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Subgroups of the upper-triangular matrix group with maximal
derived length and a minimal number of generators

S.P. GLASBY

ABSTRACT. The group U, (F) of all n x n unipotent upper-triangular matrices over F
has derived length d := [log,(n)], equivalently 2= < n < 2¢. We prove that U, (F) has
a 3-generated subgroup of derived length d, and it has a 2-generated subgroup of derived
length d if and only if %2‘1 <n <24

1. INTRODUCTION

Let I be a field and let U, (F) (or U,) denote the group of n x n upper-triangular matrices
over F with 1’s on the main diagonal and 0’s below. If 297! < n < 2¢, then U, has derived
length d and has a subgroup generated by n — 1 elements which also has derived length
d (see [3]). We show in Theorem 2 that U, has a 3-generated subgroup with derived
length d. In Theorem 6 we show that U, has a 2-generated subgroup of derived length d
if and only if %Qd < n < 24 Tt follows that the proportion, 7(N), of n < N such
that U, has a 2-generated subgroup of maximal derived length satisfies % <7m(N) <1,

liminf 7(N) = 37 and limsup 7(N) = 1¢. Theorems 2 and 6 are constructive in the sense

that the generating matrices are explicitly given by recursive formulas.

We shall now introduce some notation and state some well-known properties of U,
(see [3]). The kth term of the lower central series for U, denoted ~;(U,), comprises the
matrices (a;;) € U, with a;; = 01if 0 < j —i < k. Furthermore, the kth term in the

derived series for U, is U\ = Yor (Up).

In the sequel we shall assume that d = [log,(n)] and consider subgroups G of U,, where
GU=Y is not trivial. Let 1 < i < j < n and let X,; € U, be the matrix obtained by
adding row j of the identity matrix, I, to row i (so its (¢, j)th entry is 1). Then

(X, Xkl = X,leXk_,g}Xi,ij,e

equals [ if j < k, and equals X;, if j = k. In order to show that U, has derived length
d for all n satisfying 297! < n < 2%, it suffices to show that (X9, Xo3,..., X, 1,) has
derived length d when n = 297! 4- 1. The latter can be proved using induction on d based
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on the following reasoning
Xi9 = [X15, X5
= [ [X1,37 X3,5]7 [X5,77 X?,Q] ]
- [ [ [Xl,2> X2,3]7 [X3,47 X4,5] ]7 [ [X5,67 X6,7]7 [X7,87 X&Q] ] ]

At the heart of this proof is a binary tree with d layers and 2% — 1 vertices. The vertices
at layer k are the elements Xy ;_1yor-1 144081 Of Ui, If j =1+ (i —1)2%71, then the
vertices X jion-1 and X o1 ;. 0r of layer k are joined to X ; o« on the next layer.

2. 3-GENERATED SUBGROUPS

The idea behind the proof of Theorem 2 is to “re-cycle” vertices of the above binary
tree. For example, the four matrices X o, Xo3, X34, X45 are not needed to show that

Xi5 € U5(2): three matrices suffice as
[[X12, X2 3X54], [X23X34, Xys]] = [X13X14, X35] = Xi5.

The graph at the heart of the proof of Theorem 2 has fewer vertices than the complete
bipartite binary tree with 2% — 1 vertices. It has d layers with 3 vertices per layer, where
the vertices of layer k correspond to elements of G~V Let A, B, C be the matrices
corresponding to the vertices of layer k. Then the commutators [B,C]|, [C,A], [A, B]
correspond to the vertices of layer £ + 1. Thus the edges between layers k and k + 1
form a bipartite graph K, and the full graph is obtained by joining d — 1 copies of K
end-to-end. Our objective is to inductively construct three layer 1 matrices, so that at
least one of the layer d matrices is non-trivial.

Let F' be the free group (x1, x9, x3| ) of rank 3. The following lemma was much harder
to conceive than to prove.

Lemma 1. Let d be a positive integer, and let n = 2971 + 1. Then there exist matrices
Ay, By, C, € Uy, and a word w,(x1, 29, x3) € F9™Y such that

(1) wn(Ana Bna Cn) = Xl,na wn(BnacmAn> = ]7 and wn(CmAm Bn) =1.

Proof. The proof uses induction on d. When d = 1, take wo (21, 22, 3) = x1 and Ay = X o,
By = Cy = I. (More generally, if 73 + s3 + 1> — 3rst # 0 in F where r,s,t € Z, then
we may take wy = xjzixl and find Ay, By,Cy € U, such that (1) holds.) Suppose
that A,, B,,C, € U, and w, € F@Y satisfy (1). We shall construct appropriate
Agy_1, Bop_1,C9y,—1 and wy,_;. Now n = 2971 +1 and 2n — 1 = 2¢ + 1. There is a
surjective homomorphism

e U2n—1 — Un X Un given by W(A) = (A(A%p(A))?

where A(A) is the upper-left n x n submatrix of A, and p(A) is the lower-right n x n
submatrix of A. Note that A(A) and p(A) overlap at the (n,n)th entry of A, which is a 1.
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Choose As,_1, Ba,_1,Cs,_1 € Us,_1 such that
7T(A2n—1) = (An> Bn)a 71-(3271—1) = (Bna Cn)a 7T(02n—1) = (Ona An)
Clearly As,_ 1, Ba,_1 and Cy,_1 are not uniquely deﬁned (A different choice may be
obtained by multiplying by an element of ker(m) = F(~ 1? )”.) Define wy,_; by
wgn_l(fﬁl, X, x3) == [wn(xlv o, x3)7 wn($3, x1, x2) ]
Clearly, wo,_1 € F@.
Consider wgn_l(AQn_l, Bgn_l, C2n—1)- NOW
7T( wn(A2n—17 Bo, 1, C2n—1) ) = wn(ﬂ-(A2n—1)7 W(an—1)7 7T(02n—1))
= (wn(Ana Bm Cn)a wn(Bna Cna An) )
== (Xl,na ])
Similarly,
W(wn(B2n—1>C2n—1>A2n—l)) = (I, [) and
7T(U)n(c’2n—17 A2n—17 B2n—1)) = ([7 Xl,n)-

Now 7(X3,,) = (X1, 1) and m(X,00-1) = (I, X1,,). (Here we can tell from the context
whether X, lies in Us,_; or U,.) Therefore

wn(AZn—b Bop—1, C2n—1) = Xl,nzla
wn(B2n—17 C2n—17 A2n—1) = Z27 and
wn(C2n—1a A2n—1> B2n—1) = Xn,2n—1Z3

where 7, Zy, Z3 € ker(m). Since ker(w) is abelian, and is centralized by both X, and
Xn on—1, it follows that

w2n—1(A2n—17 Boy,_1, C2n—1) X1 nZh n 2n—IZ3]
Xl Ny n2n 1] X172n—1>
Zoy, XonZh] =1,

n,2n— 1Zg,Z2] I.

w2n—1(B2n—17 C2n—17 A2n—1)
w2n—1(C2n—1a A2n—1, an—l)

This completes the induction, and the proof. a

[
=
[
(X

Recall the observation that U, (IF) has derived length d := [log,(n)], and the subgroup
(X12,X23,...,X,_1,) has n — 1 generators and derived length d.

Theorem 2. The group U,(F) of n x n upper-triangular matrices over a field F with
all eigenvalues 1, has a 3-generated subgroup whose derived length is d := [logy(n)].
Furthermore, if n < 22% then U, (F) has no 2-generated subgroup of derived length d.
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Proof. Set m = 291 +1. Then both U,, and U,, have derived length d. By Lemma 1, U,,
has a 3-generated subgroup with derived length d, and hence so too does U,,, as U,, has a
subgroup isomorphic to U,,.

If d < 3, then there are no integers in the range %Qd <n < %Qd. Suppose d > 3 and

G = (A, B) is a 2-generated subgroup of U, where 327 < n < 22%. Then
12(G)/73(G) = ([A4, Blvs(G))

is cyclic, and therefore
G® = [12(@),72(G)] = (@), 13(G)] € 75(G).
A simple induction shows G~V C ~; 54-5(Q) for d > 3. Since n < 5- 2973, we have
GY™ C y500-3(G) S (G) S n(Un) = {1}
Therefore G' has derived length less than d. O

In the above proof, there were choices for A,, By, Cy and for the subsequent generators
An, B, C,, where n = 2971 + 1. However, once Ay, By and Cy were specified, the (i, + 1)
entries of A,, By, C, (d > 1) were determined, but the (4, 7) entries with j — 4 > 1 could
be arbitrary. It should not surprise the reader that different choices for A, By and Cs
can yield different subgroups (A, By, C).

We shall give an example of a 2-generated group G = (A, B) of U, that shows that both
the derived length and the order can depend on F. Let G be the subgroup (A, B) of U
where A = X;9X56 and B = X2,3X3_’iX475, and suppose that char(F) = p is prime. It
follows from [[[B, A], B], B, A]] = X7 and [[[B, A}, A], [B, A]] = I that G is metabelian
if p = 2, and has derived length 3 if p > 2. Furthermore, |G| = p" if p = 2,3 and |G| = p°
if p > 3. In the latter case G has maximal class (see [, p.61]).

3. 2-GENERATED SUBGROUPS

Suppose that %Qd < n < 2% It is natural to ask whether U, (F) has a 2-generated subgroup
of derived length d. If U,,(IF) has a 2-generated subgroup of derived length d, then so too
does U, (F) all n satisfying m < n < 2¢ In this section we show that the smallest value
of m for which U, has a 2-generated subgroup of derived length d is m = L% 24| +1. This
is clearly the case if 0 < d < 3. Henceforth assume that d > 3.

Let F' = (a,b| ) denote a free group of rank 2. Then 7,.(F") /7,1 (F) is an abelian group,
for each positive integer r, which is freely generated by the basic commutators of weight k
(see [2]). Thus a typical element of y5(F)/v4(F) has the form [b, al’[b, a, a)’[b, a, b]*y4(F),
where [b,a,a| and [b,a,b] denote left-normed commutators, i.e. [[b, al,a] and [[b,al, b]
respectively. We shall need three lemmas in the sequel. Lemmas 3 and 4 are standard so
we omit their proofs.
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Lemma 3. Let x,2' € v,.(F) and y,y" € vs(F) where x = 2’ mod 7,41 (F) and y = y
mod Ys11(F). Then [z,y] = [2/,y'] mod vris41(F).

Applying Lemma 3 to [ [b, a][b, a, al’[b, a, b]¥, [b, a]’] shows that
[ [b’ a, a]? [b> a] ]VG(F) and [ [b’ a, b]> [b> a] ]VG(F)
generate F@rg(F) /y6(F).

Lemma 4. Let T, ,(7,...,T—r) denote a coset of v,+1(U,) comprising matrices (t; ;)
satisfying t;; =0 if 1 < j—i<r,t; =7 ifj—1i=r, and t;; arbitrary if j —1 > r.
Then [Th.n(a1, .. s0n—y), Tsn(B1,- .., Bnos)] is contained in

Tr—l—s,n(alﬁl—l—r - a1+sﬁlv s 7an—r—sﬁn—s - O‘n—?‘ﬁn—r—s)-

How might we go about finding matrices A, B € U, such that (A, B) has derived
length d? Motivated by the previous section we suspect that the (i,7+ 1) entries of A and
B are important. Let A € T’ (a1, ..., 05-1) and B € T3 , (B4, . . ., Bn—1) where the o; and
the 3; are regarded as variables. An evaluation homomorphism from the polynomial ring

P = Z[alv cee 7an—lvﬁlv cee 7ﬁn—1]

to IF gives rise to a group homomorphism ¢ : U,(P) — U,(F). We shall find a word
cn1(a,b) € y,_1(F)NF@=Y and values for the o; and 3; in FF such that ¢, _1(¢(A), ¢(B))
equals X, or Xl_rll

The first case not excluded by Theorem 2, or already excluded, is n = 6. Let c5(a, b)
equal [[b, a,al, [b,a]]. By repeated application of Lemma 4 the (1,6) entry of c5(A, B) is

[05(A7 B)]1,6 = [ [Bv A7 A]7 [Bv A] ]1,6
= [B, A, Al14[B, Alss — [B, Al13[B, A, Als 6
= —oyaefsayfs + ananfsfias + 3aq Pz S5 — 4oy Pocis facrs

+ Oé1ﬁ2ﬁ3044045 - 25104204304455 + 351042043ﬁ4045 - 51a2ﬁ3044045

We make some remarks about this polynomial. First each monomial summand has
five variables. The variables have distinct subscripts and contain three a’s and two
f’s. The polynomial has integer coefficients and [B, A, A] contributes two «; and one
B; to the first three variables, or to the last three variables of each monomial summand.
Similarly, [B, A] contributes an «a; and a f; to the first two variables, or to the last
two variables of each monomial summand. Thus, even without computing [c5(A4, B)|16,
we know that ajasasfsf5 is not a summand. Setting a3 = as = 3 = a4 = 05 = 1
and /1 = [y = a3 = By = a5 = 0 shows that [c5(¢(A),d(B))]16 = —1 and hence
cs(p(A), p(B)) = X1 4. This proves that (¢(A), ¢(B)) is a 2-generated subgroup of Us(F)
of derived length 3 for all fields F.

Many of the above remarks generalize mutatis mutandis to other words in the subgroup
Yn-1(F) N FY=1 We shall use the following lemma repeatedly.
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Lemma 5. (Multiplication Lemma) With the above notation, suppose that w € ~,.(F),
w' € v(F), and [w(A, B)|i14+r and [w'(A, B)|i11+s have monomial summands m and m/
respectively. If r > s, and no monomial summand of [w'(A, B)|11+s divides m, then
map,.(m') is a monomial summand of [[w(A, B),w'(A, B)] |1.14r+s where ¥,.(m') is the
polynomial obtained from m' by adding r to each subscript.

Proof. By Lemma 4, [[w(A, B),w'(A, B)]|1,14r+s equals
[w(A, B)]1 14+ [w' (A, B)1sr 1404 — [W' (A, B)114s[w(A, B)|its 14t

and ma,(m’) divides the first term. However, as no monomial summand of [w'(A, B)]1 145
divides m, it follows that m, (m’) is a monomial summand of [ [w(A, B),w'(A, B)]]114r+s
as desired. O O

By Theorem 2, the next case of interest is when n = 11. Mimicking the n = 6 case,
we seek a word cig(a,b) € vio(F) N F® such that the polynomial [c1o(4, B)]1.1; has a
monomial summand with coefficient £1. We then assign the value of 1 to the variables
in this summand, and zero to the variables not in the summand. Since F®~s(F)/vs(F)
has two generators, it follows from Lemma 3 that F®)vyy, (F)/v11(F) = {cio(a, b)y11(F))
is cyclic where

cio(a,b) = [[[b; a, ], [b, a] ], es(a, b)] = [[ b, @, b]; [b, al ], [[b, @ a], [b, a] ] ].

We abbreviate the phrase “m is a monomial summand of p” by “m € p”. Now
ms = P1f20soufs € [[[B, A, B, [B,A]|]16 and
my = a1aaf38105 € [e5(A, B)lig-
Hence by Lemma 5

mig = mss(my) = [1facsufBssarfsfocig € [ci0(A, Bl 1.

Setting ) = By =az3 =---=ajp=1and oy = ap = 83 = - - - = B9 = 0 shows that Uy;
has a 2-generated subgroup of derived length 4.

Theorem 6. Let d = [logy(n)]. Then U, has a 2-generated subgroup of derived length d
if and only if 52 < n <24

Proof. Suppose that U,, has a 2-generated subgroup G of derived length d. Tt follows from
Theorem 2 that 22¢ < n < 2%, However, if 0 < d < 5 then |32¢] = |212?]. Hence
%Qd <n < 2% for d < 5. Suppose now that d > 5. We showed in the preamble to
this theorem that F®)v;i(F) /v, (F) is cyclic. Hence by Lemma 3, F® C 7y (F). For
d > 5, a simple induction shows that F@~1 C vy 5a-5(F). Since G C vy, 00-5(G) and
(G ) = {I} it follows that 21 - 2975 < n < 2% as desired.

Conversely, suppose 2124 <n < 2% If d = 0,1,2,3,4, then the values of n = |2127] +1
are 1,2,3,6,11 respectlvely In each of these cases we have shown that U, has a 2-
generated subgroup of derived length d. Suppose henceforth that d > 5. We shall give a
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recursive procedure for constructing a 2-generated subgroup of U,. It suffices to do this
forn =21-297% 4 1.

We use induction on d. The initial case when d = 5 and n = 22 requires the most
lengthy calculations. Note that the hypothesis in Lemma 5 that no monomial summand
of [w'(A, B)]11+s divides m is easily verified in the case when the first s variables of m
have a different number of a’s than one (and hence every) summand of [w'(4, B)|114s. A
lengthy argument which repeatedly uses this observation and the Multiplication Lemma
shows that

Mgy = —a1aaa3BaBsa6ts(ms) P11 (mao) € ca(a,b)
My = a10af381Bs06t6(ms) P11 (mao) € ¢y (a,b)
My, = — 1283040506106 (ms) 11 (mao) € ¢4, (a,b)

where

=

ca1(a,b) = [[][b,a,a,al,[b,all],cs(a,b)], cro(a,
Cél(av b) = [[Hbvavav b]v [bv CLH,C5(CL, b)]vclo(av
Cgl(a’ b) = [[Hb>a’ b> b]> [b> CLH,C5(CL, b)]>010(a

)]
)]
)]

This proves the result for d = 5 because the polynomial [co; (A, B)]1 22 has a monomial

summand with coefficient 1. The number of o’s in mq;, m4,, mj, is congruent to 0, 1,
2 modulo 3 respectively, and so by the Multiplication Lemma

My Y1 (M) € dar(a,b) = [cy(a,b), ¢y (a,b)]
My P21 (Ma1) € dy(a,b) = [y (a,b), cai(a, b)]
Ma1P21 (M) € dy(a,b) = [ear(a, b), ¢y (a, b)].

The argument may be applied repeatedly as the number of a’s occurring in mb, 19 (m5;),
mby a1 (mar), maither (mh,) is congruent to 0, 1, 2 modulo 3 respectively. This completes
the inductive proof. O O

S o
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