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Abstract

We show that a compact complex surface which admits a con-
formally Kéhler metric g of positive orthogonal holomorphic bisec-
tional curvature is biholomorphic to the complex projective plane.
In addition, if g is a Hermitian metric which is Einstein, then the bi-
holomorphism can be chosen to be an isometry via which ¢ becomes
a multiple of the Fubini-Study metric.

1 Introduction

Let (M, ]) be a complex manifold. A Riemannian metric ¢ on M is called
a Hermitian metric if the complex structure | : TM — TM is an orthogonal
transformation at every point on M with respect to the metric g, that is,
g(X,Y) = g(JX,]Y) for tangent vectors X,Y € T,M for all p € M. In
this case, the triple (M, J,g) is called a Hermitian manifold. The compati-
bility between the complex structure and the metrics allows one to define
further notions of curvature:

1. The holomorphic sectional curvature in the direction of a unit tangent
vector X is defined by

H(X) := Rm(X, JX, X, ]X) = g(R(X, JX)] X, X)
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Thus, H(X) is the sectional curvature of the complex line (i.e. the
J-invariant real plane) spanned by the real basis {U, JU}. One can
also think of this as the restriction of the sectional curvature function
on the Grassmannian of real 2-planes G, (T, M) to the Grassmannian
of complex lines GE(T,M), i.e. the CP,_;-many complex lines at a
point:

H:GHT,M) — R.

As an example, the complex projective spaces CIP,, with Fubini-
Study metric are of constant positive holomorphic curvature 4. In
general, the sectional curvatures lie in the interval [1,4] and a plane
has sectional curvature 4 precisely when it is a complex line.

2. The holomorphic bisectional curvature associated to a given pair of unit
vectors X,Y € TpyM is defined as

H(X,Y) :=Rm(X,]X,Y,JY) = g(R(X,JX)]Y,Y).

Note that the holomorphic sectional curvature is determined by the
holomorphic bisectional curvature as

H(X) = H(X, X). (1)

Many results are known about holomorphic sectional and bisectional
curvatures in the literature when the Hermitian metric g is Kihler, i.e.
when V] = 0. Kéhler metrics have holonomy in U(n), which allows us
to write the bisectional curvature as a sum of two sectional curvatures as
follows:

H(X,Y) =K(X,Y) +K(X,]Y) (2)

where K(-, -) stands for the sectional curvatures (hence the name “bisec-
tional”).

The Uniformization Theorem [Haws3,Igus4] asserts that a complete
Kéhler manifold of constant holomorphic sectional curvature A is neces-
sarily a quotient of one of the following three models,

1. A >0 == CIP, endowed with Fubini-Study metric.

2. A=0 = (C" endowed with flat metric.



3. A<0 = D" CcC" endowed with hyperbolic metric.

In particular such a metric has to be Einstein, i.e. of constant Ricci cur-
vature. Moreover, a complete Kidhler manifold of positive constant holo-
morphic sectional curvature is simply connected by [Syn36,Kob61]. This
means that there is no quotient in the first case.

Once the constant curvature case has been settled, one immediately
wonders what can be said about the non-constant case. In this direction,
we know that the positivity of bisectional curvature uniquely determines
the biholomorphism type:

Theorem 1.1 (Frankel Conjecture, Siu-Yau Theorem [SY80]). Every com-
pact Kihler manifold of positive bisectional holomorphic curvature is biholomor-
phic to the complex projective space.

This theorem does not, however, specify the metric in question. Nev-
ertheless, if we in addition assume that the metric is Einstein, then the
metric is unique, too:

Theorem 1.2 ( [Ber6s, GK67]). An n-dimensional compact connected Kihler
manifold with an Einstein (or constant scalar curvature) metric of positive holo-
morphic bisectional curvature is globally isometric to CIP,, with the Fubini-Study
metric up to rescaling.

In this paper we will show in 4-dimensions that the hypothesis of
these theorems can be relaxed. Our main theorem is as follows:

Theorem If a compact complex surface (M,]) admits a conformally
Kéhler metric of positive orthogonal holomorphic bisectional curvature,
then it is biholomorphically equivalent to the complex projective plane CIP;.

Here, a Hermitian metric g is said to have positive orthogonal holomor-
phic bisectional curvature if the bisectional holomorphic curvature of any
two complex lines in every tangent space are positive, i.e.

H(X,Y) >0

whenever X | Y and JY. Thus, for example, if the metric g is Kihler,
equations (@ and (@) imply that positivity of sectional curvature implies



that of holomorphic bisectional curvature, which in turn implies positiv-
ity of holomorphic sectional curvature. The positivity of orthogonal holo-
morphic bisectional curvature is in some sense a complementary condi-
tion to the latter. None of the converse directions is in general true. On
the other hand, if the metric is not Kédhler, but merely Hermitian, then the
holonomy of the metric is not in U(2), and hence the equation (2) does
not hold; therefore, positivity of the sectional curvature does not imply
the positivity of the bisectional curvature.

A metric g is called conformally Kihler if the conformally rescaled met-
ric ug is Kéhler, where u is a positive smooth function. On a compact
manifold, if ¢ is Kdhler to begin with, ug will most definitely not be
Kéhler (with respect to the same complex structure []) unless u is identi-
cally constant. Our theorem has the following nice application.

Corollary 33 If (M, ], g) is a Hermitian manifold and g is an Einstein metric
of positive orthogonal bisectional curvature. Then there is a biholomorphism be-
tween M and CIP, via which g becomes the Fubini-Study metric up to rescaling.

We remark in passing that the 4-dimensional version of the Frankel
Conjecture had already been proven by Andreotti [Ands7] in 1957. Also,
in [Koc12,Koc14], the second author obtained a result analogous to Corol-
lary 3z with the positivity assumption on the sectional curvature.

Acknowledgements. The authors would like to thank Claude LeBrun for
suggesting us this problem, and for his help and encouragement. The au-
thors also thank F. Belgun, Peng Wu for useful inquiries, and the referee
for useful remarks which greatly improved the original manuscript. This
work is partially supported by the grant §113F159 of Tiibitalk.

'Here one should insist on being Kéhler with respect to the same complex structure.
As an example, the Page metric on CIP, CP, has an orientation-reversing conformal
map, consequently has two different conformal rescalings which are Kéhler but for
different complex structures. Interested reader may consult to [ACG] and related papers
for more regarding this situation.

*Turkish science and research council.



2 Bisectional curvature and Weitzenbock formula

In order to better understand the bisectional curvature of Hermitian met-
rics which are not Kihler, it is crucial to describe a way of computing
this curvature using 2-forms. Let X,Y be two unit tangent vectors on a
Hermitian 4-manifold (M, ], g) . Then

H(X,Y) = (R(X AJX),Y AJY)

where R : A2TM — A2TM is the curvature operator acting on 2-vectors.
Note that X A JX and Y A JY correspond to two complex lines generated
by {X,JX} and {Y,]JY}. We next describe a useful interpretation of the
planes in the tangent space via 2-forms. Sectional curvatures at a point
p € M can be thought as a function on the Grassmannian of oriented two
planes in the corresponding tangent space:

K: G (T,M) — R.

In dimension 4 it is well-known that one can describe this Grassman-
nian in terms of 2-forms as [Via11]

Gy (TyM) = {(a,B) € (AL DA2),: |a| = |B| =1/V2} ~ 5> x §?

where A% stands for the self-dual and anti-self-dual 2-forms, i.e. A3 =
{¢p € A2 : x¢p = +¢}, where x is the Hodge-* operator determined by
the metric g. More explicitly, given an oriented plane in T, M, one can
choose a unique orthogonal basis {e1,e2}, such that the wedge of their
duals (with respect to g) e! Ae? € A? is decomposable uniquely in such
a way that e Ae? = a + B wherea € A2, B € A2, |a| = |B] = 1/V2.
Conversely, starting with a decomposable 2-form w € A2 ie. w = O A6
for some 0,6 € A, the duals {6%,6*} give an oriented basis for a plane.

In this correspondence, a complex line in T,M corresponds to a 2-
form of the form 4 + ¢ for an anti-self-dual 2-form ¢ € (A2 ), with |¢| =
1/v/2, where w € A? is the associated (1,1)-form of the Hermitian metric

g, ie w(-,-) = g(J-,-). Notice that |w| = +/2. With this correspondence
in mind, we see that, given two unit tangent vectors X,Y € T,M we can
express the holomorphic bisectional curvature as

H(X,Y) = <R<%+(p>,%+tp>
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where the anti-self-dual forms ¢, € (A2 ), of length 1/ /2 correspond
to the complex lines spanned by the real bases {X, JX} and {Y,]JY}, re-
spectively. Here, R : A> — A? is the curvature operator on 2-forms.

Let us recall the decomposition of the curvature operator R : A —
A%, 1f (M, g) is any oriented 4-manifold, then the decomposition A? =
A% @ A2 implies that the curvature operator R can be decomposed as

Wi + 35 7
R = (3)
oWty

where W4 is the self-dual/anti-self-dual Weyl curvature tensor, s is the
scalar curvature and 7 stands for the tracefree part of the Ricci curvature
tensor r acting on 2-forms. Note that R is a self-adjoint operator.

Lemma 2.1. Let (M, ], g) be a Hermitian manifold. If ¢ has positive orthogonal
holomorphic bisectional curvature, then so does any other conformally equivalent
metric ug.

Proof. Let w be the associated (1,1)-form of g. For any ¢ € A_ with
plg =1/ V2, the 2-forms % + ¢ and § — ¢ are orthogonal with respect
two the metric; and hence, they represent orthogonal complex lines in the
tangent space. Therefore, a Hermitian metric ¢ has positive orthogonal
holomorphic bisectional curvature if and only if

®R(3+9).3 -9 >0

for any ¢ € A_ with (pointwise) norm |¢|g = 1/v/2. On the other hand,
using the decomposition of the curvature tensor, and the fact that R is a

self-adjoint operator we see that
w

R(5+9), 50 =W (5),5)—W-(0),0)>0 @

However, this condition is indeed conformally invariant. More precisely,
for a conformally related metric § = ug we have

w

W (5) 50— @) = 5 (W (5) e~ W- (), 0]



where @ = uw and ¢ = u¢. Kihler form of the new metric and the
representative 2-form of the plane are different from the originals. They
both rescale to keep their norms fixed. Thus, by the same argument, ¢
has positive orthogonal holomorphic bisectional curvature. O

The following formula will be used:

Theorem 2.2 (Weitzenbock Formula [Bou81l]). On a Riemannian manifold,
the Hodge/modern Laplacian can be expressed in terms of the connection/rough
Laplacian as

(d+d) = V'V —2W + 7 5)

where V is the Riemannian connection and W is the Weyl curvature tensor.

Lemma 2.3. Let (M, ]) be a compact complex surface equipped with a con-
formally Kihler metric g which has positive orthogonal holomorphic bisectional

curvature. Then the intersection form on the second cohomology of M is positive
definite.

In other words, the Betti number b2, which stands for the number
of negative eigenvalues of the cup product on H>(M, R), is zero. Recall
that, by Hodge theory, b is the number is equal to the dimension of
anti-self-dual harmonic 2-forms on the Riemannian manifold (M, g).

Proof. Without loss of generality, we may assume that the conformally
Kéhler metric g is indeed Kiihler with Kéhler form w, by Lemma 11 For
Kéhler metrics, w is an eigenvector of W, with eigenvalue %, that is,

52t
W (@), @) = Sl =5, ©
by () applied to w, or see [Der83].
Now, let ¢ any a be harmonic anti-self-dual 2-form. We claim that ¢
is identically zero. If not, then the “non-vanishing” set V := {¢ # 0}
is non-empty. If we apply the Weitzenbock formula with the harmonic
2-form 7 + ¢, we get

e W w w

Wl ®»



Now, using the fact that Vw = 0 (Kéhler condition) and taking the L;-
inner product with 3§ — ¢ we obtain

_ 2, — AR S (Ll 2
0=~ [ 1VoPug—2 [ Wi (), %)~ W-ohg) e+ [ 5 (145 1ol an
Now using (6) in the second integral above yields

0=— [ IVoPaus+2 [ ({W-(9).0)—Zlol)dps. @

We claim that the second integral is negative if V is non-empty.

First of all, the integrand (W_(¢), ¢) — £|¢|> < 0 on all of M: Outside
V, ¢ is zero; therefore, the inequality is trivially satisfied. On the other
hand, on V, ¢ is non-zero, thus at every point p € V we can consider the
rescaled form ¢ = %% which has the desired norm 1/+/2. Since g has

positive orthogonal holomorphic bisectional curvature, by (@) applied to
@, we have

ol 2 =\ 2 WY Wy _ 5
(W-(9), @) =2l (W-(9), §) < 2P W, (). 5) = 2lol
Hence, on a small ball around p, the integral of (W_(¢), ¢) — £|¢|* is

strictly negative. This implies that [,,(W_(¢), ¢) — £|¢[*duy < 0, and
thus, from (7), we arrive at

| IVoPdng <0

which is absurd. This contradiction shows that V must be empty, and

therefore ¢ is identically zero, and hence b> = 0. Since we are on a
compact manifold of Kahler type, we have b2 > 1. Thus, the intersection
form is positive definite. O



3 Main Result and a Corollary

In this section we will prove our main result:

Theorem 3.1. If a compact complex surface (M, J) admits a conformally Kahler
metric g of positive orthogonal holomorphic bisectional curvature, then it
is biholomorphically equivalent to the complex projective plane CIP.

Proof. As before, without loss of generality we may assume that g is
Kiihler, by Lemma Moreover, by Lemma b2 = 0. In particular,
(M, ]) is a minimal complex surface, namely it cannot have any rational
curve of self intersection —1.

Moreover, all plurigenera of (M, J) are zero by Yau’s Plurigenera Van-
ishing Theorem [Yau74]. To see this, first note that, if ¢ € I'(K™) (m > 0)
is a non-zero holomorphic section of m-th power of the canonical bundle
K of M, then its zero locus has area

—mecy - [w] > 0. (8)

On the other hand, when the Kédhler metric has positive orthogonal holo-
morphic bisectional curvature, its scalar curvature must be positive, because
at every point p € M, we have by (g) that

5= W (5),5) > (W_(9),9) >0

for some non-zero ¢ in the eigenspace, for some positive eigenvalue of
W_. Note that such an eigenvalue exists, because W_ is trace-free.

Since s > 0 on M, the the total scalar curvature, i.e. f MS du, must be
positive. However, [, ,sdu = 47cy - [w] > 0, and this contradicts to (§).

Since all plurigenera vanish, the Kodaira dimension of (M, J) must be
—oo0. Moreover, since the intersection form is positive definite, M can-
not contain a self intersection (—1)-curve, and consequently the surface
must be minimal. Now, by the Enriques-Kodaira classification of compact
complex surfaces [BPVdV84], we see that the (M, J) must be a minimal
rational or a ruled surface. However, since the signature T of M is posi-
tive (as b2 = 0), (M, ]) cannot be a ruled surface, and therefore it must
be the complex projective plane CIP;, as required. O



We would like to conclude the paper with a nice application of our
main theorem. Let (M, ],g) be a compact Hermitian manifold of real
dimension 4. Moreover, assume that g is Einstein. In this case, LeBrun
[LeBogy, Proposition 1] showed that such a metric must be conformally
Kéahler. However, if we in addition assume that g has positive orthogonal
holomorphic bisectional curvature, (M, ]) has to be biholomorphically
equivalent to CIP; and the conformally K&hler metric must indeed be
a Kéahler-Einstein metric to begin with [LeBg7, Theorem 1]. However, by
Matsushima-Lichnerowicz Theorem, the identity component of the isom-
etry group of ¢ must be the maximal compact subgroup of the identity
component of the automorphism group of CIP;, in general for constant
scalar curvature Kédhler spaces [Mats7,Lic57]. It follows that g is indeed
SU(3)-invariant. But, SU(3) acts transitively on CIP, = SU(3)/U(2), and
therefore, up to scale, ¢ must be the Fubini-Study metric, which is the
unique SU(3)-invariant metric on CIP,. This proves our corollary.

Corollary 3.2. If (M, ], g) is a Hermitian manifold and g is an Einstein metric
of positive orthogonal holomorphic bisectional curvature. Then there is a biholo-
morphism between M and CIP, via which g becomes the Fubini-Study metric up
to rescaling.
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