arXiv:1410.2199v4 [math.DS] 26 Jan 2015

Expanding and expansive time-dependent
dynamics

Christoph Kawan*

Abstract

In this paper, time-dependent dynamical systems given by sequences
of maps are studied. For systems built from expanding C?-maps on a
compact Riemannian manifold M with uniform bounds on expansion fac-
tors and derivatives, we provide formulas for the metric and topological
entropy. If we only assume that the maps are C*, but act in the same way
on the fundamental group of M, we can show the existence of an equi-
conjugacy to an autonomous system, implying a full variational principle
for the entropy. Finally, we introduce the notion of strong uniform expan-
sivity that generalizes the classical notion of positive expansivity, and we
prove time-dependent analogues of some well-known results. In particu-
lar, we generalize Reddy’s result which states that a positively expansive
system locally expands distances in an equivalent metric.

Keywords: Nonautonomous dynamical systems, topological entropy, metric entropy,
pressure, variational principle, expansivity

1 Introduction

Uniformly expanding maps are the simplest non-trivial examples of discrete-
time dynamical systems within the theory of finite-dimensional differentiable
systems. From today’s perspective their analysis can be seen as the starting
point of a long and fruitful thread of research in differentiable dynamics, with
different stages of generalization, from expanding to uniformly hyperbolic, to
non-uniformly or partially hyperbolic. Recently, there have been major efforts
in establishing a general theory of systems with time-dependent dynamical laws,
often called nonautonomous, sequential or non-stationary dynamical systems,
see for instance [2 [6 [7) 8, @, 12]. Instead by the iteration of one map, a
discrete-time nonautonomous system is defined by a sequence of maps which
are composed in the given order, i.e., at each time instant the dynamical law
can be different. Though the range of phenomena to be observed in such systems
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is certainly much broader than in the autonomous case, the study of smooth
uniformly expanding systems might as well be a good starting point here.

The papers [I1] by Lasota and Yorke and [12] by Ott, Stenlund and Young laid
the foundations for the study of statistical properties of systems defined by the
composition of C?-expanding maps f, : M — M on a compact Riemannian
manifold M. Here the main focus is on (exponential) loss of memory, the time-
dependent analogue of decay of correlations. In particular, in [12] the authors
prove that two positive initial densities with respect to the Riemannian volume
measure converge to each other in the L!-sense at an exponential rate under
the evolution of the nonautonomous system, although none of them necessarily
tends to a limit. For this strong result some further restrictions on the sequence
of expanding maps is necessary, namely uniform bounds on the expansion fac-
tors and the first and second derivatives. Without such uniform bounds, the
convergence may not be exponential on the whole positive time axis.

Other classical concepts that have been extended to nonautonomous systems are
those of topological and measure-theoretic entropy, cf. [3 6,8, @]. In particular,
in [6] one part of the variational principle for entropy was established under
quite general conditions. In the first part of this paper, we extend the notions
of topological and measure-theoretic pressure to nonautonomous systems and
prove that the second is always bounded by the first, generalizing the corre-
sponding inequality for the entropies. We use the distortion lemma from [12] to
prove a Bowen-Ruelle-type volume lemma first, which together with the inequal-
ity of pressures then yields a formula for the metric entropy of an expanding
nonautonomous system with respect to smooth initial measures. Subsequently,
we also provide a formula for the topological entropy, using again the volume
lemma.

For a nonautonomous system built from C!-expanding maps f, : M — M
that all act in the same way on the fundamental group of M, we generalize a
classical result of Shub [19]. We prove the existence of an equi-conjugacy to an
autonomous system f : M — M, i.e., of a sequence (m,) of homeomorphisms
such that 7,11 o f, = f o m,, where both {m,} and {m '} are equicontinuous
families. Using that equi-conjugacies preserve the topological as well as the
metric entropy, we can conclude a full variational principle for such systems.

In the last part of the paper, we introduce for a topological nonautonomous
system the notion of strong uniform expansivity, which generalizes the classical
notion of positive expansivity. In particular, the C2-expanding systems consid-
ered in the first part of the paper satisfy this property. Conversely, we show
that strongly uniformly expansive systems admit uniformly equivalent metrics
in which distances are expanded locally, and uniformly with respect to the initial
time. This generalizes a classical result of Reddy [13].

The paper is organized as follows. In Section 2] we give an overview of the main
concepts and introduce notation. Section [3] introduces the notions of topolog-
ical and measure-theoretic pressure and contains the proof of the variational
inequality. In Section @ we show that the metric entropy of an expanding



nonautonomous system does not depend on the initial measure as long as it
has a positive Lipschitz density with respect to the Riemannian volume. Sub-
sequently, in Section Bl we provide a formula for the metric entropy as well as
for the topological entropy. Section [6] contains the proof of the time-dependent
conjugacy result for C'-expanding systems. Finally, in Section [7] the notion of
strong uniform expansivity is defined and several properties are shown.

2 Preliminaries

We write N for the set of positive integers, Ny = {0} UN, and R for the set
of real numbers. For a finite set A, #A denotes the number of elements in
A. We write B.(z) or Bs(x;d) for the open e-ball around = in a metric space
(X,d). A nonautonomous dynamical system, or an NDS for short, is a pair
(X0,005 J0,00), Where Xg oo = (Xn)02, is a sequence of sets and fo,co = (fn)oZ,
is a sequence of maps f,, : X,, = X,41. If all the sets X, are compact metric
spaces with associated metrics d,,, and all the f, are continuous, we speak of a
topological NDS. If the sets X,, are probability spaces with associated o-algebras
A, and probability measures p,,, such that the f,, are measurable and satisfy
faltn = pint1 (where f,, here stands for the induced push-forward operator
on measures), we speak of a measure-theoretic or metric NDS. Then we call
1000 1= (n)S% an invariant measure sequence or an IMS for (Xo oo, f0,00)-

The time evolution of the system is defined by composing the maps f, in the
obvious way. In general, we define

fe = feq4n—10---0 fyrr10 fr for k€ Ny, neN, f,g =idx, .

We also put f, ™ := (ff)~', which is only applied to sets. We write (X; 0o, fi,00)
for the pair of shifted sequences (X;, X;t1,...) and (f;, fit1,...), respectively.
Moreover, we abbreviate (X o0, f0,00) by (X0, foo), and we use analogous no-
tation for other sequences of objects related to an NDS. If such a sequence is
constant, e.g., X,, = X, we simply write X instead of X .

We recall the definition of metric entropy for a metric NDS (X, foo). If Poo =
(Pr)n>0 is a sequence of finite measurable partitions for the spaces X,

n—1
1 y
h(foxi Poci fioe) = limsup —Hy,g (\/ fo 7%) ,

=0

where Hy, (1) = =3 pe(.) #o(P)log io(P) denotes the usual entropy of a parti-
tion, is called the entropy of foo w.r.t. Pso. If the sequence pi is clear from the
context, we omit this argument. A family £ of sequences of partitions is called
an admissible class if (i) for every Po, € & there is a uniform bound on #P,,,
(i) if Poo € € and Q is coarser than P, (componentwise), then Q. € &, and



(iif) if Poo € € and k € N, then P, defined by

k—1
P =\ £ Pin,
=0

is also in €. For an admissible class £, the metric entropy of foo w.r.t. £ is
defined by

hf(fOO) ‘= sup h(foo;POO)'
P €E

For a topological NDS (X, foo) we define the topological entropy of foo w.r.t. a
sequence Uso = (Up)n>0 of open covers for Xo, by

n—1
1 .
hiop (foo; Uso) 1= lim sup - log N (\/ fo—zbli> ,

n—o00 .
=0

where N(-) denotes the minimal cardinality of a subcover. We denote the fam-
ily of all sequences of open covers for the spaces X,, with Lebesgue numbers
bounded away from zero by £(X). Then the topological entropy of feo is

hiop(foo) = sup  hiop(foo; Uoo)-
Use€L(Xo0)

Equivalent definitions in terms of (n,e)-spanning or (n,)-separated subsets of
Xo can be given. The Bowen-metrics on X; are given by
diﬂl(xa y) ‘= Imax di+j (fzj (‘T)v fzJ (y))v i,n > 0.
0<j<n

An open ball of radius ¢ in the metric d;,, is denoted by B*(z,¢) and called
a Bowen-ball of order n. We say that a set ' C Xq is (n,€; foo)-spanning (or
(n,e)-spanning) if for every z € Xy there is y € F with do,(z,y) < . A
set B C Xo is (n,¢; foo)-separated (or (n,e)-separated) if dg n(z,y) > € holds
for all x # y in E. Then 7span(n,€; foo) denotes the minimal cardinality of an
(n,€; foo)-spanning set and rsep(n, €; foo) the maximal cardinality of an (n,e)-
separated set.

Two topological NDSs (X, foo) and (Yoo, goo) are equi-conjugate if there exists
a sequence T = (mp)n>0 of homeomorphisms 7w, : X,, — Y, such that both
(mn) and (7, 1) are uniformly equicontinuous and 7,11 o f, = gn © m,. In this
case, Nop(foo) = Miop(goo) and such 7y is called an equi-conjugacy (cf. [8]
Thm. B]).

For an equicontinuous NDS (X, foo) with an IMS puo of Borel proba-
bility measures, a special admissible class &y is defined as follows: P,
Pn = {Py1,---sPuk,}, is in &y iff for every € > 0 there are § > 0
and compact sets K, ; C P,; such that (i) pn(Pn\Kn:) < e and (i)
min1§i<jgkn D(Kn,i;Kn,j) Z 6 for all n Z 0, where D(Kn,i;Kn,j) =
Ming, yyex, ;x K, dn(T,y). In [6l Thm. 28] we proved the inequality

h’SZ\/I (fOO) < htop(foo)-



For each NDS (X, foo) and k > 1, we define the k-th power system (ny,}, L’é]),

For the corresponding metric and topological entropies, power rules hold (see
[6, Prop. 5 and Prop. 25]), e.g., if fo is equicontinuous, then

heop (F) = K - huop (foc).

Next, we introduce the class of nonautonomous systems to be studied in the
present paper. Let M be a connected and compact Riemannian manifold. By
d(-,-) we denote the Riemannian distance and by m the Riemannian volume
measure on M. For simplicity, we will assume m (M) = 1, so m is a probability
measure. For any A > 1 and I" > X consider the set

ENT) :={feC*(M,M) : fisexpanding with factor A, ||f[cz <T},

where “ezpanding with factor A\” means that |D f(v)| > AJv| holds for allv € T M.
We will consider an NDS fo, = (fn)22, on M with f,, € E(A\,T) for fixed A\, T.
It is clear that such a system is equicontinuous. We define

D:z{cp:M—HR : ¢ >0, ¢ is Lipschitz, /cpdmzl}

and for every L > 0,

Dy := {gﬁ €D : '@ - 1' < Ld(z,y) if d(z,y) < a},
()
where € > 0 is a fixed number (depending on A and I'), cf. [I2] Sec. 2.2]. Note
that
D= J DL,
L>0
since for every ¢ € D we have
p(z) ‘ 1 Lip(p)
—— =1l = ——|p(z) —p(y)| < ———d(z,y
e(y) sﬁ(y)l (@) =9l min ¢ (9]
For any expanding C2-map f : M — M we write
ry)
Prp)(x) = Y Prle) : M — R,

o, [t DI

yef-1

for the Perron-Frobenius operator associated with f acting on densities ¢ € D.
Note that this makes sense, since expanding maps are covering maps, and hence
the sets f~!(x) are finite, all having the same number of elements. We have the
following key result (cf. [12) Prop. 2.3]).

2.1 Proposition: There exists L* > 0 for which the following holds. For any
L > 0 there is 7(L) > 1 such that for all ¢ € Dy, and fr, € E\,T) (k € Np),
Pyn(p) € D+ for alln > 7(L).



3 Metric and topological pressure

The topological pressure and its measure-theoretic counterpart for autonomous
dynamical systems were introduced by Ruelle [I7] and related (in full general-
ity) by Walters [21I] via a variational principle. For nonautonomous systems, a
notion of topological pressure was introduced by Huang, Wen and Zeng [4]. We
generalize this notion and also define a measure-theoretic counterpart.

Given a topological NDS (X o, foo) together with an IMS oo = (n)n>0 of Borel
probability measures and a (uniformly) equicontinuous and uniformly bounded
sequence o, of functions ¢, : X,, = R, we define the metric pressure by

Pﬂoo(foo;(poo) = th(foo»Moo +hmlnf‘/X Z@zofodﬂo
0

n—o00
=0
- , . .f1"* 1
1=0 i

In the following, we use the abbreviation S,pe(z) = Z;:Ol i (fi(x)). We
define the topological pressure by

S(n,e; poo) = sup{z eSne(@) B X is (n,s)-separated} ,
rck
R(n,e;00) = inf { D eSne=l) P C X s (n, 5)-spanning} :
el
1
Piop(foo; Poo) = ;ir% 1in;sup E log S(n,e;¢o0)

= lim limsup — logR(n €} Poo)-

eENO p—ooo T
Using the compactness of X, it is not hard to show that the supremum in the

definition of S(n,e; Yo ) is in fact a maximum.

3.1 Remark: The difference between our definition of Pi,, and the one given
in [4] is that we consider a sequence of functions instead of a single function.

The proof of the following lemma is an adaptation of Walters [2I, Thm. 1.1].

3.2 Lemma: The definition of Piop (foo; ¢oo) iS correct, i.e., the limits for e N\, 0
exist and the two expressions using S(n, €; ¢oo) and R(n, €; ¢uo), resp., coincide.

Proof: The existence of the limits follows, because for 1 < &9 ev-
ery (n,eq)-separated set is also (n,ep)-separated, and hence S(n,e1;¢o00) >
S(n,e2; poo). Similarly, every (n,e1)-spanning set is also (n, £2)-spanning, and



separated set such that the sum ) . e3n#(®) is maximal. Assume to the
contrary the existence of y € Xy with do,(x,y) > ¢ for all z € E. Then also
E':= EU{y} is (n,¢)-separated and the sum )5, en¥(?) ig strictly greater

hence R(n,£1;po0) > R(N,€2;¢00). Now assume that E C Xy is an (n,¢)-

than }° _pe%=(®) a contradiction. Hence, E is a maximal (n, ¢)-separated
set and thus also (n,¢)-spanning, implying

1 1
lim lim sup — log R(n, €; poo) < lim limsup — log S(n, €; 0o ).
n eN\0

eNO n—oo n—oo N

To show the converse inequality, let 6 > 0 and choose € > 0 so that for alln > 1,

dn(xvy) < = |90n($) - (pn(y” < 0.

| ™

Let n € N and A > 0. Choose an (n,)-separated set E C X with

S(n,e;000) — A < Z eSn P ()
zeFE

and choose an (n,e/2)-spanning set F C X, with

o e\ < R (0, 55 m)
zeF

Define a map o : E — F by choosing for each z € E a point o(z) € F with
do n(z,0(x)) < /2. This map is injective, since E is (n, €)-separated. Moreover,

ZyeFeSnSDoo(y) S EyEU(E) eSn‘PDO(y)

SaepeSee@ T TN eSnee()
n—1
> . . i — 3 { > 7’”’6_
> minexp (; [<Pz(fo(‘7(33))) @Z(fO(I))]> =¢
Therefore,
€, Snpco(y) _
R (TL, 2 I <POO) > Z ¢ )\
yeF
> ey et A > e [§(n, 65 000) — Al — .
el

Hence, R(n,e/2; po0) > e ™ S(n, €; puo), since A was chosen arbitrarily, imply-
ing

1 1
limsup — log R (n, %; cpoo> > —§ + limsup — log S(n, &; Yoo ).

n—oo N n—oo N

First sending € and then ¢ to zero yields the desired inequality. (I



The topological pressure can also be defined in terms of sequences of open
covers. For the sake of completeness, we also introduce this definition. Let
Uoso = (Un)n>0 be a sequence of open covers for X, and put

n—1
. — 3 3 Snﬁaoo(w) . : 3 —iy 7
T(n,Uso; Poo) := inf {‘%ég‘f/e : V is a finite subcover of M) fo L{Z} .

We leave it to the reader to verify that

Piop(foo; Poo) = sup  limsup — logT(n Uoo; Poo)-
U €L(X o) n—o0 T

In order to prove a variational inequality, relating the two notions of pressure,
we need the following (partial) power rules.

3.3 Lemma: Assume that f is equicontinuous and let v, be equicontinuous

and uniformly bounded. For each k > 1 we define another sequence QDLIZ] =

(djn)nZO: 1/}77. : Xnk — R7 b.y
k—1 ]
n ‘= Z‘pnk-i-j © 7]1k
7=0

Then ¢L’§] is equicontinuous and uniformly bounded with

Py (£ 00) 2 k- P (fooi0m0) (1)

where uLko] is the sequence defined by ugf] = lkn-

Proof: By definition, the metric pressure of fyé] w.r.t. cpgf)] is given by

hey (fyé],u ) + lim inf ~ Z/ Z ikt © fhdpi.

'ijo

For the second term we obtain
n—1k—1 nk—1

hnng)gf522 / Qiktjdptiny; = k- hnnj}logfn— Z / erdpu

i=0 j=0 Xik+;
b LS [

Using the fact that the admissible class En( foo) , given by “restriction” of the

Y]

sequences Poo € EM(foo) to the spaces Xk, n € Ny, is contained in 5M(foo ),
with the power rule for metric entropy (cf. [6, Prop. 3.9]) we find

iy (P 180) 2 k- by g (i oc)

implying (). Equicontinuity and boundedness of gp([)lz] are easy to see. O



3.4 Lemma: For every k > 1 it holds that

Piop (foo7<P ) Sk'Ptop(fOO§<POO)-

Proof: Let FF C X be an (nk, €; foo)-spanning set. Then clearly F'is (n, €; fy;})—
spanning, implying

R (n, e 0l 71) < 37 5ol = 37 oSuvnte

zeF zeF

Since this holds for arbitrary F', we find R(n,¢; @@; gf,]) < R(nk,&; poo; foo)s
which yields the desired inequality of pressures. O

Next we prove the variational inequality for pressure. We will use the following
lemma, which can be found, e.g., in [5, Lem. 20.2.2].

3.5 Lemma: If > ;p; = 1, p; > 0, a; € R, and A = > €%, then
St pila; —logp;) <log A with equality if and only if p; = e /A.

3.6 Theorem: If f., is equicontinuous and ., Is equicontinuous and uniformly
bounded, then

P, (foo§<P00) < Pt0p(f00§ 8000)-

Proof: Take a sequence Py, € Ev. We may assume that each P, has the same
number k of elements, P, = {Pp1,...,Por}. Exactly as in the proof of the
variational principle for the entropy (cf. [6, Thm. 28]), we define Qoo = (9 )n>0,
9 ={Qn,0,Qn1,---,Qui}, with H, (P,|Q9,) <1 and obtain

By the choice of Q. there is § > 0 such that for all n > 0,

1<Izn<l§1<k min {d,(z,y) : (x,y) € Qni X Qnj} > 0.

By equicontinuity of ¢, there is a € (0,6/2) such that |p,(x) — on(y)] < 1
whenever d,(z,y) < a. For every C € \/;:01 fO_iQi there is x¢ € clC with
Snpoo(Tc) = Supyec Sn@oo(x). Now suppose that E,, C Xj is (n, @)-spanning.
Then we can take yo € E, with don(zc,yc) < a, and hence Sppoo(zc) <
Snpeo(yc) + n. Note also that o < §/2 implies #{C € \/Zl:_o1 Qi yo =
y} < 2™ for all y € E,. (This is equivalent to the statement that every ball
of radius « in (X;,d;) intersects at most two elements of Q;, which holds by
the definition of Q..) Writing o .= \/l o fo ¢Q; and using Lemma 3.5 it
follows that

H,uo (Q(n)) + /Sn</700dﬂ0 < Z ,UO(O) (_ 1og,u0(C') + SH@OO(:EC))
ceQm



< log Z eSnpeo(yc)+n
CceQ

= n+log Z Z en¥eo(®)

T€E, ceo(n)
yo ==

n + log (2” Z eS"“"“’(x)> ,

zeE,

IN

and thus

1
_HHO(Q(H)) + = /Sn(poodMO <1l+log2+ — log Z e "@m(x).
n
rck,

Hence, we obtain

n—00

h(feo; P) + hmmf—/Sncpooduo

IN

1
14 h(foo; Qoo) + liminf — / Snpooditg
n—oo M

IN

1 1
1 + lim sup [ H, (Q(")) + - /Sngaood,uo]

n—roo

< 2+10g2+limsup—log Z eIn oo (@),

n—roo zeb,

Since « can be taken arbitrarily small and P, was chosen arbitrarily from &y,

hSM(foo) + liminf — /Sn@deO <2+log2+ Ptop(fom@oo)

n—00

The same estimate holds if we replace fo by folf, and @ by @@. Using the

partial power rules, Lemma and Lemma [3:4], this yields

1
2 +1og2 + Poop(fi;08) 2+ log?2
< og o (F55 020) < 2Hlo82 | b o).
k k
Sending k to infinity concludes the proof. O

4 Independence from the initial measure

In this section, we prove that the metric entropy of an expanding NDS is in-
dependent of the initial measure as long as it has a positive Lipschitz density
w.r.t. the Riemannian volume. We recall the following property of the metric
entropy from [6] Prop. 9(vii)].

10



4.1 Proposition: Let (X, foo) be a metric NDS and P, a sequence of finite
measurable partitions. Then h(fx co; Pk,co) = P fk+1,00; Pk+1,00) for all k > 0.

The following result can be found as Example 36 in [6].

4.2 Proposition: Consider an NDS (M, f») with f, € E(A\,T) and let ¢ €
D. Then the IMS defined by po := @dm and p, = fipo for all n > 1 has
the property that the elements of the weak*-closure of {1, }n>0 are pairwisely
equivalent.

The next corollary is an immediate consequence of the variational inequality [G]
Thm. 28] and [6, Prop. 34].

4.3 Corollary: For any finite Borel partition P of M whose elements have
boundaries of volume zero the inequality h(foo; P; tioo) < Ptop(foo) holds if oo
is as in Proposition

In order to prove our next result, we need to introduce the renormalization of
densities in Dr«, where L* is given by Proposition 2.1l For ¢ € Dr« we put

1
Al Y — 3ok

L T VL
1—2k-m(M)

where k > 0 is a fixed lower bound for the functions in Dy «, whose existence is
guaranteed by the proof of Proposition (see [6, Ex. 36]). In [12] we find the
following lemma.

4.4 Lemma: For every ¢ € Dp- it holds that ¢ € Dap«.

4.5 Lemma: Assume f; € E(A\,T') for i > 0. Then for every N € N there exists
a constant C' > 0 such that

sup |(Prre)(2)| < C sup |p(2)]
xzeM xeM
for all p € C°(M), i >0 andr € {0,1,...,N}.

Proof: We may assume r > 1. Since the expansion factor A is fixed for all f;,

r—1

r—1
det Dff ()] = [ ] |det Dfia(fi ()| > [T AM™M = adim M.
=0 =0

Since the C'-norm of all f; is bounded by I, #f; " () is bounded. To see this,
take f € E(A\,T) and consider an open cover of M consisting of finitely many
evenly covered connected sets Vi,...,V,. By taking appropriate intersections,
we may assume that the V; form a partition of M (though they will no longer
be open, but still measurable). The preimage f~1(V;) has the same number of

11



components for each 7, say f (Vi) = UnU- - -UUy, where the U;; are pairwisely
disjoint. Then the volumes of the sets V; sum up to m(M) = 1, and the same
is true for the volumes of the sets U;j, 1 <7 <mn, 1 < j < k. Moreover,

m(V;) = m(f(Uij)) < T4 Mm(Uyy).
Altogether, we obtain the estimate

1 k
1= Zm(UU) z Z pamr Vi) = ramaar
) ]

Hence, we see that k = # f~1(z) < T4mM_ Since each f7 is the composition of
at most N elements of E(A,T), we have #f;, "(z) < TN dmM_The assertion of
the lemma now follows from the estimate
o (y)] P dim M
(Prro)(@)| < ) et Dpr ) < A S le(v)l
yeli (@) ‘ ‘

O

4.6 Theorem: Consider an NDS (M, f~) with f, € E(A,T). Then for any two
initial densities ¢, € D and any sequence P, of Borel partitions of M with
uniformly bounded number of elements such that the volumes of the elements
of each Py, are sufficiently small (uniformly in n) it holds that

h(fOO7POO7MOO) = h(foo;Poo;Voo)u

where p, = f§'(pdm) and v, = f§(vpdm). Consequently,
hey (fooi Hoo) = ey (fooi Veo)-

Proof: We prove the theorem in three steps.

Step 1. Let on = Pyn(p) and ¢, = Pyn () for all n > 0. We prove that for
every Borel set A C M we have an exponential estimate

/ lgn — uldm < m(A) - K" foralln >0 (2)
A

with constants K > 0 and p € (0, 1), which are independent of A. Except for
one point, the proof is the same as the one for A = M (cf. [I2, Thm. 1]). In
view of Proposition 1] we may assume ¢, € Dp« for some L* > 0. There
exists a uniform lower bound x > 0 for all functions in Dr« (cf. the proof of
Proposition in [6 Ex. 36]). Let N = 7(2L*) be given by Proposition 2.1]
and put

v b

- 1—3k-m(M)

Uk (3)

12



Then ¢y := Py ($) and YN = Py (1) are in Dy-. We subtract 1 from each

of ¢y and ¥y and renormalize as in (), obtaining ¢ and @N, respectively.
By Lemma [4.4] they are in Dor-. In general, given P(x—1)n, Y (k—1)n € Dar~,
we let

PN = PN

N on Bomnn)s ey =Py (o)

By Proposition 21l @y, Yy € Dr-. We subtract %Ii and renormalize to obtain
DEN, 1&;61\[ in Dar«, completing the induction.

By this process, for kN < n < (k+ 1)N and Lemma 5] we obtain

/Isan Yp| dm = /|7’f — Prp ()| dm

) (1 i m(M)> /A [Py (Pen) = Py ()| dm

k
m(M)) m(A) sup ’7’ noiny (PN — Prn) (@ )’

xeM

IN
RS
—
|
N —

=

k
.m(M)> m(A)C - sup |(¢rn — i) (2)]

xeM

k
) )0 (sup ()] + sup [ (2)])

IN
7N\
=
|
N|[—= N|= N
:

=

k
m(M)) m(A)C -2 sup |aco.

a€Dp

IN
RS
—
|

Since the functions in D are uniformly bounded, sup,ep, . [[afco < co. This
easily implies the desired estimate (2)).

Step 2. Let A be a finite measurable partition of M and n(x) = zlog(x), defined
on [0,1] with 7(0) = 0. Then, using the mean value theorem, we get

D (A log pn(A) = Y va(A)logra(A)| < Y [n(pn(A) = n(va(4))]

AeA AeA AeA
@
= > [T+ log(€a)lin(A) = vn(A)] < K™ Y |1 +log(€a)lm(A)
AcA AcA

for some 4 between p,(A) and v, (A). In the case pn(A4) = v,(A) = 0, the
corresponding summand is zero by convention. If the volumes of the sets in
A are sufficiently small, we have |1 + log(£4)| = —1 — log(£4). We also have
ks« < ©n, ¥y for a constant k., > 0 and all sufficiently large n (cf. the proof
of Proposition @2 in [6l Ex. 36]). Then py(A),vn(A) > m(A)k., and hence
€a > m(A)ky, implying —log(€a) < —log(k.m(A)). We thus obtain

Z fin(A)log pn (A) = Z vn(A)log vy (A)

AcA AcA

13



< —Kp" Y7 (1+log(k.) + logm(A))m(A)
AcA

= —Ku" |1+1log(k.) + Y m(A)logm(A)| = cn + Kp"Hp(A)
AcA
with ¢, = —Kpu"(1 4 log(k«)).

Step 3. Now let P, be a sequence of partitions of M such that the volumes
of the sets in each P, are smaller than e~! so that the conclusions of Step 2
hold. Using Proposition[d. T and the general estimate | lim sup, a; —lim sup, b¢| <
lim sup, |a; — b:|, we obtain

|h(.f0,oo; PO,oo; H0,00) - h(fO,oo; PO.,OO; VO,oo)|
= |h(fn,oo;7)n,oo;ﬂn,oo) - h(fn,w;Pn,w; Vn,oo)|

1 k—1 ) k—1 )
< limsupE |H#n (\/ f;z n+i> - Hun (\/ fnZPnJri)
1=0 1=0

k—o0
k—1
Step 2 1 .
< limsup— | ¢, + Ku"Hp, \/ Jo Py
k— o0 k i=0

< Kp" logsup #P;,
>0

where m, denotes the sequence m, fam, fém,.... Sending n to infinity yields
the result. (|

5 Entropy formulas

In this section, we derive formulas for the metric entropy of an expanding NDS
w.r.t. the invariant sequence mo, = (m, fom, fg¢m,...) and for the topological
entropy. The key for the proof is the following distortion lemma ([12] Lem. 2.6]).

5.1 Lemma: For every sufficiently small € there exists Cy > 0 such that

[ det DG ()] _ coats @).55 ),
|det DfF (y)| —

if v,y € M and n > 0 such that d(f¥(x), f§(y)) < e fork=0,1,...,n— 1.

5.2 Lemma: There exists p > 0 such that every p-ball in M is evenly covered
by each f € £(A\,T') and every branch of the inverse map is a contraction.

Proof: We claim that there exists § > 0 such that each f is a diffeomorphism on
every ball of radius §. It is clear that each f is locally injective (by the expansion

14



property and the inverse function theorem). The existence of a uniform radius
of injectivity easily follows from the proof of the inverse function theorem, the
uniform expansion constant and the uniform bound I' on the second derivative
of f (cf., for instance, [10, Thm. 1.2]). Now consider any f € E(A\,T"), y € M and
x € f~1(y). If z € Bs(y), then there exists a shortest geodesic v : [0,1] — M
from y to z with ([0, 1]) C Bs(y). Since f is a covering map, there exists a lift
7 :[0,1] = M with (0) =z, i.e., f oy =~. We find

#>d(y.2) = £0) = [ DS = A [ F)ls = AL6)
implying d(z,%(1)) < L(#) < §/A < §. In particular, z = v(1) = f(3(1)) €
f(Bs(x)). This implies

Bs(f(z)) C f(Bs(x)) forall fe&NT), € M.

Of course, the same inclusion holds for any radius smaller than §. Let p := §/2,
y € M, f € ENT) and write f~'(y) = {z1,...,2x}. Fori # j, z; and z;
have at least distance § to each other, and hence B,(z;) N By(z;) = 0. Put

W = ﬂle f(By(x;)). Then W is an open neighborhood of y that contains
B,(y). This easily implies that B,(y) is evenly covered. It is clear that the
branches of the inverse are contractions. g

To compute the entropy, we need a simple version of the Bowen-Ruelle volume
lemma.

5.3 Proposition: Let (M, fo,) be an NDS with f, € E(A\,T'). Then there exist
e>0and C=C(e) >0, D= D(e) >0 such that for alln >0 and x € M,

Ddet Dff (@) "' < m(By (x,2)) < Cldet Dfy () .

Proof: For the proof of the first inequality we use that for small it holds that

(f6)z " Be(f3' (@) € By (x,¢), (4)

where (f§)» denotes the restriction of f§ to a small neighborhood of « on which
f& is injective. In fact, it follows from Lemma [5.2] that there is € small enough
so that every e-ball is evenly covered by all f§', n > 1. For such ¢, (f§); " is
defined on B.(fg(x)). The map (f&'); ' can be decomposed as

U3t = ()7t o0 (fa) s
Assume y € (f3); 1 B(f3(2)), y = (f3);1(2), and let i € {0,1,...,n}. Then
4(fow) @) = a(fifo)z o0 (fam1) ) (D) i)
= A o0 )l ) (2 fi@))

VoumnS
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We can write
Fi() = By o0 (ar) 7os o (6 0))
Since each (fj);jl( ) is a contraction, this yields
0 xT
d (fé(y),fé(x)) <d(z, fil(z)) <e fori=0,1,...,n.
Hence, we have y € Bi(z,¢), implying ). We thus obtain

m(Be) 2 m (D BAGE) = [ D) )]

[ Jaetnsp ) el )
Be(fg'(x))

By Lemma [5.1], we have
|det DA (/)5 ()] < !0 [det Df (),

implying
m(B{ (z,e)) > / e_c‘)d(y’f(?(w))dm(y)-|deth51(x)|_1
Be(fg(x))
> m (B(f§(x)) -e” " |det Dfg ()| "
> minm(B.(2)) e % |det DfF ()] "

zeM
This concludes the proof of the first inequality.

To prove the converse inequality, note that there is § > 0 such that two different
preimages of a point © € M are at least § apart under each of the maps f,,
because the maps have a common radius of injectivity as shown in the proof
of Lemma Now choose € € (0,8/4) such that every e-ball in M is evenly
covered by each of the maps f,,. Then any Bowen-ball Bf(x,¢) is contained in
precisely one leaf over B, (fJ'(z)) under the covering map f{'. Indeed, if y1,y2 €
Bj(z,¢), then d(y1,y2) < d(y1,z) + d(z,y2) < 6/2. The leaves over B.(fo(z))
are contained in the §/4-balls around the preimages of fo(x). If fo(Z) = fo(x)
and y1 € Bs4(2), y2 € Bsa(¥), then d(z, %) < d(x,y1) + d(y1,y2) + d(y2, ) <
0/440/240/4 =9, implying = Z. Inductively, we find that f¢(y1) and fi(y2)

are in the same leaf over B.(f3'(z)) for 0 < < n — 1, and hence

B(,2) C (fo)i o+ 0 (fam1) s ) (B8 (@))):

Now the desired inequality follows similarly as the first one, using Lemma (.1
again. (Il

5.4 Theorem: For an NDS (M, f) with f, € E(A,T) it holds that

hey (foo; Moo) zlimsupl/ log |det Df (z)| dm(z). (5)
nJm

n—oo

16



Proof: We prove the theorem in two steps.

Step 1. We prove the inequality “<” in (@]). By Proposition 53] for all suffi-
ciently small € there are constants C,, D, > 0 with

D. <m (Bg(z,¢)) |det Dfg ()] < Ce (6)
for all n > 0 and © € M. Putting @,(x) = —log|det Df,(x)|, we can
show that (i) Yoo = (n)n>0 is equicontinuous and uniformly bounded and

(ii) Priop(foo; ¥oo) = 0. By the variational inequality (Theorem [3.6]) this implies

n—,oo N

1
hey (foo; Moo) + lim inf —/ Snpscdm < 0,
M

which yields

hey (foo; Moo)

IN

n—1
lim sup % /M Z (—gpi o fé) dm
i=0

n—r oo

= limsup 1 / log |det D f§ (z)| dm(z).
n—oo N Jag

Equicontinuity and boundedness of (., are clear, since each ¢, is a C'-function

and these functions together with their derivatives are uniformly bounded. The

proof for Piop(foo; Poo) = 0 follows from (@): Let E C M be an (n,e)-separated

set for a small €. Then the balls Bf (z,£/2), € E, are disjoint, and hence

S oS = S det D ()|

EASIO) el
1 1
< m (BJ(x,e/2)) < m(M),
< gy LB e/2) < m)

zeE

implying Piop(foo; ¥oo) < 0. Using the other half of the volume lemma, analo-
gously we find that }° . e3¢ (®) > C1m(M) for any (n, €)-spanning set F,
and hence Piop(foo; Poo) > 0.

Step 2. We prove the converse inequality. To this end, we use the notation
Pr) = /I fy “P; and write

I’P(n) M — R, I’])(n) (JJ) = — log m(PI),

for the associated information function. Here P, is the unique element of P(")
such that « € P,. Using this notation, we obtain

H,,(P™M) = /M Ipon (x)dm(z). (7)

Now let us assume that the diameter of each element of each partition P, is
smaller than a given € > 0. Then every element of the partition P(") is contained
in the Bowen-ball B} (z, ) around any of its elements x. Using (), this implies

H,(PM™) > /M —logm(Bg(z,))dm(z). (8)
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From (6) and (8) we obtain for sufficiently small ¢ > 0 that

Y%

n—oo T n—oo N

lim sup le(’P(")) lim sup 1 / —log (CE - |det Dfal(:b)|_1> dm(x)
M

1
= limsup—/ log |det DfJ (z)| dm(z).
M

n—oo N

From Proposition 2] and [6 Prop. 4.4] it follows that &y contains all constant
sequences of partitions whose members have boundaries of volume zero. Since
there exist such partitions with arbitrarily small diameters (cf. [5, Lem. 4.5.1]),
we are done. O

Using again the volume lemma, we can also provide a formula for the topological
entropy of an expanding NDS.

5.5 Theorem: For an NDS (M, f) with f,, € E(A,T) it holds that

hiop(foo) = limsup 1 log/ | det Df{ (x)|dm(z).
n M

n—00

Proof: The proof is divided into two steps.

Step 1. First we prove the inequality “<”. If E C M is a maximal (n — 1,¢)-
separated set, then the balls Bg_l(:t, €/2), x € E, are disjoint. Hence, we find

/|detho dm(z) > 3 /B et DY (y)ldm(y).  (9)

cer By (@e/2)
By Lemma [5.1] there exists a constant Cp such that

|det Df3 (z)| < e“0dlfa @1 F5 W) |det D i (y)]

for all y € Bg_l(x,a), x € M. Since the f, are Lipschitz continuous with a
common Lipschitz constant C, we have d(fi(z), f§'(y)) < Ce, and hence

|det D (y)| > e~ [det D fg' ()],
which, together with the volume lemma, implies
/ | det Df2(z)|dm(z) > e~C¢ |det D2 (x)| m (Bg—l (3; f))
B Y(z,6/2) 2

> e D, jy|det D fro1(x)| = e CD A M =1 b,
Together with (@) this gives

/ |det DfF (x)|dm(z) > be - Tsep(n — 1, €; foo)-

M

This yields the desired estimate.

18



Step 2. The proof for the converse inequality is similar. Here we let F' C M be
a minimal (n — 1, ¢)-spanning set and obtain

EZ/QHI |det Dy (y)|dm(y).

zeF (z,)

/ | det DfE (x)|dm(z
Using the distortion lemma and the volume lemma again, we find
[ 1aeDg@lan) <«
By~ (x,e)

for a constant c. > 0, and hence

/ |det Df (x)|dm(z) < ceTspan(n — 1,€; foo),
M
implying the lower estimate. O

5.6 Remark: Note that Jensen’s inequality gives

/ log | det D fg (z)|dm(x) < log/ | det D f (x)|dm(x)
M M

for all n, showing the inequality between metric and topological entropy which
we already know from the variational inequality.

It is clear that the expressions for the metric and the topological entropy in
general do not coincide. (They do coincide, e.g., if the f, are algebraic torus
endomorphisms.) In fact, this is already so in the autonomous case, where it is
well-known that the absolutely continuous invariant measure of a C?-expanding
map f is not necessarily a measure of maximal entropy (cf. Walters [22]). How-
ever, this measure is an equilibrium state for the pressure w.r.t. the potential
o(x) = —log| det D f(x)|. From our results we find that the analogous statement
is true in the nonautonomous case.

5.7 Corollary: For n > 0 let f, € E\,T) and p,(z) := —log|det Df,(z)|.
Then
Pmoo (f007 SDOO) = Ptop(foo;(poo) =0.

Proof: The fact that Piop(foo; ¥oo) = 0 is shown in the proof of Theorem 5.4

The first equality immediately follows from the formula for the metric entropy
and the definition of the measure-theoretic pressure. O

6 Equi-conjugacy of expanding systems

A classical result about expanding maps, proved by Shub [19], asserts that any
two expanding C!'-maps, defined on the same compact manifold M, are topo-
logically conjugate iff their induced maps on the fundamental group m (M) are
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algebraically conjugate. Also this result can be extended to the time-dependent
situation. In particular, this will show that the full variational principle holds
for a topological NDS built from expanding C'-maps f,, : M — M which have
a common expansion factor A > 1 and induce the same map on 1 (M).

6.1 Theorem: Let (M, f~) be an NDS on a compact Riemannian manifold M
with Cl-expanding maps f,, having expansion factors uniformly bounded away
from one. Additionally assume that the map induced by f, on the fundamental
group 71 (M) is the same for all n, say (fn)« = ¢ € End(m1(M)). Then, for any
C'-expanding map f with f. = ¢ there exists an equi-conjugacy oo = (7,)5%
between the NDS f, and f.

Proof: We will obtain the equi-conjugacy as a fixed point of a contraction on
an appropriately defined space of sequences. The proof proceeds in three steps.

Step 1. Fix an expanding Cl-map f : M — M with f. = ¢ (for instance,
f = f1). Let m: M — M be the universal covering of M. On M we consider
the lifted Riemannian metric with distance function denoted by d( ,+), which
makes the covering projection 7 a local isometry and M a complete Riemannian
manifold. The deck transformation group of 7 is the subgroup of the isometry
group Iso(M) given by

D(m) = {VEISO(M) : wowzw}.

If g: M — M is any self-covering of M and § : M — M a lift of g, ie.,
mog=gom, then § is invertible and induces an endomorphism of D(r) by

g*:D(r) = D(r), 7y goyog

We can lift each f,, to an expanding diffeomorphism fn : M — M, and we
also lift f to f : M — M. We choose these lifts in the following way. First
we pick the lift f arbitrarily. Since f~! is a contraction, it has a unique fixed
point yg. We put z := 7(yo) and choose for each n a continuous path Bn_from
fn(zo) to f(xo) = xp. Then there exists a unique lift fn of f, such that fn(yo)
is the endpoint of the lift of 8, ! (i.e., the path 3, traversed in the opposite
direction)which starts at yo. In particular, this guarantees that f * = f:{ for all

n (cf. [19, Proof of Thm. 3]).
Step 2. Let

A= {heHomeo(M) : hoy=~oh, V’YGD(W)}a

endowed with the metric

dZ (h,i) == sup d(h(y),i(y)) + sup d(h " (y),i " (y)).
yeM yeM

Finiteness of d;tO follows from the fact that there exists a compact fundamental
domain K C M for the natural action of D(7) on M, and hence the supremum
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over all y € M reduces to the supremum over y € K. The space on which our
operator acts is defined by

Bi={()iZo : b€ Aand hi(yo) = J& (ho(wo), Vk = 0}
From [19, Thm. 5] it follows that such sequences exist, hence B # (). We define

Doo ((hie)720 (i)720) := sup d (A, ix).
E>0

Let K C M be a compact fundamental domain for the action of D(7) with
yo € K. Since h; and i, commute with deck transformations, also hy(K)
and i (K) are compact fundamental domains, which both contain the point
FE(ho(yo)). Let C be the union of all compact fundamental domains that contain
fE(ho(yo)). Then C is bounded and

doo (P, i) = sup d(hi(y),ix(y)) < diamC, Vk > 0.
yeK

Together with the analogous statement for the inverse maps, it follows that
D is finite. The proof that it is a metric is trivial. The definition of D,
implies that convergence in D, is equivalent to uniform convergence in every
component and for the inverses. Since the equality ki (yo) = f& (ho(yo)) carries
over to continuous limits, it follows that (B, D) is a complete metric space.

Step 3. We define the operator
c:B— B, (hk)kzo — (fk_l o hk+1 o f)kZO'

This definition makes sense, because
Fe Hhara (F(w0)) = fi (i (w0)) = Fi ' (Fo ™ (Ro(90))) = f5 (ho(y0))

and f “lohpyio f € A, following from a similarly simple computation. To show
that o is a contraction, note that

doo(f;;lohk+1°f,f[10ik+10f) = d f;;lohkﬂaf;;loikﬂ)
\-

< Yoo (Piet1,ik41) s

where A is a common expansion factor of the maps f,,. From this observation
one easily derives that ¢ is a contraction, and hence there is a unique sequence
(h)§2 in B such that hpqq o f = fk o hg. Since the maps hy commute with
deck transformations, we can project them to homeomorphisms 7y, : M — M
such that mp41 o f = fi o . It remains to show equicontinuity. First note that
there exists a constant ¢ > 0 with

4 (7). Fe @) = d (7). b () < ¢

for all y € M and n > 0. To show this, for a fixed y € M let vy € D(m)
be such that z := v,(y) is contained in a fixed fundamental domain K of
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D(r) with yo € K. Then hi(y) = hi(y, '(2)) = 7, ' (hx(2)), implying
d(h(y),y) = (i(wy’l(hk(z)),%jl(z)) = d(h(2),z). On K the functions hy, are
uniformly bounded (using the same argument that was used to prove Dy, < 00).
This shows the existence of ¢. Furthermore, for all y, z € M,

d(hi(y), hi(2))

N7 (i (). FE ()

IN

IN

2N+ A" (f"(y), (= ) .

Hence, for given ¢ > 0 we can first choose n large enough so that 2cA™" < ¢/2.
Then we choose § > 0 so that d(f"(y), f"(z)) <¢e/2if d(y, z) < J. This implies

d(hi(y), hk(z)) < € for all k, whenever d(y,z) < 0, showing equicontinuity of
(h1)%0, and hence of (m1,),. For (7}, 1)32, the proof works analogously. O

6.2 Remark: In Ruelle [I8, Sec. 4] one finds a similar result. Here the nonau-
tonomous system is given as a small time-dependent perturbation of a fixed
Axiom A diffeomorphism f around one of its basic sets A. In this case, one
can show the existence of a time-dependent uniformly hyperbolic set such that
the restriction of the nonautonomous system to this set is equi-conjugate to the
restriction of f to A.

6.3 Corollary: For any NDS (M, fs) as given in the above theorem a full
variational principle holds, i.e.,

sup hey, (foo; /LOO) = htOp(fOO)a
oo

where the supremum is taken over all IMSs pi.

Proof: The inequality “<” was proved in [6, Thm. 28] or follows as a special
case from Theorem The equi-conjugacy mp+1 © f = f, o ™, given by the
above theorem preserves the topological entropy, i.e., Aiop(foo) = hiop(f). The
map f satisfies the classical variational principle hiop(f) = sup, hy(f), the
supremum taken over all f-invariant probability measures u. For any such
measure, [, = (m,).p defines an IMS, i.e., (fn)sptn = pint1. If P is a finite
measurable partition of M, then P, := m,P, n € Ny, defines a sequence of
partitions, which is contained in the admissible class Enm(pioo) (cf. [6] Prop. 27]).
This implies

hmp(f) = hmp(fOO) > Szp hey (fOOHLOO) > Stltp h,u(f) = hmp(f)v

completing the proof. ([
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7 Expansivity

In this section, we introduce an analogue of the notion of positive expansivity
for autonomous systems that is the topological counterpart to the expansivity
property of the differentiable systems studied in the preceding sections.

7.1 Preliminary notions

We start by introducing some intuitive but preliminary notions of expansivity of
increasing strength. Recall that a continuous map f : X — X on a metric space
X is called positively expansive if there exists § > 0 such that d(fi(x), f(y)) < ¢
for all ¢ > 0 implies z = y.

7.1 Definition: A topological NDS (X, f~) is called

(i) time-i-expansive with expansivity constant § > 0 if there exists 6 > 0 such
that for all z,y € X; the following implication holds:

sup dnyi(f]'(2), [['(y) <0 = w=y;
neNg

(ii) all-time expansive if it is time-i-expansive for every i > 0;

(iii) uniformly expansive if it is all-time expansive with a uniform expansivity
constant § for all of the systems (X oo, fi.co), > 0.

7.2 Remark:

e In the case of an autonomous system, the notions of time-i-expansivity, all-
time expansivity and uniform expansivity all coincide and are equivalent
to positive expansivity.

e The concept of expansivity for nonautonomous systems introduced in [20,
Def. 2.2] is equivalent to our notion of time-1-expansivity. However, while
we allow a time-varying but at every time instant compact state space,
the state space in |20] is stationary and not necessarily compact.

The following examples show that the converse statements to the obvious im-
plications

uniformly expansive =- all-time expansive = time-i-expansive

fail to hold, and that an NDS built from positively expansive maps in general
does not have any of these properties.
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7.3 Example: In general, the properties of time-i-expansivity and time-j-
expansivity for i < j are not related. Consider a system (X oo, foo) with X,, = S!,
fo(z) =1 and f,(z) = 2? (the angle-doubling map) for all n > 1. This system is
time-i-expansive for all 4 > 1, but not time-0-expansive. Now consider a system
(Xoos foo), where Xy is finite and X,, = [0, 1] for all n > 1. Let fo : Xo — X3 be
any map and f, = f, n > 1, for an arbitrary continuous map f : [0,1] — [0, 1].
The resulting system (X0, foo) is obviously time-0-expansive, since there is a
minimal positive distance for any two points in Xy, but not time-i-expansive
for any ¢ > 1, following from the well-known fact that [0, 1] does not admit a
positively expansive map.

7.4 Example: A trivial example of an all-time but not uniformly expansive
system is given as follows. Let each X,, be a space consisting of precisely two
points 2", 2{"™ such that diam(X,) = d,(z{",2{”) = 0 monotonically. Let
fn be given by fn(acgn)) = :Cl(-"H) for all n and ¢ = 1,2. Then clearly (X, foo) is
time-i-expansive with a maximal expansivity constant equal to diam(X;). Since
diam(X;) is decreasing to 0, the system is not uniformly expansive.

7.5 Example: Consider the NDS (X, foo) with X,, = S! (endowed with the
standard round metric d,, = d such that diam(S') = 1) and let f,,(z) = 2"+ for
each n > 0. Although each f, is positively expansive, this system is not time-
i~expansive for any i. One easily shows that f!(z) = 2(**D'. Take z,w € S*
with d(z,w) =1/(n+ 1)!. Then

o i+ 1)!
i) i) = N < o fori= L2,

and fi'(z) = f§'(w). Hence, (X0, foo) is not time-0-expansive, since for every
n we find 2™ # ™ with d(f¥(z™), ff(w™)) < 1/n for all k > 0. The same
argument shows that (Xo, foo) is not time-i-expansive for any i.

7.6 Remark: In Roy [16], an example of two positively expansive maps f, ¢ :
X — X on a compact space X is given such that the compositions f o g and
g o f are not positively expansive. This also implies that the topological NDS
foo = (f,9,f,g,...) is not time-i-expansive for any 1.

7.7 Proposition: Let (X, foo) be a topological NDS.

(i) The properties of time-i-expansivity, all-time expansivity and uniform ex-
pansivity are preserved by equi-conjugacies.

(ii)) Assume that (Xoo, foo) is time-0-expansive and the map fy is a surjec-
tive local homeomorphism. Then (X, f) Is time-1-expansive. Conse-
quently, if all f, are surjective local homeomorphisms, time-0-expansivity
is equivalent to all-time expansivity.
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Proof: We leave the easy proof of (i) to the reader. To prove (ii), let § be an
expansivity constant for (X, foo). Since fp is a local homeomorphism, every
x € Xp has an open neighborhood V, that is mapped homeomorphically onto
an open set W, C X;. We choose V, such that clV, is contained in a bigger
open neighborhood V, on which fo is still a homeomorphism. This implies
that the local inverse maps are uniformly continuous. By surjectivity, the sets
{W,}zex, form an open cover of X;. Choose a finite subcover {W7, ..., W;} and
let p be the Lebesgue number of this subcover. Let fo;: Vi = W;, i =1,...,1,
denote the corresponding local homeomorphisms. There exists a positive ¢ <
min{p, 0} such that di(x,y) < € for z,y € X; implies x,y € W; for some i and
do(fy 1 (), 51 (4)) < 6. Now consider 7,y € Xy with dnys(f]'(2), f{(3) < ¢
for all n > 0 and assume z,y € W;. Put Z := f(:l-l(:v), g o= fo_zl(y) This
implies d, (fi(Z), f5(g)) < § for all n > 0, and hence & = § implying z = y.
Consequently, time-1-expansivity holds with the expansivity constant ¢. (|

7.2 Strong uniform expansivity

As it turns out, the notions of the preceding subsection are not sufficiently
strong to imply analogues of the classical properties of positively expansive maps
such as the existence of generators for topological entropy or the existence of
equivalent metrics in which the maps f, locally uniformly expand distances.
Hence, we introduce the following stronger notion.

7.8 Definition: A topological NDS (X, foo) is called strongly uniformly ex-
pansive (s.u.e.) if there exists a constant 6 > 0 such that for every € > 0 there
is an integer N > 1 satisfying

di,N(‘Tvy) < 0 = dl((E, y) <e€ (10)
for alli > 0 and =,y € X;. The constant J is called an expansivity constant.

7.9 Remark: The definition says that Bowen-balls shrink to points uniformly
w.r.t. the initial time, when the order N tends to infinity. The implication (I0)
can also be written as

BN (z,8) C B(z;d;).

7.10 Remark: A similar characterization of expansivity for time-dependent
systems can be found in Roy [I5] Lem. 7], where dynamical systems on fiber
bundles are considered.

If the spaces X,, become larger in diameter very rapidly, s.u.e. systems not
necessarily exhibit the essential features of positively expansive maps on com-
pact spaces, since the expansivity can just result in “blowing up” the space,
rather than in producing complicated dynamical behavior. Hence, we need to
introduce a property for the sequence X, which excludes such a behavior.
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7.11 Definition: A sequence Xoo = (X,,)32, of compact metric spaces is called
uniformly totally bounded if for every € > 0 there exists an integer m such that
m e-balls are sufficient to cover X,, for each n > 0.

The following proposition summarizes elementary properties of s.u.e. systems.

7.12 Proposition: Assume that (Xoo, foo) Is s.u.e. with expansivity constant
6. Then the following assertions hold:

(i) (X0, foo) Is uniformly expansive with expansivity constant .

(ii) If (Y, goo) is another topological NDS that is equi-conjugate to the given
one, then also (Yo, goo) Is s.u.e.

(iii) If (Xoo, foo) is autonomous, then it is positively expansive. Conversely,
any positively expansive autonomous system (X, f) is s.u.e.

(iv) There exists As € L(Xoo), Aso = (Ap)2, that generates the topological
entropy, i.e.,

1 n—1 )
vop (foo) = limsup —log <\/ fo ZAz-> :

i=0
If X is uniformly totally bounded, then hiop(foo) is finite.

(v) If, for some n, f, is surjective and open, then f, is a covering map. If,
additionally, f. is equicontinuous, then the number of leaves for such f,
is uniformly bounded.

Proof: (i) Assume that two points z,y € X; satisfy
din(fi'(x), f'(y)) <6 foralln>0.

This is equivalent to d; y(z,y) < ¢ for all N. Hence, for every € > 0 we have
di(z,y) < e, s0x=y.

(i) Assume that (X, foo) is s.u.e. and denote by meo = (m,)52, the equi-
conjugacy (11 0 fn = gn © ). Let 6 > 0 be the expansivity constant for
(X oo, foo) and choose & = 6(d) according to the uniform equicontinuity of the
family {7, 1}5,. Let € > 0 be given and choose ¢ = £(&) according to the
uniform equicontinuity of the family {7, }72 . Then choose N = N(e) according

to the s.u.e. property of (Xoo, foo). Assuming dZN(yl,yg) < §, we obtain

Ay (7 ) M) = max dX (7 ). S (02)

= max 7% (W{ﬁj (g1 (). 72 (g (yg))) <4,
and hence dX (7; ' (y1), 7, *(y2)) < &, implying d} (y1,v2) < &. This shows that
(Yoo, goo) 1 s.u.e.
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(iii) It is clear that the s.u.e. property implies positive expansivity. Conversely,
assume that (X, f) is positively expansive with expansivity constant ¢ and
suppose to the contrary that there is € > 0 such that for every N there are
TN,yn € X with

|

max d(fj(ZCN), fj(yN)) <

d d > e,
oax an (xN,yN) > €

We may assume zny — x and yy — ¥y in the compact space X. Then

sup d(fi(), fI(y) < 2 <5 and d(z,y) > <,
J€Ny 2

contradicting positive expansivity with expansivity constant 9.

(iv) Let § be the expansivity constant and A,, be the family of all open §/2-balls
in X,,. Pick an arbitrary Us, € L(X) and let p > 0 be a common lower bound
for its associated Lebesgue numbers. We choose n with

din(z,y) <0 = di(z,y) <p.

If z,y € ﬂ?:o £ Aiyj, then diyj(f(x), f (y)) < & for i = 0,...,n, implying
that A§n> = Vi £ Aiyj is a refinement of the family B} of all Bowen-balls
of order n and radius ¢ in X;. Moreover, by the choice of n, B} is finer than U;
for every ¢ > 0, implying

htop(foo;uoo) < htop(foo§Bgo) < htop(fOOQAg)l>) - htop(fOOQAoo)a

where the last equality is easy to see. This proves the first assertion. Now
assume that X, is uniformly totally bounded. Then we can choose a generator
Ao such that A, consists of m §/2-balls for each n (m = m(d)). This easily
implies hiop(foo) < logm.

(v) From expansivity it follows that the maps f, are locally injective. Then,
if f,, is additionally open and onto, it is a local homeomorphism. This easily
implies that f, is a covering map. We omit the details of the proof. O

The following example shows that a uniformly expansive system is not neces-
sarily s.u.e., even if the sequence X, is stationary.

7.13 Example: For any map f and n € N, we write (f),, for the finite sequence
(f, f,..., f) of length n. We let f(z) = 22, f: S — S!, be the angle-doubling
map on the unit circle and consider the NDS (X, fo) defined by

X = Slu foo = ((idsl)lv (f)h (id81)27 (f)27 (id51)37 (f)37 .- )

If we consider on S! the standard round metric with diam(S') = 1, this system
is uniformly expansive with expansivity constant 1/2, since for any two points
z,w € S! with distance smaller than 1/2, the application of fy, f1, fa, ... will
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finally double the angle sufficiently many times so that d(f§(z2), fii(w)) > 1/2.
However, the system is not s.u.e., because for every § > 0,

Biyot..yk)(®,0) = Bs(x) forallz € Xoaqoq.qh), 1 <n<k+1.

Hence, for a given € € (0, d) no uniform N exists so that all Bowen-balls of order
N are contained in an e-ball.

The next proposition shows that expanding systems are s.u.e.
7.14 Proposition: Every NDS (M, fo,) with f, € E(A\,T) is s.u.e.

Proof: By Lemma [5.2 there exists § > 0 so that every d-ball in M is evenly
covered by each f, and every branch of the inverse map is a contraction with
uniform contraction constant p € (0,1). Moreover, the proof of the volume
lemma shows that each Bowen-ball B*(z, §) is contained in a set of the form

()7 00 (un-1) 7y (Bo( (@),

Hence, if d; »(x,y) < J, then d(z,y) < p~™d. Choosingn = n(e) with p=" < ¢e/§
yields the assertion. ([

It is well-known that a homeomorphism of a compact space X is positively
expansive iff X is finite (see [14] for an elementary proof). For an s.u.e. system,
in general, an analogous result does not hold. An example is constructed as
follows. Let A : R™ — R™ be a linear map all of whose eigenvalues have moduli
greater than 1. Let X be the compact unit ball in R? and put X,, := A"X,
for all n > 1 (endowed with the restriction of the standard Euclidean metric).
Then f, = Alx, : Xn — Xn41 defines an NDS, which is s.u.e., and every
fn is a homeomorphism. However, if we assume that X, is uniformly totally
bounded, we can prove an analogous result.

We define the diameter of a cover U of a compact metric space as

diam(U) := sup diam(U).
veu

The following lemma is a generalization of [I, Thm., p. 316].

7.15 Lemma: Let (X, foo) be a topological NDS such that X., is uni-
formly totally bounded and #Xo = oo. Then for every Us, € L(Xw),
diam (\/?:1 fi ll/lkﬂ-) is not converging to zero uniformly in k.

Proof: Let § be a common lower bound for the Lebesgue numbers of Us.

Suppose to the contrary that diam(\/;_, f; “Us+i) — 0 for n — oo uniformly in
k. There exists N € N such that for alln > N and k > 0, diam(\/._, [ Ukti) <
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8. Then Uj, is coarser than \/|_; f];il/{;gﬂ, n > N, k > 0, implying

n n n—1
N (\/ fini> = N (\/ fﬁm) =N (\/ f&””um)
i=0 i=1 i=0
n—1 n—1
= /\f(fo_1 \/fl_iui+1> SN<\/ fl_iuiJrl)-

i=0 i=0

By induction, one shows that for all n > NV,

n N
N (\/ fo_iui> <N <\/ f;iNunNH) :
1=0 1=0

We can estimate the right-hand side by

N N
N (\/ fniNunNJri) HN(fgiNu"7N+i)
1=0

= =0

N N
[TV WUnnsi) <[] m(0) = M,
1=0 =0

IN

IN

where m(d) denotes the number of §-balls needed to cover the spaces X},. Hence,

N(\/foiui> <M foralln>N.
i=0

Choose M + 1 distinct points x1,...,zap+1 in X and let n be so large that
diam(V]_, fo_il/{i) < miny<;<j<m+1 do(x;, z;). This is a contradiction, be-
cause to cover {z1,...,xp41} with sets whose diameters are smaller than
ming <;<;j<am+1 do(x;, x;) requires at least M + 1 sets. O

7.16 Theorem: Assume that (Xeo, foo) is s.u.e., Xo is uniformly totally
bounded and every f, is a homeomorphism so that the family {f,1}.>0 is
uniformly equicontinuous. Then X, and hence every X, is finite.

Proof: Let A, be the cover of X,, consisting of all §-balls, where § is an
expansivity constant. Then

n—1
diam \/ f[i7Ais; | =0 asn— oo
j=0
uniformly in 4. Since each f, is a homeomorphism, we obtain a sequence of

open covers for X; o, by putting B,, := frA,, n > 0. From the equicontinuity
of {f 71} it follows that By € £(Xoo). Then

n—1 n—1 n—1 n
V 17 Ay =\ 5705 Bes = \ 7 Biy = \) 177 Bia
j=0 j=0

j=0 j=1
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By Lemma [.15] diaum(\/?:1 fi_j Bi+j—1) does not converge uniformly to zero if
Xy is infinite. Hence, Xy must be finite. O
Another classical result asserts that a positively expansive map becomes ex-
panding in a suitably chosen metric. This was proved by Reddy [13], using
Frink’s metrization lemma. We will reproduce the proof for s.u.e. systems.

If X isaset and A C X x X, we write

AoA:={(z,y) e X x X : Jz € X with (z,2) € A and (z,y) € A}.

7.17 Lemma (Frink’s Metrization Lemma): Let X be a topological space.
If there is a nested sequence (Up,)n>0 of open symmetric neighborhoods of the
diagonal A C X x X such that Uy = X x X, (", U, = A and U, oU,oU, C U,y
for n > 1, then there is a metric p for X such that

U, C{(z,y) : p(z,y) <1/2"} CU,—q1 foralln>1.

If A is a closed subset of a compact metric space, we denote by N.(A) the open
g-neighborhood of A.

7.18 Theorem: Let (X, foo) be an equicontinuous s.u.e. NDS such that each
fn isonto. Then for eachn > 0 there exists a metric p,, on X,, with the following
properties:

(i) The maps fn : (Xn, pn) = (Xnt1, pnt1) expand small distances uniformly
in n, i.e., there exist « > 0 and § > 1 so that for any n and x,y € X,,
pn(r,y) < o implies pp1(fu(2), fa(y)) = Bpn(z,y).

(ii) The metrics p, and d, are uniformly equivalent, i.e., the sequence of
maps T, : (Xpn,dn) = (Xn, pn), © — x, is uniformly equicontinuous and
the same holds for the sequence (m,,'),>1 of inverses.

Proof: Let 6 be an expansivity constant. Put V} R X, x X,, and for each
k>0 let
VI = {(z,y) € Xp x X0 ¢ dpi(z,y) <0}

Let g, := fn X fn @ Xn X X5y = Xpg1 X Xpg1. Then, for each n, the se-

quence (Vk(n))kzo is a nested sequence of open symmetric neighborhoods of

A, ={(z,z) : x € X,,} such that N, Vk(n) = A, and it is easy to see that
gn (V) =V nga (Vi) (11)

where we use that f,, is onto. Taking the product metric D, ((z,y), (z,w)) =
max{d,(z, 2),d,(y, w)} on X,, X X,,, we find that N, (A,) C Von) for o = 6/2.
From the s.u.e. property it follows that there exists an integer N > 1 with

V" C Naygya(An)  for all n > 0.
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Then

Vjsfn) o Jsfn) o Jsfn) c Vo(n)-
Let Uon) =X, x X, and for k > 1, U,En) = V((k"_)l)N. We want to apply Frink’s
metrization lemma to each sequence (U, ,En)) k>0. To this end, it suffices to prove

Ui oUl oUW c U™ forallk >0, n>0. (12)

For k = 0,1 this relation holds by construction. Let p = (z,y) € U,E:i)l o
U,gi)l o U,gi)l for K > 2. Then there exist points a,b € X, such that

{(z,a), (a,b),(b,y)} C U,E:i)l. Tterating ([Il), for 0 < j < (k — 1)N we obtain

gp) = (Fi@), i) = (fi@), fi(a) o (Fila), Fi(B) o (f1(B), Fi(y)
e G(UM)ogh (U)o gh(UM)
c V& oyt oyt

c Vl("JFj) o Vl("JFj) o Vl("JFj) c %(n+j).
Therefore, dy,+;(f2(z), fi(y)) <6 for j =0,...,(k — 1)N, and hence

b= (:T,y) € Vv((]gn_)l)N = lgn)u

concluding the proof of (I2)). Let p, denote the metric on X,, whose existence
is guaranteed by Frink’s metrization lemma. Fix n > 0 and let z,y € X,, with

0 < pn(z,y) < 1/32. Since the sets U,En)\Ulgi)l, k > 0, form a partition of
Xpn, X Xy, there exists k > —1 such that (z,y) € U]gi)l\U,gj_)Q. Then

1/253 < p,(2,y) < min {1/32,1/2"1}

which implies k& > 3. Since (z,y) € U,Ei)l\UIE:IL)Q = Vk(;)\V((k"ﬁl)N, there exists j
with

kN <j<(k+1N and dni;(fi(z), fi(y)) > 6.
Let (z,w) = (fi"(x), 3N (y)). Then

0<(k—3)N<j—3N<(k—2)N

and
s (FTN ), BTN @) = dus (£ (), i) > 6

Hence, (f3¥(x), 3% () ¢ Vo, = Uprt™™), implying

Pn+3N (ng($), ff{N(y)) > 1/2k > 2pn(x7y)-

Thus, f3V expands small distances for each n. We will construct different
metrics p], such that the maps f, are uniformly expanding small distances
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w.r.t. these metrics. But first we prove that p, and d, are uniformly equiv-
alent in n. By construction, it holds that

BF=UN (1 5) ¢ By jor (x5 pn) C BF=2N (1 5)

for each z € X,, and k > 0, where the Bowen-balls are defined in terms of the
given metric d,,. By the s.u.e. property, we can choose, for each ¢ > 0, k = k(g)
large enough so that BXN (z,8) C Be(w;d,) (for all n), and hence

Bl/2k (3 pn) C Be(zidy).

This shows uniform equicontinuity of the sequence 7, : (X, pn) = (Xp,dn).
On the other hand, for any integer k, we can choose € > 0 small enough so that

Be(z;d,) C B,(zkfl)N(x,é) for all n and = € X,,, which follows from uniform
equicontinuity of f.,. This proves uniform equicontinuity of the sequence , :
(X, dn) = (Xn, pn)-

Now we define new metrics by

3N-1

pay) =3 :pnﬂ(f (@), £ (1)),

=0

where g := 2'/GN) This clearly defines a metric on X,, compatible with the
topology, and p/, (z,y) < 1/32 implies p,(z,y) < 1/32, and hence

3N—-1 1 )
Pri1(fn(®), fu(y)) = Z M—Pn+1+z( @), ()
Z3](\)7 1 ) 2
> Z pn+z (fi(x), fa(y) + a1 Pn(@.)
3N—-1

K Z _anrz ) f (y)) :up;(:zr,y).

This gives the desired metrics in which each f,, expands small distances. To
complete the proof, it remains to show that p,, and p/, are uniformly equivalent.
This follows from the inequalities

pn(,y) < ph(z,y) <3Nppsy-1(z,y),

and the uniform equicontinuity of f. O

It can easily be shown that the above theorem does not hold for the uniformly
expansive system in Example [[.T3 We consider this fact as a justification that
the notion of strong uniform expansivity is the appropriate analogue of positive
expansivity and postpone further investigations to a future work.
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