH ® H)
= pareort sz ©(Parodnr 0 (in @ pu)) © H)o (M @ H@ e, pr) o (M @05 @ H) o (ingeon 1y @117)
= pMcoHXHO((pMng)M)®H)O(iM®(((EHO/LH)®H®H)O(H®CH1H®H)O(5H®CH1H)O(5H®H)))
O(iMcoHXH X H)
:pMconHO((pM0¢M)®H)O(iM®(((EHOMH)®5H)O(H®CH,H)O(5H®H)))O(iMconH®H)
= pareott g © ((Par © dar) @ H) o (ing @ (O © pg © (H @ 11))) 0 (ipgeon oy @ H)
= pueotixr © Var © (M @ (g o (H @ 11))) 0 (ingeor g @ H)
= Qapeori o gp © (MH x H @ 11k)

The first and tenth equalities follow by (&4]), the second one by (al) of Definition and the third
one by the coassociativity of éi and (a4-6) of Definition In the fourth one we used ({@3)). The fifth
equality relies on ([G2]) and the sixth one follows by (28] and (62). The seventh one is a consequence of the
naturality of the braiding and (7). The eighth equality follows by the naturality of the braiding and the
coassociativity of dg. Finally, the ninth equality follows by (] and the last one relies on the properties
of VM

We continue in this fashion proving (c4) of Definition Tl Indeed:

Grpeotr s © (Pageor g @ H) o (MH x H@ Ay @ H) o (MH x H® )

= pumeot g © (P © ar) @ ppr) o (ing @ (6 o p 0 (H @ Ayy)) @ H) o (ipgeori g @ 0p1)

= paseori i © (P © Oar) @ pr) © (i @ (g @ prr) © Smen © (H @ Ap)) @ H) o (ipeon x g @ 0pr)

= paseott x o ((Prrodaro (M @I ) )@pur )0 (in@((hr @prr )00 ne HO(H@A )@ H)o(ipreor x @R )

= pryeorr o ((Prrodnm)Qpm)o(in @[((eropn)R(emonn) OHQuE)o(HRIpQcyn QHQH)
o(HQcuu®@caua@H)o((dgonu)®dp @ (0roru))] @H)o (ipjeorrsyg @ 0m)

= ppeort s © (Py o dm) @ par) o (ine @ (Mg @ (em @ H) 0 dpropp)) @ H) o (MM @6 @ Aw @ H)
o(inseori x g ® Opr)

= pseott g © (Par 0 On) @ ppr) © (ing @ H @ puyg @ H) o (M % @61 @ Ar @ H ) 0 (ipgeon it @ 0pr)

= paseott e © ((Par © dar) @ ) 0 (ing @ S @ TI3G) 0 (ipgeorrscr @ H)

= Pageori g © (MM @ ppr) o (Var 0 ipgeor ) @ TIE)

= Gpreon g © (M x H@TIE)

The first and eighth equalities follow by (64]), the second one by (al) of Definition and the third
one by (62). In the fourth one we used the naturality of the braiding and (a2) of Definition 222l The fifth
one is a consequence of the naturality of the braiding, the coassociativity of dg and (al) of Definition
The sixth equality follows from the counit properties and ([62]) and the seventh one by (a4-7) of Definition
Finally, the last equality is a consequence of the properties of V.

The only point remaining is (¢5) of Definition Il This equality holds because:

¢McoHXHO(¢McoHXH®H)O(MCOH XH@HLH®H)O(MCOH XH®5H)
= pareori g © (P © Onr) @ purr) o (i @ (6 o ppr o (H @ 115)) @ H) 0 (ipgeors  ir @ 0pr)
= pareort g © (ar 0 Onr) @ pupr) © (ing @ (e @ ppr) © dggm o (H @ 11)) @ H) o (ippeort iy @ 6p1)
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= pureott g © ((Par © dar) @ prr) o (ing @ ((pm @ (par o (H @ 1)) 0 S o (H @ 1)) © H)
O(iMcoHXH ® 6H)
= parcort iy 0 (Parodar) @ H)o (i @ (Mg @ H) o prig i o (0 @ (I @ H) 001)))) 0 (ingeor x iy @ H)
= Paseott g © ((Par 0 ¢ar) @ H) o (ing @ (g 0 ppg o (H @ 1)) @ puwr) © drem) © (ingeorn o © H)
= pareott g © ((Par 0 dar) @ H) o (ing @ (g @ H) 0 0pr 0 puar)) © (ingeors xpy @ H)
= Pumeorixpr © (P © Opr) @ H) o (ing @ (0 © pr)) © (ingeorrxy @ H)
= pageoti g © Var o (MH @ pupr) o o(ippeon x g @ H)
= Qpreot x g
The first equalitiy follows by (64)), the second one by (al) of Definition and the third one by (21).
In the fourth one we used (@) as well as ([62). The fifth one relies on the naturality of the braiding and
the sixth one is a consequence of (23] and (al) of Definition The seventh one follows by (62) and the
eighth one by [64l Finally, the last one follows by the properties of V.
O

Proposition 4.9. Let H be a weak Hopf quasigroup, (M, ., par) be a right-right H-Hopf module and
ay : M — MH x H be the isomorphism of right H-comodules defined in Remark [£-:6l Then, for the
action ¢3}" introduced in Proposition [{.7, the triple (M, ¢35}, pa) is a right-right H-Hopf module with
the same object of coinvariants of (M, ¢, par). Moreover, the identity

=¢m o (qu @ prr) o (pmr @ H) (67)

holds and g3} = qm where g3} = gb‘])\‘/}” o (M ® M) o pa is the idempotent morphism associated to the
Hopf module (M, ¢}, par). Finally, if for (M, ¢33, par), Vi denotes the idempotent morphism defined
in Proposition [{.9, we have that

(03 Z\/I

Vit =Vu (68)
and then, for (M,¢$)", pam), the associated isomorphism between M and MeH x H defined in Remark
is apg. Finally,

(@27")™ = o (69)
holds.

Proof. By Proposition BT we obtain that (M, ¢35}, par) is a right-right H-Hopf module and by the
equalizer diagram of Proposition the object of coinvariants of (M, $3}", par) is equal to the one of
(M, ¢, par). Also, by (60) we have

¢r o (i ® H) oV = g0 (ing @ H) (70)
and
Vumopu®H)opy = (pym ® H)opy. (71)
Then, (67) holds because
(ﬁ‘/}w = aM O PppeoH  jf © (O‘M ®H)
= ¢ o (i @ H) o Varo (M @ py)o (Vo (py © H)opa) @ H)
= ¢nm o (qm @ pr) o (py @ H).
On the other hand, by (@1), the coassociativity of dp, (c1), (c4) of Definition 1] and (B4]) we obtain:

M
Ay

=¢m o (qu @ prr) o (pmr @ M) © pur
=o¢nmo(dm @H)o ((((¢r 0 (M@ Ag)) @ H)o (M ®6n)) @ Am)o (M ®du) o pu
= om0 ((Py o (M @IE)) @A) o (M ® 6m) © pu
= ¢ar o (om0 (M @IIF) 0 par) ® Arr) © pu
=d4qm-
Then, iy = i$} and py = p§} and, as a consequence, wiM' = (pyr ® H) o ppr = w),. Moreover, by

(c2-1) of Definition 1] ([66) and (70)

«
War



20

— (e3.V4 o (ZM ® H)
=¢m o (qm @ prr) o ((par o ing) ® H)
=¢no(in®@pu)o (V@ H)o (M" @ny @ H)
=¢pmo(iy @®H)oVy
= WHprs-
Therefore, V§} = Vs and then, for (M, ¢5M, par), the associated isomorphism between M and M x
H is ayy.
Finally, by (GG

(931" )™ = dnar o (qm @ prr) © ((par 0 qur) @ purr) © (pr @ H)
= om0 (ing @ pm) o (Varo(pm @nu)) @ pm) o (o @ H)
=¢mo(in@H)oVyo(py @ pm)o (pm @ H) = ¢4
and (69) holds. O

Remark 4.10. Let H be a weak Hopf quasigroup. The triple (H, ¢y = um,pn = dpg) is a right-right
H-Hopf module and ¢% = ¢u because by [{@2),
o = pm o (M © pw) o (65 @ H) = pi = du-
Definition 4.11. Let H be a weak Hopf quasigroup and let (M, ¢, par) and (N, ¢n, pn) be right-right
H-Hopf modules. A morphism in C f: M — N is said to be H-quasilineal if the following identity holds
N o (f®H) = fopy. (72)
A morphism of right-right H-Hopf modules between M and N is a morphism f: M — N in C such that

is both a morphism of right H-comodules and H-quasilineal. The collection of all right H-Hopf modules
with their morphisms forms a category which will be denoted by M.

Proposition 4.12. Let H be a weak Hopf quasigroup and let (M, ¢pr, prr) be an object in ME. Then,
for (MH x H, ¢preon s 1, prseoti x i) the identity

Prtiort i = Ongeott s (73)
holds.
Proof. First note that, by (65) we have
qMNfcoH x| :pMCDH®HO(MCOH®H%)O7:MCDH®H (74)

and, as a consequence, by (67), the equality
Ouriortsit = Pareon oo (M @pup)o(Varo(M M @Iy ) @pn )o(M " @5y @H)o(inseon o @ H). (75)

holds.
Then,

¢O‘MC°H><H
MecoH x H

= preorigp © (Par @ ) © ((par © dar o (i @ 11)) @ pr) o (MM @ 6y @ H) o (ipgeon gy @ H)
= prreorgro(Pr @) o((prrodrro(Gr@Nm)o(ing@8w)) @ )o(MH @0y @ H)o(ipeon g @ H)
= Pueorn g (PM@pum)o((prrodno(dp @A) @pm)o (i @ (H@0p)ody )@ H)o (ipseon gy @ H)
= prreoti oo (Pu @ )o((parodaro(M @Ay ))@pm )o(M®dm )oprrodnro(in@H )oiyseon g )OH )
= preorigr © (P @ prr) o ((par 0 qar) @ prr) © ((par © dar o (g @ H) 0 ipgeong) ® H)

= Pyeorgr © (Pu @ pm) o ((pa oinr) @ pm) o (Vg 0 ippeongpr) @ H)

= Pyeorign © (P @ pa) o ((pm 0 in) @ pp) o (ingeorn g @ H)

= pureorign © (MM @ pp) o (Var o (MM @) @ pumr) o (ipgeorn g @ H)

= prreorigr © Vs o (M @ pp) o (ipjeon g @ H)

= ¢MC°H><H

]
]
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where the first equality follows by (7)) and the definition of V, the second one by (¢3) of Definition
] the third one by the coassociativity of i and the fourth one by (GII). In the fifth equality we used
(c1) of Definition T and the sixth and eighth ones are consequence of the definition of V. Finally, the

seventh and the tenth one rely on the properties of Vs and the ninth one follows by (Gal).
O

Theorem 4.13. (Fundamental Theorem of Hopf modules) Let H be a weak Hopf quasigroup and let
(M, a1, pr) be an object in ME. Then, the right-right H-Hopf modules (M, s, par) and (M x
H, dppeori s i1, Pareoti i) are isomorphic in ME.

Proof. By Remark apM = Pyeogm © Wy, is an isomorphism of right H-comodules with inverse
Q) = Wit 0 ippeongy. To finish the proof we only need to show that (72) holds. Indeed, by (73), (70)
and (1)) we have

ant o byt o (an @ H) = daro (ing @ H) o Vago (M @ ) o (Varo (par @ H) 0 par) @ H) = ¢33
O
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