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NON-COMMUTATIVE TERNARY NAMBU-POISSON ALGEBRAS
AND TERNARY HOM-NAMBU-POISSON ALGEBRAS

HANENE AMRI AND ABDENACER MAKHLOUF

ABSTRACT. The main purpose of this paper is to study non-commutative
ternary Nambu-Poisson algebras and their Hom-type version. We provide
construction results dealing with tensor product and direct sums of two (non-
commutative) ternary (Hom-)Nambu-Poisson algebras. Moreover, we explore
twisting principle of (non-commutative) ternary Nambu-Poisson algebras along
with an algebra morphism that lead to construct (non-commutative) ternary
Hom-Nambu-Poisson algebras. Furthermore, we provide examples and a 3-
dimensional classification of non-commutative ternary Nambu-Poisson alge-
bras.

INTRODUCTION

In the 70’s, Nambu proposed a generalized Hamiltonian system based on a
ternary product, the Nambu-Poisson bracket, which allows to use more that one
hamiltonian [T9]. More recent motivation for ternary brackets appeared in string
theory and M-branes, ternary Lie type structure was closely linked to the super-
symmetry and gauge symmetry transformations of the world-volume theory of mul-
tiple coincident M2-branes and was applied to the study of Bagger-Lambert theory.
Moreover ternary operations appeared in the study of some quarks models. In 1996,
quantization of Nambu-Poisson brackets were investigated in [11], it was presented
in a novel approach of Zariski, this quantization is based on the factorization on R
of polynomials of several variables.

The algebraic formulation of Nambu mechanics was discussed in [23] and Nambu
algebras was studied in [13] as a natural generalization of a Lie algebra for higher-
order algebraic operations. By definition, Nambu algebra of order n over a field
K of characteristic zero consists of a vector space V over K together with a K-
multilinear skew-symmetric operation [.,---,.] : A"V — V called the Nambu
bracket, that satisfies the following generalization of the Jacobi identity. Namely,
for any z1,...,2,—1 € V define an adjoint action ad(z1,...,zn—1) : V. — V by
ad(X1, oy Tp1)Ty, = [T1, ooy L1, T ), T € V.

Then the fundamental identity is a condition saying that the adjoint action is a
derivation with respect the Nambu bracket, i.e. for all x1,...,Zpn—1,Y1, .-, Yn € V

(0.1) ad(Z1y ey Tp—1)[Y1, ey Yn] = Z[yl, ey @A(T1y ooy Ty 1) Yk oey Yn)-
k=1
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When n = 2, the fundamental identity becomes the Jacobi identity and we get a
definition of a Lie algebra.

Different aspects of Nambu mechanics, including quantization, deformation and
various algebraic constructions for Nambu algebras have recently been studied.
Moreover a twisted generalization, called Hom-Nambu algebras, was introduced in
[5]. This kind of algebras called Hom-algebras appeared as deformation of algebras
of vector fields using o-derivations. The first examples concerned g-deformations
of Witt and Virasoro algebras. Then Hartwig, Larsson and Silvestrov introduced
a general framework and studied Hom-Lie algebras [16], in which Jacobi identity
is twisted by a homomorphism. The corresponding associative algebras, called
Hom-associative algebras was introduced in [I7]. Non-commutative Hom-Poisson
algebras was discussed in [28]. Likewise, n-ary algebras of Hom-type was introduced
in [5], see also [I} 2, [3] 26} 27].

We aim in this paper to explore and study non-commutative ternary Nambu-
Poisson algebras and their Hom-type version. The paper includes five Sections. In
the first one, we summarize basic definitions of (non-commutative) ternary Nambu-
Poisson algebras and discuss examples. In the second Section, we recall some ba-
sics about Hom-algebra structures and introduce the notion of (non-commutative)
ternary Hom-Nambu-Poisson algebra. Section 3 is dedicated to construction of
(non-commutative) ternary Hom-Nambu-Poisson algebras using direct sums and
tensor products. In Section 4, we extend twisting principle to ternary Hom-Nambu-
Poisson algebras. It is used to build new structures with a given ternary (Hom-
)Nambu-Poisson algebra and an algebra morphism. This process is used to con-
struct ternary Hom-Nambu-Poisson algebras corresponding to the ternary algebra
of polynomials where the bracket is defined by the Jacobian. We provide in the
last section a classification of 3-dimensional ternary Nambu-Poisson algebras and
corresponding Hom-Nambu-Poisson algebras using twisting principle.

1. TERNARY (NON-COMMUTATIVE) NAMBU-POISSON ALGEBRA

In the section we review some basic definitions and fix notations. In the sequel,
A denotes a vector space over K, where K is an algebraically closed field of charac-
teristic zero. Let p: Ax A — A be a bilinear map, we denote by u°? : AX? — A the
opposite map, i.e., u°? = pot where 7 : AX? — A*? interchanges the two variables.
A ternary algebra is given by a pair (A, m), where m is a ternary operation on A,
that is a trilinear map m : Ax Ax A — A, which is denoted sometimes by brackets.

Definition 1.1. A ternary Nambu algebra is a ternary algebra (A, { , , }) satisfying
the fundamental identity defined as

{$1=$2,{$37$4,$5}} =
(1.1) Hzr, w2, 23}, w4, w5} + {23, {21, 22, 24}, w5} + {23, 24, {21, 22, 75} }

for all 1,29, x3, 24,25 € A.

This identity is sometimes called Filippov identity or Nambu identity, and it is
equivalent to the identity (0l with n = 3.

A ternary Nambu-Lie algebra or 3-Lie algebra is a ternary Nambu algebra for
which the bracket is skew-symmetric, that is for all o € S3, where S3 is the permu-
tation group,

[%(1),%(2)7%(3)] = Sgn(o)[z1, z2, z3].
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Let A and A’ be two ternary Nambu algebras (resp. Nambu-Lie algebras). A
linear map f: A — A’ is a morphism of a ternary Nambu algebras (resp. ternary
Nambu-Lie algebras) if it satisfies

f{z,y,2ba) ={f(2), f(y), f(2)}ar.

Example 1.2. The polynomials of variables x1,xs, 3 with the ternary operation
defined by the Jacobian function:

0 0 o
(12) {f17f27f3}: 2_521 8_52 a_ii ’

is a ternary Nambu-Lie algebra.

Example 1.3. Let V = R* be the 4-dimensional oriented Euclidian space over R.
The bracket of 3 vectors z, 7, Z s gien by

1 Y1 21 €1

-7 - = T2 Y2 22 €2

[z,y, 2] x Y x s ys 3 es
T4 Y4 24 €4

3 3
where {e1,ea,e3,e4} is a basis of R* and 7 = > xia—), 7 = > yia-) and 7 =

i=1 i=1

3
S> zier. Then (V,[.,.,.]) is a ternary Nambu-Lie algebra.
i=1

Now, we introduce the notion of (non-commutative) ternary Nambu-Poisson
algebra.

Definition 1.4. A non-commutative ternary Nambu-Poisson algebra is a triple
(A, u,{.,.,.}) consisting of a K-vector space A, a bilinear map p: A x A — A and
a trilinear map {.,.,.} : A® A® A — A such that

(1) (A, p) is a binary associative algebra,

(2) (A,{.,.,.}) is a ternary Nambu-Lie algebra,

(3) the following Leibniz rule

{33173327N(3337334)} = ,U(Ig, {I1,$2,$4}) + /L({$1,I2,I3},$4)
holds for all x1, 20,23 € A.

A ternary Nambu-Poisson algebra is a non-commutative ternary Nambu-Poisson
algebra (A, u, {., ., .}) for which u is commutative, then u is commutative unless oth-
erwise stated.

In a (non-commutative) ternary Nambu-Poisson algebra, the ternary bracket {., ., .}
is called Nambu-Poisson bracket.

Similarly, a non-commutative n-ary Nambu-Poisson algebra is a triple (A, u, {.,- -+ ,.})
where (A, {., -+ ,.}) defines an n-Lie algebra satisfying similar Leibniz rule with re-
spect to p.

A morphism of (non-commutative) ternary Nambu-Poisson algebras is a linear map
that is a morphism of the underlying ternary Nambu-Lie algebras and associative
algebras.
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Example 1.5. Let C°(RR3) be the algebra of C° functions on R? and x1, 2,3 the
coordinates on R3. We define the ternary brackets as in (L2), then (C*(R3),{.,.,.})
is a ternary Nambu-Lie algebra. In addition the bracket satisfies the Leibniz rule:
{f9, fo, f3} = fg, fo, f3} + { [, f2, fa}g where f,g, f2, f3 € C*(R?) and the mul-
tiplication being the pointwise multiplication that is fg(x) = f(x)g(x). Therefore,
the algebra is a ternary Nambu-Poisson algebra.

This algebra was considered already in 1973 by Nambu [19] as a possibility of ex-
tending the Poisson bracket of standard hamiltonian mechanics to bracket of three
functions defined by the Jacobian. Clearly, the Nambu bracket may be generalized
further to a Nambu-Poisson allowing for an arbitrary number of entries.

In particular, the algebra of polynomials of variables x1,x2,x3 with the ternary
operation defined by the Jacobian function in (L2), is a ternary Nambu-Poisson
algebra.

Remark 1.6. The n-dimensional ternary Nambu-Lie algebra of Example 1.3 does
not carry a non-commutative Nambu-Poisson algebra structure except that one
given by a trivial multiplication.

2. HOM-TYPE (NON COMMUTATIVE) TERNARY NAMBU-POISSON ALGEBRAS

In this section, we present various Hom-algebra structures. The main feature of
Hom-algebra structures is that usual identities are deformed by an endomorphism
and when the structure map is the identity, we recover the usual algebra structure.

A Hom-algebra (resp. ternary Hom-algebra) is a triple (A, v, «) consisting of
a K-vector space A, a bilinear map v : A x A — A (resp. a trilinear map
v:Ax Ax A — A)and alinear map o : A — A. A binary Hom-algebra (A, u, «) is
said to be multiplicative if cvo it = po @®? and it is called commutative if u = u°P.
A ternary Hom-algebra (A, m,a) is said to be multiplicative if a0 m = m o a®3.
Classical binary (resp. ternary) algebras are regarded as binary (resp. ternary)
Hom-algebras with identity twisting map. We will often use the abbreviation xy
for p(x,y) when there is no ambiguity. For a linear map o : A — A, denote by a™

the n-fold composition of n-copies of «, with o® = Id.

Definition 2.1. A Hom-algebra (A4, u, «) is a Hom-associative algebra if it satisfies
the Hom-associativity condition, that is

mle(@), wly, 2)) = u(p(z, y), a(z)) for all z,y, 2 € A.

Remark 2.2. When « is the identity map, we recover the classical associativity
condition, then usual associative algebras.

Definition 2.3. A ternary Hom-Nambu algebra is a triple (A, {., ., .}, &) consisting
of a K-vector space A, a ternary map {.,.,.} : A X A x A — A and a pair of linear
maps & = (a1, as) where ag,as : A — A satisfying

{1 (1), a2(z2), {23, 24, 25} } = {{71, T2, T3}, Q1 (w4), 2 (25) }+

21) {aa(zs), {z1, w2, w4}, a2(w5)} + {aa(x3), aa(@a), {21, ¥2, 5} }.

We call the above condition the ternary Hom-Nambu identity.



Generally, the n-ary Hom-Nambu algebras are defined by the following Hom-
Nambu identity

{ar (1), oy a1 (Tn—1), {Tn, -, T2n—-1}}
2n—1

= Z {061 (‘T’n)u (XS] Oéi—n(xi—l)7 {xlu (XS] xn—l7xi}7 ai—n-l—l (xi-i-l)"'u Oén_l(fl/'gn_l)}
i=n

for all (w1, ...,w2,_1) € A2~ 1L,

Remark 2.4. A Hom-Nambu algebra is a Hom-Nambu-Lie algebra if the bracket
is skew-symmetric.

Definition 2.5. A non-commutative ternary Hom-Nambu-Poisson algebra is a tu-
ple (A, u,5,{.,.,.}, &) consisting of a vector space A, a ternary operation {.,.,.} :
Ax Ax A — A, abinary operation p : Ax A — A, a pair of linear maps & = (a1, a2)
where a1,z : A — A, and a linear map 3 : A — A such that:

(1) (A, p,B) is a binary Hom-associative algebra,
(2) (A, {.,.,.},@) is a ternary Hom-Nambu-Lie algebra,

(3) {ulzr,x2), 0 (ws), aa(wa)} = p(B(w1), {w2, w3, 74}) + ({71, 23, 24}, B(2)).
The third condition is called Hom-Leibniz identity.

Remark 2.6. Notice that p is not assumed to be commutative. When p is a commu-
tative multiplication, then (A4, u, 8,{.,.,.}, @) is said to be a ternary Hom-Nambu-
Poisson algebra.

We recover the classical (non-commutative) ternary Nambu-Poisson algebra when
ap =ag = p=1d.

Similarly, a non-commutative n-ary Hom-Nambu-Poisson algebra is a tuple

(A, u, 8,{.,-,.},a) where (A,{.,---,.},&) with @ = (a1, ,@,—1) that de-
fines an n-ary Hom-Nambu-Lie algebra satisfying similar Leibniz rule with respect
to (A, i, B).

In the sequel we will mainly interested in the class of non-commutative ternary
Nambu-Poisson algebras where a = a1 = ag = 3, for which we refer by a quadruple

(A, u,{.y ..} ).
Definition 2.7. Let (4, i, {., ., .}, @) be a (non-commutative) ternary Hom-Nambu-
Poisson algebra. It is said to be multiplicative if

a({r1,r2,23}) = {a(r1), a(r2), a(z3)},

aop = poa®?

If in addition « is bijective then it is called regular.

Let (A, par,{.,.,-}a,a’) be another such quadruple. A weak morphism ¢ :
A — A’ is a linear map such that

® po {'a ) } = {'7 s '}A’ © 90®35

® pou=pgop*
A morphism ¢ : A — A’ is a weak morphism for which we have in addition poa =
A O Q.
Definition 2.8. Let (4, i, {.,.,.},a) and (A’, ¢/, {.,.,.}’, @’) be two (non-commutative)
ternary Hom-Nambu-Poisson algebras. A linear map f : A — A’ is a morphism of
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(non-commutative) ternary Hom-Nambu-Poisson algebras if it satisfies:
(22) f({x17$27$3}) = {f(xl)vf(x2)7f(x3)}/a

(2:3) fou = pof*,

(2.4) foa = dof.

It said to be a weak morphism if hold only the two first conditions.

Proposition 2.9. Let (A1, p1,{.,., . }1, 1) and (Aa, pa, {.,.,.}2, a2) be two ternary
(non-commutative) Hom-Nambu-Poisson algebras. A linear map ¢ : A1 — Az is a
morphism of ternary (non-commutative) Hom-Nambu-Poisson algebras if and only
if 'y C Ay @ Az is a Hom-Nambu-Poisson subalgebra of

(Al ® A27/LA1®A27 {'7 &) '}A1€9A27QA1®A2)
where 'y = {(z, ¢(z)) 1 @ € A1} C A1 & As.

Proof. Let ¢ : (A1, u1,{.,.,-}1,01) = (A2, po2,{., ., . }2, @2) be a morphism of ternary
Hom-Nambu-Poisson algebras.
We have

{71+ o(21), 22 + @(22), 73 + @(¥3) }a,04, = {71, T2, 23}1 + {P(21), d(22), p(23) }2

= {21, 22, 23}1 + ¢{x1, 72, T3 }1.

Then T'y is closed under the bracket {.,.,.} 4,@4,-
We have also

(1 + az)(z1 + ¢(21)) = a1(z1) + ag 0 p(z1) = a1 (21) + ¢ 0 a1 (z1),

which implies that (o + a2)'y C Ty.
Conversely, if the graph I'y C A; & A, is a Hom-subalgebra of

(A1 ® Ao, parpas, {o o T A4, XA, 04,),

then we have
{o(x1), d(x2), p(x3)}2 = d{1, 22, 23} 1,

and

(1 + a2)(z + d(2)) = cu(z) + ax o p(x) €Ty
= a1(z) + ¢ o ax().
Finally
Bar@A, (T1 + ¢(71), 22 + ¢(22)) = pa (w1, 22) + p2(P(w1), p(22))
= (@1, 2) + o pz(r1,22) C Ty.

Therefore ¢ is a morphism of ternary (non-commutative) Hom-Nambu-Poisson al-

gebras.
O



3. TENSOR PRODUCT AND DIRECT SUMS

In the following, we define a direct sum of two ternary (non-commutative) Hom-
Nambu-Poisson algebras.

Theorem 3.1. Let (A1, p1,{.,,-}1,1) and (A2, us2, {.,.,.}2,a2) be two ternary
(non-commutative) Hom-Nambu-Poisson algebras. Let pa,wa, be a bilinear map
on Ay ® Ag defined for x1,y1,21 € A1 and x2,y2, 20 € A1 by
p(y + z2,y1 + y2) = pa (21, 1) + p2 (2, y2),
{.s+ Ya,@4, a trilinear map defined by
{z1+ 22,91 +y2, 21 + 22} a0, = {21, 91, 211 + {22, 42, 22}
and aa @4, o linear map defined by
@4, (1 + Y1) = o (71) + o (x2).

Then

(A1 & Az, pa,@a,, {5 Ja@4,, 04, 04,)

is a ternary (non-commutative) Hom-Nambu-Poisson algebra.

Proof. The commutativity of p1a,q.4, is obvious since 1 and pe are commutative.
The skew-symmetry of the bracket follows from the skew-symmetry of {.,.,.}; and
{.,.,.}2. So it remains to check the Hom-associativity, the Hom-Nambu and the
Hom-Leibniz identities. For Hom-associativity identity, we have

Payeas (A, @as (X1 + 27, T2 + 25), aa @ a, (T3 + 25))
= pay@a, (1 (21, 22) + pa(xy, 75), ar(23) + az(xy))
= pn (pa (1, @2), 00 (w3)) + pro(p2 (], 5), aa(25))
= pa (e (1), pa (w2, 23)) + po(a(2), pa (2, 73))
= par@a; (@1 (21) + a2 (@), pn (2, v3) + pa(ah, 5))
= A @A (A, @045 (%1, 71), 1A, @4, (T2 + 25, 23 + 23)).
Now we prove the Hom-Nambu identity
{aaea, (@1 +21), 0,04, (22 + 23), {23 + 5, 24 + 24, 75 + 25} 4,04, a0,
= {ai(z1) + az(2)), a1 (z2) + as(@y), {3, x4, 2511 + {25, 2], 25 2} 4,04,
= {ai(z1), a1(22), {3, 24,2511 11 + {aa(a)), az(ah), {25, 2}, 25} )
= {{z1, 22, w3}1, 1 (w4), 1 (25) }1 + {a1(x3), {71, 22, 24 }1, 01 (75) }1
+ {en(xs), a1 (2a), {w1, w2, w511} + {2, 25, 25 }o, a2 (a)), a2 (25) }o
+ {aa(ah), {z1, 25, 2] }o, an(ah) b2 + {aa(2}), aa(xy), {2, 25, 25} 2}
= {{z1, 22, 23} + {2, 25, 25 }o, 1 (24) + @2(2)), a1 (25) + @2(25)} 4,045
+ {1 (w3) + aa(23), {z1, 22, wa}1 + {27, 25, 4 }o, 01 (25) + @2(25) f 4, 0.4,
+ {1 (23) + aa(23), a1 (23) + az(23), {1, 22, 25 }1 + {2, 25, 25 )2t ar @,
= {{z1 + 21, 22 + 25, 73 + T3} A,04,0 VA 04, (T4 + 7)), 0,045 (U5 + 25) } area,
+{oaea, (23 + 25), {21 + 21, 22 + 75, 74 + 24 14,0455 04,04, (T5 + 75) L 14,

+ {OZA1€BA2 (:173 + :C/3)7 QA DA, (564 + xﬁl)v {:Cl + :Clla T2 + :17/2’ T5 + zI5}A1®A2}A1®A2'
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Finally, for Hom-Leibniz identity we have

{aiea, (21 + 21), 4,04, (23, 25), @y +4, (T4, 20) } A 04,

= {p1 (21, 22) + p2(2), 25), 1 (w3) + @z (x3), a1 (24) + a2(2))} 4,04,
= {1 (z1,22), 0 (23), 1 (wa) }1 + {p2(a], 25), aa(25), aa(2)) }o

= (e (w1), {w2, 73, 24 }1) + p1 ({21, 73, 24 }1, 1 (72))

+ p2 (o (@), {25, 25, ¥ }2) + po ({2}, 73, 2 }o, aa(23))

= payeas (@a,@a, (1, 27), {22 + 25, 3 + 25, 24 + T} 4,04, )

+ payoa, ({21 + 27, 23 + 25, 21 + T4} 4045, 04 @45 (T2, 73)).

That ends the proof. O

Now, we define the tensor product of two ternary Hom-algebras. Moreover, we

consider a tensor product of a ternary Hom-Nambu-Poisson algebra and a totally
Hom-associative symmetric ternary algebra.
Let Ay = (4, m, ), where o = (;)i=1,2 and Ay = (A’,m’, ') where o/ = (a})i=1,2
be two ternary (non-commutative) Hom-algebras of a given type, the tensor product
A1 ® Az is a ternary algebra defined by the triple (A ® A", m ® m',a ® o’) where
a®d = (a; ®al)i=1,2 with

(3.1) m@m'(z1 ®z),xs @ h, x3 @ x4) = m(z1, 2, x3) @ M/ (2], 4, x4),

(3.2) a; @ o = a(z1) @ aj(z]),

where z1, 22, x3 € Ay and i}, xh, 25 € As.
Recall that (A4, m, «) is a totally Hom-associative ternary algebra if

m(ai (1), az(w2), m(xs, 24, 5)) = m(ar(z1), m(wz, x3, 24), 02 (5))
=m(m(z1, 2, x3), a1(x4), ao(xs)).
for all 1 --- ,x5 € A, and the ternary multiplication m is symmetric if
(3.3) M(Zo(1), To(2), To3)) = Mm(21, T2, 13).
for all o € S3, x1,x2, 23 € A.

Lemma 3.2. Let A1 = (A,m,«a) and Az = (A',m/,a’) be two ternary Hom-
algebras of given type (Hom-Nambu, totally Hom-associative). If m is symmetric
and m’ is skew-symmetric then m ® m' is skew-symmetric.

Proof. Straightforward. O

Theorem 3.3. Let (A, pu,B8,1{.,.,.}, (a1, a2)) be a ternary (non-commutative) Hom-
Nambu-Poisson algebra, (B,T,(a},ab)) be a totally Hom-associative symmetric
ternary algebra, and (B, ', 8") be a Hom-associative algebra, then

(A & Ba w ® ,U/, ﬂ @ ﬂ/a {'a ) -}A®B; (041 & 0/17 az @ 0/2))
is a (non-commautative) ternary Hom-Nambu-Poisson algebra if and only if

(3.4) 7(1' (b1, b2), b3, ba) = p' (b1, 7(b2, b3, ba)) = i’ (7(b1, b3, ba), ba).
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Proof. Since p and p' are both Hom-associative multiplication whence a tensor
product p ® p' is Hom-associative. Also the commutativity of p ® u', the skew-
symmetry of {., ., .} and the symmetry of 7 imply the skew-symmetry of {.,.,.} ag 5.
Therefore, it remains to check Nambu identity and Leibniz identity.

We have

LHS 2{041 (9 o/l(al & bl), o X Oélz(ag (9 bz), {ag ® b3, a4 @ by, a5 ® b5}A®B}A®B
={a1(a1) ® & (b1), az(az) ® a5 (b2),{as, as,as}ta @ 7(b3,ba, b5)} axB
= {ai(a1), az(az), {as, as, a5} } @ 7() (b1), A (ba), 7(b3, ba, bs)),

a b

and

RHS ={{a1 @ b1,a2 @ bz, a3 ® b3} agp, 1 @ ] (as ® by), s @ ah(as @bs)}ags
+ {a1 ® o (a3 @ b3), {a1 @ by, a2 @ by, a4 @ ba}agp, a2 ® ah(as @ bs)}aen
+ {a1 ® o (a3 @ b3), a2 ® ah(as4 @ by), {a1 @ b1, a2 @ ba, a5 @ bs} axB}aeB
= {{a1,a2,a3} 4 @ 7(b1, b2, b3), a1(as) @ (by),az(as) @ as(bs)} aen
+ {ai(az) @ o) (b3), {a1,a2,a1} 4 @ 7(b1, b2, ba), a2(as) @ ay(bs)}ags
+ {ai(az) ® o (b3), az(as) @ ah(bs), {a1,az,a5}a @ 7(b1, b2, b5)} 4B
= {{a1, a2, a3}, a1(as), az(as)} @ 7(7 (b1, ba, bs), &y (ba),  (b5))
c d
+ {ai(as), {a1, a2, as}, az(as)} @ 7(a (bs), 7(b1, b2, ba), @y (bs))
e f
+ {ai(as), az(as), {a1, az, as}} ® 7(a (bs), vy (ba), 7(b1, b2, bs))

g9 h

Using ternary Nambu identity of {.,.,.} wehavea =c+e+g,andb=d=f=h
using the symmetry of 7 and Hom-associativity of p’, then the left hand side is
equal to the right hand side from where the ternary Hom-Nambu identity of bracket
{.,., - }agp is verified.

For the Hom-Leibniz identity, we have

LHS ={p® p'(a1 @ by,a2 @ by), 1 ® o (az @ b3),as @ ah(as @ bs)tasgs
= {u(a1,b1) ® i (az, ba2), 1 (az) @ o (bz), aa(as) ® ay(bs)} aen
= {u(a1,b1),a1(az), aa(as) ya @ 7(u' (az, b2), o) (b3), aiy(ba))

a’ b’
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and

RHS =p® i/ (B® B (a1 @ b1), {az ® bz, a3 @ by, a4 @ ba} agp)
+ 1@ ' ({a1 @ by, a3 @ bs, a4 @ ba}aws, B ® B (a2 ® by))
= p @ p'(B(ar) ® B'(br), {az, as, as} @ 7(b2, b3, ba))
+p® i ({a1, a3, a1} @ 7(b1, b3, ba), Blaz) @ B5'(b2))
= p(B(ar),{az, a3, as}) @ p' (B (b1), 7(ba, b3, ba))

c’ d’
+ p({a1,as,as}, Baz)) @ p' (7(b1, bs, ba), B’ (b2)
e’ f’

With Hom-Leibniz identity we have o/ = ¢’ + €/, and using condition (4] we
have b = d’ = f’, for that the left hand side is equal to the right hand side and the
Hom-Leibniz identity is proved. Then

(A & B?/J‘ X /14/76 ®ﬁ/7 {'7 ) '}A®Bu (041 & O/laa2 & a/Q))

is a (non-commutative) ternary Hom-Nambu-Poisson algebra.

4. CONSTRUCTION OF TERNARY HOM-NAMBU-POISSON ALGEBRAS

In this section, we provide constructions of ternary Hom-Nambu-Poisson algebras
using twisting principle.

Theorem 4.1. Let (A, u,{.,.,.}, @) be a (non-commutative) ternary Hom-Nambu-
Poisson algebra and B : A — A be a weak morphism, then Ag = (A, {.,.,.}p =
Bo{.,.,.}, ug = Bop, fa) is also a ternary (non-commutative) Hom-Nambu-Poisson
algebra. Morever, if A is multiplicative and B is a algebra morphism, then Ag is a
multiplicative (non-commautative) Hom-Nambu-Poisson algebra.

Proof. If p is commutative, then clearly so is ug. The rest of the proof applies
whether p is commutative or not. The skew-symmetry follows from the skew-
symmetry of the bracket {.,.,.}. It remains to prove Hom-associativity condition,
Hom-Nambu-identity and Hom-Leibniz identity. Indeed

pe(us(@,y), Ba(2)) = pa(B(u(z, y), Ba(2)) = B (u(u(z, y), a(2)))
= B (u(e(2), ply, 2))) = pp(Ba(), up(y, 2))-
We check the Hom-Nambu identity

{Ba(x1), Ba(xa), {23, a, 25} 5} 5 = BH (1), lwa), {3, T4, 25} }

= B2 ({{z1, 22, 23}, a(a), alw5)} + {a(ws), {x1, 22, 24}, a(w5)}
+ {a(xs), a(za), {z1, 22,25} })

= {{z1, 22, 23}, Ba(za), Ba(zs)} g + {Ba(zs), {21, 22, 24} 6, Ba(ws)} s
+ {Ba(xs), Ba(zs), {z1, 22, x5} 8} 5.
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Then, it remains to show Hom-Leibniz identity

{us(1,22), Ba(xs), Ba(za)} g = B2 ({u(w1, 22), alws), az4)})
= B (u(a(zr), {wa, w3, 24}) + p({a1, w3, 24}, a(w2)))
= pp(Balar), {2, 3, wa}p) + pp({w1, w3, 24}, Ba(w2)).
Therefore Ag = (4,{.,.,.}5, 43, Bc) is a ternary (non-commutative) Hom-Nambu-

Poisson algebra. For the multiplicativity assertion, suppose that A is multiplicative
and ( is an algebra morphism. We have

(Ba) o (ug) = Bao Bop=ps0a® B = g o (Ba)®?,

and

Bao{., ., .}g=PBaocBo{,,.}={,.,.}po0 (Bar)®3.

Then Ag is multiplicative.
O

Corollary 4.2. Let (A, {.,.,.}, ) be a multiplicative ternary (non-commautative)
Hom-Nambu-Poisson algebra. Then

A" = (A, p™ =a” o, {.,., 3™ =a™ o {. . .}, a™T)
is a multiplicative (non-commutative) ternary Hom-Nambu-Poisson algebra for each
integer n > 0.

Proof. The multiplicativity of A implies that o™ : A — A is a Nambu-Poisson
algebra morphism. By Theorem 4.2 A,» = A™ is a multiplicative ternary (non-
commutative) Hom-Nambu-Poisson algebra. g

Corollary 4.3. Let (A, u,{.,.,.}) be a ternary (non-commutative) Nambu-Poisson
algebra and B : A — A be a Nambu-Poisson algebra morphism. Then

Aﬁ:(A7ILL5:ﬂou’{""'}ﬁ:BO{W'?'}?ﬂ)

is a multiplicative (non-commutative) ternary Hom-Nambu-Poisson algebra.

Remark 4.4. Let (4, 1, {.,.,.},a) and (4, 1/, {.,.,.}, &) be two (non-commutative)
ternary Nambu-Poisson algebras and §: A — A, 8/ : A — A’ be ternary Nambu-
Poisson algebra endomorphisms. If ¢ : A — A’ is a ternary Nambu-Poisson algebra
morphism that satisfies ¢ o 8 = 8’ o @, then

@ (A pg s Jp Ba) = (A {0 3, B'a)
is a (non-commutative) ternary Hom-Nambu-Poisson algebra morphism.
Indeed, we have

po{,,Jp=pofo{,,}=pFopof,,J=F0of,,Yop®={,, }5op*
and

popug=wpofou=popou=popu op*?*=pp o

In the sequel, we aim to construct Hom-type version of the ternary Nambu-
Poisson algebra of polynomials of three variables (R[z,y, 2], {.,.,.}), defined in
Example 1.5. The Poisson bracket of three polynomials is defined in (I2)).

The twisted version is given by a structure of ternary Hom-Nambu-Poisson algebra
(Rlz,y,2],:a =ao-{.,.,.}a =aoc{., ., .},a) where a: Rlz,y, 2] = R|z,y, 2] is an
algebra morphism satisfying for all f, g € R[z, vy, 2]
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a(f - g) = a(f) - alg)
oA f,g,h} = A{a(f), alg), a(h)}.
Theorem 4.5. A morphism « : Rz, y, z] = Rz, y, 2] which gives a structure of
ternary Hom-Nambu-Poisson algebra (Rlz,y, 2], o = a0, {.,., . Ja =ac{, ., .}, a)
satisfies the following equation:

da(x) Oa(z) da(z)

paly) oaly daly)
(41) 1- (’hy B(y Bzy =0,
da(z) Baz’z) da(z)
ox oy 0z

Proof. let a be a Nambu-Poisson algebra morphism, then it satisfies for all f,g €
Rlz,y, 2|

a(f -g) = a(f) - alg),
a{f,g,h} ={a(f), alg), a(h)}.

The first equality shows that it is sufficient to just set @ on x, y and 2. For the
second equality, we suppose by linearity that

f(@,y,2) = xy"2".

Then we can write the second equation as follows

af oaf of oa(f) da(f)  dalf)
ox  OJy Oz ox 01 0z
ol 29 99 99 | _ | 8alg) OGZQ) Oa(g)
oz I5] 0z - ox [5] 0z ’
oh oh ok da(h)  dath)  a(h)
Oz Oy 0z ox oy Oz

which can be simplified to

da(x) Oa(z) Oa(x)

valy) oaly) ooty
(4.2) 1=\ 552 =F
da(z) Baz’z) da(z)
ox oy 0z
O
Example 4.6. We set polynomials:
a(x) = Pi(r,y,2) = Y, aipriyizk,
0<4,5,k<d o
Oé(y) = PQ('rvya Z) = E bijkxlyjzk;
0<i,jk<d o
a(z) = Py(z,y,2) = Y. cijpaiylzF,
0<4,5,k<d

where Py, Py, P3 € Rz, y, 2], and d the largest degree for each variable. We assume
that ag = bo = Cy = 0.
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Case of polynomials of degree one. We take

Pl(xayvz) =mnr+ a2y + a3z,
Py(2,y,2) = b1z + bay + b3z,
PB(:Euva) =C1x + Y + C3Z.

Equation (2.5) becomes

(4.3)

whence

(4.4)

9P (z,y,2) OPi(z,y,2)) 9OPi(z,y,2)

ox Oy 0z
1_ | 9Pzyz)  OPa(zy.z)  OPa(wy.2)

ox Oy 0z = 0’
OPs(z,y,2)  OPs(zy,2)  OP3(z.y,2)
ox oy 0z

ayp a2 as
1—| b1 by b3 |=0.
1 C2 (3

The polynomials Py, P, and Ps are of one of this form

Pl(:v,y,Z) = Ta1 + yaz + zas, P2(:E7y72) = b2y - ﬁ; P3(:E7y72) = C2y.

Pl(:v,y,Z) = G1$+a2y+ asz, P2(:E7y72) = %y—’— ng,
Ps(z,y,2) = coy + c3%.

Pl(;v,y,Z) =ax + a2y + asz, P2(:E7y72) = blx + LZ; P3(:E7y72) =C1.

azC1
Pl(;v,y,Z) = alx+a2y+a327 P2(:E7y72) = —1+a72b301$+b327

azcs
Ps(x,y,z) = c1x + c32.

Pi(2,y,2) = @0eathe 4 g0y 4 azz, Py(2,y,2) = b1z + bay + baz,

C3T

Ps(z,y,2) = c3z.
Pi(x,y,z) = ﬁx + asy + asz, Pa(x,y,2) = boy + b3z, Ps(x,y,2) = c32.
Pi(z,y,2) = a1z + ﬁy +azz, Po(x,y,2) = bz + b3z, Ps(z,y,2) = c32.
Pi(z,y,2) = a12 + asy + ﬁz, Py(z,y,2) = bz, P3(x,y,2) = c12 + cay.

—1

Pi(z,y,2) = a1+ g oraaes

azc2C3

Ps(z,y,2) = c1x + cay + c32.

y+azz, P(x,y,2) = bix,

Pi(z,y,z) = 22 + —L—u + ayy + asz, Pa(x,y,2) = bix + bay + bsz,

2 bacs—bsca
bica

P3(z,y,2) = %322 + coy + c32.

Pl(xayvz) = wx + azy + azz, P2(17,y72) = b3za

2
b302

Ps(z,y,2) = c1x + cay + c32.

Pl(xayvz) =a1x + a2y + mz) PZ(%%Z) = blx + be;
Ps(x,y,z) = c1x + coy.
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1 b —aszb —ash b
(13) Py(,y,z) = Lrabiea—tabicsoabeitasbee 4 gy 4 gy,

Py(x,y,z) = bix + bay + b3z, Ps(x,y,2) = c1x + coy + c32.

(14) Pi(z,y,2) = a1+ (a3 — oo )V + 032, Pa(2,,2) = b1z + boy + baz,
Py(z,y,2) = 1o + coy + B2z

Particular case of polynomials of degree two. We take one of the polynomials
of degree two

Py(z,y,2) = a1z + asy + azz
Py(x,y,2) = bix + bay + b3z

Ps(z,y,2) = c1x 4 coy + c32 + cax?

The polynomials Py, P> and P3 are of one of this form

(1) Pi(x,y,2) = B2 + L+ agy + %22, Py(2,y,2) = biw + bay + b3z,
P3(x,y,2) = c42® + c10 + coy + c32.

(2) Pi(x,y,2) = asw + %22y + agz, Pa(x,y,2) = boy + b3z,

1
+bsca
2 a
Ps(x,y,2) = cax® + 1 + coy + 2

(3) Pl(anyaZ) = 02T + a2y + a3%, P2(x7y72) :b2y7
P3($ay72)204$2+01$+02y+ L z

arby

(4) Pl(Iayvz) = (aifl - = )I + asz, PQ(Iayvz) = b1$+b32’,

cabs

P3(z,y,2) = cax® + c10 + coy + c32.

(5) Pi(z,y,2) =~z +asz, Pa(z,y,2) = bsz,

bzca

P3(z,y, 2) = cax® + c10 + coy + c32.

(6) Pi(x,y,2) = a1z — o=y + azz, Po(x,y,2) = iz,

blc
P3(z,y, 2) = caz® + c170 + c32.

(7) Pl(I,y,Z) =a1T + » + a362y+@32; P2(l“,y72’) = bl'r:

b103 Cc3

P3(z,y, 2) = cax® + c10 + coy + c32.

(8) Pl(I,y,Z) =a1x + agy + ﬁz; PQ(Iayvz) = blx;
P3(:E7y72) = C4CE2 + cxr + cy.

(1+asbser)
azcs

(9) Pl(xayvz):a1$+a2y+a32) PZ(I,%Z): I+b32;

Ps(x,y,z) = c1x + c32.

5. CLASSIFICATION

In this section, we provide the classification of 3-dimensional ternary non-commutative
Nambu-Poisson algebras. By straightforward calculations and using a computer al-
gebra system we obtain the following result.
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Theorem 5.1. Every 3-dimensional ternary Nambu-Lie algebra is isomorphic to
the ternary algebra defined with respect to basis {e1,e2,es}, by the skew symmetric
bracket defined as

{er,e2,e3} = e

Moreover it define a 3-dimensional ternary non-commutative Nambu-Poisson
algebra (A, {.,.,.}, 1) if and only if u is one of the following non-commutative as-
sociative algebra defined as

(1)
pa(ez,e1) = aer  pi(ez,e2) =ex  pi(ez,e3) = e3
ui(es,er) =ber  pi(es,e2) =bea pi(es,es) = bes,
where a, b are parameters.
(2)
pa(e1,e2) = aer  pa(er,e3) =ber  pa(ez,e2) = aez
ua(ea,es) = bea  ua(es,ea) = aes  pa(es,es) = bes,
where a, b are parameters with a # 0
(3)
ps(er, 63) =aer ps(ez, 63) =aey ps(es, 63) = aes
where a is a parameter with a # 0
The multiplication not mentioned are equal to zero.

Remark 5.2. The 3-dimensional ternary Nambu-Lie algebra is endowed with a com-
mutative Nambu-Poisson algebra structure only when the multiplication is trivial.

Using the twisting principle described in Theorem 4.1, we obtain the following
3-dimensional non-commutative ternary Hom-Nambu-Poisson algebras.

Proposition 5.3. Any 3-dimensional ternary non-commutative Hom-Nambu-Poisson
algebra (A,{.,., . }a; pa, @) obtained by a twisting defined with respect to the basis
{e1, ea,es3} by the ternary bracket {e1,ea,e3}ta = ce1, where ¢ is a parameter, and
one of the following binary Hom-associative algebra defined by o, and a corre-
sponding structure map

(1)

Mo, (€2, €1) = acex, Mo, (€3,€1) = beex,

Lo, (€2,€2) = a(der + e2), Lo, (€3,€2) = b(der + ea),

Lo, (€2,e3) = alher + ges + e3), Lo, (€3,e3) = b(her + gea + e3),
with

ai(er) = cer,aq(e2) = dey + ea, a1 (es) = hey + gea + e3.

(2)

Has (€1, €2) = aceq, Has (€3, €1) = beeq,
Pas (€2, €2) = a(der + ea + les), o (€3, €2) = b(der + ez + les),
Has (€2, €3) = a(her + e3), oo (€3,€3) = b(her + e3),
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with

062(61) = ceq, 042(62) = d€1 + e2 + 163, 042(63) = hel + eses.

(3)
Has(€2,€1) = aceq, Las (€3, €1 = beer,
a a
Hag(e2,e2) = a(der + fea + 5(1 — fes), Has (€3, e2) = b(der + fea + 3(1 - fes),
b b—ga b b—ga
Has (€2, €3) = a(her + g(f —1ea + b=y )63)7 [as (€3, €3) = b(he1 + E(f —1)es + b=y )63),
with
b (b—ga)
as(e1) = cer,az(es) =dey + fea + b(l — fles),as(es3) = hey + E(f —1)ea + es.
(4)
oy (€1, €2) = aceq, Lo, (€2,€3) = b(dey + e2),
Py (€1, e3) = beey, s (63 ez) = a(he; + gea + e3),
Moy (€2, €2) = a(der + e2), [au (€3, €3) = b(her + gez + e3),
with
as(er) = cer,ay(ez) = dey + ez, au(e3) = hey + gea + es.
(5)
Has (€1, €2) = aceq, Has (€2, €3) = b(dey + ez + leg),
Ias (€1, €3) = beey, Has (€3, e2) = a(her + e3),
Has (€2, €2) = a(der + ez + les), Has (€3, €3) = b(her + e3).
with
as(e1) = cer,az(e2) = der + ez + leg, as(e3) = her + es.
(6)
a
Hag (615 62) = aceq, Hag (625 63) = b(del + f€2 + 6(1 - f)e3)a
-b b—a
Hag (€1, €3) = beex, pag (€3, €2) = alher + —(f = 1)ea + Ies),
a —b b—ag
Pag (€2, €2) = a(der + fez + 5(1 —fles), fiag(es,e3) = b(her + T(f — ez + €3),
with
—b b—ag
ag(er1) = cer,ag(es) = dey + fea + b(l — fes,ag(es) = hey + T(f —1)es + es.

(7)
Has(€1,€3) = acey,
Pa, (€2, €3) = a(der + fea + les),

14+g+1
Has(€3,€3) = a(her + gea + %63),
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with
1+g+1
ar(er) = cer,ar(es) = dey + fea + les, ar(es) = hey + gea + %eg.
(8)
Hag (61763) = acey,
Pag (€2, €3) = a(der + e2),
Las (€3,€3) = a(her + gea + e3),

with
048(61) = ceq, 048(62) = dey + ea, ag(e3) = hei + ges + e3.
(9)

Hag (61, 63) = aceq,

1
Hag (€2, €3) = a(der — 563),

Pao (€3, €3) = a(hei + gea + res),
with

1
ag(er) = cer, a9(ez) = dey — 563,049(63) = he1 + gea + res.

REFERENCES

(1] F. Ammar, A. Makhlouf and S. Silvestrov, Ternary q-Virasoro-Witt Hom-Nambu-Lie alge-
bras, Journal of Physics A-Mathematical and Theoretical, 43,no0. 26, 265204, (2010).

(2] F. Ammar, S. Mabrouk, A. Makhlouf, Representations and cohomology of n-ary multiplica-
tive Hom-Nambu-Lie algebras, - J. Geom. Physics , 61, no. 10, 1898-1913, (2011).

(3] J. Arnlind,A. Makhlouf, S. Silvestrov, Ternary Hom-Nambu-Lie algebras induced by Hom-Lie
algebras, J. Math. Phys. 51, 043515, 11 pp. (2010).

[4] H. Ataguema and A. Makhlouf, Deformations of ternary algebras, J. Gen. Lie Theory and
App. 1, 41-55, (2007).

(5] H. Ataguema, A. Makhlouf, S. Silvestrov, Generalization of n-ary Nambu algebras and be-
yond. J. Math. Phys. 50, 083501, (DOI:10.1063/1.3167801)(2009).

(6] J.A. de Azcarraga, A. M. Perelomov, J.C. Perez Bueno, New Generalized Poisson Structures.
J. Phys. A 29, L151-L157, (1996).

(7] J.A. de Azcarraga and J.M. Izquierdo, n-ary algebras: a review with applications J. Phys.
A: Math. Theor.43, 293001, (2010).

(8] M. Bordemann, O. Elchinger and A. Makhlouf, Twisting Poisson algebras, coPoisson algebras
and Quantization, Travaux Mathmatiques, Volume 20, 83-119, (2012).

[9] J. M. Casas, T. Datuashvili, M. Ladra, Left-right noncommutative Poisson algebras, Central
European Journal of Mathematics, Volume 12, Issue 1, pp 57-78, January 2014.

[10] R. Chatterjee, L. Takhtajan, Aspects of classical and quantum Nambu mechanics, lett. Math.
Phys. 37, 475-482, (1996).

[11] G. Dito, M. Flato, D. Sternheimer, and L. Takhtajan. Deformation quantization and Nambu
mechanics. Commun. Math. Phys., 183, 1-22, (1997).

[12] G. Dito, M. Flato, and D. Sternheimer. Nambu mechanics, n-ary operations and their quan-
tization.In Deformation Theory and Symplectic Geometry. Math. Phys. Stud. 20, Kluwer
Academic Publishers, Dordrecht, Boston, 43-66, (1997).

[13] V.T. Filippov, n-Lie algebras,(Russian), Sibirsk. Mat. Zh. 26, no. 6, 126-140 (1985). (English
translation: Siberian Math. J. 26, no. 6, 879-891, (1985))

[14] N. Goze, and E. Remm, On n-ary algebras given by Gerstenhaber products,
arXiv:0803.0553v2 [math.RA], (2008).

[15] H.J. Groenewold , On the principles of elementary quantum mechanics. Physics, 12, 405-460,
(1946).


http://arxiv.org/abs/0803.0553

18

HANENE AMRI AND ABDENACER MAKHLOUF

[16] J. T. Hartwig, D. Larsson et S. D. Silvestrov, Deformations of Lie algebras using o-derivations,

Journal of Algebra 295 , no. 2, p. 314-361, (2006).

[17] A. Makhlouf and S. Silvestrov, Hom-algebra structures, Journal of Generalized Lie Theory

and Applications, Volume 2, No. 2, 51-64, (2008).

[18] A. Makhlouf. Associative algebras and computer algebra. Theoretical computer science 187,

123-145, (1997).

[19] Y. Nambu , Generalized Hamiltonian mechanics, Phys. Rev. D (3), 7, 2405-2412, (1973).
[20] S. Okubo Triple products and Yang-Baxter equation (I): Octonionic and quaternionic triple

systems, J. Math.Phys. 34, 3273-3291, (1993).

[21] D. Sahoo and M. C. Valsakumar, Nambu mechanics and its quantization, Phys. Rev. A46,

4410-4412, (1992).

[22] D. Sahoo , M. C. Valsakumar, Algebraic structure of Nambu mechanics, PARAMANA-Phys.

1, 1-16, (1993).

[23] L. Takhtajan, On foundation of the generalized Nambu mechanics, Comm. Math. Phys. 160,

295-315, (1994).

[24] D. Yau, Enveloping algebra of Hom-Lie algebras, Journal of Generalized Lie Theory and

Applications. 2, 95-108, (2008).

[25] D. Yau, Hom-algebras and homology Journal of Lie Theory 19 (2009) 409-421.
[26] D. Yau, On n-ary Hom-Nambu and Hom-Nambu-Lie algebras, J. Geom. Phys. 62 (2012), no.

2, 506-522..

[27] D. Yau, A Hom-associative analogue of n-ary Hom-Nambu algebras, larXiv:1005.2373v1,

(2010).

[28] D. Yau, Non-commutative Hom-Poisson algebras, larXiv:1010.3408| vl [math.RA], (2010).

UNIVERSITE BADJI MOKHTAR ANNABA, BP 12 DEPARTEMENT DE MATHEMATIQUES, FACULTE DES

SCIENCES, ALGERIA

E-mail address: akian296@yahoo.fr

UNIVERSITE DE HAUTE ALSACE, LABORATOIRE DE MATHEMATIQUES, INFORMATIQUE ET APPLI-

CATIONS, 4, RUE DES FRERES LUMIERE F-68093 MULHOUSE, FRANCE

E-mail address: abdenacer .makhlouf@uha.fr


http://arxiv.org/abs/1005.2373
http://arxiv.org/abs/1010.3408

	Introduction
	1. Ternary (Non-commutative) Nambu-Poisson algebra 
	2. Hom-type (non commutative) ternary Nambu-Poisson algebras
	3. Tensor product and direct sums
	4. Construction of ternary Hom-Nambu-Poisson algebras
	5. classification
	References

