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A GEOMETRIC APPROACH TO THE OPTIMAL CONTROL OF
NONHOLONOMIC MECHANICAL SYSTEMS

ANTHONY BLOCH, LEONARDO COLOMBO, ROHIT GUPTA,
AND DAVID MARTIN DE DIEGO

ABSTRACT. In this paper, we describe a constrained Lagrangian and Hamilton-
ian formalism for the optimal control of nonholonomic mechanical systems. In
particular, we aim to minimize a cost functional, given initial and final conditions
where the controlled dynamics is given by nonholonomic mechanical system. In
our paper, the controlled equations are derived using a basis of vector fields
adapted to the nonholonomic distribution and the Riemannian metric deter-
mined by the kinetic energy. Given a cost function, the optimal control problem
is understood as a constrained problem or equivalently, under some mild reg-
ularity conditions, as a Hamiltonian problem on the cotangent bundle of the
nonholonomic distribution. A suitable Lagrangian submanifold is also shown to
lead to the correct dynamics. We demonstrate our techniques in several exam-
ples including a continuously variable transmission problem and motion planning
for obstacle avoidance problems.

Dedicated to Hélene Frankowska and Héctor J. Sussmann

1. INTRODUCTION

Although nonholonomic systems have been studied since the dawn of analytical
mechanics, there has been some confusion over the correct formulation of the equa-
tions of motion (see e.g. [], [10] and [29] for some of the history). Further it is
only recently that their geometric formulation has been understood. In addition,
there has been recent interest in the analysis of control problems for such systems.
Nonholonomic control systems exhibit distinctive features. In particular, many
naturally underactuated systems are controllable, the controllability arising from
the nonintegrability of the constraints.

Nonholonomic optimal control problems arise in many engineering applications,
for instance systems with wheels, such as cars and bicycles, and systems with
blades or skates. There are thus multiple applications in the context of wheeled
motion, space or mobile robotics and robotic manipulation. In this paper, we will
introduce some new geometric techniques in nonholonomic mechanics to study the
case of force minimizing optimal control problems.

The application of modern tools from differential geometry in the fields of me-
chanics, control theory, field theory and numerical integration has led to significant
progress in these research areas. For instance, the study of the geometrical formu-
lation of the nonholonomic equations of motion has led to better understanding of
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different engineering problems such locomotion generation, controllability, motion
planning, and trajectory tracking (see e.g. [4], [5], [0, [7], [8], [12], [13], [24], [25],
[30], [31], [32], [39], [41] and references therein). Geometric techniques can also
be used to study optimal control problems (see [8], [15], [16], [22], [23], [45], [46]).
Combining these ideas in this paper, we study the underlying geometry of optimal
control problems for mechanical systems subject to nonholonomic constraints and
we apply it to several interesting examples.

Classical nonholonomic constraints which are linear in the velocities can be ge-
ometrically encoded by a constant rank distribution D. As we will see, the dis-
tribution D will play the role of the velocity phase space. Given a mechanical
Lagrangian L = K —V : T'(Q) — R where K and V are the kinetic and potential
energy, respectively. and the distribution D, the dynamics of the nonholonomic
system is completely determined using the Lagrange-d’Alembert principle [4]. In
this paper we will formulate a description in terms of a Levi Civita connection de-
fined on the space of vector fields taking values on D. This connection is obtained
by projecting the standard Lie bracket using the Riemannian metric associated
with the kinetic energy K (see [3]) and the typical characterization of the Levi-
Civita connection (see also [9]). By adding controls in this setting we can study
optimal control problems such as the force minimizing problem. Moreover, we can
see that the dynamics of the optimal control problem is completely described by
a Lagrangian submanifold of an appropriate cotangent bundle and, under some
regularity conditions, the equations of motion are derived as classical Hamilton’s
equations on the cotangent bundle of the distribution, 7#D. Although our ap-
proach is intrinsic, we also give a local description since it is important for working
out examples. For this, it is necessary to choose an adapted basis of vector fields
for the distribution. From this point of view, we combine the techniques used pre-
viously by the authors of the paper (see [3], [I1], [37]). An additional advantage
of our method is that symmetries may be naturally analyzed in this setting.

Concretely, the main results of our paper can be summarized as follows:

e Geometric derivation of the equations of motion of nonholonomic optimal
control problems as a constrained problem on the tangent space to the
constraint distribution D.

e Construction of a Lagrangian submanifold representing the dynamics of the
optimal control problem and the corresponding Hamiltonian representation
when the system is regular.

e Definition of a Legendre transformation establishing the relationship and
correspondence between the Lagrangian and Hamiltonian dynamics.

e Application of our techniques to different examples including optimal con-
trol of the Chaplygin sleigh, a continuously variable transmission and mo-
tion planning for obstacle avoidance problems.

2. NONHOLONOMIC MECHANICAL SYSTEMS

Constraints on mechanical systems are typically divided into two types: holo-
nomic and mnonholonomic, depending on whether the constraint can be derived
from a constraint in the configuration space or not. Therefore, the dimension of
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the space of configurations is reduced by holonomic constraints but not by nonholo-
nomic constraints. Thus, holonomic constraints allow a reduction in the number
of coordinates of the configuration space needed to formulate a given problem
(see [40]).

We will restrict ourselves to the case of nonholonomic constraints. Additionally,
assume that the constraints are given by a nonintegrable distribution D on the
configuration space Q). Locally, if we choose local coordinates (¢'), 1 < i < n =
dim @, the linear constraints on the velocities are locally given by equations of the
form

¢*(q',q") = pi(q)i' =0, 1<a<m<n,

depending, in general, on configuration coordinates and their velocities. From an
intrinsic point of view, the linear constraints are defined by a distribution D on @
of constant rank n — m such that the annihilator of D is locally given by

De :span{,u“ = pfdg' ;1< a< m}

where the 1-forms p* are independent.

In addition to these constraints, we need to specify the dynamical evolution of
the system, usually by fixing a Lagrangian function L: T'() — R. In mechanics, the
central concepts permitting the extension of mechanics from the Newtonian point
of view to the Lagrangian one are the notions of virtual displacements and virtual
work; these concepts were originally formulated in the developments of mechanics
in their application to statics. In nonholonomic dynamics, the procedure is given
by the Lagrange—d’Alembert principle. This principle allows us to determine the
set of possible values of the constraint forces from the set D of admissible kinematic
states alone. The resulting equations of motion are

d (OL\ OL] .,
i (G) o =0

where d¢° denotes the virtual displacements verifying

(g =0

(for the sake of simplicity, we will assume that the system is not subject to non-
conservative forces). This must be supplemented by the constraint equations. By
using the Lagrange multiplier rule, we obtain

d (LN oL .
a\oi)  og

The term on the right hand side represents the constraint force or reaction force
induced by the constraints. The functions )\, are Lagrange multipliers which, after
being computed using the constraint equations, allow us to obtain a set of second
order differential equations.

Now we restrict ourselves to the case of nonholonomic mechanical systems where
the Lagrangian is of mechanical type

L(v,) = %S(Uqavq) —Vi(g), v, €T,Q.
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Here G denotes a Riemannian metric on the configuration space () representing the
kinetic energy of the systems and V : ) — R is a potential function. Locally, the
metric is determined by the matrix M = (G;;)1<; j<n where G;; = §(9/dq",0/0¢).

Denote by 7p : D — @ the canonical projection of D over ) and I'(7p) the set
of sections of 7p which is just the set of vector fields X((Q) taking values on D. If
X,Y € X(Q), then [X,Y] denotes the standard Lie bracket of vector fields.

Definition 2.1. A nonholonomic mechanical system on a manifold Q) is
given by the triple (5,V,D) where G is a Riemannian metric on Q, specifying
the kinetic energy of the system, V : Q — R is a smooth function representing
the potential energy and D a non-integrable distribution on ) representing the
nonholonomic constraints.

Remark 2.2. Given X,Y € I'(7p) that is, X(z) € D, and Y(z) € D, for all
x € @, then it may happen that [X,Y] ¢ I'(1p) since D is nonintegrable.

We want to obtain a bracket defined for sections of D. Using the Riemannian
metric § we can construct two complementary orthogonal projectors

P.TQ —D
Q: TQ — D,
with respect to the tangent bundle orthogonal decomposition D @ D+ = TQ.

Therefore, given X, Y € T'(rp) we define the nonholonomic bracket [-,-] :
F(T@) X F(TD) — F(TD) as

[X,Y] :=PX,Y], X, Y € I'(mp)

(see [2],[3],[19]). Tt is clear that this Lie bracket verifies the usual properties of a
Lie bracket except the Jacobi identity.

Remark 2.3. From a more differential geometric point of view, D with this mod-
ified bracket of sections inherits a skew-symmetric Lie algebroid structure [20), [3]
where now the bracket of sections of the vector bundle does not satisfy in general
the Jacobi identity, as an expression of the nonintegrability of the distribution D.

Definition 2.4. Consider the restriction of the Riemannian metric G to the dis-
tribution D

P :DxeD =R
and define the Levi-Civita connection
V9 D(rp) x T(rn) — (1)
determined by the following two properties:
(1) [X,Y] = V%DY - V%DX (Symmetry),

(2) X(G2(V,2)) =S°(VLY, Z) + §2(Y, VS Z)  (Metricity).

Let (¢*) be coordinates on Q and {e4} vector fields on I'(7p) (that is, e4(z) € D)
such that

D, =span {es(r)}, €U CQ.
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Then, we determine the Christoffel symbols I'4. of the connection \ER by

D
Vi, ec =Tpc(g)ea
Definition 2.5. A curve v : I C R — D is admissible if there exists a curve
o:1 CR — Q projecting v over ), that is, Tp o v = o; such that

do
t) = —(1).
() = — ()
Given local coordinates on @, (¢‘) @ = 1,...,n; and {es} a basis of sections

on I'(7p) such that ey = pi‘(q)? we introduce induced coordinates (¢¢, y?) on D
ql
where, if e € D, then e = y?ea(z). Therefore, v(t) = (¢*(t), y*(t)) is admissible if

q'(t) = plala(®)y* (t).
Consider the restricted Lagrangian function ¢ : D — R,

fo) = %99(11,@) V() with v € D.

Definition 2.6 ([3]). A solution of the nonholonomic problem is an admis-
sible curve v : I — D such that

VI (1) + gradgoV (rp(v(1))) = 0.
Here the section gradgoV € I'(mp) is characterized by
G (gradgnV, X) = X(V), for every X € I'(7p).

These equations are equivalent to the nonholonomic equations. Locally, these
are given by

5 A

i = pula)y
-C C A B D ;

- _T _ ‘
Y ABY Y (S7) /)Baqz

where (GP)4E denotes the coefficients of the inverse matrix of (GP)4p where
GP(ea,ep) = (9°) an-

Remark 2.7. Observe that these equations only depend on the coordinates (¢*, y*)
on D. Therefore the nonholonomic equations are free of Lagrange multipliers.
These equations are equivalent to the nonholonomic Hamel equations (see [11],
[37] for example, and reference therein).

3. OPTIMAL CONTROL OF NONHOLONOMIC MECHANICAL SYSTEMS

The purpose of this section is to study optimal control problems for a nonholo-
nomic mechanical systems. We shall assume that all the considered control systems
are controllable, that is, for any two points ¢y and ¢ in the configuration space
(), there exists an admissible control u(t) defined on the control manifold U C R”
such that the system with initial condition gy reaches the point ¢y at time 1" (see
[, T3] for more details).

We will analyze the case when the dimension of the input or control distribution
is equal to the rank of D. If the rank of D is equal to the dimension of the control
distribution, the system will be called a fully actuated nonholonomic system.
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Definition 3.1. A solution of a fully actuated nonholonomic problem is
an admissible curve v : I — D such that

D

V3 (t) + gradgs V (1o(~(1))) € T(7p),
or, equivalently,

V9 A(t) + gradgsV (rp (1(1))) = uA(B)ea(ro (1(1)),

A

where u® are the control inputs.

Locally, the equations may be written as
i = phy!
) ; OV
§¢ = —T9py™y” - (SD)CBPBa_qi +uC.

Given a cost function

C : DxU—=R
¢,y ut) = O,y u?)

the optimal control problem consists of finding an admissible curve v : I — D so-
lution of the fully actuated nonholonomic problem given initial and final boundary
conditions on D and minimizing the functional

3y (t), u(t)) = / C(t), u(t))dt,

where v is an admissible curve.

We define the submanifold D@ of TD by
D@ = {v € TD | v = 4(0) where vy : I — D is admissible}, (1)

and we can choose coordinates (2%, y?, 94) on D where the inclusion on T'D,
ipe @ DO < TD is given by

ij)@) (qla yA> yA) = (qla yA7 pZ(Q)yAa yA)
Therefore, D@ is locally described by the constraints on T'D
' — pyt = 0.

Observe now that our optimal control problem is alternatively determined by a
smooth function £ : D® — R where

Do Do v
L(¢',y*y9¢) =C (q ¢ + Tyt + (SQ)CBpBa—qJ . 2)

The following diagram summarizes the situation:
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5 (2)

PO~ TD

7")()2’1) Trp
TD
L Dc ’ TQ
k\ A
Q

Here j : D — TQ is the canonical inclusion from D to TQ, 7'9(32’1) . D@ 5 D
and 77p : TD — D are the projections locally given by 7'9(32’1)(qi, v 0t = (¢, y?)
and 779 (g%, y?, v’ 91) = (¢¢, y?), respectively. Finally, Tmp : TD — TQ is locally
described as follows (¢*, y*,¢', 7) — (¢', ¢*).
To derive the equations of motion for £ we can use standard variational calculus
for systems with constraints defining the extended Lagrangian Z,
L=L+X(0" = pay?).

Therefore the equations of motion are

d (oL\ oL . oL 0p 4
%(aqi)_aqi = Mg thag Y =0
d (0L oL d (0L oL
ﬂ@)‘@ = it (35) gyt om0 @
i = Py

3.1. Example: continuously variable transmission (CVT). We want to
study the optimal control of a simple model of a continuously variable transmis-
sions, where we assume that the belt cannot slip (see [38] for more details).

F1cure 1. Ilustration of a continuously variable transmission [38].

The shafts are attached to spiral springs that are fixed to a chasis. The belt
between the two cones is translated along the shafts in accordance with the coor-
dinate x, thus providing a varying transmission ratio. The belt is kept in a plane
perpendicular to the shafts, so that the belt keeps a constant length (see [38] for
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a complete description and integrability of this system). The variables 6; and 6
denote the angular deflections of the shafts. m denotes the mass of the belt slider,
J1 > 0 is the inertia about the center of mass of the driving pulley and J, > 0 is
the inertia about the center of mass of the driven pulley. The configuration space
is S! x S! x R and the configuration is given by q = (0;,6,,z) € S' x S! x R.

The control inputs are denoted by u; and us. The first one corresponds to a
force applied perpendicular to the center of mass of the belt slider and the second
one is the torque applied about the the center of mass of the driving pulley. Also,
we assume that < 1 (which correspond to assuming that the gear ratio is finite).

The belt imposes a constraint given by the no slip condition and is expressed in
differential form by

w=uxdh — (1 —x)dbs.

Therefore the constraint distribution D is given by

10 0 0

The Lagrangian is metric on S! x S! x R where the matrix associated with the
metric G is

J 0 0
§= 0 J O
0 0 m
Then the Lagrangian L : T(S! x S* x R) — R is given by
) Ji ) Ja 12 m . .o
L(g§) = (262 + 262y + 242,
The projection map P : T(S* x S' x R) — D is
_ Ji(1—x)? 9, Jiz(1 — ) 9,
P = df, ® — dfy ® —
(q’ Q) J1 = 2J1x + Jyx? + Jox? 18 00, + J, — 2 x + Jix? + Jox? 1 & 00,
Jox(l — x) 0 Joa? 0 0
dfy @ — dfy @ — +d —.
T ot har e 00, T ot hatt g 2 a0, T e

Let ¢ = (01,0, 1) be coordinates on the base manifold S* x S' x R and take
the basis {X1, Xy} of vector fields on S! x S! x R. This basis induces adapted
coordinates (61,02, x,y1,y2) € D in the following way: Given the vector fields X;
and X, generating the distribution D we obtain the relations for ¢ € S* x S' x R

0 0 0
Xi(q) = P%(Q)a—el+P?((])a—92+P§(Q)%>
0 0 0
Xo(q) = P%(Q)a—el+P§(Q)a—92+P§(Q)%‘
Then,
1
p=p=p=0 p=— p=l-z p==

Each element e € D, is expressed as a linear combination of these vector fields:

e =y X1(q) +12Xa(q), qeS'xS'xR.
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Therefore, the vector subbundle 7p : D — S! x S! x R is locally described by
the coordinates (01, 0s, z;y1,y2); the first three for the base and the last two, for
the fibers. Observe that

— ig + (1_ )i+ i
c=h\mor) Y oo, T " o0,

and, in consequence, D is described by the conditions (admissibility conditions):

) ) ) 1
0, = (1 - x)yz, 0y = Y2, T = —"U
m

as a vector subbundle of T'() where y; and ¥, are the adapted velocities relative to
the basis of D defined before.
The nonholonomic bracket is given by [, | = P([-,]). Observe now,

1 0 1 0
[0, Xl =P, X = T(‘Ea_el+Ea_92)
1 L —2) = Jo (<1_x) o) o) )

Tt + h(l— ) 20, " Va0,

The restricted Lagrangian function in these new adapted coordinates is rewritten
as

2

Yy 1
€(91792a937?/1ay2) = 52((1 - x)z‘]l + J2$2) + %y%

The Euler-Lagrange equations, together with the admissibility conditions, for
this Lagrangian are

(z) — Y192 A ()

oo, B —0
m

0 = (1—2)yp, Or=uzy, = iyh
m
where A(z) = J;(1 — z) — Jox and B(z) = (1 — z)%J; + Joz*.
Now, we add controls in our picture. Therefore the controlled Euler-Lagrange
equations are now

() — Y1y A(x)

U = 3/2B 5
m
Y
U = —),
m

together with

) . . 1
0, = (1 - 33)3/2, O = xys, == —yi.
m

The optimal control problem consists of finding an admissible curve satisfying the
previous equations given boundary conditions on D and minimizing the functional

1 T
8(917927x7y17y27u17u2) = 5/ (U% +U’g) dt?
0

for the cost function C': D x U — R given by

1
C(0y, 02, 2,91, Y2, ur, uz) = 5(“% + u3).



10 A. BLOCH, L. COLOMBO, R. GUPTA, AND D. MARTIN DE DIEGO

This optimal control problem is equivalent to the constrained optimization prob-
lem determined by the lagrangian £ : D — R given by

. 1/. Al(x)\ 2 »)
L(01,05, 2, 91,92, 01,02) = §<y23(x)—y1y2m( )) +%.

Here, D@ is a submanifold of the vector bundle 7D over D defined by

D) = {(91,927$7y1,y2,91,92,557?)1,92) € Tﬁ‘fﬂ - %?/1 = 0,61 — (1 —2)yo = 0,65 — xyp = 0} ;
where the inclusion i@ : D@ < TD, is given by the map
i (01,00, T, Y1, Y2, U1, Y2) = (91,92,:6,?;1,312, (1 —2)ya, Y2, %791,92) :
The equations of motion for the extended Lagrangian
z<91,92,9€,yl,y2,91,92,i’,y'1,yz)\) =
L+ )\ («91 —(1- x)y2> + Ao (02 — xy2> + A3 (x — %yl)

are

).\1 - O, ).\2 - O,
. , Tt d)
o = i =)+ (1nBl) - A 22 (DR gy 400,

A3 = —% — Ay (?)23(@ - A(@%) )
0 = M(1l—2)+ oz — %ylA(:r;) (1oB(x) - A2 12)
+ 5 (80 + 200 - L (A + ) - EIEAD))
with
1

0, = (1 —2)ys, Oy = xys, = —y1.
m

The resulting system of equations for the optimal control problem of the contin-
uously variable transmission is difficult to solve explicitly and from this observation
it is clear that it is necessary to develop numerical methods preserving the geomet-
ric structure for these mechanical control systems. The construction of geometric
numerical methods for this kind of optimal control problem is a future research

topic as we remark in [Section 6|

3.2. Example: the Chaplygin sleigh. We want to study the optimal control of
the so-called Chaplygin sleigh (see [4]) introduced and studied in 1911 by Chaplygin
[14], [40] and more recently by A. Ruina [42] (see also [I7] and [18]). The sleigh is
a rigid body moving on a horizontal plane supported at three points, two of which
slide freely without friction while the third is a knife edge which allows no motion
orthogonal to its direction as show in Figure 3.
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We assume that the sleigh cannot move sideways. The configuration space of
this dynamical system is the group of Euclidean motions of the two-dimensional
plane R? SE(2), which we parameterize with coordinates (z, %, 6) since an element
A € SE(2) is represented by the matrix

cos) —sinf x
sinf cosf y | withz,y € Rand@eS'.
0 0 1

0 and (z,y) are the angular orientation of the sleigh and position of the contact
point of the sleigh on the plane, respectively. Let m be the mass of the sleigh and
JI + ma? is the inertia about the contact point, where I is the moment of inertia
about the center of mass C' and a is the distance from the center of mass to the
knife edge. The configuration space will be identified with R? x S! with coordinates
q=(r,y,0) € R? x S..

(z, y)

FIGURE 2. The Chaplygin sleigh

The control inputs are denoted by u; and us. The first one corresponds to a
force applied perpendicular to the center of mass of the sleigh and the second one
is the torque applied about the vertical axis.

The constraint is given by the no slip condition and is expressed in differential
form by

w =sinfdx — cos b, dy.
Therefore the constraint distribution D is given by
_J10 cos¢9£+sin93
S\ Jo m Ox m Oy

That is, the distribution is given by the span of the vector fields

10

X1(q) = j%’
6 0 inf 0
XQ((]) _ COS _+SIIl o

m dr m Oy
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The Lagrangian is metric on () where the matrix associated with the metric G
is
m 0 0
0 m O

0 0 J

Then the Lagrangian L : T(R? x S') — R is given by the kinetic energy of the
body, which is a sum of the kinetic energy of the center of mass and the kinetic
energy due to the rotation of the body

G =

. m. . . J
where x¢c = x + acos0,yc = y + asinf.

The projection map P : TQ — D is

0 0 0 0 0
P(q,q) = cos® 9dx®%+cos 0 sin 9dx®a—y+cos 0 sin chy@)%—l—sin2 0dy®8—y+d9®%.
Let ¢ = (x,v,6) be coordinates on the base manifold R? x S' and take the basis
{X1, X5} of vector fields of D. This basis induces adapted coordinates (x,y, 0, 1, y2) €
D in the following way: Given the vector fields X; and X, generating the distri-
bution we obtain the relations for ¢ € R? x S!

0 0 0

X _ 19 2,7 9 3, VO

1(q) pi(@)5-+pila) o +r1(@) 5,

0 0 0

X _ 19 2,7 9 3() -2

Then,

1 cos 0 sin @
p=p=p=0 pl=75 p=—7 p=——

Each element e € D, is expressed as a linear combination of these vector fields:
e =11 X1(q) +y2X2(q), qeR* xS

Therefore, the vector subbundle 7 : D — R? x S! is locally described by the
coordinates (z,y,0;y1,y2); the first three for the base and the last two, for the
fibers. Observe that

B 12 . cos@ﬁ_f_sin@ﬁ
c= N\ 2\ "m oz m Oy

and, in consequence, D is described by the conditions (admissibility conditions):

. cos 6 . sind . 1
T = Y2, Y= Yo, 0= =1
m m J

as a vector subbundle of T'() where y; and ¥, are the adapted velocities relative to
the basis of D defined before.

The nonholonomic bracket given by [-,-] = P([-,]) satisfies

N

1 0 cosf O
X1, Xo] = P[X1, Xo] = P [ ———sinf— )~
[X1, Xo] = P[Xq, Xy T( Jmsmeax_l—Jm 3y) ’
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The restricted Lagrangian function in the new adapted coordinates is given by

1 b a’m
12 ) = — 24 = 2 where b = ——.
Therefore, the equations of motion are
by ) . cos . sind . 1
Ao, Lo i= Yo, Y= Y2, 0= -y
J m m m J

Now, by adding controls in our picture, the controlled Euler-Lagrange equations
are written as
by Ua . cosf . siné 1
— =, S =u, = Y2, Y= Y2, 0= —u.
J m m m J
The optimal control problem consists on finding an admissible curve satisfying
the previous equations given boundary conditions on D and minimizing the func-
tional J(z,y, 0, y1, y2, U1, us) = %fOT (u? 4 u3) dt, for the cost function C': D x U —
R given by

1
C<x»y797y17y2,ulyu2) = 5(“? + Ug) (4)

As before, the optimal control problem is equivalent to solving the constrained
optimization problem determined by £ : D? — R, where

oo 1 (V27 3
L<$7Z/7973/17y273/173/2):§(J_2I+m_22>.

Here, D is a submanifold of the vector bundle 7D over D defined by

cos . sinf |
y2 = 0,9 — y2=0,9——y1=0},
m m J

®(2) = {(x>y707ylay27jayaé>y1792) S TD‘$ -

where the inclusion i@ : D) < TD, is given by the map

. . cosf sinf 1 o
ZD<2)(x7ya9ayl7y27ylay2) = xayvevylay%—y%_y%_ylay17y2 .
m m J

The equations of motion for the extended Lagrangian

~ A S . cosf . sinf
L($’y797y17y27x7y79ay17y27>\) = L+>\1 (ZE— m y2)+)\2 (?J_ m y?)

|
+A3 (9 — j%)

are
)‘\1 = O, )‘\2:0, }\3:%()\181116—)\2(3086),
b2 ..
)\3 = —%, :l:jg = —m()\1 cos f + )\2 Sin@)
with
cosf sin 6 1
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The first two equations can be integrated as A\; = ¢; and Ay = ¢ where ¢; and ¢
are constants and differentiating the equation for A3 with respect to the time and
substituting into the third equation, the problem is reduced to solve the system

% = y—ZQ (cgcos@ — ¢y sinf), s = —m(cy cosf + cysinf),
m
with
cos . sind o1
Tr = Yo, Y= Yo, 0=y
m m J

If we suppose, \; = 0,\y = 0 (that is, ¢; = ¢ = 0) then the system can be
reduced to solve
Y, =0 and s =0.

Integrating these equations and using the admissibility conditions we obtain con-

stants of integration ¢;, ¢ = 3,...,8 and the equations
Q(t) _ 03t3 C4t2 C5tﬂ>067
6.J 2J J
1 [t 34 3c452+6 6
x(t) = E/o Cos <635 i C4S6j Go T CG) (c7s + cs) ds,
1 [t 34 3¢5+ 6 6
w0 = [ (633 e bt 06)<C7s+cs>ds.
Therefore the controls u; and us are
cy c3t 4 ¢y
wlt) =, un(r) = 2

Remark 3.2. A similar optimal control problem was studied also [9]. The authors
have also used the theory of affine connections to analyze the optimal control prob-
lem of underactuated nonholonomic mechanical systems. The main difference with
our approach is that in our paper we are working on the distribution D itself. We
impose the extra condition A\; = Ay = 0 to obtain explicitlly the controls minimiz-
ing the cost function. Usually, there is prescribed an initial boundary condition
on D and a final boundary condition on D. For the Chaplygin sleigh we im-
pose conditions (z(0),y(0),0(0),41(0),y2(0)) and (x(T"),y(T),0(T), y1(T), y2(T)).
Heuristically, observe that if we transform these conditions into initial conditions
we will need to take the initial condition

(z(0),4(0),0(0),41(0),42(0), 71(0), ¥2(0), A1 (0), A2(0), A3(0)) and it is not necessary

that some of the multipliers are zero from the very beginning.

3.3. Application to motion planing for obstacle avoidance: The Chap-
lygin sleigh with obstacles. In this section, we use the same model of the
Chaplygin sleigh from the previous section to show how obstacle avoidance can be
achieved with our approach using navigation functions. A navigation function is
a potential field-based function used to model an obstacle as a repulsive area or
surface [35],[36].

For the Chaplygin sleigh, consider the following boundary conditions on the
distribution D: z(0) = 0, y(1) =0, 0(0) =0, 2(0) =0, y(0) =0 and
x(T)=1, y(T)=1, 6(T)=0, y(T)=0, y(T)=0.
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Let the obstacle be circular in the xy-plane, located at the point (z¢,yc) =
(0.5,0.5). For llustrative purposes, we use a simple inverse square law for the
navigation function. Let V(z,y) given by

V(z,y) =

(z —r0)*+ (y — ye)?

where the parameter x is introduced to control the strength of the potential func-
tion.

Appending the potential into the cost functional the optimal control problem
is equivalent to solve the constrained optimization problem determined by £ :
D — R, where

TR N ;
T = .
y Y, 0,91, Y2, Y1, Y2 2J2 2m2 2((I _ xc)Z + (y _ yC’)Q)

The equations of motion for the extended Lagrangian

~ s . cosf . sind
L(z,y,0,91,Y2,2,9,0, 01,92, A) = L+ N\ (95— - y2)+/\2 <?J— - 92)

. 1
+A3 (9 - jy1>

are
|V K(z —zc) Sy = — x(y —yc)
((z = 20)* + (Y — yo)?)? ((x —2c)? + (v —yc)?)?
. 2..
A3 = b2 (Arsinf — Agcosf), A3 = —b%; B2 = —m(Ay cos @ + Apsin )
m
with
cos . sind . 1
T = Yo, Y= Y2, 0= —uyr.
m m J

We solve the earlier boundary value problem for several values of x. Starting
with k£ = 0, which corresponds to a zero potential function, we incremente x until
the potential field was strong enough to prevent the sleigh from interfering with
the obstacle. We try with k = 0,0.01,0.1,0.25, and 0.5 for T=1. The result is
shown in Fig. 4. Note that for K = 0.25 and 0.5 the sleigh avoids the obstacle,

and as one may anticipate, as x increases, the total control effort and therefore,
1

1
the total cost J = 5/ (uf + u3 + V(x,y))dt increases. For example, J = 17.0242

when x = 0.25 and 30: 18.4634 when x = 0.5. Hence, we select k = 0.25 since
it corresponds to a trajectory that avoids the obstacle with the least possible cost
(of all five tried in this simulation). The trajectories profile is shown in Figures 5,
6 and 7. This example illustrate how our approach can be used with the method
of navigation functions of optimal motion generation for obstacle avoidance.
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FIGURE 3. The extremals solving the boundary value problem with
k =0,0.01,0.1,0.25 and 0.5.

FIGURE 4. Behavior of # for k = 0,0.01,0.1,0.25 and 0.5.

4. LAGRANGIAN SUBMANIFOLDS AND NONHOLONOMIC OPTIMAL CONTROL
PROBLEMS

In this section we study the construction of Lagrangian submanifold representing
intrinsically the dynamics of the optimal control problem and the corresponding
Hamiltonian representation when the system is regular. In the regular case, the
definition of a particular Legendre transformation give rise the relationship and
correspondence between the Lagrangian and Hamiltonian dynamics.

4.1. Lagrangian submanifolds. In this subsection we will construct Lagrangian
submanifolds that are interesting for our purposes in the study of the geometry of
optimal control problems of controlled mechanical systems (see [33], 49]).

Definition 4.1. Given a finite-dimensional symplectic manifold (P,w) and a sub-
manifold N, with canonical inclusion iy : N — P, N s said to be a Lagrangian
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FIGURE 5. Behavior of the velocites y; (left) and ys (right) for k =
0,0.01,0.1,0.25 and 0.5

FIGURE 6. Behavior of the controls u; (left) and wug (right) for k =
0,0.01,0.1,0.25 and 0.5

submanifold if i3, w =0 and
dim N = %dim P.

A distinguished symplectic manifold is the cotangent bundle 7@ of any manifold
Q. If we choose local coordinates (¢*), 1 <4 < n, then T*Q has induced coordinates
(¢%, p;). Denote by Tg : T*Q — @ the canonical projection of the cotangent bundle
defined by 7mq(€;) = ¢, where ¢, € T;Q. Define the Liouville 1-form or canonical
1-form 0y € AY(T*Q) by

((0g)e, X) = (e, Tmp(X)), where X € T.T*Q) , e € T*Q.

In local coordinates we have that 6y = p; dg'. The canonical two-form wg on T*Q
is the symplectic form wg = —dfg (that is wg = dg* A dp;).

Now, we will introduce some special Lagrangian submanifolds of the symplectic
manifold (7*Q,wq). For instance, the image X\ = A(Q) C T*Q of a closed 1-form
A € A'Q is a Lagrangian submanifold of (T*Q,wq), since Nwg = —dX\ = 0. We
then obtain a submanifold diffeomorphic to () and transverse to the fibers of T%().
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When A is exact, that is, A = df, where f : Q) — R, we say that f is a generating
function of the Lagrangian submanifold ¥, = X (see [49]).

A useful extension of the previous construction is the following result due to
W.Tulczyjew:

Theorem 4.1 ([47],[48]). Let Q be a smooth manifold, ¢ : TQ — Q its tangent
bundle projection, N C ) a submanifold, and f: N — R. Then

Sr={peT"Q|mqp) € N and (p,v) = (df,v)
for allv e TN C TQ such that To(v) = mo(p) }

18 a Lagrangian submanifold of T*(Q).

Taking f as the zero function, for example, we obtain the following Lagrangian
submanifold

o= {p € T*Q|N | (p,v) =0,VveTN with g(v) = WQ(p)},

which is just the conormal bundle of N:
V' (N) = {p € T*Q‘N : p}Tﬂp)N = O} :

4.2. Lagrangian submanifold description of nonholonomic mechanical
control problems. Next, we derive the equations of motion representing the
dynamics of the optimal control problem .

Given the function £ : D® — R, following Theorem (1), when N = D? C
TD we have the Lagrangian submanifold ¥, C T*TD. Therefore, £ : D® —
R generates a Lagrangian submanifold ¥, C T*TD of the symplectic manifold
(T*TD, wrp) where wpyp is the canonical symplectic 2-form on T*T'D.

The relationship between these spaces is summarized in the following diagram:

ZL¢> T*TD
(”T*TD)|ELl l”T*TD

in)

PR 2% 7D

Proposition 4.1. Let £ : D@ — R be a C®-function. Consider the inclusion
Ip(2) ° DO — TD where wrp is the canonical symplectic 2-form in T*TD. Then

Yo ={p € T"TDlig p=dL} CTTD
is a Lagrangian submanifold of (T*TD,wrp).

Definition 4.2. Let D be a non-integrable distribution, TD its tangent bundle
and D@ the subbundle of TD defined on (1). A second-order nonholonomic
system is a pair (D@ ;) where ¥y C T*TD is the Lagrangian submanifold
generated by £ : DB — R.

Consider local coordinates (¢', y*, ¢, ) on TD. These coordinates induce local
coordinates (¢, y*, ¢', ¥, i, pta, Vi, Y4) on T*T'D. Therefore, locally, the system is
characterized by the following set of equations on T*TD



OPTIMAL CONTROL OF NONHOLONOMIC MECHANICAL SYSTEMS 19

apf;, A 0L

fi+ a5yt = A
7 0q oq*
- 0L

pa -+, = W: (5)

0L

YA = ay-Av

i = payt

Remark 4.3. Typically local coordinates on ¥ C T*T'D are (¢*, y*, 9, v;) where
~; plays the role of Lagrange multipliers.

Remark 4.4. In the case of the Chaplygin sleigh local coordinates on T*1D

will be given by (QT, ?J? 9, Y1, Y2, i‘a ZJ, 07 yla yZa My oy g5 015 25 Vas Yoy V05 V15 72)7 where
(x,y,0,y1,y2, %, 9,0, 71, 92) are local coordinates on TD. The Lagrangian subman-
ifold of T*T'D is described by the equations

pe = 0, Ny:Oa

Y2 .
po = (7a sin 6 — v, cos0)
b2
= _$, po = —m(y; cos 8 + v, cos ),
R Yo
"= ?7 Yo = W7
, cos . sinf s
& o= Yo Y= 0=".
m m J

After a straightforward computation one can check easily that these equations are
equivalent with those obtained in the Lagrangian formalism.

4.3. Legendre transformation and regularity condition. We define the map
U :T*TD — T*D as

(P (p0,), X (2)) = (pro,, XV (va)),
where € T*TD, v, € T,D, X(z) € T,D and XV (v,) € T,,TD is its vertical lift
to v,. Locally,

V(g y™ d 07 s pas v va) = (65 y™, 76 74)-
Definition 4.5. Define the Legendre transform associated with a second-order

nonholonomic system (D@, Y1) as the map FL : $g — T*D given by FL = Voiy;, .
In local coordinates, it is given by

‘ . 0L
FL 27 A7 .A, ) = 27 A7 s — .
T (quagﬁ
The following diagram summarizes the situation

Nt prpp Y

\/

FL

D
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Definition 4.6. We say that the second-order nonholonomic system (D(Q), Ye) s
regular if FL : X — T*D is a local diffeomorphism and hyperregular if FL is
a global diffeomorphism.

From the local expression of F£ we can observe that from a direct application
of the implicit function theorem we have:

Proposition 4.2. The second-order nonholonomic system (D(Q), Yc) determined
2

by £ : D® — R is reqular if and only if the matriz (W

) s mon singular.

Remark 4.7. Observe that if the Lagrangian £ : D? — R is determined from

an optimal control problem and its expression is given by then the regularity
82

Of the matrix (W

) is equivalent to
0°C
det (m) #0

4.4. Hamiltonian formalism.

for the cost function.

0L
Assume that the system is regular. Then if we denote by p; = v; and p4 = 904
, Y
we can write ¥ = y4(¢*, y*, pa). Define the Hamiltonian function H : T*D — R
by

H(e) = (o, mrerp |5, (FLTH(@))) = £ (mperp |5, (FLTHe)))
where o € T*D is a one-form on D, and 7p«rp |5,: Xg — DA is the projection
locally given by mp«rp |5, (¢, y*, 9% %) = (¢',y*, 9*). Locally the Hamiltonian is
given by
j{(qza yAapiapA) = pAyA(qia yA>pA)> + pszyA - L(qla yA7 yA<qi’ yAapA))a

where we are using

1y ; DA oL oply 4 0L :
FL l(q 7yA7pi7pA) = (q ayAapAayA(q ayAapA)v 6_(12 _pj aquA, w _pjpi\ameA) .

Below we will see that the dynamics of the nonholonomic optimal control prob-
lem is determined by the Hamiltonian system given by the triple (7*D,wp, H)
where wyp is the standard symplectic 2—form on T*D.

The dynamics of the optimal control problem for the second-order nonholonomic
system is given by the symplectic hamiltonian dynamics determined by the dynam-
ical equation

1 XqWD = dXH. (6)
Therefore, if we consider the integral curves of Xy, there are of the type t —

(G (1), 9 (t), ps(t), pa(t)); the solutions of the nonholonomic Hamiltonian system is
specified by the Hamilton’s equations on T*D
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q = ) N
api 6’pA
A/ S '
pZ - aqu? pA_ ayA?
that is,
i = Pyt
. 0L i A A/ i A aﬂix A
pi = 6)C]i(q,y 9°(q" y" pa)) — by 9
pa = W(q v gyt pa)) — pidh.

From equation @ it is clear that the flow preserves the symplectic 2—form wqp.

Moreover, these equations are equivalent to equations given in using the iden-
tification gztween the Lagrange multipliers with the variables p; and the relation
oy’
Remark 4.8. We observe that in our formalism the optimal control dynamics is
deduced using a constrained variational procedure and equivalently it is possible
to apply the Hamilton-Pontryagin’s principle (see [21] for example), but, in any
case, this “variational procedure” implies the preservation of the symplectic 2-form,
and this is reflected in the Lagrangian submanifold character. Moreover, in our
case, under the regularity condition, we have seen that the Lagrangian submanifold
shows that the system can be written as a Hamiltonian system (which is obviously
symplectic).

Additionally, we use the Lagrangian submanifold ¥, as a way to define intrinsi-
cally the Hamiltonian side since we define the Legendre transformation using the
Lagrange submanifold ¥;. However there exist other possibilities. For instance, in
[1] (Section 4.2) the authors defined the corresponding momenta for a vakonomic
system. Using this procedure the momenta are locally expressed as follows

for pp =

oL _.0f;
L= o N
pi a2q TN ag
oL _.0f
= _— J _—
pa 95 + R

where £ is an arbitrary extension of £ to T'D and f/ = ¢ — plyy* = 0 are the
constraint equations. A simple computation shows that both are equivalent, but
our derivation is more intrinsic and geometric, that is, independent of coordinates
or extensions and without using Lagrange multipliers.

4.5. Example: continuously variable transmission (CVT) (cont’d). Now,
we continue the example of the optimal control problem for a continuously vari-
able transmission that we considered in [Section 3.1l Recall that the constraint
distribution for the CVT is given by D C T'(S* x S! x R)
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The system is regular since

o (aya§y) _BP

since B(z) = J1(1 — z)? + Joz? # 0.

Denoting by (64,02, z,y1,Ye, Pa, ; Doy Pu, P1, P2) local coordinates on T*D the dy-
namic of the optimal control problem for this nonholonomic system is determined
by the Hamiltonian function H : T*D — R,

m’p? P P2A(2)y1y
%(97927w?ylayQapelvpempxaplap?) == 9 ! + 2(3(2))2 + Qm(le; 2 +p91(1 — .Z')yg

n
+  pPe,xTY2 + Py—.
m

The corresponding Hamiltonian equations of motion are

(S m*p, po, = 0,

o D2 A(2)y192 .
2. = (B(ZL’))2 + mB(m) y Doy = 07
s _ B Pty ((A())? — J1J2) B 2p3 Az
Pr = Ya(pe, — Pes,) (B2 BE
_ pRA@Yy: pe . pA@N

mB(z) m’ 7 mB(z)

o= _pel(l_x) — Po,T.
4.6. Example: the Chaplygin sleigh (cont’d). In what follows, we continue
the example of the optimal control problem of the Chaplygin sleigh that we began

to study in Section 3.2. Recall that the constraint distribution is given by D C
TSE(2) where

B lg cos@£+sin93
\JO8 m Oz m Oy

The system is regular since

0*L a’
det | ———— ) = — #0.
) (ayAayB> 77
Denoting by (x,y, 0, Y1, Y2, Dz, Py, Do, P1, p2) local coordinates on 7*D the dynam-

ics of the optimal control problem for this nonholonomic system is determined by
the Hamiltonian function H : T*D — R,

J? m? cos 6 Do sin

o 2 2
H(z,y,0,y1, Y2, Pes Dy, P, P15 D2) = 2_b2p1 + 7272 ‘l‘pryQ + 791 + Dy

The Hamiltonian equations of motion are

Ya.
m
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. J2p1 . . .
N = b_27 Y2 = m2p27 Pz = Oa by = 07
, sin 0 cos
Po = Dz Y2 — Dy Y2,
m m
. Do . cos sin 6
n = = —7, P2 = =Pz — Py .
m m

Integrating the equations p, = 0 and p, = 0 as p, = ¢; and p, = ¢y where ¢;
and ¢y are constants the system of differential equations becomes

) J*py ) sin cos 6
Y1 = 2 Do = Y2 — C2 Y2,
m
) 9 ) Dy . cos 6 sin 6
Y2 = Mpz, P1=——F, P2=—0C — C2 .
J m m
Differentiating ¢; and 3. and substituting we obtain

Y
Jl = yz2 (cacos@ —cysinf),  Go = —m(cq cosh + cosinf),

as in the Lagrangian setting.
Observe that in the case of motion planing for obstacle avoidance the Hamilton-
ian function H : T*D — R is given by

2 z, cos 0 sin 6

J”
j{(xay76>ylay27pxapy>p9?plap2) - 2_b2p1+7p2+p —Y2 + Jyl+py

K
2(x —xc)? +2(y — yo)?’
and the resulting dynamical equations are

Y2

no o= & Y2 = m2p2 Dz = m(x — xc)
v’ T (= xe)? + (y —ye)?)?
) k(Y —yo) sin @ cos 0
by = y Do =De—Y Y2,
Y ((m—20) + (Y — ye)?)? L ’
) Do ) cos 6 sin 6
P = = —7, P2 = — Pz — Dy .
m m

5. CONCLUSIONS AND FUTURE RESEARCH

In this section we summarize the contributions of our work and discuss future
research.

5.1. Conclusions: In this paper we study optimal control problems for a class of
nonholonomic mechanical systems. We have given a geometrical derivation of the
equations of motion of a nonholonomic optimal control problem as a constrained
problem on the tangent space to the constraint distribution. We have seen how
the dynamics of the optimal control problem can be completely described by a
Lagrangian submanifold of an appropriate cotangent bundle and under some mild
regularity conditions we have derived the the equations of motion for the nonholo-
nomic optimal control problem as a classical set of Hamilton’s equations on the
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cotangent bundle of the constraint distribution. We have introduced the notion of
Legendre transformation in this context to establish the relationship between the
Lagrangian and Hamiltonian dynamics. We applied our techniques to different ex-
amples: optimal control of a continuously variable transmission, Chaplygin sleigh
and to optimal planning for obstacle avoidance problems.

5.2. Future research: Construction of geometric and variational integra-
tors for optimal control problems of nonholonomic mechanical systems.
In this paper we have seen that an optimal control problem of a nonholonomic sys-
tem may be viewed as a Hamiltonian system on 7*D. One can thus use standard
methods for symplectic integration such as symplectic Runge-Kutta methods, col-
location methods, Stormer-Verlet, symplectic Euler methods, etc.; developed and
studied in [26], [27], [28], [43], [44], e.g., to simulate nonholonomic optimal control
problems.

Also, we would like to build variational integrators as an alternative way to
construct integration schemes for these kinds of optimal control problems following
the results given in[Section 3| Recall that in the continuous case we have considered
a Lagrangian function £ : D® — R. Since the space D@ is a subset of TD we
can discretize the tangent bundle T"D by the cartesian product D x D. Therefore,
our discrete variational approach for optimal control problems of nonholonomic
mechanical systems will be determined by the construction of a discrete Lagrangian
Lg: @&2) — R where Df) is the subset of D x D locally determined by imposing
the discretization of the constraint ¢° = p¥,(q)y*, for instance we can consider

G-a _ (BB (v tTi
noo A 2 2 '

Now the system is in a form appropriate for the application of discrete variational
methods for constrained systems (see [34] and references therein).

QQZ{%wéﬂwﬁeﬂxD
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