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WEAK CONVERGENCE THEOREMS FOR EQUILIBRIUM PROBLEMS
AND GENERALIZED HYBRID MAPPINGS

SATTAR ALIZADEH! AND FRIDOUN MORADLOU?

ABSTRACT. In this paper, we introduce a new modified Ishikawa iteration for finding a
common element of the set of solutions of an equilibrium problem and the set of fixed
points of generalized hybrid mappings in a Hilbert space. Our results generalize, extend
and enrich some existing results in the literature.

1. INTRODUCTION

Throughout this paper, we denote by N and R the set of positive integers and real numbers,
respectively. Let H be a real Hilbert space with inner product (.,.) and induced norm ||.|,
and let E be a nonempty closed convex subset of H. Let f be a bifunction from E x E to
R. The equilibrium problem for f: ' x EF — R is to find x € E such that

flz,y) 20, (y€Eb). (1.1)
The set of solutions of (I.1]) is denoted by EP(f), i.e.,
EP(f)={x€ E: f(z,y) >0, Vy e E}.
A self mapping S of FE is called nonexpansive if
1Sz = Syll < ]z —yll, (z,y € E).

We denote by F(S) the set of fixed points of S.

Let S : E — H be a mapping and let f(x,y) = (Sx,y — x) for all z,y € E. Then
z € EP(f) if only if (Sz,y —z) > 0 for all y € E, i.e., z is a solution of the variational
inequality (Sz,y — x) > 0. So, the formulation (LI]) includes variational inequalities as
special cases. Also, numerous problems in physics, optimization and economics reduce to
find a solution of (II]). Some methods have been proposed to solve the equilibrium problem;
see for instance, [4l [8 11, 20} [16].

In the recent years, many authors studied the problem of finding a common element of
the set of fixed points of a nonexpansive mapping and the set of solutions of an equilibrium

problem in the framework of Hilbert spaces and Banach spaces, respectively; see for instance,

[3 6], 7, [9], [14], [15] 21, 22], 24], 25] and the references therein.
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Let E be a nonempty closed convex subset of a Banach space. In 1953, for a self mapping
S of E, Mann [18] defined the following iteration procedure:

(1.2)

xg € E chosen arbitrarily,
Tnt1 = nZpn + (1 — ap)Szy,

where 0 < o, <1 for all n € NU {0},
Let K be a closed convex subset of a Hilbert space H. In 1974, for a Lipschitzian pseu-
docontractive self mapping S of K, Ishikawa [12] defined the following iteration procedure:

xg € K chosen arbitrarily,

Yn = Bnn + (1 — Bn)Sxzy, (1.3)

Tnt1 = nZn + (1 — ap)Syn,
where 0 < 3, < o, < 1 for all n € NU{0} and he proved strong convergence of the sequence
{xy} generated by the above iterative scheme if lim,, o B, =1 and > o2 (1 —ay,)(1—5,) =
oco. By taking £, = 1 for all n > 0 in (L3)), Ishikawa iteration process reduces to Mann
iteration process.

Process (I.3]) is indeed more general than process (2. But research has been done on the
latter due probably to reasons that the formulation of process (I.2) is simpler than that of
(L3]) and that a convergence theorem for process ([.2]) may lead to a convergence theorem for
process ([[L3]) provided that {f,,} satisfies certain appropriate conditions. On the other hand,
the process ([2]) may fail to converge while process (I.3]) can still converge for a Lipschitz
pseudocontractive mapping in a Hilbert space [5]. Actually, Mann and Ishikawa iteration
processes have only weak convergence, in general (see [10]).

In 2007, Tada and Takahashi [23] for finding an element of EP(f)N F(S), introduced the
following iterative scheme for a nonexpansive self mapping S of a nonempty, closed convex
subset F in a Hilbert space H:

x1 = x € H chosen arbitrarily,

uy € E such that  f(ug,y) + %(y — Up,Up — Xp) >0, VyeERE

Tnt1 = QpZp + (1 — ap) Sty
for all n € N, where f : E x E — R satisfies appropriate conditions, {a,} C [a,b] for some
a,b € (0,1) and {r,} C (0,00) satisfies liminf, ,,r, > 0. They proved {x,} converges
weakly to w € F(S) N EP(f), where w = limy, o0 Pp(s)nep(s)(Tn)-

Let E be a nonempty closed convex subset of H. A self mapping S of F is called generalized

hybrid [17] if there exist «, 5 € R such that

allSz = Syl + (1 - a)llz = Sy[* < Bl|Sz — ylI* + (1 = B)|l= — y? (1.4)

for all z,y € E. We call such a mapping an («, 3)-generalized hybrid mapping.
In this paper, we modify Ishikawa iteration process for finding a common element of the

set of solution of an equilibrium problem and the set of fixed points of a generalized hybrid

mapping.
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2. PRELIMINARIES

A self mapping S of E is called: (i) firmly nonexpansive, if ||Sxz — Sy||> < (x —y, Sz — Sy)
for all z,y € E; (ii) nonspreading, if 2||Sx — Sy||? < ||Sz — y||*> + ||Sy — z||? for all 2,y € E;
(iil) hybrid, if 3||Sz — Sy|* < ||z — y||* + [|Sz — y||* + ||Sy — z||* for all z,y € E. Also, a
self mapping S of E with F(S) # ) is called quasi-nonexpansive if |z — Sy|| < ||z — y|| for
all z € F(S) and y € E. It is well-known that for a quasi-nonexpansive mapping S, F'(S) is
closed and convex [13].

It easy to see that

e (1,0)-generalized hybrid mapping is nonexpansive mapping;
e (2,1)-generalized hybrid mapping is nonspreading mapping;
. (%, %)—generalized hybrid mapping is hybrid mapping.

Let S be a generalized hybrid mapping. If F(S) # ¢, then there exists © € E such that

x = Sz, so for all y € F we have

alz =Syl + (1 = a)lla = Sy|* < Bl =yl + (1 = B)l|lz -yl
and this yields that ||z — Sy|| < ||z — y||, ie., an (o, 5)-generalized hybrid mapping with
F(S) # ¢, is quasi-nonexpansive.

We denote the weak convergence and the strong convergence of {z,} to z € H by x,, — z
and x, — x, respectively and denote w,(x,) the weak w-limit set of the sequence {x,}, i.e.,
Wo(zn) :={r € H: IH{an, } C{zn}; zpn, =z}

Now, we recall some basic properties of Hilbert spaces which we will use in next section.
For z,y € H, we have

lax + (1 = a)yl® = allz[* + (1 = a)y|* —a(l —a)|z —y[* VYaeR, (2.1
lz +yl* < lll® +2(y, @ +y), (22)
and

lz = ylI* = [l=[1* = ly1* — 2(z — v, 9)- (2.3)
Let K be a closed convex subset of H and let Pk be metric (or nearest point) projection from
H onto K (i.e., for z € H, Pk is the only point in K such that ||z — Pgz| = inf{||xz — z|| :

z € H}). Let x € H and z € K, then z = Pk if and only if:
(x —z,y—2) <0, (2.4)

for all y € K. For more details we refer readers to [II 26].

Lemma 2.1. [28] Let H be a Hilbert space and {x,} be a sequence in H such that there
exists a nonempty subset E C H satisfying

(i) For every u € E, limp_ool|Tn — ul| exists.
(ii) If a subsequence {xy,} C {x,} converges weakly to u, then u € E,

then there exists xg € E such that x, — .
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We will use the following lemmas in the proof of our main results in next section.

Lemma 2.2. [27] Let H be a Hilbert space and E be a nonempty, closed and convex subset
of H and {x,} be a sequence in H. If ||xp11 — z|| < ||xn — || for alln € N and x € E, then
{Pg(zn)} converges strongly to some z € E, where Pg stands for the metric projection on
H onto E.

To study the equilibrium problem, for the bifunction f: E x E — R, we assume that f

satisfies the following conditions:

(A1) f(z,z) =0 for all x € E;
(A2) f is monotone, i.e., f(z,y) + f(y,x) <0 for all z,y € E;
(A3) for each z,y,z € E,

lim f(t2 + (1 = t)a,y) < f(@,);
(A4) for each z € E, y — f(z,y) is convex and lower semicontinuous.
The following lemma can be found in [4].
Lemma 2.3. Let E be a nonempty closed convex subset of H, let f be a bifunction from

E x E to R satisfying (A1) — (A4) and let r > 0 and x € H. Then, there exists z € E such

that
1
f(z,y)+;<y—z,z—:17> 207

forally € E.
The following lemma is established in [g].
Lemma 2.4. Forr >0, x € H, define a mapping T, : H — E as follows:
To(@)={z€ B: fley) + -y — 2,2 —x) >0, ¥y € B},

for all x € H. Then, the following statements hold:

(i) T is singel-valued;
(i1) T, is firmly nonexpansive, i.e., for all x,y € H,

”Trx - TryH2 < <T7’x — Ty, — y>§
(iii) F(T,) = EP(f);
(iv) EP(f) is closed and conve.
3. MAIN RESULTS

In this section, we prove weak the convergence theorems for finding a common element
of the set of solution of an equilibrium problem and the set of fixed points of a generalized

hybrid mapping.
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Theorem 3.1. Let E be a nonempty closed convex subset of a real Hilbert space H. Let f be
a bifunction from E x E to R satisfying (A1) — (A4) and S be a generalized hybrid mapping
of E to H with F(S) N EP(f) # ¢. Assume that 0 < o < a,, < 1 and {r,} C (0,00)
satisfies iminf, ooy, > 0 and {B,} is sequence in [b,1] for some b € (0,1) such that
liminf, o0 Bn(1 — B) > 0. If {x,} and {u,} be sequences generated by x = x1 € H and

un € E such that  f(up,y) + T,in(y — Up, Uy — Tp) >0, VyeFrE
Yn = (1 - ﬁn)xn + BnSun,
Tn1 = (1 — an)Tn + anSyn,

for alln € N. Then x, — v € F(S)NEP(f), where v = limy 00 Pr(s)nep(s)(Tn)-

Proof. By Lemma 23] {u,},{y,} and {x,} are well defined. Since S is a generalized hybrid
mapping such that F(S) # ¢, S is quasi-nonexpansive. So F'(.S) is closed and convex. Also
by hypothesis EP(f) # ¢ . Set ¢ € F(S) N EP(f).

From u,, =T, 2y, we get

[un — qll = T, 20 — Trpqll < llzn — 4l (3.1)
On the other hand
lyn = alI® = (1 = Bo)llzn — all* + Ball Sun — ql* = Bu(1 = Bu)llwn — Suy|®
< (1= Bu)llen = all* + Bullzn — all* = Ba(1 = Ba) |z — Sun? (3.2)
= [len = all* = Ba(1 = Ba)ll@n — Sun?,
and hence

lzn1 = all* = 11 = an)wn + 0nSyn — glf?

=1 —an)|zn — Q||2 + anl|Syn — QH2 —an(l —an)||zn — Syn||2

I

IN

(

(1= an)llzn = ql* + anllyn — all* = an(l — an)llzn — Sys

< (1= an)llzn — ql® + anllzn — all* = anBu(l = Bo)|zn — Sual®  (3.3)
— an(l = an) ||z — Syal?

< lzn = al* = anBa(l = Bu)llzn — Sunll?

< llzn — ql>.

So, we can conclude that lim,_,oo||xn — ¢|| exists. This yields that {x,} and {y,} are
bounded. It follows from (B3] that

|znt1 = all* < llzn — all* = @Bl = Ba)llzn — Sual®.
Using 0 < a < a, < 1, it is easy to see that

|01 = all? < llan —qll* = @Ba(l = Ba) |z — Suy .
Also, we have

0 < afu(l = Bu)llzn = Sunll? < llzn — ql” = llzns1 — all* = 0,
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as n — 0o, since liminf,,_, B, (1 — B,) > 0. Therefore
|zn, — Supl| — 0. (3.4)
This yields that
[yn = znll = Bullzn — Sun|| — 0. (3.5)
Using (23] and Lemma 2.4], we get
l[un — qH2 = || T3, zn — Trnq”z
< (Tr,xn = Tr,q: 0 — q)
= (un — ¢, — q)
= 2 (lun = alP + i — alP ~ ln — ual),
hence
lun = all® < ll2n — ql® = llen — unll”.

Then, by the convexity of ||.]|?, we have

lyn — gl = I(1 = Bu)(zn — q) + Bu(Sun — 9)|?
< (1= Bo)llzn — ql* + Bull Sun — gl
< (1= Bo)llzn — al* + Bullun — qll?
< (1= Bu)llzn — all* + Balllzn — ql” — llzn — unl?)

= ||lzn — gll” = Bullzn — unll*.
Therefore
Bullzn — un”2 < [|zn — QHZ — lyn — QHQ (3.6)
Since {#,} C [b, 1], it follows from (B.6]) that
bllzn — un||2 < Bullzn — un||2
< llzn = al* = llyn — all?
= (lzn — all = llyn — alDUlzn — all + llyn — al))
< lyn — znll(2n — all + [lyn — all)
Using the boundedness of {z,,} and {y,}, it follows from (3.5]) and the above inequality that

lim ||z, — uy,|| = 0. (3.7)
n—oo
Since liminf,,_ . 7, > 0, we get
— 1
lim [ 22— = lim ||z, — up| = 0. (3.8)
n—00 Tn n—00 Ty,

As B Suy, = yn — (1 — Bn)xy, we have
bljun — Sun || < Bullun = Sunll = llyn — (1 = Bn)zn — Buun||
< lyn — @nll + Bullzn — un||
< llyn = @nll + [[2n — un
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From (B.5) and (B3.7), we obtain
lim |u, — Su,|| = 0. (3.9)

n—oo
Since {x,, } is bounded, there exists a subsequence {zy, } of {x,} such that z,,, — u. By B.7)
we obtain u,, — u. We know that F is closed and convex and {u,,} C E, therefore u € E.
Now, we show that u € F(S) N EP(f). Since u, = T, x,, we get
1
flun,y) + 7‘_<y — Up, Up — Tp) > 0,

n

for all y € E. From the condition (A2), we obtain

%@/ = Un, Un = Tn) = f(y, un),
for all y € F, therefore
(= e ) > [ (00, (3.10)
for all y € E. Tt follows from (3.8]), (3.10) anld condition (A4) that
0> f(y,w),

for all y € E. Suppose that ¢t € (0,1], y € E and y; = ty + (1 — t)u. Therefore, y; € F and
so f(yt,u) < 0. Hence

0= f(y,yt) < tf(we,y) + (1 =) f(ye,w) <tf(ye,v),

and dividing by t, we have f(y,y) > 0, for all y € E. By taking the limit as ¢ | 0 and using
(A3), we get u € EP(f).
Next we show that u € F(S). Since S is a generalized hybrid mapping, then
NSz — SylI> + (1 = )llz — SylI> < M|Sz — ylI* + (1 = A)||lz — y|?
hence
0 < A[Sz —y|I> + (1 = Nlz — ylI> =[Sz — Sy||* — (1 — )|z — Syl
replacing x and y by u,, and u in above inequality, respectively, we get
0 < A(1Sunl® = 2(Sun, w) + [[ull*) + (1 = A (flunl* = 2(un, u) + [Jul*)
= Y([ISunl* = 2(Sun, Su) + [|Su]*) = (1L = 7)(|ltnl* = 2(un, Su) + [|Sul/?)
= [lull® = [1Sull* + (A = 7)([[Sunl® = [Jun?)
+ 29(Sup — Uy, Su) — 2A{(Suy, — up, u) + 2(up, Su — u)
< ull = [[Sull® + (A = ) (1Sl + lun ) ([[Stn — ual)
+ 29(Sup — Up, Su) — 2X{(Suy — Up, u) + 2{uy, Su — u).
Now, substituting n by n;, we have
0 < [Jull® = [[Sull® + (A = ) (1St || + [t 1) ([|Stn, — ;)

(3.11)
+ 29(Sup; — un,, Su) — 2X(Stup; — Un,;, u) + 2(tUp,, Su — u).
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for all i € N. Since u,, — u as i — 00, it follows from (3.9) and (B.11]) that
0 < [lul|® — |Sul|®* + 2(u, Su — u)
= 2(u, Su) — [|u]]* — | Sul|?
= —flu~ Sul
So, we have Su = u, i.e., u € F(S). Therefore the condition (i) of Lemma [2.1] satisfies
for E = F(S)N EP(f). On the other hand, we see that lim, . ||z, — ¢| exists for ¢ €

F(S)NEP(f). Hence, it follows from Lemma [2.1] that there exists v € F(S) N EP(f) such
that z,, — v. In addition, for all ¢ € F'(S) N EP(f), we have

[2ns1 —all < llzn —gll,  VneN,

so, Lemma[2.2implies that there exists some w € F'(S)NEP(f) such that Prr)npp(s)(Tn) —
w. Then
<U — Prrynep(s)(@n), Tn — PRerynep()) ($n)> <0.
Hence, we get
(w—w,v—w) = |lv—w|*<0.

Therefore v = w, ie., x, v = limnﬁooPF(T)mEp(f) (up). O

Corollary 3.2. Let E be a nonempty closed convex subset of a real Hilbert space H and S
be a generalized hybrid mapping of E to H with F(S) # ¢. Assume that 0 < a < i,y < 1
and {Bn} is sequence in [b,1] for some b € (0,1) such that liminf, ., 5,(1 — B,) > 0. If
{zn} and {u,} be sequences generated by x = x4 € H and

un € E such that (y — up,up, —xy) >0, VyeFE

Yn = (1 = Bn)zn + BnSun,

Tyl = (1 — ap)zpn + anSyn,

for alln € N. Then z,, — v € F(S), where v = limp 00 Pp(5)(Tn)-

Proof. Letting f(x,y) = 0 for all z,y € F and r, = 1 for all n € N in Theorem B.I] we get
the desired result. O

Corollary 3.3. Let E be a nonempty closed convex subset of a real Hilbert space H. Let f be
a bifunction from E x E to R satisfying (A1) — (A4) and S be a generalized hybrid mapping
of E to H with F(S)NEP(f) # ¢. Assume that {r,} C (0,00) satisfies iminf, . r, > 0
and {Bn} is sequence in [b,1] for some b € (0,1) such that liminf,, ., 5,(1 — B,) > 0. If
{zn} and {u,} be sequences generated by v = x1 € H and

Tn

Tp+1 = S((l - /Bn)xn + /anun)y
for alln € N. Then z, — v € F(S) N EP(f), where v = limu 0o Pr(s)nep(s)(Tn)-

{ u, € F such that  f(un,y) + =y — tn,up —x,) >0, VycE

Proof. Letting a;,, = 1 for all n € N, in Theorem B.I] we get the desired result. O
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Theorem 3.4. Let E be a nonempty closed convex subset of a real Hilbert space H. Let
f be a bifunction from E x E to R satisfying (A1) — (A4) and S be a hybrid mapping of
E to H with F(S) N EP(f) # ¢. Assume that 0 < a < o < 1 and {r,} C (0,00)
satisfies iminf, ooy > 0 and {B,} is sequence in [b,1] for some b € (0,1) such that
liminf, o B (1 — Bpn) > 0. If {x,} and {u,} be sequences generated by x = x1 € H and

un € E such that  f(up,y) + %(y — Up, Uy — Tp) >0, VyeFrE
Yn = (1 - /Bn)xn + /anuna
Tn+1 = (1 - an)xn + ansym

for alln € N. Then z, — v € F(S) N EP(f), where v = limu 0o Pr(s)nep(s)(Tn)-

Proof. Since S is a hybrid mapping, hence S is a (%, %)—generalized hybrid mapping. There-
fore by Theorem Bl we get the desired result. O

Remark 3.5. Since nonexpansive mappings are (1,0)- generalized hybrid mappings and
nonspreading mappings are (2, 1)-generalized hybrid mappings, then the Theorem B.1] holds
for these mappings.
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