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1 Introduction

One-dimensional Poisson structures (also called Hamiltonian operators) of hydro-
dynamic type were introduced by Dubrovin and Novikov in [12]]. They are defined

by

4 g
PY = g"(w)—— + b (w)ug, 1)
dx
where u = (u',...,u") are local coordinates depending on the spatial variable z,
i,j,k =1,...,n, and u? means the derivative of u* with respect to z. The require-



ment that () defines a Poisson bracket, by

{F.G} = /5—FP“ oG

Suit  Sud’

imposes certain constraints on the coefficients g/ and b;/. In the non-degenerate
case, that is when det g # 0, Dubrovin and Novikov proved that (I) determines
a Poisson structure if and only if ¢” is a pseudo-Riemannian flat metric and the
symbols I, = —g;,,b;"" define a connection compatible with the metric g;; (where
9" gmj = 0%). As direct consequence of this result, any non-degenerate Hamil-
tonian operator of the form (I) can be reduced to constant coefficients by local
change of coordinates. The theory of non-degenerate Hamiltonian structures of
such type was thoroughly investigated in the last three decades, and Hamilto-
nian operators of the form (1)) have subsequently been generalised in a whole va-
riety of different ways (degenerate [21] [3, 4], non-homogeneous [31] 30], higher-
order [14], 34, 9], 19], multi-dimensional [14, and non-local
31]], see for further review).

In the framework of the theory of Frobenius manifolds [10, 15} [16], Dubrovin
conjectured the triviality of homogeneous formal deformations of structures (I).
The problem formulated by Dubrovin can be stated as follows. Let us consider
a Poisson manifold M endowed whit a Poisson structure of hydrodynamic type
(bivector) P, which satisfies the Jacobi condition written in terms of the Schouten
bracket on the algebra of multivector fields on M, that is [P, Fy] = 0. A deforma-
tion of order k of a Poisson bivector P, is a formal series

PE:P0+€P1+€2P2+...

in the space of bivector fields on M satisfying the condition [P, P.] = O(¢*) for any
value of the parameter e. In particular, if [, P,] = 0, we say that P. is a deformation
of Py. A deformation (of order k) is trivial if there exists a Miura transformation

b M — M,
¢E = Z €m¢ma
m=0

which pulls back P, to Fy, that is P. = ¢.. . Introducing the following gradation
in the space of differential polynomials,
da¥

deg(f(w) =0, deg (dk“) k.

the allowed deformations P. are formal series of the form

k+1 Jk+1-s
Pk = E As(u,ux,...,uk+1)7dxk+1_s,
s=0
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where the entries of the n x n matrices A, are homogenous polynomials of degree
s in the z-derivative, namely deg(A;) = s.

Problem. Does there exists a Miura transformation that brings the homogeneous defor-
mation P. to Py?

This problem can be reformulated in cohomological terms. Indeed, triviality
of deformations is equivalent to the vanishing of the second cohomology group in
the Poisson-Lichnerowicz cohomology [22]. Getzler [20] and independently De-
giovanni, Sciacca and Magri [8] solved Dubrovin’s conjecture proving that this co-
homology group is trivial (in particular, Getzler proved that all the positive integer
cohomology groups are trivial).

In subsequent years, the theory of deformations for Poisson structures of hy-
drodynamic type has been developed especially in the framework of bi-Hamiltonian
structures by several authors (see for instance 24, i6]) and re-
cently the first result has been published in the two-dimensional case [Z].

All the above results have been obtained assuming that the metric g which
defines the Poisson structure (1)) is non-degenerate. To the best of our knowledge the
deformation theory for Poisson structures of hydrodynamic type with degenerate
metric has not been developed yet. Our main aim is to investigate what happens
in the degenerate framework.

1.1 Summary of the main results

In this paper, we give a complete list of two- and three-component Poisson struc-
tures of hydrodynamic type with degenerate metric (Theorems [l and [6). For in-
stance, in two-component case, any of these structures can be brought to one of
the following canonical forms

2
d, 0 d, —%=
P(l) _ x P(2) _ z ul

where d, = L. We show that in two-component case first- and second-order de-
formations of such structures are not trivial, that is, they cannot be eliminated by
Miura transformations, and we prove that they depend on a certain number of
arbitrary functions of the variable u.

Theorem 1. Up Miura-type transformations, the following hold:

e first-order deformations of Po(l) depend on 2 functions of u?, and second-order defor-
mations on 6 functions of u?;



o first-order deformations of P\ depend on 1 function of u?, and second-order defor-
mations on 2 functions of u?.

In three-component case, we provide some examples of non-trivial first-order
deformations (as we will see, in this case second-order deformations involve too
many unknown functions, and the computations become very hard), focusing on
the Poisson structures given by

0 «d 0 d, 0 0 d, 0 0
PP=1-u3 0 o, P=|0o oofl, PP=|0 4 o
0 0 0 0 00 0 0 0

In particular, our results imply that the first homogeneous component of the
second Poisson-Lichnerowicz cohomology group for the structures P(](i), for i =
1,...5, does not vanish. This implies that the second cohomology group for such
degenerate structures is not trivial, contrary to what happens in the non-degenerate
case [20,18] .

This paper is organised as follows. The first section is devoted to the theory of
Poisson structures with degenerate metric, where we recall the main results due
to Grinberg [21] and Bogoyavlensky [3} 4], and in[2.2l we give the complete classi-
fication of two- and three-component degenerate Hamiltonian operators (three-
component case is fully analysed in Appendix A). Deformations of degenerate
Poisson structures are described in Section Bl The results we list in this section
are proved in Appendix C, leading to the proof of Theorem[Il Finally, Appendix B
is a quick recall of the tools we used in computations.

2 Poisson structures of hydrodynamic type with de-

generate metric

In this work, we are interested in the degenerate case, that is, when the determinant
of the differential-geometric object ¢/ which describes the Hamiltonian operator
(D) is zero. Some results about this class of structures were announced for the first
time by Grinberg in 1985, in a short communication [21], and later investigated by
Bogoyavlenskij [3] 4].

The first important result of Grinberg is stated in the following theorem.

Theorem 2 ([21]). Operator (1) defines a Hamiltonian structure if and only if the pair
(g, b) satisfies the following conditions

g7 =g, (2a)
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g”
ouk
g™*bl" = g"by, (20)

s
ww-ww:w(w a“>,

= b+ b, (2b)

ut  Our d)

ob OO0\ (06 o
i _t _ = 2

where . ; ;. means cyclic summation over i, j, k.

The proof of this statement is a direct computation of the skew-symmetry and
the Jacobi identity.

In the degenerate situation, up to now a fully geometric interpretation of these
equations is not clear: what is known is that the kernel of g defines an integrable
distribution [21]. Bogoyavlensky found some tensor invariant objects for degener-
ate Hamiltonian structures [3] 4], and proved that any solution of equations (2a)—
2€) in the case of rank(g") = m < n locally has the form

y ik 4 , g n Ul (u g
ywzzﬂmMMbmeﬁwwﬁuwm
a,f=1 a,f=1
where ¢*? are constant coefficients, U, (u), ..., U, (u) are commuting vector fields

on M", and the symbols 7}’ (u) form a certain (2, 1)-tensor which satisfies
Ty = -T}', TH*gm =0,

plus extra conditions.

Unfortunately, even if this result simplifies the analysis of Grinberg’s conditions
@), to the best of our knowledge there is no classification of such structures in the
literature. Our first aim is to obtain this classification up to three-component case.

In the non-degenerate situation, there always exists a system of coordinates
where the pair (g,b) assumes constant form. In general, this is not true, but a
weaker result holds:

Theorem 3 ([21]]). Suppose that [A) defines a n-component Hamiltonian operator, and
rank(g”) = m < n. Then g can be reduced to a constant form.

Thought we can easily classify all possible canonical forms for degenerate con-
stant metrics, the symbols b are no longer defined through g. Fixing g, the coeffi-
cients b can be found solving equations (2).

In her paper, Grinberg gives a description of two- and three-component degen-
erate Hamiltonian operators (one-component is trivial), without explicitly writing
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out the canonical forms that such operators take. Here, starting from her results,
we list all the possible canonical forms they may assume, up to arbitrary changes
of dependent variables.

2.1 Admissible changes of coordinates

We recall that under arbitrary changes of u’, the components of ¢” transform as a
(2,0)-tensor, i.e. a contravariant metric, while the objects b}/ transform according
to the following rule

_outour ut out Pur ouk

— S
90 9w o7 * Wt S swow g (W-

bl () 3)
In matrix notation, let us consider the operator (1) as P = Gd,, + B, where G = g%
and BY = buk. Since P is a (2, 0)-tensor, it transforms as JP.J¢, thus we have

P=JPJ = J(Gd,)J" + JBJ' = JGJ'd, + JG(J"), + JBJ".
Thus, the non-tensorial part of the transformation rule (3) corresponds to
JG(T)a- (4)

Once the metric is fixed and Grinberg’s conditions are solved, in order to re-
duce them to canonical forms we need a change of coordinates which preserves
the form of the metric. Following [21], this class of transformations is called ad-
missible. Unfortunately, under admissible change of coordinates, the symbols b}/
do not transform like components of a (2, 1)-tensor (as we can see in the example
below), so we have to be careful with the transformation rules.

For simplicity of the computations, at the beginning we classify Poisson struc-
tures under changes of coordinates that both preserve the form of the metric, and
transform b; as a tensor. Secondly, we will check whether the structures we have
obtained are equivalent under admissible transformations.

Example 1. Let us consider the degenerate metric
010

d=G=1|[10 0]. (5)
000

One can easily see that the transformation given by

2
1 31 2 u—3> 3 3 6)



is an admissible transformation. Since the symbols b} transform according to (@),
the non-tensorial part of such transformation is given by

ot 9" ouk
. 9t it ! ) ?

%7

If the symbols b}/ transform like components of a (2, 1)-tensor, then (7) has to van-
ish. Let us compute the inverse transformation:

1

v
ut = = u? = vt P =00
v

For instance, let us look at (7) in the case where [ = 2, r = 1 and s = 3. Considering
the fact that the only non-vanishing elements of the metric are ¢'* = ¢*' = 1, ()
reads

Z<002 %l ouF ow? %! Ouk) o 0%t oud 1

- ou? dutouk ovs + Oul 0uouF 00 ) ~ w2 oulowd 00 ud 7 0.

In order to consider changes of coordinates which both preserve the metric
g” and transform the object b}/ as a tensor, we need to restrict to a subclass of
admissible transformations: we have to require that ) vanishes.

Lemma 4. Suppose that 0 < rank(g*”) = m < n. Among all the possible transformations
which preserve the form of the constant metric g*/, those which transform the symbols b
as component of (2, 1)-tensor must be of the form

i =cut . u™  F ™ u), =1, (8)
where ¢ are constants and ¢’; = 0 fori € {m +1,...,n}.

Of course, the requirement of admissibility imposes some further restrictions
on the coefficients c}.

Remark. In the case where rank(g¥) = 0, the objects b} always transform as a
tensor. Indeed, as said above, under arbitrary changes of the variables u', ..., u",
the coefficients bfg transform according to (3). If ¢” identically vanishes, then this
is exactly the transformation rule for a (2, 1)-tensor.

Proof of Lemma/4dt

Suppose rank(¢g”) = m, 0 < m < n. Working in the coordinate system where
the metric assumes constant coefficients form, without any loss of generality we

y Al0O
Z]:G:
s-c-(ale),

8

can consider g% of the form



where A is a non-degenerate (det A # 0) m x m symmetric matrix with constant
coefficients.

If we consider a generic change of coordinates of the form a = a'(ut, .. um),
the metric G transforms as G' = JG.J!, where J%¥ = S“J is the Jacobian of the change
of coordinates, det J # 0. Let us write .J in block form, namely

out ou' ou! ou!
dul T Bum | GumFr T oun
Jit| g2 o™ oum oum . out
J = _ Oult oum Qum+tl oun (9)
g2 | 22 gamtt —  gwmt | gt gam ! )
Oul Oum Oum+1 oun
o . o our . o
Oul dum Jumti ou™

Thus, we have

A ‘ 0 Ji ‘ Ji2 A ‘ 0 (Jll)t ‘ (J21)t
0 ‘ 0 J2! ‘ J22 0 ‘ 0 (le)t ‘ (J22)t )
which leads to
Alo B JllA(JH)t ‘ JllA(J21)t
olo - J21A(J11)t ‘ J21A(J21)t :

Since we are requiring that this transformation preserves the metric G, one can

easily see that the condition

A= JUlAJN (10)
necessarily implies det J'! # 0, otherwise we would have det A = 0. Thus, J' is
invertible, and then condition J'' A(J?!)! = 0 reads (J*')! = 0, which means that
forje{l,....,m}andie {m+1,...,n}, wehave

ou’
- =0
du’ ’
that is, a' = a‘(u™*,...,u") for every i € {m + 1,...,n}. This proves (@) in the

case wherei € {m+1,...,n}.

Furthermore, since a transformation which preserves the form of a constant
non-degenerate metric must be affine, condition (I0) tells us that the transfor-
mation of coordinates @', ..., 4™ has to be affine with respect to the coordinates
ul, oo u™, .

%:o, Vi j ke {l,...,m), 11)

or, equivalently,

:Z m+1”"un)uk_‘_Fi(um’.”’un)’ Z.e{]'?“"m}’ (12)



where R}, and F" are arbitrary functions of (v, ... u"). Let us remark that R} =
(J1)*, so we will call J1' = R. We want to show that the requirement that the
symbols b;’ transform as coefficient of a (2, 1)-tensor implies that all Ri must be
constant.

As said above, in order to obtain the subclass of changes of coordinates which
transforms the coefficients b/ as a tensor, we have to require that condition (@)
holds. Thus, we have

o [ R|J? A0 (R, | 0 [ RA(RY, |0
JG(”””‘(@\J22><0\0><<<J12>t>x\<<ﬂ2>t>x>‘< 0 0)‘

Since R and A are invertible matrices, we get (R"), = 0, which means that the

elements of the matrix R must be constant.
|
Let us point out that in general a transformation of the form (8) is not admis-
sible: as said above, we need to impose other restrictions on the coefficients .
However, this subset of transformations is not empty, since, for instance, setting
¢ = 0%, (B) is effectively an admissible transformation.
If we go back on the Example[l] one can easily see that the transformation given
by (6) is not in our class. Indeed, by straightforward computation, one can prove
that a generic transformation which preserves the form of metric (§), has the form

,a2

u' = F(a)at + Fy(@?), o’ = F () + F3(a*), u® = Fy(@?),
or 1
u' = B (%) + F(i®), u? = % + R, o= F(@).

Thus, in order to have a transformation in our class, we need to require that Fy(a?) =
const.

We call restricted admissible transformation the subclass of admissible transfor-
mations which satisfies relation (8.

Remark. Sometimes the restricted class coincides with the more general class of
admissible transformations. In this case, in what follows we refer to this class as
(restricted) admissible transformations.

2.2 C(Classification results

The complete classification for two- and three-component operators is given in
this section. We deal with non-trivial structures, that is, we assume () to be not
identically zero. We will see that already in the three-component case we have 11
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canonical forms (8 if we allow complex changes of coordinates). This suggests that
the classification in the four-component case would be not so easy.

Our aim is to solve Grinberg’s conditions (2)). Let us point out that since we will
always work in a coordinate system where the metric can be reduced to constant
form, (2a) is automatically satisfied, while 2B) implies b = —b;'. Thus, b} = 0
and, without any loss of generality, we can consider as unknowns the coefficients
bﬁf where i < j.

2.21 Two-component case

Fixing the number of components, degenerate metrics can be characterised by their
rank. In particular, for n = 2, we have to investigate metrics with rank(¢g*”’) = 0, 1.
In two-component case, we have only two canonical forms.

Theorem 5. Any non-trivial degenerate two-component Hamiltonian operator of Dubrovin-
Novikov type in 1D can be brought, by a change of the dependent variables, to one of the

following two canonical forms:
d, 0
P= (0 0) , (13)

1. Constant form

2. Non-constant form

d, —=
P = 2 us (14)
"l 0
Proof:

If rank(¢g”’) = 0 then the Hamiltonian operator is identically zero [21]. Suppose
rank(g”) = 1, thus the metric can be reduced by local changes to constant form.
Without any loss of generality we can assume

G (10
g —<0 0)- (15)

By straightforward computation we obtain that all b vanish except b}> = —b3!,
which has to satisfy the condition

ohby” = (b?)*.

11



If bi?> = 0, all the coefficients sz vanish and we have the constant solution (13).
Otherwise, for by* # 0 we get

1
fw) =

for an arbitrary f(u?). Applying the (restricted) admissible transformation

12
b2 h—

,al _ ul o f(u2)7 1'12 — u27

we can reduce b}? to —=r obtaining (I4). |

In this case, since a generic admissible transformation for the metric (I5) is
given by a' = u' + F(u?),u* = G(u?), the classes of restricted and admissible
transformations coincide. This implies that the symbols b}’ transform as tensors
under admissible changes of coordinates, and clearly the structures (I13) and (14)
cannot be equivalent (since in the first case the coefficients b}/ vanish, while in (I4)
they are non-zero).

2.2.2 Three-component case

In the three-component case there are three distinct possibilities: rank(g") = 0, 1, 2.

Theorem 6. Any non-trivial degenerate three-component Hamiltonian operator of Dubrovin-
Novikov type in 1D can be brought, by a change of the dependent variables, to one of the
following canonical forms:

o rank(g) = 0:
0 ud 0
P=|-uw 0 0], (16)
0 0 0
o rank(g) =1:
d, 0 0 d, ud 0 d, 0 —%
0 0 0 0 0 0 00
d u2 ul (17)
P=|% o o |,
o0 0
o rank(g)=2:

12



3

= W

0 d, 0 0 d —% 0 de
P=1d, 0 0|.P=1|d, 0 0 P = d, 0 % ;
ud Y wdusd
0 0 0 u—é 0 0 u3ul_zu2 u3u1_zu2 0
(18)
—udu3
P=|0 d o|,P=]|0 d -%|.P=| o0 —
uS ufiufi —u3
0 0 0 0 % 0 P v ey AT e v 0
(19)

Furthermore, the canonical forms (A8) and (19) are equivalent under complex transforma-
tions.

The proof of this theorem follows by straightforward computation, see Ap-
pendix A.

Let us briefly discuss a known example related to the theory of Hamiltonian
systems.

Example 2. Given a Poisson structure P of the form (1), Hamiltonian systems of
hydrodynamic type are generated by Hamiltonians of the form H = [ h(u)dz:

Such systems appear in a wide range of applications in hydrodynamics, chemical
kinetics, the Whitham averaging method, the theory of Frobenius manifolds and
so on, see the review papers for further details and references.

In three-component case, one well-known example is given by the equations of
one-dimensional gas dynamics:

_ Pp Ds . .
Vg = =V — Py — —8g, Py = —(pU)g,  Sp = —USy,
p p
where u!' = v is the gas velocity, u?> = p is the mass density, u* = s is the entropy
density, and p = p(p, s) is the gas pressure. This system is Hamiltonian and
the Hamiltonian operator related to this system is

Sz
0 -1 0\, 0 0 o
P=|-1 0 ol Z+] 0 o0 o],
dl’ S
0 0 9 0
P

with Hamiltonian density h(v, p, s) = 1pv? + f(p, s), where the function f(p, s) is
connected with the pressure p(p, s) by pf, — f = p. One can easily see that up to a
change of sign, this structure is equivalent to (18),.

13



3 Deformations of degenerate structures

In this section we discuss deformations up to order 2 of the two-component Pois-
son structures we have classified, and investigate which of those deformations
can be obtained by Miura transformations. The Miura-group coincides with the
semidirect product of the subgroup of diffeomorphisms (local change of coordi-
nates) on the manifold M and the subgroup of Miura-type transformations close
to identity

u' = u' + eAl(u)ul + € (BJ’( Jul  + = 5 1 (u )u;ui) +..., (21)

see for further details. As we will see, the action of the subgroup of diffeomor-
phisms is not straightforward: it leads to several branches. Thus, for simplicity,
we firstly discuss the action of the subgroup of Miura-type transformations close
to identity (Section[3.T)). Then, in Section[3.2] we analyse the action of local changes
of coordinates.

Even though higher-order deformations can be obtained following the same
procedure, the computations become much more complicated. Furthermore, we
also analyse some examples of first-order deformations for three-component struc-
tures.

As defined in the introduction, a deformation of order k of a n-component Pois-
son bivector F, is a formal series

P.=Py+€eP, + P+ ...
satisfying the condition [P,, P.] = O(€"), where each coefficient P, has degree k+1,
and is given by
k+1 Jk+1-s

P, = ZAS(U, U, .. -,uk+1)W, deg(Ay) = s.

The form of the operator P, depends on an increasing number of arbitrary func-
tions of the coordinates u’, i = 1,...,n. Furthermore, these functions must be
chosen in such a way that P, is skew-symmetric, namely P} = —F.

In particular, the first two coefficients, P, and P, have the form

P = AY(u de ZB” —+ZC” Julb, +> D (u

r<k

i % d % % % d
PZJ = E]( dx3+ZFj uxF_F(ZGJ uxx_l—ZHr?f )%

r<k

14



Y L+ Y M, Y N
k k,r

s<r<k

This means that P, is defined by

n(n+1)  n*(n*+5n+2)

n? +n?+nd 4+ n?

2 2
functions depending on the variables v, . .., u", while P; is given by
2(,)2 2 2
n*(n +25n+2) b +n4+n2n(n+ 1g(n+2) _n (n—|—2)(n6 +10n + 3)

functions in the variables u!, ..., u". Thus, one can see that the number of un-
known functions is quite high already for a low number of components: for n = 2
we have 104 unknowns, while for n = 3 they are 432. Of course, imposing the
skew-symmetry condition, this number falls.

Remark. In order to simplify the computations, it is convenient to substitute the
coefficients D, H, N with D, H, N such that

1 o g
DY =D} = §D:,’k if r<k, otherwise D} = D},

T DT . . g
H%:H,Z,:§Hg€ if r <k, otherwise H;} = H}),

oy oy 1
— NY =N =N9 = _NY

krs rsk — 6 srk if s<r< k‘,

NI, =NJ =N}

sr rks

1
N =N9 =N =_NJ if r<s,

rrs rsr ST 3 rrs
N9 = N9 = NI = 1N” if >
rrs rsr srr T 3 srr r S,
] ij
Nrrr Nrrr

In this way, the summations involving these coefficients become

D D =3 Dri(anind 3 H (ot =3 A (wes
rk

r<k r<k

> N;jik<u>uzuz b= NI (wuuub.

s<r<k s,rk

Lemma 7. A first-order deformation is skew-symmetric if and only if the following condi-
tions hold
AT = AT (22a)

BY = —20, A" + Bl", (22b)

15



CY =—0A" + Bl - C}, (220)
o 1 g y .
Dy = —0,0,A7 + 3 (0B + 0,Bl") — D). (22d)

Providing that the above conditions are satisfied, a second-order deformations is skew-
symmetric if and only if the following conditions hold

EY = 7", (23a)

FY =30, E" — F]', (23b)

GY =30, E" — 2F)" + G, (23¢)

HY = 30,0,E — 0, F) — 0, F7 + H, | (23d)

LY =0 E" — FI' + GI — L, (23e)

MY = 30,0, F"" — 20, F" — 8. F)" + 0,G%* + 2H?] — M7}, (23f)

N, = 0,0,00 7 — 1 (9,0,FY + 0,0, FJ" + 0,0, F)
3 (008 + 0,01+ 0uTL) — N

srk"

(23g)

A sketch of the proof can be found in Appendix B. For instance, for n = 2 the
number of unknown functions falls to 12 + 30 = 42.

3.1 The action of infinitesimal Miura transformations

Let us start with deformations of order 1. These deformations have to satisfy the
Jacobi condition [Fy, P;] = 0. We want to eliminate deformations that can be ob-
tained by an infinitesimal Miura transformation, that is, those that can be written
as Liex Py, where X is a suitable vector field of degree 1. In the non-degenerate
case, it has been proved that all deformations of order 1 can be written in this way,
but we will show that in the degenerate case this is not true.

Secondly, concerning deformations of order 2, namely

Pe = P(]—'—EPl +€2P2+O(€3),

we have to consider the Jacobi condition 2[FP,, P»| + [P, P1] = 0. In our cases, first-
order deformations P. cannot be reduced to /. In order to simplify the form of
second-order deformations without changing lower order terms, we have to use
infinitesimal Miura transformation like

LieyP1 + Liezpo (24)

where Z is an arbitrary vector field of degree 2 and Y is a vector field of degree 1
which is a symmetry for F), namely Liey P, = 0.

16



To better understand this formula, let us consider the Lie series given by the
vector field €Y + €27, we have

1
£€y+€2Z(P€) = P(] + E(Pl + Lieypo) + 62 <P2 + LieyP1 + §L16%P0 + Liezp(]) + 0(63).

Since Liey P, is assumed to vanish, we obtain exactly (24).

3.1.1 Deformation results

In two-component case, we have two different Poisson structures with degenerate
metric (Theorem [B)), one constant and one non-constant, which we call Po(l) and

2
d, 0O d, —=
P(l) — z P(z) — z ul |
0 (o 0)’ 0 N

Theorem 8. (1). All first-order deformations of P can be reduced by infinitesimal Miura
transformations to P = PV + Py + O(e2) where

p

u?, +q(u?)? ruid, + %(rui)m

P respectively:

here p, q, r are arbitrary functions of u®.
(2). All second-order deformations of PV can be reduced by infinitesimal Miura transfor-
mations to P = PV + Py + 2Py + O(¢®) where

0 —puz, — q(u3)?
P = 2 212
puz, + q(u) 0

0 O d3 0 O d? 0 0 d 0 nt?
P, = - — 26
2 (0 a22> A3 + <O 622) 2 + (0 722) dr + <_7712 7722) ) (26)

with

o =e % ="uy, 7= gup, +h(u)’,

and

n'? = (2p*u' — Dul,, + pqub(ul)® + pPuiul, + (2u' (pd + ¢°) — n) (u2)?

+ (2pu (3¢ + ) — m) ujug,,
Lo o 22 Lo
2 = §(gum + h(uz)")s — Z(e Uy )z,
where p,q, e, g, h,l,m,n are arbitrary functions of u?, and ' denotes the derivative with
respect to u?. Furthermore, it is always possible to reduce to zero one of the two functions

m orn.
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Theorem 9. (1). All first-order deformations of Po(z) can be reduced by infinitesimal Miura
transformations to P = PO(Q) + €P; + O(€*) where

0 0 d 0 _(uf)3 (u3)?
P = . — + s . ’ (27)
1 (0 (ul)ﬂ&) dx <—(u1)3 (u?)? % <(u1)3ui>x

here r, s are arbitrary functions of u?.
(2). All second-order deformations of P can be reduced by infinitesimal Miura transfor-
mations to P = P> + eP, + 2P, + O(e*) where Py is given by @2) and

0 0 d? 0 O d? 0 712 d 0 7712
Py = <O a22) @ + <O ﬁz2> @ + (,y12 722) % + <7721 7722 ) (28)

with
2 _ r’ 2 _ 3rr’ 3r? 1 12 19sr 1.2 1,2
@ = 2(ul)?’ p= = 2(u1)4ux - (uh)s @ BODE (u Ugpy — uxu:c)7
= 5 ne\Uz) T sl T T s\ T Uy U —
5sr 5sr 32sr 3sr’ + s'r
12 _ 2 12 1,2 2 9
n - 2(u1)4uxa}x - 2(u1)5u9§xux - 3(u1)5uxum Wuxum
3251, 19 o 3STHST | ., 287 4.4
3(u1>6( 1‘) Uy (u1>5 u:c(u:c) (u1)5( :(:) )
= 2sr 5 2sr ol 3lsr | o 13s’r+sr’u2u2
Byt eee T () et T glh)p e e T gy e
3lsr 1.5 o 13s'r+sr’ | 5, 0 287 L4
+6(u1>6 (ux) T 6(u1)5 x(ux) + (u1>5(ux) ’

5T2 1,1 3 / N2 " 1/ 27\2
+(u1)6u9€u1’1’ T2 \2 0= ) ") ) ug(u)?,

where r, s, p are arbitrary functions of u? and ' denote the derivative with respect to u®.

The classification of three-component Poisson structures with degenerate met-
ric is quite extensive (Theorem[6), so we have decided to study only some of them.
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Especially, we describe first-order deformations for the following operators:

0 w0 d, 0 0 d, 0 0
PP=[-w 0 o], P=[0 00|, P?=]0 4 o0
0 0 0 0 0 0 0 0 0

Theorem 10. All first-order deformations of PO(?’) can be reduced by infinitesimal Miura
transformations to P = P + Py + O(e2), where

—a2 0 , gu gz g3 AT y12 13
P1: a21 0 0 — + ﬁ21 ﬁ22 523 — 4+ ,}/21 ,}/22 ,}/23 (29)
dz? 13 423 dx 31 32
0 0 0 g0 oyt 0
with
2 = 4

B = (2000 — b3t — Ops — Oor)ul + bytu2,
B2 = (015 —201a)ul + (b3 — 200a)u? — 203au?,
V3! + Oos + Oor 4

613 _ 5 Uy,
P
522 = bf2uglc + 817"10;2(;7
Bg® = — (313 =+ %) ul,
2 _ 21 _
S (82a b 0225 827“) uk, + <31(92a _ b 81228 01827“) (uy)?
i (- WEZ 0D 0 Oy W
. <822a 0,05 + D3r J2r O35 — (91551) ulu? + 622[)%1 (u2)?,
D25 + O2r + 30,02 — Gbil 92
b21
N (381 5 ‘g 301055 + 0,0, — 0%@) uyul + (0sby' — 0y0sa) uiu)
2 b22 2

+(0hs — dha)uy, — dia(u})?,
81()%1 — 81828 1 3 83()%1 + 82838 + 82837”

713 = (828 + a2r)uix + 2 Uy Uy, 9 (Ui)2,
b2t + O1bit — 025 — O3r O2a Wb? + 02r  0%s
N - (22 124 p p _%)(ui)z_(214 1 +%)(u:10)2
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21
_ (_81192 + 010, + 8182r) ubu? — Oy0sauiu’,

2
o Wy O (O OO 90
0, b2 0,0

g () T ),

b3t — 0105 0,057
B %ﬁ 3 <8183 123 ) ()2 — (D15 + Ovr)ud,,
- b3 — Ors — Or ul, (01828 + 01827“> ulu? + Onbyy 033+ 8§ru2u3

5 z %z 9 zrx)

R (B

where a,r, s, by, b3, b3%are arbitrary functions of u', u?, u3, and Oy, means partial deriva-
tive with respect to u®, for k = 1,2, 3.

Theorem 11. All first-order deformations of PO(4) can be reduced by infinitesimal Miura
transformations to P = PO(4) + €P; + O(€?), where

0 0 0 e 0 0 0 d 0 —4* =%
Pl =10 0 _a32 I — +10 ﬁ22 ﬁ23 d_+ ,y21 ,}/22 723 (30)
€T
0 a2 0 0 ﬁ32 ﬁ33 ,y31 ,}/32 ,y33

with
a®=a, pY=bjul+biud (i>j), B%=p"-2a,,
7 = g, + A, + e (un) + euiug + e (ug)? (0> ),
T
32 32 13 i
- — Qgg — s = SPzxs
Be 7 =g
where a, b, ¢, ¢ (forr > sand k > mand i > j, wherei,j = 1,2, 3and r,s,m, k =

2, 3) are arbitrary functions of u*, u®.

Theorem 12. All first-order deformations of P0(5) can be reduced by infinitesimal Miura
transformations to P = P\” + eP, + O(e2), where

00 0 P 0 —2 43
P=]00 0 =+ L0 =y (31)
0 0 g% TR SR ©

with 1
B9 it 0% = (), T = T, (> )

where b, ¢, e, for i > j, are arbitrary functions of u®. Furthermore, it is always possible
to reduce to zero one of the functions e*' or ¢*'.

The proofs of the above theorems are given in Appendix C.
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3.2 Local change of coordinates

The classification provided in the previous section has been obtained using in-
tinitesimal Miura transformations. As we pointed out above, the whole Miura
group contains also local changes of coordinates which preserve the dispersion-
less limit of our structures.

3.2.1 Two-component case

Let us consider deformations of the structure Po(l), Theorem [8 Local changes of
coordinates which preserve the form of the dispersionsless term Po(l) (u) are of the
form u' = v' 4wy (v?), u* = wy(v?). Let us apply this transformation to the bivector
P, given by (25), using the transformation rule P(v) = JP(u)J!, where ’ means the

(1 _Z_>
= 2
o L/’
W

where prime denotes the derivative with respect to v?. Looking at the coefficient
of d, in 29), it transforms as

0 0 —%ﬁr(wg)vi Z—ir(c@)v
— 2 2
0 r(u?)u? :—ér(u@)vg wiér(wg)v

In the general case where r # 0, this transformation suggests to set w; = 0, other-

transpose and J; = %. We have
U

N 8N

wise we would have a new arbitrary function in the coefficient of d, in P;. Without
any loss of generality, at this stage we can consider w; = 0. Looking at the whole
bivector P, by straightforward computation, we get the following rule for the ar-
bitrary functions 7, p, ¢:

"

T(WQ), p(u?) = plws),  q(u®) = plws) 2 + g(ws)wt,

2
—>
r(w) Wy Wy

(if r = 0, the action of the local change is still the same, namely, the function w; is
not involved in the transformation of p and ¢). Thus, with a suitable choice of w»,
one can eliminate the function q.

Looking at the deformations of order two (26)), since r = 0, we still have the
freedom of one arbitrary function due to w;. Suppose we have used w, to simplify
p or g. Then, the coefficient of d2 transforms as

0 0 —(w))%e(v?)  wie(v?)
(0 e(u2)> ~ <wge(zﬂ) e(v2)>'
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Once again, this means that w; = 0, otherwise we would have an extra function.
Summarising, up to diffeomorphisms, we are able to simplify at most only one

arbitrary function in the first and second deformation of Po(l).

Considering PO(2)

given by u' = v',u? = w(v?). Here, looking at first-order deformations, Theorem

, a generic change of coordinates which preserves its form is
Ol the two arbitrary functions r and s appearing in P; transform as

s(u?) > s(wy)wy, r(u?) —

Therefore, also in this case we can simplify at most one single function.

3.2.2 Three-component case

Although the analysis of three-component case can be performed in the same way,
computations become much more complicated. Therefore, it is not always possible
to provide a complete description of the action of local change of coordinates on
the structures we studied. In this subsection, we are going to describe the action
of the group of diffeomorphisms on second-order deformations of PO(5), since this
is the only case where we can provide a detailed analysis.

Up to infinitesimal Miura transformations, a first order deformation of P(](5) re-
duces to the one described in Theorem Diffeomorphisms which preserve the
form of PO(5) are

u' =vlcosk +visink + ¢ (v?), u®=0v'sink —vicosk + 1 (v?), U= p3(v?),

Without any loss of generality, we can set x = 0. The coefficient of d, in (1)
transforms as

@1)2b(p3)vE  Plehblps)vd  —¢)b(ps)vd
00 0 (1)%) 12sa(§) 1;3)
b 03 )2b w3 —ohb v
0 0 0 — @1%02<p(§03) 2 (¥3) <p(§03) vy s2203) : |
0 0 b(u?) —eib(a)vd  —ehblpa)vd  b(ps)vd
/ ! /
P3 ¥3 3

here ' denote the derivative with respect to v3. Therefore, when b # 0, we have
to impose ¢; = 0, for i = 1,2, otherwise two new functions would appear in the
coefficient of d,.. Setting ¢, = §;, where {; = const, i = 1, 2, the functions appearing
in @I) transform as

21 21 63j(¢§)2 +c3jg0§

21 21/ /2 21 35 35 3j
, e et (@h) el s et el - . e

b —
¥3 Y3

for j = 1,2 (here €V, ¢ on the left hans side, with respect to the arrow, depend on
u®, while on the right hand side they depend on ¢3(v?)). Thus, in the most general
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case, namely b # 0, local change of coordinates allows to reduce by one the number
of arbitrary functions appearing in the deformation. For instance, we can choose to
reduce b to 1. Let us recall that infinitesimal Miura transformations allow to reduce
to 0 one function between ¢*' and ¢*'. Thus, we have the following

Theorem 13. Up to Miura transformations, a generic second-order deformation of P0(5)
depends on 5 functions of u>.

At this point, one could ask: if b = 0, how does the group of diffeomorphism act
on the structure? Although this is a reasonable question, a deeper analysis of this
case does not provide any further information about the general form of the defor-
mation we are studying. However, it is remarkable that under this strong assump-
tion (b = 0), we still have the freedom of all three arbitrary functions ¢1, 2, 3.
Let us discuss this sub-case. Clearly, the number of arbitrary functions appearing
in the deformation is already reduced by one, since b is assumed to be zero. The
functions €%, ¢V transform as
o€ (03)” + Pg) — (e (ph)” + )

/ )

¥3

21 21 /1\2 21 1
e” et (py)" + ey —

3j< /\2 37, A

e (gy)? + Yy : :

21 31 32 3j 3 3 3; 3

Pz = C Py + TPy, €V o , U=
3

A e

for j = 1,2. Let us assume for simplicity that all €”, ¢/ are non-zero (otherwise, we
should discuss case by case). Therefore, both e?! and ¢*' can be brought to 0, using
¢1, 2. Finally, the freedom of 3 allows to simplify another functions between
1 ¢32 3 and 2,

Corollary 14. Let b = 0 in (31). Up to Miura transformations, second-order deformations
of PO(5) depend on 3 functions of u®.

Changes of local coordinates which preserve the form of the undeformed Pois-
son structure Po(g) and P0(4) are quite easy to compute. For Po(g) these transforma-
tions are given by

ul = Spl('l}l)vz?vg)v U2 = ()02(U17U27'U3)7 u- = ()03(1)3)7

with the constraint

0
51S0182S02 - 82@181% = 53S03, 0; = ?>

/UZ

while for PO(A‘) we have

ut = ol + @1(02,03), u? = @2(02,03), ud = @3(02,1}3).
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Unfortunately, the action of these transformations on the respective deformed struc-
tures are very cumbersome, and we are not going to describe it.

Summarising, as we have seen, the action of the subgroup of diffeomorphisms
leads to several branches for each case, depending wherever the functional pa-
rameters are constant, zero or arbitrary. Furthermore, the number of additional
arbitrary functions we can use, due to these transformations, is always lower than
the number of functional parameters appearing in the deformations. This implies
that, in each cases we have studied, we cannot reduce the deformation to its dis-
persionless term, and therefore the deformation is not trivial.

4 Concluding remarks

This paper is the first step towards the deformation theory for Poisson structures of
hydrodynamic type with degenerate metric. Besides the complete list of two- and
three-component Hamiltonian operators with degenerate metric, our main con-
tributions include the proof that in two-component case, first- and second-order
deformations are not trivial, as well as examples of non-trivial first-order defor-
mations for some three-component structures. This implies that the second coho-
mology group for such structures is not trivial, contrary to what happens in the
non-degenerate case.
Our results suggest the following

Conjecture 1. The k-order deformations of two-component Poisson structures with de-
generate metric are characterised by functions depending on the single variable u?,

Unfortunately, the number of unknowns in this problem grows rapidly with
the increase of the order of deformations, and computations become more and
more complicated. Thus, it seems necessary to find a different approach in order
to prove the conjecture. Moreover, there seems to be no rule which provides the
number of arbitrary functions on which the deformations depend.

Furthermore, a deeper analysis of the three-component case would be an im-
portant step to better understand what happens in a more general contest, in order
to generalise our results:

Conjecture 2. If the matrix g which defines a n-component Poisson structure P of the
form () has rank m < n, the deformations of P are characterised by arbitrary functions
depending on the set of variables (u™, ... u™).
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Appendix A. Proof of Theorem

Here we give the proof of Theorem|6l Let us consider separately each case depend-
ing on the rank of the metric.

Rank 0.
According to the result of Grinberg [21], if b}/ are not identically zero, they reduce

to constant form b}> = —b2' = 1 and the remaining b7 = 0. Thus, the operator
reads
0 w2 0
P=|-uw 0 0
0 0 0

As noticed by Bogoyavlenskij [3], the coefficients b} in this case define the Heisen-
berg nilpotent Lie Algebra N3: let us consider the basis of coordinate 1-forms
e1, €2, 3 on the cotangent spaces 7' (R?), then [e1, e5] = €3, [e1, €3] = [e2, 3] = 0.

Rank 1.
In the case rank(g*) = 1, there exists a coordinate system where the metric assumes

the canonical form
1 00

¢g?=10 0 0
00 0

Let us point put that the (restricted) admissible transformations in this case are
u' = a' 4+ F(a?,7%), u? = Fy(a?, @), u® = F3(a?, a°),

this means that we always can apply a permutation of u?, u* without any problem,
since the symbols b in this case transform as (2, 1)-tensor.

Let us solve Grinberg’s conditions (2). We already know that b’ = 0, and the
unknowns are b’ for i < j. The algebraic conditions given by @d) imply b}? =
bi? = b}* = 0, while the algebraic relations given by @d) imply b3* = v3* = 0. The
remaining unknowns b3%, bi% b33 b1 have to satisfy differential equations given by

@2d) and @2¢)). Let us call
by =p, b =v, b’=0, b=
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In what follows the subscript i means derivative with respect to u'. Differential
conditions given by (2d) read

p=pt+ve, vi=v(ptn), é1=0¢(u+n), m=n"+ve, (32)
while the conditions given by (2¢) are
Qi = Qpr,  ThY =11, OV = )+ g (33)
Using (32), one can easily see that conditions (33) become algebraic:
¢ —vd) =0, vinp—ve) =0, (n—p)np—rvo)=0. (34)

Solving this algebraic system we get two different solutions:

=0, v=0, n=uyp, (35)
¢ 0, y:%. (36)

Before solving system (32), let us point out that, since the change of coordinates

a' = u!',@* = u?, u* = u® transforms the operator
100 J 0 pu? vt pu -+ nud
Pi=10 0 0 p —pu? — vud 0 0
000 —ou? — nu? 0 0
to the form
100\ 0 Ul + nud i 4 v
P7=100 0 e —pul — nu 0 0 ,
000 —paud — vu? 0 0

we can exchange the coefficients i, n and v, ¢.
Solution Q). If $ = v = 0 and n = p, conditions (32) lead to p; = p?. Thus

p=v=0,n=pand
1

Sl vy
where ' = F(u? u®) is an arbitrary function. The case u = 0 leads to the constant
operator (I7),,

pw=20, or

d, 0 0
Pi=10 00
0 00
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Otherwise, if 4 = 1, applaying the change of coordinates u' = @' + F we get

v =1 = —=. Thus, the operator can be brought to (I7),,

U

M
|2
5 o

0
0

-
|

P =

gele
LS
o O

S

Solution (36). Assuming ¢ non-zero and v = "4, conditions (32) read

pr = p(p+mn), o1=o(p+n), m=mnlu+n),

since the fourth one is fulfilled. By straightforward computation, the solutions of

B2) are

_F?
w=F v=—, 6=R 1y=-F (37)
and
B S . —S ,__ R B 1
P S 0 T RE-S+ 0wy’ T F—(S+hu’ '~ F—(S+1)ul’
(38)

for arbitrary functions F' = F(u? v?), S = S(u? v?) and R = R(u? u?®) # 0. Here

we have to consider different cases.

Case 1. Let us assume F = 0 in (37). Choosing the transformation u' = @', u* = @?,

u? =W (a* u?), we get
(5 - R<a27 W)
==
Thus we can always choose W such that ;. is reduced to 1, obtaining (after inter-

changing u?, u*) the operator (7)),

d, ud 0
Pl=|(—-u} 0 0
0 00

Case 2. Otherwise, if F is not zero in (37), a transformation of the form u! = @!,
u? = W(a*, ), u® = W(a?, o) implies

i = (WsF — VsR)(VoR — W F) 5 _ (WaF — V3R)?
(VaWs — WaVi) R (VaWs — WaVi) R

é = (VoaR — WoF)? _ (W F = V3R)(VaR — WL F)
A AN (VaWs — WoVi)R

Thus, choosing V, W such that W3F — V3R = 0 and VoR — W) F' = W3, we obtain

¢ = 1, which leads to ({I7),.
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Let us remark that we cannot choose both W3 F — Vs R = 0and VoR — WLoF =0,
otherwise we would have V,W3 — W)V5 = 0.
Case 3. Let us assume S = 0 in (38). The change of variables u' = @' + F allows to
reduce F to 0. The transformation u! = u!,u? = V (2),u® = W (@2, @) preserves 1)
and transforms ¢ into

G VR,
o Waat
Thus, we can choose V, W such that ¢ = 0, obtaining (A7),
d, 0 —%
Pi=|0 0 0
US
=+ 0 0
Case 4. If S = —1, relabelling F' = —% and R = —% we get
Q2

—_= = - :T = —
/”L Q? v T? ¢ Y 77 Q?

which is the same as Case 2.
Case 5. If S # 0, —1, choosing the transformation u' = @' + g5 we can reduce F

to 0. By tensorial calculus, one can see that a change of variables of the form
ut=at, wr=V(ahat), o =W(aad),

transforms the coefficients 1, v, ¢, n as

_ (WS 4+ VaR) (W, — VoR) P (W3S + VsR)(W3 — V3R)
N T Vs —VaW)R(S + Dt " T (WaVs — VaW)R(S + D)’
(WoS + VaR)(Wo —VoR)  _ (WaS + VaR)(W3 — V3R)

(WaVs — VaWa)R(S + it |~ (WyVs — VaWa)R(S + 1)t

If we choose the functions V' and W such that satisfy

-

VaR+ W3S =0, Wy, —-VoR=0,

weobtain i = =¢=0and n = —=, which leads to the operator (7).
Finally, by straightforward computation it follows that these four canonical
forms are not equivalent up to admissible changes of coordinates.

Rank 2.
In this case, there always exists a coordinate system where the metric assumes one
of the two canonical forms

010 1 00
1
1 0 0], 0 0 (39)
0 00 0 0 0
Case (a) Case (b)
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Case (a). Let as assume that the metric is

g7 =

S = O
O O =
o O O

Conditions (Za)-(2d) imply that all the coefficients b/ must be zero except

. T ) A e )
Relation (2d)) reads
o= po, n=ve, =98 pp=pr, =17 ¢y = v, (40)
while (2€) leads to

Vg =11, Ve = Qo Qofi + VijL = [uV + [

One can easily see that these last three equations are fulfilled if conditions given

by (@0) hold.

In order to solve this system, since we have ¢; = ¢ and v, = v?, we should
consider four different cases:

v=¢=0, v=0,0#0, v#0,0=0, v#0,¢F#0.

However, we can consider a permutation of u', u?, which has no effect on the met-
ric. Indeed, the operator

010 P 0 pud vl
Pi=11 0 0 . + | —p2 0 oud

0 0 O —l/ui —<bui 0

transforms into
- 010 d 0 —aud oud
P7=11 00 I + | pud 0 vud
€T ~
000 —gﬁui —ﬂui 0

This means that we can interchange the coefficients v, ¢. Thus, this observation
allows us to not consider separately the cases v = 0,¢ # 0 and v # 0, ¢ = 0.
If both v and ¢ vanish, then p = p(u?). Suppose ¢ = 0 and v # 0 then

1 R

VEF—w P Eow
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where F and R are arbitrary functions depending on v*. Finally, if v # 0 and ¢ # 0,
solving the system we get

—Q 1 R

¢:Qu1+F—u2’ V:Qu1+F—u2’ M:Qu1+F—u2'

These solutions can be summarised as follows:

p= b | v=t | p=ig

R 0 0 [(51)

Yo = 0 (5.2)
—Q

Qul—i-RF—u2 Qu1+1F—u2 Qul+F—u? (53)

where F, R, () are functions depending on u* and Q # 0.
As shown above in Example [I] the restricted admissible transformations are

given by
1
W=k + V@), W= @+ W), o = 2@, (41)
K
1
= wit L V@), o= W), o =23, (42)

where x = const.
(S.1). If R # 0, using the transformation u' = @', u* = @2, u* = Z(@?*), in the new
coordinates ¢ transforms into ¢ = Z3F(Z). Thus we can always choose Z such that

¢ is reduced to 1, obtaining;:
0 dy+ud 0
P9=\d,—u} 0

0 (43)
0 0 0

Otherwise, we have the constant coefficient form (I8),,

0 d, 0
Pi=1|d, 0 0
0 0 0

Let us point out that modulo admissible transformations these two structures are
equivalent. Indeed, it is sufficient to consider the admissible (but not restricted)
change of coordinates ! = ¢**u!, @* = e=**u?, @* = u®, which brings (@3) to (I8),.
(S.2). If R # 0, by a transformation of the form (@) with x = 1, the coefficients y
and v transform as

R(Z)Z35 — W3 1

U=

F(Z)—W — @ F(Z)—W — @

i=
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Thus, we can choose W and Z such that i = 0 and 7 = —ﬂ—12. This leads to the
operator of the form (18),,

G

)

d, —*
0
0

)

P =

U

g

0
0

S

N

u

In the case R = 0, a shift of u? implies the same result.
(S.3). A transformation of the form @I) with x = 1 implies

R(Z)Z3 — V3Q(Z) — W3
QIZW +Q(2Z)u' + F(Z) — W —a?’

!

i 1
YT WV QD)+ F(Z) - W — @2
5 - -Q(2)

QL)W +Q(2)u' + F(Z)—W —u*

Thus, choosing Z = Q' we can reduce Q to @*. Now, we can choose V and W such
that i = 0, and the denominators of v and ¢ become @' — %%, We have obtained

as)s,

1 3

0 d, _u3u1§u2 Uy

i —Uu 3
P == dm 0 wdul—u2 ux

-1 3 u? 3
Po—2 % Pui—uz Uz 0

Once again, one can check that these three structures are not equivalent modulo
admissible changes of coordinates.
Case (b). It remains to consider the case where

97 =

o O =
S = O
o O O

Also in this case all the coefficients b;] must be zero except
R T R
which have to satisfy the relations (given by 2d)),
=y, =V gL =vh, =g, v =vd, ¢y = ¢ (44)
and (given by 2¢)),
NG = g1, 1o = Gl Gopi +vipt = (v + fi2¢.
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As in the previous case, the last three conditions follows from {@4). Notice that
system (44) is the same given by (0) if we interchange v with ¢. Thus, since
the changes of coordinate used before, namely 4! = «? 4 = v' and v' = @' +
V(u?),u? = a® + W(a?),u® = Z(a3) are restricted admissible transformation also
for this metric, the classification in this case follows from the previous one.

We point out that also in this case the two structures

d; 0 0 d, ud 0
P=10 d, 0, P=|-u} d, 0],
0 0 0 0 0

are equivalent up to admissible change of coordinates. Indeed, it is sufficient to
consider the admissible transformation

1 2

= cos(u®)u' +sin(v’)u?, @

1 ~3 3

12 = sin(uv®)u' — cos(u®)u?, @ =u?,

to bring the second structure to the first one.

Remark. All these results are obtained using real change of variables. Allowing
complex changes of dependent variables u‘, the metrics of rank two (39) are equiv-
alent. For instance, it is sufficient to choose the transformation:

ul = 3

. U= ——, uC =0
V2 V2

Even though this change of coordinates transforms real coefficients b to complex,
one can easily see that there exist (restricted admissible) complex transformations
which reduce the structures (I8), ; to (19, ;.

Appendix B. The § formalism

In this appendix we recall the main aspects of the ¢ formalism for Poisson struc-
ture of hydrodynamic type. This formalism allows as to “easily” compute skew-
symmetry, Jacobi identity (through the Schouten bracket), and the Lie derivative
for bivectors of the form

i k41 . dk—i—l—m
g
ij(ﬂf, u, Uy, ..., uk-i-l) = Z A%(‘L Uz, .-y uk—i—l)W' (45)
m=0

We are not going to describe the background theory, neither to give all the defini-
tions or theorems. Here we want to give the main tools we have used to reach our
result. For a deeper description of the theory, one can refer to [16].
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The first step is to translate the form of the bivector {#5)) into the following form

kt1
Pz —y,u,uy, ..., upq) = Z A (ayug, .. ) ORI (@ — ) (46)

m=0

where §®)(z — y) is the s-th derivative of the Dirac delta function §(z — y) with
respect to z, and 6°(z — y) = d(z — y). For convenience, from now on we call P/, a
bivector P,’. Using this formalism, the skew-symmetry of P is essentially

ij _ _ pji
Px,y— Pyﬁc

while, given two bivectors P, ) of the form (46), the Schouten bracket is a trivector
given by

ijk
[P Q]xj,y,z _

aPé{y s lk + 9 xjy P lk + 9 xy s 9 :rrjy P lk
Oufy(z) 7" (9’()“”“3[()1’ 0l()yyz
0 zkin SQU + ]zg?x 0SP13 I apzkjn asQlj a ];Zx 05Pl]
o, @) = () Bl () Bl ()
apjk 3p]k
as li lez 83f)l2m az li lez azpézm
3u o) "o gy 8%)(2) "o 0 (2)

Finally, the Lie derivative of P along a vector field £, defined by

£=3 Y orci(ule), w s, ) 6‘52 :

i=1 s>0

is given by

o PYI— e 0A7  9g'(u(x), ) oy gy O ((Y), ) o i
(Lie¢ P) ; (axg( ( >"")au'gs)(x) e 03 A 9 () a;A )

In order to compute these objects, one needs to use some of the properties of the
Dirac ¢, in particular

0y — ) = (1) (x —y), (47)
009 —9) = 32 (1) )8 o). 4
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Sketch of the proof of Lemmal(7]

For brevity, let us set 6™ (z — ) = 6™, 6™ (y — z) = 6™. We want to compute
the skew-symmetry condition for a first-order deformation. Now P, is given by

Py, = AY(u(2)d; + By (u(@))u;d, + G (u(x))uy, + Dy (u(e))ujuy,

(summation over repeated indices r and k is assumed). We have to compute —PJ..
Using the properties (7)) and 48), we get

—A(u(y))s, = —A"(u(y))d;
= —A'(u(2))d"(x — y) — 20.(A" (u(x)))d;, — 05(A" (u(x)))d,
= —A" (u(ﬂf))5"—23 AT (u(@))uyd,
— (8,004 (u(z))ulul + O, A (u(z))ut,) b,
—Bl'(u(y)uys, = Bl(u(y))u
B (u(z))u
(u(z))

xT

k(s/
k! + 0,(B (u(x))uk)s,
ké/

= Bl'(u(x))u (&B,’j(u(m))u;ul; + Bl (u(z))uk,) d,,
—C{ (u))uy,d, = —CY(ul))u;
—D}y(u(y) uyugs, = —DiZ(U(x))umU'i%-
Computing P;} = —PJ. and comparing the coefficients in the derivative of J, we

get the the first part of LemmaIZl The second part of the Lemma, involving second-
order deformations, can be proved in the same way.

Appendix C. Computation of deformations

First of all let us agree about notation: if a function depends only on one vari-
able, we use the symbol ' to express the derivative with respect to that variable;
otherwise, if a function depends on more than one variable, we use 9; = 9/du’".
Furthermore, to lighten the notation, the functions D}/, A% and N7, will be writ-
ten without the symbol tilde. Finally, the subscript f, means the derivative of f
with respect to the independent variable .

Remark. All the proofs of Theorems[8HI2]are obtained by direct (and cumbersome)
computations. For this reason, we are going to discuss in detail only the proof of
Theorem [8] while we give just a sketch of the proof for the remaining theorems.

Proof of Theorem

We start with deformations of order 1. Imposing the skew-symmetry conditions
given by Lemma [7] the number of unknown functions is 12. In particular, apart
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from A = A?? = 0, all the coefficients can be written in terms of A*', B/, C?', D%,
fori,j,k =1,2and i > j. The Jacobi condition [Po(l), Py] = 0 implies

11 _ 22 _ 21 _ 21 _ 21 __
Bl _Bl _Cl _Dll_D12_07

B =A%, BE—r, CP—p, Di—g,

where p, ¢, are functions depending on u?. The bivector P; reads
0 o2\ &2 1 g2\ g 1 12
P = 12 i 621 522 -+ 721 722 ’
—o 0 ) dx gt B dx vy

Oél2 _ _14217 511 — B211u2 ﬁ12 _ (Bgl o 821421)1,6926 o (A21>m7

x?

where

1
B = A%y + B, B2 =l 4" =SB,

1
7= (B =A™ )u), —puz, — (), 7" = pug, +q(u3)’, 7 = S0rug),.

Among all these deformations, we have to exclude those that are obtained by in-
finitesimal Miura transformation. In order to do this, we need to take an arbitrary
vector field X of degree 1, that is

1 11, 2\,1 1 2y, 2
X:(X)Z(Xl(u,u)uw+X2(u,u)u§>. (49)

X2 X (ut, u?)ul + X2 (ut, u?)u

The Lie derivative of P." among X leads to a bivector () of the form

' 0 62\ & o2\ 4 P
— Liex PV = il @
@ =LiexTy (—(blz 0 ) a2 n*t 0 ) dx * 0o 0)’ (50)

where
¢ = X7, M =20X] -0 X)uZ, 0= (XD), + (0.X] - 01X3)

= o X2l — o X322, = ((0uX) — 0 X0)ud)
1'% = (0o X? — 01 X2)u?)

Even if the vector field X depends on four functions, in ) we have only three
functions, since X| and X3 appear always together as 9, X — 9, X;. At this point,

it is not difficult to see that we can eliminate the part of the deformation which
involves the functions A?', B!, B3!: it is sufficient to consider the vector field X in
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the form such that A*! = —X?, B! = 2(0,X] — 0,X3), B* = —9,X3. Therefore,
the deformations of order 1 leads to P = PO(I) + P + O(e?), where

(0 gy
Ve b a2 2+ ), )

Now we consider deformations of order 2. In this case, thanks to Lemmal[7, the
number of unknown functions of u', u? is 30: all the coefficients can be written in
terms of E¥, F?, GY, H}l, L3, M2!, N2, , fori,j k,I,m,s = 1,2and j < i and
m <[ < k. The Jacobi condition 2[P0(1), Py] + [Py, P\] = 0 implies

GI? = Hif = H = L3 = M = Mi} = Nty = Nify = r =0,
1 1 1 1
G3l =OiE",  HY = OFY, Hip = ooy, Hi = 0" + 250Gy

1
—3P4; My = —p*,

E2—¢ GP=g HE=h [&=1—2"%)

1 1
Hiz = 700,E" + 506Gy, Niy =

Mgy =m —2p(p) +3q)u', Ny =n—2(pqd + ¢*)u',

where e, g, h, [, m, n are functions depending on u?. Then, a generic solution for P,
is given by

11 12\ 43 11 12\ 2 11 12\ 4 1,12
Py = Ck21 a22 7.3 + ﬁ21 ﬁ22 7.2 + 721 722 —t 7721 7722 )
ar o* | dx g %) dx v A% ) da n*t n

where
all — EH, a12 _ a21 _ E21, a22 =e, Bll _ S(Ell)m’
3
B2 =3(E*), — (FPul + FF?), p* =l + FfY?, g2 = §e’u§,,
and
1 1 1
= (e qaat )+ (jo0E" Gl ) ubid
+Gy g, + Gylug, + Hop (uz)?,
Y2 = (30,E* —2F + GaMul, + (305 E* — 20, Fyt + HY)(u?)?
+(40, B — 2FM Yl + (60,0, E* — 0y F3' — 20, F2 Yulu?

3
-+ (38%E21 - 5811 121) (u;)z,
1
o= 0B u, +Gilul, + 5511“'121(%1@)2 + 01 F5 gl 4 Hiy (ul)?,
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v = hug, + g(uy)?,

1 1 1 1 1
7]11 = (5822G11 + 581H2121 - 5818§E11) ui(ui)z + <§G11 - ZﬁlEn) uzlnmm

1 1 1 1 1
+ <501G%1 + 582G%1 — 50182E11) uiufm + (56%1 — Z@Ell) uim

1 3 1 1

i (502051 L Za;EH) W, + (—gafE” i Zafay) (u))?
3 3 1 1

i (Zalazail _ gafaQEﬂ) () + (5021%1; _ Zag’E”) (u2)’

1 1
i (@G}l - §ala2EH) 2l (&G}l - §afEH) wlil
M2 = QOE — PRV (Y — F2 4+ G2t 2Pl — i,
+(302E" — 30, FF + 0,G2 + 2HZ) 4 2p(p' + 3q)u* — m)ulu?,
1 3
¥ <8fE21 - iafFfl) () + (3(9;@2];21 - 50152521) ()2
+(4R B — 20, FP Yulul + (40,0, E*' — 20, FP' )utul,
H(3010, E* — 0 FF — 0,2 + 0,G2 + p*)ulbu?,
+(381822E21 — 8182F221 — 822F121 + 81H2221 —|—pq)u}c(ui)2
HOBEM — 05 F) + 0y H3y +2(pq + ¢*)u' —n)(u3)?,
21,2 2

+(n—2(pq' + ¢*)u')(ul)?,

11 1 3 L, 1
n*? = (§g — Ze/) u?,, + (59/ +h— Zeﬁ) uZ ul + <§h/ - Zem) (uz)’.

In this case, the action of Miura subgroup of infinitesimal transformations is
more complicated. Indeed, we have to exclude deformations given by

Q = Liey P, + LiezP\", suchthat LieyP") =0

where now P, is given by

- 0 —puz, — q(uz)’®

P = 2 22 ’

Pl + q(us) 0
since r = (. First of all we have to find Y of degree 1 such that LieyPo(l) = 0, that
is, we have to bring the coefficients of (50) to zero. This leads to
Yi=0W(u', u)ul + oW (u, u?)u?, Y =V (u?)u,

for arbitrary functions V, W. A generic vector field Z of degree 2 is given by

7 (21 _ (D + Za(we)” + Zyugug + Zi(up)* + Zgug, 51
C\z?2) \Z2l 4+ Z2(ul)? + Z2ulud + 22 (uP)P 4 223, ) GD)
1 %zx 2\Mx 3YxYx 4\ Yz 5 Yxx
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where Z! fori = 1,2, j = 1,...,5 are arbitrary functions depending on u', u*. By
stralghtforward computation, Q Liey P, + Lie ZP is given by
o2\ B 112 1 412 1,12
Q= Iu21 g -3t V21 . 2+ ¢21 ¢ 'I' w21 v ’

L 0 ) dz v dz ) Y 0

where
,ull = _Qlea ,ul ,u Z12a it = —B(le)x,
%2zl + 2 - 3(Z)., v = 27l - 2,

and
' = (201Zy — 301 Z1)(u})? + (202 Z5 — 2q0.W — 20, Z; — 305Z1)(u2)?

+(405 75 — 6010271 Yulu? + (273 — 2p0oW — 201 Z3 — 30,71 )u?,

+(4Zy — 500 Z ) Uy,
12 _ 2 2 2 _ 2 2y, 2

(482Z2 — 6818222 + 81Z2)u U + (381ZZ2 — 38%Z12)(ui)2

HgOW —qV — O Z; + 20,235 — 305 27) (u})?,
¢* = (W —qV =0 Z5)(u})? — D Z3(uy)? — D1 Zgugui — h Ziu

+(pOW —pV — 01 Z2)u?,,

P = (30,75 — pOaW — pV' — 200, W — p'OW — 010,74 — 2017} — 303771 )uu?,

+(A01 Zy — 407 ZY yubus, + (2Zy — 200 Z) Yy + (40225 — 4010221 )utul,

3

(0273 — qOPW — 'O, W — 0,057} — O3 Z1)(u2)? + (0223 — B Z1) (ul)
+(Z3 — pOW — 0123 — 0, Z} )2, + (3010025 — 3070577 ) (ul)*u?
+(010575 + 2057y — q010.W — 02 Z} — 30105 71 )ul (u?)?
(O 23 — p0yOW — B2 ZY — 30,0, 7} 4 20,73 )utu?,,
V2 = (pOIW — OPZ2 + 0,73 — 3010, 77 + 20,73 uln?, + (0123 — 03 77) (ul)?
(0523 — 'V + ¢ OW —2qV" + q010.W — pV" — 0,0, 73 — 6322)(u§)3
(22— pV + pOW — 0y Z2 — 0722 2, + (40, 22 — 407 73 )ul!
+ (40525 — 40100 73 Yk, + (3010275 — 307077 ) (ul ),
+(273 =200 2l + (W OW — p'V —2qV — 3pv’ — 20,72
+2gO0W + p01OsW — 010522 + 305735 — 305 27 )uu?,
(W — O Z] 4+ 010572 + 20573 — 30,05 27 )u (u?)?,
W= (Vig+ V'p)(ud)? + 2Vipulnl,

fE.CB.CE
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Comparing the action of Miura subgroup of infinitesimal transformations with the
deformations we have obtained, one can see that all the 9 functions depending on
two variables in the deformations can be obtained via infinitesimal Miura transfor-
mation. In particular one has to consider the following relations among the vector
tields and the coefficients of the deformations:

EY =27 E*=-77 FM=-27} F}'=-73
Gt =4Zy — 50,73, Gy =275 —2p0,W — 20,73 — 30,77,
Gt =p(OW = V) = Z;, Hy =qdW =V) -7,
Hyy = 20,73 — 2q0,W — 20,7} — 303 7.
At this point, P, reads

0 0 43 0 0 d? 0 O d 0 nt?
Py = 2| 33t 2| o2t 2| ot 12 .22 ]
0 o**) da? 0 pB%*) dx? 0 v*) dx -nt?

22

where

= cuiw + e(u2)2,

3
2 2 9 2
at=e fU=ceu, v z

n'? = 2p*u' — Dul,, + (2u' (pd + @) +pV" + V' —n) (u2) + pPulul,
+ (2pu' (3q + ') + 2pV" — m) uduZ, + pqug(ul)?,

1 1 1 3 1 1
7722 = (59 - 16/) uazcxx + (Qg, - 16” + h’) u:2cu:2c:c + <§h, - 16”/) (u:2c)3
The extra freedom due to the function V" allows us to set equal to zero one of the
two functions n or g. The theorem is proved.

Proof of Theorem

The proof of Theorem 9 can be obtained in the same way as Theorem|[8 Due to the
lack of space, we are not going to discuss in detail the part of the proof related to
second-order deformations, but we give only a sketch of such proof.

We start with deformations of order 1. As in the previous case, apart from
A" = A?2 = (), all the coefficients can be written in terms of A%!, B}/, C?!, D3, for
i,7,k = 1,2 and i > j, thanks to the skew-symmetry conditions given by Lemma
The Jacobi condition [P{", P,] = 0 implies

A21 8A21
Bll=BP=C3' =0, Bl'=o4", oF=-"1 pi=- 20
D2l — _81331 B2 — _2A2l . 21 _ By S
12 ul ) 2 ul (u1)3 ) 22 2U1 (U1)3 ’

39



where r, s are functions depending on u?. The bivector P; reads
0 a2\ &2 1 g2\ g 1 .12
P= 12 P 521 522 P 721 722 ’
-« 0 ) dx g %) dx vy

Oé12 _ —A21, 611 — B;lu2 512 _ —81A21U£1E + (B221 o 202/121)'&%,

x?

21
5% = 9, A%l + B2y2, B2 = ( ro 24 )“iv

where

) (u1)3 ul
and
= g (B, + OByl + ,BY ()?)
7o = By (o - 00 + B ) a4 2o,

Bl s
N Y

21 _ (B_zn S >( 2)2_81A21(u1)2_B_221 L AP

2ul (ul)i’) z ul T

(A RAT s N (e AT
(u1)2 ul 2(u1)4 T 2(u1)3 ul T

827” 821421 212

+ (2(u1)3 - ul (ux) .

The deformations that can be obtained by infinitesimal Miura transformation are

given by
Q:LieXPo(l):< L WA S el WA R
_¢12 0 d[lf2 ,)721 ,)722 dz lu21 ,U22 ’
where
0 = X%,

Xl
g = o <82X11 —oX - u_2) 2

1

X] - X3
n? = hXju, + (282X12—81X§+71 ; 2)u§,
u

ul

22 2X7

n - ul u"ﬂ’

Xt — X2
7= <71 : —alxg) 2~ 0 X7,
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Xl
,Ull = <0§X11 — 8182X21 — a2u 2) (U2)2 +

=) e (
X21>12

01 X}
1 a2yl Y9149
X1 — 0, X3 X2 0L X}

12 2 v2 2 142 2432 2 2\2 147 142
e G R e s
" (alazxf ~ oz 4 2N 20 ) ube? — X

ul z yl e
X! - X2
w(oxt-axg+ T2,
u
01 X? Xz Xi-Xx2 X?
21 149 1\2 1432 1 2 1,2 1,1
H - ul (ux> - <_ ul + <u1>2 )uxux—i_?u:c:c
X —0Xy X5 5o
_'_( ul - (u1>2 (ux> ’
0, X? X? Dy X? X?
2 147 1 1,2 241 2\2 | M1 2
H - < u1 (u1)2) umux_'_ < ul ) (ux> + ul umm'

Also this time, we can eliminate the part of the deformation which involves the
functions A%, BJ!, B3'. Indeed, it is sufficient to consider the vector field X such
that

Xl Xl _ X2
A= _x2 Blt=2 (aQX} — Xy — 2) , BP="1 "% 9 X2

ul ul

Thus, the deformations of order 1 leads to P = Po(l) +eP + O(e?), where

1 = s r T :
W(Ui)z (u1)3u§% +3 (Wui)

In the case of deformations of order 2, thanks to Lemma 7] all the coefficients
can be written in terms of E¥, F2', GY, H,l, L3*, M2}, N2\, , for i, j,k,l,m,s = 1,2
and j <iand m <[ < k. The Jacobi condition 2[P0(1), P + [151, 151] = 0 implies

2 2r2 q 2F%!
g2 _" G2 — 9 E?. G2 — _ G2 — _
2(u1)4’ 1 1 ) 1 (u1)5’ 2 (ul) ul
o, E" 19sr  EY  (u')?0,HZ%
21 21 1 21 21 22 21y, 1 14499
o, F2 1572 HLGH  0,0,EM 1 [30,E"
21 _ Y141 22 11 _ Y24 1092 2 11
Hll - 9 Hll - 2(u1)67 H12 - 9 + 4 + 2l ( 9 o G2 ) )
11 — 4 + 2 ) 12 — (u1)2 + ul - 2(u1>5 2 -9,
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1 [30,E% OB it 9.0, B2t ulo: H22
H12—E< 5 — Iy = 3 + 4)—|— 5 — 1 — HZ
n Jo ~ 19sr 21 _ _E_21 o 27
2(u)?  12(ut)s’ W T 3
o, g2 _ 21 Jot 9sp e 5 B!
o1 _ O | " ! Lo
M= M=y Ty (T—Fz T )
1 0 Ell 18 H22
Moy = ( 5 +30E - 3F§1) +OE" — OF; — 2HE -~
+ EY 3lsr o1 ST+ 13rs N 1 (GYY OEM
W2 6(ul)’ 2 = Tl i 1
HEY s +13rs 1 [(0,GY 0,0,EY o, 2!
21 1 o1 s :
Nigy = Wh2 — 6(ul)p ta 5 T a4 H3y ), Nip = — o

257 1 1 1\2 11 11 1 1 Hzlé 8§E11
N22212 = (u1)5 + (u1)4 <n+ 5/((u ) (82G2 —H22)) du + E T - 4 5

OHHZ 1 (2F2 50,EM  GU EY 3lsr
N2 — 22 2 T g pn)
12 6 e\ 3 T 12 CRERBTIODL
L (2HE  00:EY  RE" | 5GY
u' \ 3 3 24 12 )’

where g, n are arbitrary functions depending on u?. We can exclude deformations
given by the action of Miura subgroup of infinitesimal transformations of the form
Q = Liey P, + Lie ZP(I), where Z is a generic vector field of degree 2 (51) and Y is a
vector field of degree 1 (49) satisfying the condition LieyPo(l) = 0, namely

oW 2
ul Uy

v (8%Wu; + (D10, — 2WV) u2>

here W = W (u',u?), V = V(u?) are arbitrary functions.

Comparing the action of Miura subgroup with the deformations we have ob-
tained, the functions depending on two variables in the deformations can be ob-
tained via infinitesimal Miura transformation. In particular one has to consider
the following relations among the vector fields and the coefficients of the deforma-
tions:

Zg + le i 7“8182W T’(V — 82W)

11 _ 1 21 2 21 2

273
Rl =273, G' =42y =502y, Gyl =2Zy — 0iZ5) =307y — —,

1
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25010,W  2s(0W =V 2(0Z) —2Z})
R S
Zs = 221 - %)

H21 _
22 — 1
u

(u11>4 (T v _282W) +r(V! = W) - s@lG) +

1 010 W
v (mlagw + sPW + %) — 0,72,
37’(82G — F) _ 27"8182G 2(Z32 — 82Z12)
(u1)5 (u1)4 ul :
Furthermore, the function n(u?) can be reduced to zero choosing an infinitesimal
Miura transformation given by

22
H22 -

Yieyioz2—0, Z'=_
By straightforward computation, this leads to (28).

Proof of Theorem

The skew-symmetry conditions given by Lemma[Z/lreduce the number of unknown
functions to 48. In particular, apart from A” = 0 for i = 1,2, 3, all the coefficients
can be written in terms of A™, B/, Cj™, Dy, fori,j,k=1,2and i > jand m > 1.

The Jacobi condition [PO(I), Py] = 0 implies
A = A2 = B3 = B3l = B3 = B3 = B = B = B¥ =0,

31 31 32 32 . 3l . 3l . 3l . 32 . 32 . 32

Cl _02 _Cl _02 _Dll_D12_D22_D11_D12_D22_07

22
By’

Bi' = 20,A*" — B! — / (0B5° + 0, B") du' =28y, By = CY' = By — ==,

BZl 8322 0321
B§1:72+/ =2 _5 =L du' - CF + By,

og’lz%?m—/aﬁ%z;aﬁlm du' — C2' — B, 0§2:c§1+37§2,

O.BY  9\BY + 0,BY

D = 09,07 —

2 4 ’
D21 _ 820121 - 823222 + 010221 - 023%1 + 813221
12 2 4 )
CH + Fy 0B o1 D33
R S [ Y
D2} = 0,02' + 025y 181351 — / 2By Z 0255 du' — AT + 0l ; aZFQ,
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D23 = 2 + 4 )
3 _ DB — 0,C% N 0, B2 D _ OO — By 0By
13 2 4 13 2 4
ppy - 2BL, [BBLRER Gl 0CF
0,021 9,B?' + 9,B?' + 9, B22
D32 = 122 _ by 241 + o 2 Dggz_/alpg§du2+Fl,

where F; = Fy(u',u?) and Fy = Fy(u?, u?).

The deformations that can be eliminated are given by () = Lie XP()(g), where each
component of the vector field X = (X', X2 X3)'is givenby X = 3> _ X7 (u!, u?, u?)u™.
By straightforward computation, comparing the action of Miura subgroup with
the deformations we have obtained, we can reduce the functions Bi!, B3!, B%?,

c#, 3, C2, D2, D3, to zero, choosing the vector field X such that

By' =2X;, B'=X;- X/, B=-2X} C!'=-X} 0'=-XJ,

C3'=X; — X3, D33 =0X3+0,X;— X —05X5, D =0X;.

A suitable choice of the vector field allows also to set the function F; equal to zero.
It is sufficient to consider X such that

x?

Xt = X3ul +2 ( / 3 X3 dul) ud, X=X XP = X3P

where X5 = — [ Fy du'. At this point the deformations depend on A?!, By, BY',
B3', B?, B3?, F». Remarkably, the function F; never appears alone, but always as
[ 9.B3% du' + 2F,. Let us introduce a new function r = r(u', u* u?) such that this
object can be replaced by dyr(u', u?, u*), namely

r(ut,u? u?) = /Bgz(ul,uQ,u?’) du' +2/F2(u2,u3) du?.

Thus, we have B3? = 0ir, and setting B! = 9;s, A* = q, By = b!, B3 = b%,
B = 12?2, we obtain exactly (29).
Proof of Theorem [I1]

Apart from A% for i = 1,2, 3, all the coefficients can be written in terms of A™, B,ij ,
cmt, Dpmt for i, j,k = 1,2 and i > j and m > [.The Jacobi condition P, P =0

ji’

implies
Bi'=BE=BP=B8=C/ =D}, =Dj,=DY%, =0 for i>j
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B =0,A*, B'=0,4%, A% =aq,
B,ij:sz for i>7>2 and k=23,
CY=c/ for i>j and k=23,
DY =4

ml — “ml

for i>j and 2<m<lI,

where the functions labelled with lowercase letters a, sz, cfj, e depend on u?, u®.

ml

The action of Miura subgroup of infinitesimal transformations allows us to
eliminate the arbitrary functions depending on three variables in the deformations.
Indeed, it is sufficient to consider the vector field X such that the following rela-
tions are satisfied

A21 = —)(127 A31 = —)(137 B]il = —81X,z for i, k = 2,3,

B} =2(0u X] — 01 X}) for k=23
This leads to (B0).

Proof of Theorem [12

As we have already seen, all the coefficients can be written in terms of A™, Blij ,
Cpt, D for 4, j,k = 1,2 and ¢ > j and m > [. The Jacobi condition PV, P =0
implies
Bl'=BP=B’=BP=Cy'=Cl'=C'=C”=CF =0,
Dj; = Dy = D}y = D}y = DV} = Dj5 = D5 = Dy, = Dz = D3 = D3 =0
B??

BY =204 - BY), B = 0,4% - L B oM, B = 04",

B = A%, By =0,A", B =0, B’= / 9y B3 du' + Bs,

0, Bl O\ B2 — 0, BY
B§1:Bl+82+/<03331+ 223)du1+/ 3 5 S du?,

Bll
CY' = BY —0,A%, (3 =B, — 0;A” + / (angl &0 N ) du' + ¢,

Cf =¥, CP = DH = 0B - 0 A%, D = 0,1 - 0,0,4%,
OoBy — Dp05 A2 N / (agangl N 8%3;1) .

Dy = 9 9 A

21 21 21 82B§1 31 31 32 32

0,0, B!
2

DY = outs, — A7 + [ ( " angl) du' + &,
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where B = By (ul,u?), By = By(u?,u?), B3 = Bs(u?,u?) and b, €, ¢, for i > j, are
arbitrary functions of u?.

Comparing the action of subgroup of infinitesimal transformations with the
deformations we have obtained, the arbitrary functions depending on three vari-
ables in the deformations can be obtained via infinitesimal Miura transformation.
Indeed, it is sufficient to consider the vector field X such that the following rela-
tions are satisfied

A= X5 - X7, AM =X}, A?=-X] B'=2%X]-0X;3),

BY' = 201X, — 0,X| —0.X7, BY =2(0,X; — 0 X7),
B = 2(05X5 — 0,X3), Bj' = —01Xj.
Once we have eliminated the functions depending on three variables, a deeper
analysis of the Miura subgroup of infinitesimal transformations allows also to
bring the three functions B;, i = 1,2,3, to zero, choosing a vector field X such

that
X = —ui/BgdUQ, X? = —ui/Bldul, X3 = —ui/BgdUQ.

By straightforward computation, the deformation leads to

00 O d 0 —2 43
Pl - 0 0 0 % + ’}/21 0 —732
0 0 533 ,}/31 732 ,}/33

with .
B = bl A= (), oY =), (0> ),

x) 2 x rx

where b, ¢ €, for i > j, are arbitrary functions of v®. Finally, choosing a vector
tield X such that

X' = —f(P)uud, X?=fuiu'ud, X*=0,

x’ x)

we have
0 —f'(u3)? = ful, 0
LiexPo = | f/(u)* + fu, 0 0
0 0 0

Thus, the freedom in f allows us to eliminate one of the functions ¢! or ¢!
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