arXiv:1410.5693v1 [math.CA] 21 Oct 2014

EXPONENTIAL FRAMES ON UNBOUNDED SETS

SHAHAF NITZAN, ALEXANDER OLEVSKII AND ALEXANDER ULANOVSKII

ABSTRACT. For every set S of finite measure in R we construct a discrete set
of real frequencies A such that the exponential system {exp(iAt),\ € A} is a
frame in L?(S).

1. INTRODUCTION

This note can be viewed as a continuation of our previous paper [NOUJ. In
[NOU] we constructed "good" sampling sets for the Paley—Wiener spaces PWg
of entire L*(R)—functions with bounded spectrum S in R. This construction is
based on a result in [BSS]| on existence of well-invertible sub-matrices of large
orthogonal matrices. Recently, an important progress in the latter area has been
made in [MSS|. Based on this, we prove existence of exponential frames in L*(S),
for every unbounded set S in R of finite measure.

Recall that a system of vectors £ = {u;} is a frame in a Hilbert space H if
there are positive constants a, A such that

allh* < Y [huy)* < AR VA€ H.

Uj cFE
The numbers a and A above are called frame bounds.

Given a discrete set A in R, we denote by
E(A) = {eiAt}AeA
the system of exponentials with frequencies in A.

Exponential frames F(A) in L*(S) (equivalently, stable sampling sets A for
PWyg) have been carefully studied from different points of view. There is a large
number of results in the area. In the classical case when S is an interval, such
systems were essentially characterized by Beurling [B] in terms of the so-called
"lower uniform density" of A. A complete description of exponential frames for
intervals is given by Ortega—Cerda and Seip [OS|. However, the problem of ex-
istence of exponential frames for unbounded sets remained open. The following
result fills this gap by showing that for every set S of finite measure, the space
L*(S) admits an exponential frame:

Theorem 1 There are positive constants c¢,C' such that for every set S C R of
finite measure there is a discrete set A C R such that E(A) is a frame in L?(S)

with frame bounds c|S| and C|S|.
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Here by |S| we denote the measure of S.

Remark 1. The frame bounds are essential in many contexts, since they charac-
terize the "quality" of frame decompositions. Assume that an exponential system
E(A) forms an orthogonal basis in L?*(S). One can easily check that in this case
E(A) is a frame in L?(S) with frame bounds a = A = |S|. These are, in a sense,
the "optimal" frame bounds. In general, there may be no exponential orthogonal
basis in L*(S). However, Theorem 1 shows that an exponential frame in L?(S)
always exists with "almost" (up to fixed multiplicative constants) optimal frame
bounds.

Remark 2. A similar to Theorem 1 result regarding the existence of complete
exponential systems E(A) in L?(S) (equivalently, existence of uniqueness sets A
for PWy) is obtained in [OU| by an effective direct construction. That is not
the case here, since the proof of Theorem A below in [MSS]| involves stochastic
elements.

Remark 3. Assume that S lies on an interval of length 27d,d > 0. It follows
from Lemma 10 below that a set A satisfying the conclusion of Theorem 1 can be
chosen satisfying A C (1/d)Z.

Remark 4. Assume that A satisfies the conclusions of Theorem 1. Then there
are two absolute constants k£, K such that the inequalities

#(ANQ)
1]
hold whenever 2 is a sufficiently long interval in R. In fact, one can choose any
numbers k£ < 1/27 and K > 4C, where C is the constant in Theorem 1. Then,
as it was shown by Landau [L] (for a more elementary proof see [NOJ), the left

hand-side inequality above follows from the frame property of E(A). The right
hand-side inequality follows from Lemma 6 (ii) below.

k|S| < < K|S|

2. WELL-INVERTIBLE SUBMATRICES

Our construction is based on the following result by Marcus, Spielman and
Srivastava from [MSS]:

Theorem A Let € > 0, and uy, ..., u,, € C" such that ||u]|> < € for alli = 1,...m,
and

> Hw,ug)|* = wl*  VweC.
i=1
Then there exists a partition of {1,...,m} into S; and S,, such that for each

J=12
1+ v/2¢)? .
S twud < 2D vw e )

1€S;
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Observe that, clearly, (1 +v/2¢)? <1+ 5y/¢ when € < 1.
Remark 5. Let € < 1. Since

> Hw P = flwl® =Y w,w)?,

€S i€S2
estimate (1) shows that the two-sided estimate holds for each j =1,2:

€ 1+ 5/ .
\/_HwHQ < Z [(w,u;)|* < T\/_HMHZ Yw € C". (2)

iESj

The following corollary (see Corollary F.2 in [HOJ) gives a reformulation of
Theorem A in a form well prepared for an induction process:

Corollary B Let vy, ..., v, € C" be such that |v;||> < for alli=1,..., k. If
k
aflw]* <Y [(w,v)* < Bllw]*  vweC,
=1

with some numbers a > § and 3, then there exists a partition of {1, ..., k} into Sy
and 52 such that for each j = 1,2,

L0l < Y ) < EEY Y g vwecn @)

i€S;

For the sake of completeness, we reproduce the proof.
Let M : C" — C" be the operator defined by Mw = Y% | (w, v;)v;. Observe
that M is positive and that
alwl? < [|MYPwl* < gllw|*  Vw e C".

Set u; = M~/2v;. Then ||u;||? < ||vs]|?/a < 6/cv. Further, for all w € C™,
k k
Z(w, wu; = M2 Z(M’I/Qw, v)v; = MY2MM 2w = w.
i=1 i=1
We see that u; satisfy the assumptions of Theorem A withm = kand e = §/a < 1.
Hence, there is a partition of {1, ..., k} into two sets S; and S, satisfying (2). Using
the right hand-side of (2) we get

Z|<w’vz Z| M1/2 |2 1+5\/_||M1/2 ||2

’iESj ZES
1 5 )
OV e = L2V g

The proof of the left hand-51de of (3) is sunilar.

We will use an elementary lemma:
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Lemma 1 Let 0 < 6 < 1/100, and let «;, 3;,7 = 0,1, ..., be defined inductively

].—5 5/Oéj 1+5\/5/Ozj‘
5 Bi1:= 5]#
Then there exist a positive absolute constant C' and a number L € N such that

a; >1006,j < L, 256 < a4 < 1008, bpey < Capas.

Qp — ﬁo = 1, OéjJrl = Oéj

Proof. Clearly, if a; > 1006 then

% < Ojq1 < %
Denote by L > 1 the greatest number such that a; > 1000, and set v; =
§/a;,j < L. Then y,_; < 27179/2 Tt follows that

L
1+ 7, 142°179/2
H]_ C H 21]/2

o - i

This gives by < Cary1, and the lemma follows.

We will need the following

Lemma 2 Assume the hypothesis of Theorem A are fulfilled and that ||u;|* =

n/m,i=1,...,m. Then there is a subset J C {1,...,m} such that
n 2 2 n 2 n

— < O < Co— Yw e C", 4

co—lw]® < [{w, us)|* < Co—|wl| w (4)

ieJ
where cq and Cy are some absolute positive constants.

Proof. If n/m > 1/100, then (4) holds with J = {1, ...,m} and Cy = ¢y = 100.
Assume § :=n/m < 1/100. Let a; and (; be as defined in Lemma 1. Then the

vectors v; = u; satisfy the assumptions of Corollary B with ag = 5y = 1. Hence, a
set J; C {1,...,m} exists such that

arflwl* <Y [w,u) < Bif|w]*  Vw € C"

i€y

Since oy > ay > 1006, we may apply Corollary B the second time to get a set
Jo C Ji such that the two-sided inequality above holds with Js, as and 5, and so
on. Since ay > 1000, Corollary B can be applied L times. We thus obtain a set
Jri1 C {1,...,m} for which the two-sided inequality holds with ay.; and 8.
From Lemma 1 it follows that (4) is true with J = Jp ;.

We now reformulate Lemma 1 in terms more convenient for our application.
Given a matrix A of order m x n and a subset J C {1,...,m}, we denote by A(J)
the sub-matrix of A whose rows belong to the index set J.

Lemma 3 There exist positive constants ¢y, Cy > 0, such that whenever A is an
m X n matrix which is a sub-matrix of some m x m orthonormal matrix, and such
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that all of its rows have equal [*> norm, one can find a subset J C {1,...,m} such
that
n n
co—llwl* < JA(Ww|® < Co—|lw|®  Vwe " (5)
m m

3. AUXILIARY RESULTS

~

In what follows we write F' = f, where f is the Fourier transform of F"

1 —itT
f(x):E/Re F(t)dt.

Given a discrete set A, we denote by d(A) its separation constant
d(A):= inf |A=N].
AN EANAN

Given a sequence of sets A; satisfying d(A;) > d > 0 for all j, a set A is called
the weak limit of A; if for every € > 0 and for every interval 2 = (a,b),a,b € A,
both inclusions A; NQ C (AN Q) + (—€,€) and ANQ C (A; NQ) + (—€, €) hold
for all but a finite number of j’s. The standard diagonal procedure implies that
if A; satisfy d(A;) > d > 0 for all j, then there is a subsequence which weakly
converges to some (maybe, empty) set A satisfying d(A) > d.

Recall that the Paley-Wiener space PWy is defined as the space of all functions
f € L*(R) such that f vanishes a.e. outside S. When the measure of S is finite,
we have

/S F@)ldt< ||FIVIS]  VF e IX(S).

Here || F|| means the L2—norm of F. Hence, f € LY(R) for every f € PWg, and
so every function f € PWg is continuous.

Sometimes it will be more convenient for us to work with the Paley—Winer space
PWsg, rather than L?(S). In this connection we observe that by taking the Fourier
transform, Theorem 1 is equivalent to the following statement:

There exist positive constants ¢, C' such that for every set S C R, |S| < oo, there
is a discrete set A C R such that

SR < Y I < CIslifIP Vf e PWs (6)

AEA

We will prove (6) with the constants C' = Cjy and ¢ = ¢/(36Cy), where ¢y and
Cy are the constants in Lemma 3.

We will need the following Bessel’s inequality (see [Y], Ch. 4.3): Given a set
A satisfying d(A) > 0 and a bounded set S, there is a constant K which depends
only on d(A) and the diameter of S such that

I < KIIFIP VfePWs.

AEA
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The proof of Theorem 1 below uses three auxiliary lemmas:

Lemma 4 Let S be a bounded set of positive measure and let A, C R be a
sequence of sets satisfying d(Ay) > d > 0,k = 1,2,..., which converges weakly to
some set A. Then

lim ST NP =SSP Ve PW.

k—o0
AEA AEA

Proof. Take any function f € PWg, and pick up a point z; € [Id — /2,15 + §/2]
such that

|f(2)| = Jmax |f ()] Vi e Z.

Since x;,0 — x; > 0, the sequence xy is a union of two sets each having separation
constant > §. By Bessel’s inequality, we see that

S 1) < oo

kEZ

Let R > 0, and write
D IR IFOPI < DD IFIP= D0 IFOP+2 DY @)l
AEA AEA AEAL,|AI<R AEAN<R |k|>R/5

The first term in the right hand-side tends to zero as k — oo whenever +R ¢ A,
while the second one tends to zero as R — oo. This proves the lemma.

Lemma 5 Let S; C Sy C ... be an increasing sequence of bounded sets in R with
S = USk being a set of finite measure. Let A C R, d(A) > 0, and positive k, K
be such that the inequalities

FIGIP < D 16O < K517 Vfj € PWs, (7)
A€A
hold for every j. Then
FIAIP <D 1FOOP < KN fI1P Vf € PWs. (8)

AEA

Proof. Given a function f € PWg, let f; € PWs, be the Fourier transform of the
function f - 1s,, where 1g; is the indicator function of S;. Then the L'—norm of

f — fj tends to zero as j — oo, and so the functions f;(z) converge uniformly to
().

For every R > 0 we have,

Y LM< KGR

AEA N <R
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Taking the limit as 7 — oo, we obtain
> IFE < KIfIP
AEA N <R

By letting R — oo, we obtain the right hand-side inequality in (8). Using this
inequality, we get

(X1 = (X IHOP) = (I = WP 2

AEA xeA AeA
E2NAI = K2 = £
Taking the limit as j — oo, we prove the left hand-side inequality in (8).
Lemma 6 Assume that the inequality
DN CISIAP Yf e PWs (9)
AEA
is true for some C' > 0,5 C R, |S| < oo, and A C R. Then
(i) There is a constant n > 0 which depends only on S such that
#(ANQ) <9C,
for every interval Q C R, |Q] =n.
(ii) There is a constant K > 0 which depends only on S such that
#ANQ)
2]
for every interval Q C R, |Q] > K.

< 4C1S],

Proof. (i) Denote by h € PWg the Fourier transform of the indicator function
lg. Then h(z) is continuous,

_ 151

V2
Choose > 0 so small that |h(x)| > |S|/3,|z] < n/2. Then, applying (9) for
f = h, we see that the statement (i) of Lemma 6 holds for Q = [-n/2,7/2]. To

complete the proof, it suffices to observe that every function h(z — x¢),zo € R,
belongs to PWs.

(ii) Take any function g € PWj satisfying ||g|| = 1, and choose a number R
such that

h(0) NI = 11s]1* = 18],

R 1
| lo@l sz 3

R
Assume K > 2R. We now apply (9) to the function f(x) := g(z—s) and integrate
over (—K, K) with respect to s:

K
/ > lg(A—s)Pds < 2KC|8S].

K AEA
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When |\| < K/2, we have
K R 1
[ = srasz [ jgpas >

K s
We conclude that
#(AN(=K/2,K/2))
2

K
g/ S lg(A = 5)[2ds < 2KC8].

—K ea

This proves statement (ii).

4. PROOF OF THEOREM 1
The proof of Theorem 1 will consist of a series of lemmas.

Lemma 7 Let n,m € N,n < m. For every set

S = U [QWT, 2m(r + 1)] , 1 C{0,....m— 1}, #I =n,

m m

rel
there is a set A C Z such that
al SIFI* < D1 < Col S|P Vf e PWs,
AEA

where ¢y, Cy are the constants in Lemma 3.

Proof. Observe that |S| = 27n/m, and denote by

Fr = (€' " )rel j=0,....m—1

(10)

the submatrix of the Fourier matrix .# whose columns are indexed by I. Since
the matrix (y/m)~'.% is orthonormal, by Lemma 3 there exists J C {0,...,m — 1}

such that

conllw|l* < | Z1(Nwlli,y < Conllwl*,  w € la(1).

Observe that every function F' € L?(S) can be written as

where F, € L*(0, %) is defined by
2mr

Therefore, every function f € PWs admits a representation

fla) =Y e (), fr € PWpy 2my,

rel

(11)
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where the functions e!*n * f,(z) are orthogonal in L(R). We note that for every
function h € PWig 2z /m we have,

—||h||2 > [ (12)
AemZ
We now verify that the sequence
A={j+km:jeJkelZ}
satisfies (10). Take any function f € PWs. Then

2D MG HEmP =3,

j€J keZ jeJ keZ

2

Ze m fr]+km)

rel

QWTJ

For every j € J we apply (12) to the function ) _, " f,(z). We find that the
last expression is equal to

Py

jeJ

2ﬂr]

m fr(2)

2
2
dr= 2T /R |71 (fr(@))rer |y

e’
rel
By inequality (11) we have on one hand,

SO |2>cO—/Z|fr P =

AEA

CO_/Z|612W_T$]0 |d1‘_00_/|z z%—rmf |d:E—

rel rel

e [ Ifta)fde,

while on the other hand, applying the same computation, we get
S IFOE <l [ I @Pde = G [ If)fds
AEA rel

This completes the proof.

Lemma 8 For every compact set S C [0,27] of positive measure there is a set
A C Z such that (10) holds.

This follows immediately from Lemma 7, since every such set S can be covered
by a set from Lemma 7 whose measure is arbitrarily close to |S].

Lemma 9 For every set S C [0, 27| of positive measure there is a set A C 7 such
that (10) holds.
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Proof. It suffices to prove Lemma 9 for open sets S. Let S be such a set end let
S1 C Sy C ... be an increasing sequence of compact sets such that S = U;5;. By
Lemma 8, there exist sets A; C Z such that

col S|P < D 1P < ColSIIfI? Vfi € PWs,, (13)

AEA;

where ¢y, Cy are the constants in Lemma 3. Since PWs, C PWg,, k > j, we have

ol Selll 5P < D 1P < ColSelll 5P VF; € PWs, (14)

AEAL

We may assume that A, converge weakly to some set A C Z. Using Lemma 4, we
take the limit as k — oo:

ol SILAIZ <Y IHNP < ColSIIAIIP - VS € PWs,. (15)
AEA
Now, the result follows from Lemma 5.

Lemma 10 For every bounded set S of positive measure there is a set A C (1/d)Z
such that (10) holds, where d is any positive number such that S lies on an interval
of length 2nd.

Observe that the translations of S change neither the frame property of E(A)
nor the frame constants. So, it suffices to assume that S C [0,27d]. Then the
result follows from Lemma 9 by re-scaling.

Proof of Theorem 1. We may assume that S is an unbounded set of finite
measure.

Let S; C Sy C ... be any sequence of bounded sets satisfying S = U;S;. By
Lemma 10, there exist discrete sets A; such that (13) is true. Since PWs, C
PWs,,j < k, we see that (14) holds for all j < k.

By Lemma 6 (i), there is a number n > 0 and an integer r which depends
only on the constant Cy in (6) (it is easy to check that one may take r < 36C))

such that every set Ay can be can be splitted up into r subsets A,(Cl) satisfying
d(Ag)) > n,l = 1,...,r. By taking an appropriate subsequence, we may assume
that each Ag) converges weakly to some set A as k — co. By Lemma 4, we may
take limit in (14) as k — oc:

Co|S|||f]||2<Z DLW < ClSIIALIT Y € PWs,.
k=1 xeA)

Set A : r_A® . Tt may happen that the sets A®) have common points.
Anyway, we have

> 1A |2<Z STLEMP <Y IHWN

AEA k=1 xeAk) AEA
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From the latter inequalities, it readily follows that

¢
70|5|||fj||2 < IHEWNP < GlSIIAIP VI € PWs,.
AEA
Theorem 1 now follows easily from Lemma 5.
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