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1 Introduction

The present paper is concerned with new modifications of Besov-type function spaces of variable
smoothness, which are generalizations of the spaces Bl ,(R™, {t;}) of [35].

The function spaces of variables smoothness (Besov-type and Lizorkin—Triebel-type spaces) and
various generalizations thereof have been extensively studied. We only mention the papers [2], [3],
M), [24], [25], [26], [28], [29], [36] (and abundant references given therein).

It is interesting to note that the majority of studies on this subject have been concerned with
spaces of variable smoothness consisting of distributions from the space S'(R™). In this connection,
the Littlewood—Paley theory and the machinery of Fourier analysis become basic research tools.

We say that a weight sequence (defining the variable smoothness) {sy} = {sr(:)}32, lies in
Yas if, for ag > 0, ay,as € R,

1,002

1) g2al=d < ) < 019020 | < | € No, 7 € RY; an

2) sp(z) < Casp(y)(1 + 25|z — y|)**, k € Ng, z,y € R™, '
the constants C1,Cy > 0 in (1)) are independent of both indexes k, [ and points z, y.

In what follows we shall need the standard decomposition of unity. Let B™ be the unit ball
of R", ¥y € S(R"), ¥g(xz) = 1 for x € B", supp¥Yo C 2B™. For j € N, we set V;(z) :=
Uo(277x) — Wo(277 ), © € R™.

In [24], [25], [26], [29] the Besov spaces of variable smoothness were defined as follows (here we
indicate only the case of constant integration exponents).

Definition 1.1. Let p,q € (0,00], a1,a0 € R, a3 > 0, {sx} € Y23, . By Blgqu}(R”) we shall

a1,a2”

denote the space of all distributions f € S’(R™) with finite quasi-norm

IFIBE R = llsi B~ (W F LDl (Lp(R))]]- (1.2)

In (L2), F and F~! denote, respectively, the direct and inverse Fourier transform. Formally
replacing in Definition [T the weight sequence {s} by the sequence {2¥~} with s > 0, v € A (R™)
we obtain the definition of the weighted Besov space (see [22], [32]) with Muckenhoupt weight.

Mention also should be made of the works [23], [28], [36], in which the axiomatic approach to
function spaces (of both constant and variable smoothness) was developed. Instead of the base
space L,(R"), a study was made of a more general function space equipped with norm (L2]) and
satisfying a certain set of axioms. The spaces examined in [28], [36] include, as a particular case,
the scale of spaces of variable smoothness of [25], [26]
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In our opinion, it is also of interest to study the spaces of variable smoothness whose elements
are not distributions, but rather functions that are locally integrable in some power. Such spaces
were actively studied by O.V. Besov. We only indicate the papers [2], [3], [4] (and the references
given therein). It is worth noting that the aforementioned papers employed the classical methods
of theory of functions and that the norm on a space of functions of variable smoothness was defined
ab initio with the help of classical differences.

Theorems on characterization of various function spaces of variable smoothness (and their gen-
eralizations) were put forward in [24], [28], where the ball means were used; originally the norm
on these spaces was defined using the Littlewood—Paley decomposition ([24]) or with the help of
Peetere maximal functions [28]. It was also assumed that a weight sequence {sy} lies in Y%, with
the additional assumption

0<a; <ag <l (1.3)

Besov [3], [4] studied the spaces of variable smoothness with p,q € (1,00). It was also assumed
that the weight sequence {s;} €°¢ Y3 under condition ([3)). Y3, in that condition 2) is

1,02 aq,02
replaced by the condition
2 sp(z) <2%s(y), k€Ng, |z—y| <278 (1.4)
Clearly, Y3, cloc Yoi?”az, where ag depends only on a3 and the constant Cy of (LI). The

weighted class IOCYO?‘IP: a 18 strictly larger than the class Y3, , because the former contains functions
of an exponential rate of growth at infinity.

It is also worth mentioning that the methods of [3], [4], [24], [25], [26] [28], [29], [36] utilized to
prove various assertions about the spaces B,iif} (R™) were based on pointwise estimates of the weight
sequence {si}. This machinery was used in [23], [26], [28], [36] to establish atomic decomposition
theorems (as well as results on molecular and wavelet expansions) provided that the atoms from
such a decomposition have zero high order moments. The number of zero moments for such atoms
is governed by the exponents a1, as, ag. Unfortunately, it is not possible to check these conditions
in specific problems. For example, if the high-order moments of the atoms from the decomposition
of a function f : R™ — R are zero, then in general we may not assert that the corresponding
moments of traces of these atoms on the hyperplane R"~! are zero. In [29] the trace problem for
Besov spaces of various smoothness was solved with the help of the atomic decomposition theorem
under certain constraints on the weight sequence {sj}. These constraints allow one to avoid testing
that the atoms from the trace decompositions have zero moments. It will be demonstrated in §6
that these conditions can be substantially relaxed.

The analysis of definitions of Besov spaces of variable smoothness used in [3], [4], [24], [28] shows
that in this papers a fairly restrictive condition (L3)) (in the case when these spaces consisted of
functions locally integrable in some power). This constraint is natural in the case when s, = Cj
for all k € N (C}, are positive constants), for otherwise one needs to have recourse to the theory of
distributions. In the case of variable smoothness this condition is quite rough. The constraint [ > axo
was used in showing that the norm on a Besov space is independent on the difference order. This
conditions is also fairly rough in the variable smoothness setting. Indeed, in [35] with p,q € (1, 00)
the author has put forward new modifications of Besov spaces of variable smoothness Ell)’q(]Rd, {tx})
(in [35] these spaces were denoted by E;’q(Rd, {7k})) and showed the space EAP(Rd, {k}) is the
trace of the weighted Sobolev space /WV/},(R", ) on the plane of dimension 1 < d < n, provided that
a weight v € A;,OC(]R”) . Note that the weight sequence {v;} lies in the weighted class 1°°Y,23

a1,02°

However condition (I3]) may fail to hold for the sequence {74} if the weight is “sufficiently bad”
(see Remarks [£.2] A.4] below).

Clearly this calls for a more sophisticated approach towards the very concept of variable smooth-



ness. The definition of the weighted class IOCYO?faZ requires correction. There is also a need in new

methods that are capable, in particular, of dealing with the space E}LP(R‘[, {7k}), which is the trace
of the weighted Sobolev spaces with weight v € A}D"C(Rn). In doing so new methods should not
depend upon the pointwise behaviour of the weight sequence {t}.

In the present paper we introduce, for p,q,r € (0,00], the Besov space of variable smoothness
Ezli,q,r(Rn’ {tx}), which is a subtle modification of the space Ell,’q(R", {tr}) of [35]. The norm on
this space is defined in terms of the difference relations dl.g (see (2.1)). Here, the weight sequence
{ti} lies in the new weighted class X33 , (see Definition 2.4]). For our purposes the weighted class
Xg2, , proves to be more subtle (and altogether more natural!) than the class IOCYO?‘I?:OQ. Necessary
and sufficient conditions for a sequence {t;} to lie in the weighted class X33 , are expressed in
terms (in a sense) integral estimates, rather than pointwise estimates.

It is worth pointing out that the differences 0%(Q")f were used in [23] for the purpose of
construction of equivalent norms on Besov-type and Lizorkin—Triebel-type spaces. However, our
spaces §é7q7T(R”, {tx}) do not fit the axiomatics of [23] due to the less restrictive constraints which
we place on a weight sequence {t;}. Such constructions were recently used by O.V. Besov [15],
[16] for the study of spaces of functions of zero smoothness.

For the study of the space Ef,,q,r(Rn,{tk}) we shall adjust the methods of nonlinear spline
approximation, which were developed in [20] for the study of classical Besov spaces. It is worth
observing that methods of nonlinear spline approximation have not been used for the study of func-
tion spaces of variable smoothness and hence may be of independent interest. Using these methods
we will be able to put forward certain theorems on equivalent norms on the spaces Ef,’q’r(Rn, {tx})
and prove the atomic decomposition theorem for these spaces. We shall also characterize the trace
of the space §é7q7r(R”, {tx}). This result extends, for a constant p, the results of [22], [29].

The paper is organized as follows. In §1 we give auxiliary results to be used in the analysis that

follows. In §2 we put forward some fundamental properties of the new spaces §é7q7T(Rn, {tx}) and

compare them with the space Béqu}(R"). In §3 we extend results of the paper [35] (this section
may be looked upon as a rationale for the further constructions that follow). In §4 we present
the central results of the paper and, in particular, put forward the atomic decomposition theorem,
which will be used in §§5 and 6 to derive a few embedding and trace theorems.

2 Definitions and auxiliary results

Throughout the following convention will be adopted. The symbol C' will be used to denote
(different) ‘insignificant’ constants in various estimates. Sometimes, if it is required for purposes of
exposition, we shall indicate the parameters on which some or other constant depends.
By definition, a weight function (a weight) is a measurable function v : R™ — (0,+00). Given
a measurable set £ C R™, we define y(E) := [ ~(z) dz.
E

Next, by L,(E) we denote the space of all equivalence classes (consisting of functions vanishing
almost everywhere) equipped with the norm

[ ILp(E)| = </ [f (@) dfc>%, 1<p<oo,
E

[/ Lo (E)|| := esssup | f(z)|.

Given a measurable function g : R” — R, a measurable set E, and a weight ~, we denote
by L,(E,~) the space of all equivalence classes (consisting of functions that coincide almost every-
where) and equip it with norm ||g|L,(E, )| := ||[vg|Lp(E)||.



In what follows, Q™ will denote an open cube in the space R™ with sides parallel to coordinate
axes, 7(Q™) will denote the side length of a cube Q", and |Q"| will denote its n-dimensional Lebesgue
measure. For § > 0, by Q™ we shall mean the cube, concentric with a cube Q", with side length

r(6Q™) := 6r(Q™). For m = (my,...,my) € Z", k € Z, we let Qp, = H(2g, mitl) denote the

open dyadic cube of side 27, @Zm = [[[5% ™" +1). We also define I" := [](—1,1). Also, 6B"
i i=1
(0S™) is the n-dimensional ball (sphere) of radius (5 centred at the origin.
For z e R", ECR", wedefinex+ E:={yeR":y=x+ 2,2z € E}.
V.S. Rychkov [32] introduced the class of weights A}?C(R"), which generalizes the well-known

Muckenhoupt class A,(R") (for 1 < p < 00).
Definition 2.1. ([32]) Let p € (1,00), a > 0. Given a weight v we say that v € A};’C(Rn) if

P
Iy

Cloc = sup / [ /fy B daz] < +00.
P QM:r(Qm)<a |Q | |Qn|

Definition 2.2. ([30]) Let a > 0. We say that a weight v € A°°(R") if there exists a constant

C’,lyof . > 0 independent of Q™ such that, for all cubes of side length r(Q™) < a,

1
—— [ y(Z)dT < Ay(z) for ae. xe Q"
@ \Q/n

C’,lyof , we shall mean the smallest constant A satisfying the above inequality.

Definition 2.3. ([32]) Let a > 0. We say that a weight v € A'%¢(R") if, for some « € (0, 1),

< ’Y(Q"))
sup sup < 00.
(@) <a \FcQn,|F[>al@r V(F)

Remark 2.1. ([32]) If a weight v € A2°(R™), then there exists a number py € [1,00) such that
v € A;,%C(]R”).

Remark 2.2. For p € (1,+0o0] the definition of the class A;,OC(R") is independent of the choice
of the parameter a. For various a > 0 the constants Cl/‘); . are estimated by each other [32]. One
may show that a similar result also holds for A°(R™).

Given f € LY°(R"), a > 0, we let M<,f denote the local version of the Hardy-Littlewood
maximal function,

Meof(@)=  sup  — / £ dy.
zeQ",r(Qm)<a |Q

The next theorem generalizes the classical result of Muckenhoupt [33] (see, for example, §5.3,
Theorem 1).

Theorem 2.1. (see [32]) Let p € (1,00), v € AR(R™), a > 0. Then there exists a constant
C =C(n,p,a,v) >0 such that

/7(:17) {M<ao[fl(2)}F da < 0/ )P da

Rn



1
for all f € L,(R™, 7).
Theorem 2.2. (Hardy’s inequality for sequences) Let 0 < ¢ < oo, u < ¢, 5 > 0, and let {ay}
be a sequence of real numbers. Then

1

(i 2q’“ﬁ|bk|q> "<c (fj 2‘”“B|ak|q> E (21)

k=0 k=0
where
0 m
|bx| < C Z lag | ,  provided that 3 >0 or (2.2)
=k
k m
|be| < C27FA [ > 29 Nay| |, provided that A > 3, (2.3)
7=0

the constant C' > 0 being independent of the sequence {ay}.
In what follows we shall also need the following elementary fact.

Lemma 2.1. Let r € (0,00], f; € LI°(R™) for j € Ng. Then, for u < min{1,r},

1> HILA®RMI < | D IGILRYIF | (2.4)

Jj=1 Jj=1

The proof easily follows from the monotonicity in ¢ of the {,-norm.
Let I € N, r € (0,00], 2 be a domain in R™. For a function g € LI°*(Q), h € R™, t > 0 and
a cube Q", we define the differences of order [ as follows:

N

Al Q)g(x) = 1 5 Cl(—-1)Hg(x + jh), [z,z+hl]CQ, (2.5)
0, otherwise;
AL (1, Q) g(x) = tin / Al Q)g(@)[ dh |, xeR™; (2.6)
tIn
5L(Q" Q)g = W / /\Al(h, Q)g(a)[" dedh | . (2.7)

T(Q")I" Qn

We set Al(h)g == Al(h,R")g, &, (t)g := A,(t, R")g, 5L(Q")g := 64(Q", R™)g.
For a cube Q™ with | € N, r € (0,00] we let w;(p,Q"), denote the modulus of continuity of
a function ¢ € LI°°(R™) on a cube Q" in the L,(Q")-metric; that is,

wi(p,Q")y := sup | Al (h, Q") Ly (R™)]].
|h|>0

The following two-sided estimate is well known (for » > 1 see [6]; for the general setting see [34]).

C18L(Q™, QM) < |Q™ " rwile, Q)r < C264(Q™, Q™) (2.8)



the constants C7, C5 in (2.8) being independent of both the function ¢ and the cube Q™.
Let | € N, r € (0,00]. For a cube Q™ we define the local best approximation to a function
@ € LI°°(R") in the L,(Q™)-metric by the polynomials of degree < [ as follows:
E ™), = inf — P|L.(Q™)]|.
U, Q)= | b le — PIL(Q")]]
Next, for a cube Q" we define the local best approximation to a function ¢ € LI°¢(R") in the
L, (Q™)-metric by the polynomials of coordinate degree < I (the total degree of a polynomial is,
clearly, at most n(l — 1)) as
Ef(p,Q"), = inf — P|L(Q")]],
e, Q) o= ik le = PIL(Q")]]
the infimum being taken over all polynomials P whose degree in the variable z; is smaller than [
for each i € {1,...,n}.
From the results of [34] it follows that, for I € N, r € (0, o],

CsaL(Q™, Q)¢ < Q""" Eile, Q") < Cud(Q", Q™)p. (2.9)

the constants C5,Cy in (Z9) are independent of both the function ¢ and the cube Q™.

Let I € N, r € (0,00], @™ be a cube. A polynomial Pg» will be said to be is a polynomial
of almost best approximation to a function ¢ € LI°°(R") by polynomials of degree < [ in the
L,(Q")-metric with constant A > 1 if

lp = Porl L (Q")| < AEi(p, Q")

The definition a polynomial of almost L, (Q™)-best approximation by polynomials of coordinate
degree < 1 to a function ¢ € LI°(R") with constant A > 1 is similar.

Definition 2.4. Let p € (0,00]. A weight sequence {t;} is called p-admissible if t, € L}°°(R™)
for all k£ € Ny.

Definition 2.5. Let [ € N, 0 < p,q,r < 00, and let {t;} be a p-admissible weight sequence. We
set

l n oc n -l n
By gr(R" {t1}) = {p: 9 € LX(R"), |l|By 4, (R", {tx})I| < +oc}, where

p
1 1
-l > -~ k a ’
|oBp 0 ", 1) = [ZHtkw- L@+ | [ @l e+ P ds |
k=1 n
(2.10)
Bl o (" {te}) i= {1 ¢ € LY°(R"), o] Bl o, (R, {t4})] < o0}, where

1 1
= p

q
+ / B@) el + P de |

n

el Bt g " {14} | == [Z I35 (- + 27F 1)l Ly (R™) 2
k=1

(2.11)

the modifications for p = oo or ¢ = oo are clear. N
Let v — weight, [ > s > 0 . We set B ,(R"~v) := Bl (R" {2F~}), §;7q7T(Rn,7) =

l p7q7/r piqir

B, (R, {2%54}). The corresponding spaces will be called weighted Besov spaces with weight +.

Remark 2.3. The space §é7q7T(R”, {tx}) (§;7q7T(Rn, {tx})) may prove to be trivial, containing
only the functions that vanish almost everywhere We put forward a condition on the parameters



l,p,q and a p-admissible sequence {t;} that guarantees that the corresponding space be nontrivial.
Let p,q € (0,00] and any cube Q™ (with corresponding modifications in the case p, g = o)

1
q

B

o
Z /2_klpt£(m) dx < 0.
k=0 Qn

o (R T }) (Fﬁ,,q,r(R”, {tx})). This easily follows from
the expansion of ¢ in a Taylor formula with remainder in the Lagrange form.

Remark 2.4. The space Ef)’q’l(Rn,{tk}) was introduced in [35] for p,q € (1,00) for weight

sequences {t;,} €1 Y2 ,, without restrictions on the parameters aq, ag. The space E;,q’l(R", {tx})
was studied by H. Kempka and J. Vybiral [24] for weight sequences {t} € Y2, for p,q € (0, oc]
under condition (I.3]). The space close to the space Efm%l(R", {tr}) (but different from it!) was

studied by Besov [3],[4] with p,q € (1,00), {tx} €°° Y23 under condition (L3).

1,02

Under this condition the set C§° C B!

Definition 2.6. Let p € (0,00]. For a p-admissible weight sequence {t;} we set (in the case
p = o0 we assume that %" =0)

tk,m = ”tk’Lp(QZ,m)H for k € Ng,m € Zn, (2.12)
- Ekn
tp(x) =27 Z tkva@g (x) for k € N,z € R"™. (2.13)
mezZ™ "

In what follows, the multiple sequence {¢x,,} (the weight sequence {#;}) defined by formula
@I2) (@2I3)) will be called multiple sequence (weight sequence) p-associated with the weight
sequence {1}

Definition 2.7. Let a3 > 0, aj,a9 € R, 01,00 € (0,4, o = (a1,2), 0 = (01,02). By
Xa3 . = X33 ,(R") we will denote the set of p-admissible weight sequences {3}, satisfying the
following conditions:

1) There exist numbers c¢1, ¢ > 0 such that

3
q
i

ok / t(2) 2kn / @) () | < oi2mt) o<k <jmezn, (2.14)

k,m k,m
_1 o
P 72
b / )| |2 / @) | <020, o<k<jmez,  (215)
R ko

(the modifications of (2.6 and ([2.7)) for 01 = oo and o9 = oo are clear).
2) For all k € Ny

0< tk,m < 2a3tk’m, for m,m € Zn, |’I7LZ — ’1’7LZ| <l,i=1,.,n, (2.16)

Remark 2.5. We denote by X% subset of X3 consisting of only p-admissible weight

OC,U,p a7o—7p
sequences {t;} = {fx}. It is clear that X3  =1°¢ V2  for p € (0,00], —00 < a1 < ag < o0,

a3 > 0 and 01 = 09 = 0.



Given fixed —0co < o < ol < 00, a3 > 0, ai,0% € (0,00], 7 = 1,2, we set o' := (a},ad), o =
(04,0%) fori = 1,2. Elementary arguments based on Holder’s inequality and the monotonicity of the
lgnorm (in ¢) prove the embedding X;‘f”alvp - Xz§702 » provided that of = o} +n min{o—l% - 0_1%, 0},

2 _ 1 1 1
a5 = oy + nmax{g - 0—3,0}.

Remark 2.6. Clearly, it may happen that a multiple sequence {tj,,} is p-associated with
several weight sequences. However, this will not be an impediment for further constructions if
{tr} € X33 . Indeed, using (2.I6]) and elementary arguments we have

,0,p

[i1B8 0 B g1 | ~ [ 1Bl B, )| ~ [ Bl (B )| =

1

= (Z tom [&(Qz,m)eo]”) <Z th mlleol Ly Qm)l!”)p

mezn mezZn

(2.17)

(with corresponding modifications in the case p = o).

Here, the constant through which one norm is estimated in terms of the other one in (217 will
depend only on as,l,p,n

For a fixed p € (0,00], it is clear that there exists a bijection between the multiple sequences
{tk.m} and the sets of weight sequences {t;} € X for which the multiple sequence {tj,,} is
p-associated with the weight sequence {t}.

Considering (ZI7), in what follows the space B. _ (R™, {t;}) will also be denoted by the symbol

DsgsT
Bgl) q, T(Rn7 {tkml})'
Definition 2.8. Let p € (0,00), d € Ny, and let a weight 7 € AS(R"+4). We set Ez:; =
rooX (2"“Bd \ 2_k_1Bd) for k € Ng, m € Z". The multiple sequence 7y, ,, defined by

k,m

acr;m

~ —d
Vem = [V Lp(Eg )|l for k € No,m € 2"

will be called the multiple sequence generated by the weight ~.

The following important properties of the sequence {7y ,,} will be required in what follows.

Lemma 2.2. Let p € (0,00), d € Ny, a weight vP € AC(R"9), and let the multiple sequence
Ye,m be generated by the weight . Also let m € Z", k,j € No, j > k, G p.m be an arbitrary set of
cubes Q;‘ﬁ C sz. Then

1) the inequality holds

> ﬁ’im < Coth=DBap (2.18)
Q’!L CQ

J,m

in which the constant C' > 0 and the number §(v) > 0 is independent of k,j, m;
2) the inequality holds
6/
\Q Lé Q5 il
~ m € J.k,m ~
k,m

Q'~€G]km Q;L,WLC ’I’cl

in which the constants C > 0 and &' > 0 dependent only on v,n,d;
3) fora>1,m—m|<a, k>0,

S~ ~ Sa~
27%%em < Ve < 27Vk,m



where the number d3(y) > 0 depends only on v, n,p,d;
4) for any cube Q’kl’m and any cube QZH,% C ng,

Yeom < CHkt1,m
for k>0, m € Z", where the constant C > 0 depends only on v,n,d,p.
—d,n —d,n

Proof. To prove 3) it suffices to take some cube Q"¢ containing both sets Ekm and B

and use the fact that 1? satisfies the doubling condition on the cube Q"+ with doubling constant

depending only on the constant C’;‘?;’T(Qn +a) (the proof of the last fact is similar to the proof of the

corresponding result in [33], Ch. 5). The proof of property 4) is similar to that of property 3).
Let us prove property 1); property 2) is dealt with similarly. It is easily seen that

—d,
U =

O < o2tk=i)d, (2.20)

—d,n —
i
k,m

Using Definition 2:3] and Remark [ZJ] one may easily prove that for some () > 0, for any cube
Q", r(Q") < a, and any measurable set F' C Q",

2 (F) £\
o< (igr) 220

the constant C' > 0 being independent of both the cube Q™ and the set F.

From (2.:20), 221)) we get (2.18]), completing the proof of the lemma.

We let §1() := 01(,n,d) denote the supremum over all § for which (ZI8]) holds. Similarly,
d2(7) := d2(,n,d) will denote the supremum over all § satisfying (2.11]).

Note that in general d; # d2. Indeed, let VP(x1,x9) = xf with (z1,22) € R2, 8 > 0. Clearly,
VP € Ax(R?). Also, 61(7) = 3 for any 8 > 0, whereas d>(7) depends on 8 > 0.

Example 2.1. For future purposes we give an important example of a weight sequence {t;} €

ng?;, p- We note that this example is the main impetus for practical applications of the classes
as
a7o-7p

Let d € Ny, p € (0,00), a weight 77 € A¢(R"*%), and let a multiple sequence {Vk,m} be
generated by the weight v. By Remark 2] we have AP € A}D%C(R") for some py € [1,00). Assume

: kn
that a weight sequence {s;} €'°° Y2 ,. We set {spm} = skl Lp(QF )l thm = Vkm (277 Skm)

ool
for k € Ng, m € Z". Then the weight sequence {tx} = {fk} € Xg‘%,p for ag = o + 93(7),

pO /
agzaé—id(&(;)_e),a =)+ 2 -+ 2 (n+;l)p° dpo 01(y 7o ,n,d)—e), 09 =p, and o; :pfz—g

for any € > 0. Indeed, ([Z.15]) and (m) easily follow from assertions 1) and 3) of Lemma 211 Let
us verify (214 with py > 1, the case pg = 1 is dealt with similarly. By Definition 2.2]

Po
o1 PPQ

_ . Ve n 1
i [mw| [ [ @] oty Y

Py

B =

IN

n n meZL"™ N~ pP
k,m Qk,m Q;'L,ﬁLCQZ,m (/7.777”) 0
Po_
Dy,
k— n po _ i
< Ot A5 | oilnrd) 3 / (@) dr | <

nm EL" =d,n
Qg mCQk m~d,m



PPy

. /ron g n 4 -
5032(16—])(041‘1'34‘5‘1'%(51(7 PO 7”7d)—€));y\k7m2j(n+d)%0 / ,Y—pp—o

=d,n
"k, m

It is worth pointing out that a; = o (i = 1,2) in the case d = 0.
Let p,qg € (0,00], 7 € (0,p], a1,a2 € R, a3 > 0, 01,02 € (0,00, and let {¢x,,} be the p-
associated multiple sequence with a p-admissible weight sequence {t;} € Xg3% ,, ¢ > 1. In the

space ELW(R", {tr}), we consider the quasi-norms generated by the multiple sequence {tj,,,}:

1
p

uwmmuw¢wW:<Z£MW@%@%w> (Zﬂ ML%MO,

mezn mezmn
(2.22)
1 1
n (3) P kn n AN !
IoIBL s R Lt} @ = || (S0 6, [27 B, Q)] ) M| + [ D2 #amllelLe (@)l )
mezn mezmn
(2.23)
P 1
n ) P )’
Io1Bh g (R, {thm}, )| @) o= Z I T L ) I W S [ A
c€zd mezn

(2.24)

Theorem 2.3. Let p,q,7 € (0,00], ag > 0, aj,a0 € R, 01,09 € (0,+00], {tx} € X33, be

a,o,p
a p-admissible sequence, and {ty m} be the associated multiple sequence. Then, fori=1,2,3,4, the

quasi-norms || - |BL . .(R", {trm}, )| are equivalent on the space B;)qr(]R”, {tx}).

Proof. This theorem was proved in [35] with r = 1, p,q € (1,00), {t;} €°° Y23, . In the

general setting the proof is similar if we take into account (2.8)), (Z9), 2I7)), Remark (23] and
use the estimate

0y (Qf s Q)0 < C > 0 (Qp_j(c).m) s Where (2.25)
mezZ"
szj(c),mchz,m7é@

where ¢ > 1 is from the hypotheses of the theorem, and j(c) > 1 is the smallest natural number
such that 2’i_j (©) > ¢2k The constant C' in ([2.25) depends only on n, ., c.

We set B;LQ(]R”, {te}) = Bll)7q’1(R", {te}), BL(R", {tx}) := Bll,7p’1(R", {tx}).

Theorem 2.4. Let p,q,7 € (0,00, l €N, ag >0, ag,a3 € R, 01,09 € (0,+00], {tx} € X3

a,0,p
be a p-admissible weight sequence. Then the space Bll,q S(R™ {txr}) is complete.

The proof, which is close in spirit to that of the completeness of the classical Besov space
[1], depends on the completeness of the space L,(Q™) for any cube Q", uses Remark and the

equivalent norm (2.I7). We suppress the details, which are quite standard.

Lemma 2.3. Let p,q € (0,0¢], r € (0,p], | € N, ag > 0, ag,as € R, 01,09 € (0,+00],
{tr} € ng;,p be a p-admissible weight sequence. Then Efmqm(Rn’ {tr}) C Bll, or (R {1 }).

Proof. We shall consider only the case p, ¢ € (0,00), the arguments in the case p = 0o or ¢ = 0o

are similar. We compare the first terms in norms (2.14) and ([2.I5). Applying Holder’s inequality

10



to the integral in y and using (2.I8)), we have, for k € N,

38

> o [cﬁ(QZ,m)wré > ti7m2"—pk+"’“ / / IA R e(y)[" dh| dy =

mezZmn mezZm" Qk . k m (2.26)
—1 _
- / () BLE oy dy.
Rn

The proof of the embedding will be completed if we raise the both parts of (2.26]) to the power
% and sum over all k.

Theorem 2.5. Let p,q € (0,00], p# 00, po € [1,00), 0 < ry < 1o <5 leN P e AlOC(R”)
Let a3 > 0, 0 < oy < ap <1 and let a weight sequence {s},} €loe Yiia,- Also let ty(z) = v(z)sk(x)
for k € Ng, z € R". Then B par R {t}) =
equivalent.

The proof of Theorem depends on the atomic decomposition theorem for the space
B (R™ {t;}), and so we defer it to the end of §4.

pqn“z (R™, {tx}), the corresponding norms being

P,q,72
Remark 2.7. For v = 1 the conclusion of Theorem may be extended also to the case
p = 00.

The following result, which was proved in [24], will be given in a simplified form with constant
p and gq.

Theorem 2.6. Let p,q € (0,00], a1 > n <m - 1) [1 + %p], [ > oo, {sp} € Y03 Then

1,002 "

Béqu}(R") = E;,q’l(]R", {sk}), the corresponding quasi-norms being equivalent.
Combining Theorems [2.5], and Remark [2.7] we obtain
Corollary 2.1. Let p,q € [1, oo] ri,r2 € [1,p], a3 >0, aq > 0, 1 > g, {sx} € Y3 Then

a1,02°

Béqu}(R") = E v B {se}) = B ., (R™, {si}), the corresponding norms being equivalent.
Remark 2.8. The question of the coincidence (or noncoincidence) of the spaces §é7q7r(R”, {sk}),

E;,q’r(]R”, {sx}) and Béqu}(R") for weaker (in comparison with (Theorems 2.5] or [ZT])) con-
straints on the variable smoothness {sj} is a matter for the future.
Remark 2.9. Combining Theorem with Theorem 3.14 of [23] with p € (0,00), 0 < r < p,
€ (0,00], s > 0,1 >s,7P € Ap(R") we obtain qur(R",y) B;qr(R",y) = B, ,(R",5), the
corresponding norms being equlvalent

3 Trace space of weighted Sobolev space

As was pointed out in the introduction, the main impetus for the study of the spaces Bll, ar (R {tr})
stems from their application in the problem of traces of weighted Sobolev spaces.

For a brief overview of the available literature on traces of weighted Sobolev spaces we refer
to [35]; we do not dwell on this here.

For a brief overview of the available literature on traces of weighted Sobolev spaces we refer
to [35]; we do not dwell on this here.

Let p € [1,00], | € N, 4 be a weight. We fix n,d € N. A point of the (n + d)-dimensional
Euclidean space Rt := R™ x R? will be written as a pair (z,y). The plane given in R"*¢ by the
equation y = 0 will be 1dent1ﬁed with the space R™. For a > 0, we set "R := R4\ (R" x aB?)
and put = _km = QX ( \ 2k+1) for k € Ng, m € Z".

11



By Wé(R"*d, ) we shall denote the linear space of classes of equivalent functions having on R"
all (Sobolev) generalized derivatives up to order [ inclusively. We equip this space with the norm

IFIWRR™ ) = > 1D fILpR™, 7).

o<1

In [35] the trace problem was solved for the spaces WII,(R",V), which slightly differ from the

spaces WII,(}R", ) in terms of the norm form. More precisely, the norm of the space WZI,(R”, ) does
not include some mixed derivatives.

In what follows we shall require a certain averaging operator, which was constructed in [35].
We shall not give the details of the construction of this operator. For a function ¢ € L°°(R™) we

set
!
1 —x z— "
Eclpl(z) == 62—nz,uj/@ (y . > /@ ( j€y> ©(z) dzdy, for z € R™. (3.1)

In (B1) function © € C§° is chosen appropriately, [ ©(z)dz = 1, and p; are specially chosen
Rn

constants (see [35]). Given k € Ny we define Fy[g] := Fyk|g].
Lemma 3.1. Let a function ¢ € Llloc(]R”). Then, for any number ¢ > 0 and a multi-index
a,|lal =1 for z € R"
1
IDEE[¢)(2)] < 50 (@ + el")p. (3:2)

Moreover, for any numbers 0 < &1 < g9, a multi-index (3, and x € R",

DE.[¢l(@) - DPEalel(a)| < C [ 1idlla+ s (33

€1

Proof. For = 0 the proof is given in [35]. The general case is dealt with similarly.

In this section we are not going to give a precise definition of the trace of a function f €
LIIOC(RTH'd) on the plane y = 0. This is a standard definition and may be found, for example, in
Chapter 5 of the book [17].

Assume that a multiple sequence {7, } is generated by a weight v € A2¢(R"+4). Next, assume
that parameters [ € N and p € (1, 00) are fixed. We set 4 (z) 1= 5. (x) := 2h(+5) > Xgp (@) Vkm

mezZn e
for k € No, z € R", v = 2kl:y\k7m for k € Ng,m € Z".
The main result of the present section is the following

Theorem 3.1. Let p € (1,00), r € [1,p), 7F € AIEC(R"H), fe Wé(R”er,’y), [ > %. Then there

exists the trace o € Ef,’p’r(Rn, {}) of the function f, and moreover,

|o1BL . R (0h)| < CLllAWER )] (3.4)

The constant Cy in ([3.4]) is independent of the function f.

Conversely, if a function ¢ € EL7P7T(R”, {}), then there exists a function f € WHR" 4 )

such that ¢ is the trace of f on R™, and moreover,

LAWAR™ )] < Cs |[IBL (R, D) (3.5)

12



the constant Cy in (B.5]) being independent of the function .
The following result in an important step in the proof of Theorem Bl

Lemma 3.2. Let p € (1,00), r € [1,p), v € AR(R"+?), f ¢ Wé(R"er,y), I > %. Then there
exists the trace ¢ of the function f on R"™. Moreovgr, for an arbitrary cube Q7! .,

n O « n C n C
O Qhm)e < Sy {HDmﬂLr <04Qk,m x 2—§Bd) H + HDfﬂLr <04Qk,m x 2—§Bd) H} (3.6)

The constants Cs3,Cy,Cs in ([B.6]) are independent of both the function f and the cube sz.

The proof of the lemma is a straightforward modification of that of Lemma 3.1 of [35].

Proof of Theorem 3.1.

Step 1. Let f € W;,(R"*d, 7). Then by Lemma B.2] there exists the trace ¢ of the function f on
the plane R”, and so it suffices to prove estimate (34]). In turn, this estimate follows by an obvious
modification of the argument made in the proof of Theorem 3.1 of [35] (one needs only to recourse
to estimate (B.6]) in an appropriate place).

Step 2. We shall carry out this part of the proof in detail. As distinct from [35], we shall need
to estimate all mixed derivatives. So let {15 }2°, be a partition of unity for the ball B%. Note that
o € C®(B?\ $BY), ¢y, € CF(325B?\ 54 B?) for k € N and [DAyy(y)| < ﬁ for y € B,
k € Np. Assume that, for any k € Ny, only two functions 1y and 1,41 do not vanish on the set
27kBd\ 27k=1 B4 Hence, DAy (y) = —DPpy1(y) for y € 27k B\ 27F-1pd,

The existence of a sequence {1 }7°, with the above properties may be proved as it was done,
for example, in §4.5 of the book [I7] in the proof of the trace theorem for unweighted Sobolev
spaces.

We set

F@y) =Y kW) Byrlel(x),  (x,y) € R" x BY,
k=1

where, the operator E. (with € > 0) is defined in (2.26]). We extend the function f by zero on the

set "RY.
A multi-index « will be written as (a!,a?) = (a},...,al, a2, ... ,043).
Clearly,

J[ et X tswrs X 100w )P dody =

Rrx lpd lor|=l,02=0 || =1,]a2]>0
2
o0
=>_ > //7”@71/){ S Dyl Y D ey} dady.
k=1meZr_y", |a|=l,a2=0 la|=1,|a?|>0

“k,m

Taking into account properties of the functions ¢y, and applying estimate (??), we see that

Z fyp(‘rvy)’Daf(xay)’pdxdy =

|o¢\:l,o¢2>0:d,n
“k,m

= . / / VP (2,9)| DS i (y) D By kp(a) + DS g1 (y) DS Ey—oiny ()P dardy <

la|=1,a2>0_qn
“k,m
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< Y 2 [ y)IDE Byple) - D Byl dady <

lat|=l—]a?| =dn
_‘k,m

P
< C’22nkp7£,m [ / / |AYh)o(2)| dhdz| dady for k € N,m e Z". (37)
,m zk m
The constant C' > 1, which is the dilation coefficients of the cubes Q},,, depends only on the
diameter of the support of the function © from (B.1I).
Similarly, it follows from (B.2)) that

Z// (z,y)| D2 f(z,y)]P dedy <

‘Cl{1| L—udn
HIc'm
<0 Y [[ramading e D By gl oty <
‘Cl{1| L—udn ’
HIc'm
p

< 2P PRyp [/ /|Al |dhdz], ke N,meZ"

CQp 31"

Using the definition of the function f and employing Holder’s inequality with exponents r, 7/,
we have, for |a| =1

S ([t P ity <€ Y A el Q51 < € 3 Rl @I <

|CM‘ lan mGZ” meZn
7
<0 Y Bl L Q5P (3.9)
mezZ"

since the cubes éQZm have finite overlapping multiplicity (the constant C is the same as in B)).
Hence, summing up estimates (3.7), (8.8) in k and m, taking into that the cubes nQ}, have
finite overlapping multiplicity (for n € N),; and employing estimate (3.9]), this gives

Y D FILy R )| < Cllel By (R {iem ) (3.10)

|a|=l

To estimate the generalized derivatives D*f for |a| < [ we write, for each (x,y) €
R™ x B? the integral representation of the function Df in a cone (see §3.4, [I7]), V(z,y) =
{(z,y)(1 — t) + t(',y)|t € [0,1],(2",¢) € 3B " (x,y + 3)} (here, $B"T¢(z,y + 3) is the ball of
radius % centred at (z,y + 3)), and use Remark 16 of §3.5 in [17].

Let |a| < 1. Since f(x,y) =0 for |y| > 1, we have

pfepl<eY.  [[ DG DI @y e R x Bt
P10+ (1m x B
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Hence, using the obvious inclusion Al9¢(R™+%) A;,OC(R"J“Z), and employing Holder’s inequality,

T

we obtain, for m € Z", |a| < I,

// (2, Y)|D* f (2, y)|P dedy <

QOmXB
d —p d ﬁl ﬁ p
<0 [P(CQ % B [y Qs x 8] [[ Do s ety
|B‘ l CQO,mXB
<Cc> // (@, y)|D° f (z,y)|P dady.
IB‘ 5Qn x Bd

Summing up estimate (3.I1]) over m € Z" and taking into account the finite multiplicity of the
cubes CQ} ,,, we obtain (3.5)) in view of (B.10).

It remains to show that @ = tr|y—o f. We fix an arbitrary cube Q". Almost every
point * € R" is a Lebesgue point of the function ¢, because ¢ € L°°(R"). Hence gs(z) :=

(%ir% s [ le(a) — ¢(z)|dz’ = 0 for almost all z € R™. Consequently, by the Lebesgue conver-
- x+6I™
gence theorem,

/|¢ ]z )|d:1:<C’/g(5 Jdz —> 0asé — 0. (3.12)

From (BI2)) and the definition of the function f it easily follows that ¢ is the trace of the
function f on the plane y = 0.
The proof of the theorem is complete.

4 Atomic decomposition of functions from the spaces
B]l) q, T(Rn’ {tk,m})

Our aim in this section is to prove the atomic decomposition theorem for functions ¢ from the
space Bll, ¢.(R™ {t1}). This theorem is one of the principal tools in establishing various embedding
and trace theorems (see §§5 and 6 below).

We shall also put forward conditions on a p-admissible weight sequence {tj,,} securing the
coincidence of the spaces §é7q7r(R”, {tr.}) for various [ € N with equivalence of the corresponding
norms.

Our arguments will depend to a large extent on the methods of the paper [20].

We fix numbers n,d € N and define = ukm = QF g X (5—: \ %) for k € Ng,m € Z". A point of
an (n + d)-dimensional Euclidean space will be written as a pair (z,y) == (T1,. .-, Tn, Y1, -, Yd)-

Let I € N, N'=! be a B-spline of degree | — 1 with knots at the points t; = i, i € {0,1,..,1}.
More precisely,

N'ZH) = (0,1, ., 0t — )t

Here, we use the standard notation for the divided difference (see [7, Ch. 1]).
For k € Ng, m € Z", we set

m)) for z € R".

Nll HN112/<:
2k
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The functions V. ]lﬂ_ﬂ}b were first introduced by Curry and Schoenberg [19].

We list some properties of the B-splines N,i_wlb that will be required in what follows. The

corresponding proofs may be found, for example, in [19], [18].
1) The B-splines N ,i_wlb form a partition of unity on R” for each fixed k € Ny. That is,

> Nia(z) =1, for z € R". (4.1)

mezZ™

Here, the overlapping multiplicity of the supports of splines Nli_ﬂ}b is finite and is independent of
both k and m. We also note that supp N,lg_n}b C 55 +[0, 2%]" and N,i_ni(x) € (0,1] for z € g +(0, 2%)"
2) On each cube Q' the function N, ]i;i is a polynomial of degree <[ — 1 in each variable.

3) The spline N'=! has continuous derivative of order [ — 2. At knots t; =i, i € {0,1,...,1},
the spline N*~! has finite one-sided derivatives of order [ — 1. Hence,

Al(R)Nj 2 (z) < C@FRD'TY, 2 heR™ (4.2)
4) Any spline S = ) BrmV, ]i_ni may be expanded into a series in splines N]l:nl for j > k; that
mezZmn ’ ’
is, S= 3 Brm(S)N/ L.

mezZmn
We let Eﬁ;l denote the set of all splines S of the form

S(zx) := Z 5kmN,i_ni(x) for z € R™.

mezZm

For future purposes we shall require the concept of a quasi-interpolant, which was first intro-
duced in [18]. Quasi-interpolants were also used in the papers [20], [7] for constructing equivalent
norms on unweighted dyadic Besov-type spaces and on classical Besov spaces.

Definition 4.1. ([I8]) Given k € Ny, m € Z", we let &m = (&kmys---»Ekm,) denote the
centre of the cube @}, . Assume that all partial derivatives D" f, v; <1 —1,j € {1,...,n} of f
are continuous at each point & ,. For k& € Ng, m € Z", we set

Qp '(f) = Z Oék,m(f)N,i}lL, where

mezmn
W (f) = D arumD” f(Erm),
0<p; <1
]e{lvvn}
n
-1 I—1—v; L
Ok.my = Hak,mi,uiaak,mi,ui = ((l)—il)'Dl 1 Vl?/)mi (ék,mi)’

i=1
-1

m; +J
Y, (t) == Jl;[l( . t) for t € R.

The operator Qﬁ;l is called a quasi-interpolant.

Throughout this section we fix a constant A > 1.

Let PQZ,m be a polynomial of almost best approximation in the LT(ng)—metric to a function
¢ € LI°(R™) (for r € (0,00]) by polynomials of coordinate degree < I on the cube Q7 with
constant A. 7
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We set gr(z) := > Por (z)xqp (z) for z € R", k € Ng. Finally, following [20] we define,
mezZmn ? ’
for r € (0, 0],

T, r)(z) = QL H(gk)(x), for z € R" k € Ny,

4.3
T (o, 7)(x) := p(x), for z € R™. (43)

We note that in [20] the operator T,i_l acts on functions ¢ defined on the unit cube.

Remark 4.1. The operator Qz_l is a projection operator from the space of piecewise-polynomial
functions to the space EZ_I (for the proof we refer to [18]), and hence

Tl Y, r Z agm( Tl Lo, r ))N,lf_rrlb(x) for x € R™.
mezn

Lemma 4.1. Let r € (0,00]. Then for any function ¢ € LI°¢(R™) and k € Ny the following
estimate holds:

le = T4 () [ L (@R )| < CE, (14 DQR1)r < CEi(p, (1 4+ DQR )y (4.4)

The constant C in ([d4) depends only on l,n,r, A.

Proof. The first inequality in ([£4]) follows from estimate (4.25) of [20], the second inequality
is clear.

Let p,r € (0,00], ¢ € LI°°(R"), a3 > 0, a; € R, 0; € (0,00] (i = 1,2). For a multiple sequence
{tk,m} which is p-associated with p-admissible weight sequence {t;} € X33, , we set

P
st = 5p(@ {thm rp = 1nf ( Z t mll® = S‘Lr(Qz,m)”p> for k € No,
mezn

sty = s (@, {tom Prp = (Z tomllelLr ka)Hp>

mezZm"

We note that st (o, {tg.m})rp < o0 for ¢ € Bll,q,,(]R”,{tk,m}). Indeed, in view of (£4]) and
Theorem [2.3] we have, for k € Ny,

1
P

inf (Zt mlle = S|Ly (le!”) <Zt HsO—T;i‘l(sO)!Lr(QZ,m)H”> < (46)

ses™ \ mezn mezn
< C”(,D‘ pqr(Rn7{tk})H < 0.

Definition 4.2. Let p,r € (0,4+00], sk(o,{tkm}rp < o0. We say that U. ' :=
U ,i_l(gp, {tkm},p) € Efk—l is a spline of almost best approximation with constant A to a function
@ € LI°¢(R") if
P
( > hmllo— U;i_l\Lr(QZ,m)Hp> < Asi (@, {temDryp- (4.7)

mezmn
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Lemma 4.2. ([20]) Assume that a spline S € 22_1. Then, for any r € (0,+00] and any cube

n
k,m?’

S =

CLISILH Q)| < > o, m(9)"27" | < GollSILH(C3Qf ), (4.8)
mez"™
£ m Nisupp Ny 50

the constants C1,C2,C3 > 0 being independent of both the cube Q}, and the spline S. The
corresponding modifications in the case r = oo are clear. 7

The next theorem is an extension of Theorem 4.8 of [20] (which was concerned with classical
Besov spaces) to the case of Besov spaces of variable smoothness.

We recall that the symbols 6;(,n,d) (i = 1,2) were introduced right after the completion of
the proof of Lemma 2.2.

Theorem 4.1. Let p,r € (0,00), ¢ € LI°(R"), a3 > 0, 0 < a1 < ao, a weight sequence
{sk} €Y . Assume that a weight v € AS(R"*) and a multiple sequence {Fg.m} is generated

ag,00
kn
by the weight . Next, let ty, m := 2 7 SgmVkm for k € Ng, m € Z".
Then, for any sufficiently small € > 0,

D

mezmn

T [

2, umd)=e)

(e 201 (ymd)—e)
<02 k(A+ > a2) Z 2ju(A+
j=—1

(s ko) |

where \ := min{l, l—1+(%+d} w < min{l,r, p}, and the constant C' > 0 depends on aq, g, s,
r, I and the weight v, but is independent of the function .

Proof. The main idea of the proof of Theorem [B.1lfollows that of Theorem 4.8 in [20]. However,
certain modifications of the proof of [20] are required to account for the properties of the multiple
sequence {7k}, which were indicated in Lemma 211
_ We fix ¢ € [0, min{d1(v,n,d),d2(7,n,d}) and define 51 = 01(v,n,d) = 61(v,n,d) — e, &y =
da(y,n,d) := da(y,n,d) —e.

Let Ujl-_1 = Ujl-_l(gp, {tkm},p) be a spline of almost best approximation with constant A > 1
to a function o € LI°°(R™). Given j € Ny, we set uz-_l = U]l-_1 — Ujl-j (Ul__l1 = 0). Then, clearly,

k
Alb)p(a) = AW = U (@) + 3 ARl @), a,h e RM. (4.10)
j=0

The inequality

T [

k
S QR e < | 10 (QF ) (0 = U DI + Z[(ﬁ(@ﬁm)ug_l]“
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is an easy consequence of (4.I0) and Lemma 2.1] with 4 < min{1,r,p}. Hence, since % > 1 and
using Minkowski’s inequality,

(}:t 64(QF ) ]>p§

mezZmn
©l
k m P K
< | D0t | L@ (e = U+ [0L(@R ) ub
mezm j=0
4.11
. N (4.11)
p
< <Zt [OL(QR ) (¢ Wl) - (Zt [61.(QF )t W)
mez" 7=0 \mezZ"
1
k 14
— [ ryE + S m)s

7=0

Since the cubes (1 + 1) k.m have finite overlapping multiplicity (which is independent of k
and m) and using Remark 2.2] it is easily seen that

I3
P

(Y5 <C ( > 8, 2% e - UL (1 + oczz,mmp) < C (sh(e ftmbrp) - (412)

mezZm™

It is worth noting that the differences 6. (rather than Zi) were crucial in obtaining esti-

mate (L12)) .

Next, for each j € Ny the function ug_
property 4), see above); that is,

! may be expanded into a series in B-splines le:nl (by

ul=Y(z) = Z ozjm( )Nl 1(2), for x € R™ (4.13)

mezZn

. . . . . . -1
Since, for any point € R™, only a finite number (independent of j and m) of splines N m are
nonzero, we have

Al @ <e Y gl AN RN @) (4.14)
ze supp N}

For k > j € No, m € Z", we let I'; 5 denote the set of all cubes sz C Q?m Next, let
Flm denote the set of all cubes @, C Q?m for which (1 + 1)Q7} kom C Q;‘ﬁ. We also define
1—!27~ :F~\I\l~ ) ) )

j7m ’ J,m j7m

For further purposes, we shall require the following estimate of the measure of the set Fj 7 :=

Uar . erz Qk m (the proof is similar to that of the corresponding estimate in [20]).

|F 5]

<coh (4.15)
(o
Using (£I5) and (2.I1]), we obtain
Z ai’m < CQ(j—k)JNQ(%n,d) Z 77‘£7m‘ (4.16)
LET2 k.m €l m

j,m

19



For the cubes ng € F},m we have
8(Qp NI < €26, (4.17)

. 1_1 . .
inasmuch as N; = is a polynomial on the cube Q7 -
For the cubes Qfm € F]m, we have by (£2)

5£(Qz,m)N]l7_ﬁ~} < C2oU—k)(-1) (4.18)

Next, since {s,} €l°° Y23_ it clearly follows that

1,02

Skm < C20027 )00 (4.19)

provided that ka cQ
weight sequence {Sk})

Combining estimates (@8], (£14]), (£17), (4I8), and using properties (2.10), (£.16]) and (4.19)

of the multiple sequences {7, } and {sj ,,}, this establishes

R]2 <C Z Z op(k— ])a22 = S ~’Yk m2(j—k)lp|: Z [aj,m]r] +

mezZ™ Qn eIl _ mezZ"
k,m 7,m -1
Q?ﬁz () supp Nim #0

—fageZ =~ j— — r
+C Z Z op(k—=jlaz9% 3§7m7£,m20 k) l)p[ Z [tj.m] ] <

MEL™ Q} m€F§ . mezZ" o
5 , n -
Qg m m Supp Nj,m 7é@

k > j € Ng, mym € Z" (the constant C' > 0 depends only on the

Jm’

38

38

202G =bIlg 22 o1 1 (CQ ) P+

<C Z op(k=iazg’y’ 88 o ym
mezn
+C Z op(k—j)azg % p P pooli= k) (62+d31) o (j—k)p(l~ Qﬂ”ul YL.(cQr )P <
mezn

T, ds ; n
< oW+ TH—02)p(i—k) t 2#“’1,4—1’[/1“( Fm)lIP <
m%:m (4.20)

LI
e Ry Y (PR 7 § W LR LAY (200 (e § W L5

Substituting estimates (4.12) and ([4.20) into (4.I1I]) completes the proof of the theorem.

We now prove a theorem similar to Theorem [£.I] but under weaker constraints on a multiple
sequence {t;,}. However, in doing so we increase the order of splines approximating a given
function.

Theorem 4.2. Let p,r € (0,00], a1,a0 € R, a3 > 0, 01 € (0,00], 02 = p, and let a multiple
sequence {tgm} be p-associated with p-admissible weight sequence {t} € X§% . Then, for p <
min{17 r? p})

T =

P k

(Z 1 50 (Q ) e ) < CoHme) [ S ginlt=ea) (1o, {1 )y ) (4.21)

mezn j=—
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(with obvious modifications for p = oo or = o0). Here, the constant C > 0 depends on a1, a0,
r, I, but is independent of the function .

Proof. To a large extent we shall follow the proof of Theorem Il We only indicate the
differences.

Clearly, for all j € Ng, m € Z™ and for all cubes Q C Q7 -, we have

Jm
Q)N < 02@ k)l (4.22)

with constant C' > 0 independent of k, j, m,m.

Using this fact, as well as (ZI5) instead of (£I0), (AI9), (4I9]), we proceed step by step in
the same manner as in the proof of Theorem [Tl replacing all the splines U,i_l in the proof of
Theorem [A.1] by the splines U ,i In view of ([4.22]), we clearly need not resort to deal with the
sets T'L i and F2 7, and so estimate ({.20) is substantially simplified. Eventually, we obtain the
conclus1on of Theorem 411

The following result is a corollary to Theorem (4.1
Corollary 4.1. Let p,q,r € (0,00], p # 00, ¢ € LI°(R"), a weight sequence {s} €°° Y22

o107
and a multiple sequence {si m,} be p-associated with the weight sequence {s}. Next, let d € Ny,
a weight 4P € AR and a multiple sequence {Ak,m} be generated by the weight v. Let ap <
A+ délT@ for A :=min{l,l — 1+ &T@}. We set tm = SkmVkm for k € No, m € Z".

Then a necessary a sufficient condition that a function ¢ be in Bl (R™, {tkm}) is that

D,q,7
N, D)= | Y (silo {tubrp)? | < o0 (4.23)
j=—1
Moreover,
NI(QD, l) ~ NQ( ) ||(10| D,q,T (an{tk,m})na where
Na(p,1) : Z ( > IIsD—T;i_l(%r)lLr(QZ,m)Hp> (Z tomll|Lr Qm)ll”)
k=0 \mezZ" mezn

(4.24)

Proof. We consider the case ¢ < 0o, because the case ¢ = oo is dealt with similarly. Let ¢ €
B, (R™, {tkm}). The estimate Ni(p,1) < Nao(p,1) < Cll¢| pqr(R" {ti,m})| follows from (4.GI).

PsasT
Assume now that Ny(p,l) < co. We choose £ > 0 so small that ag —n < X+ d‘Sl Applying
Theorem 1] with ¢ < min{1, ¢, 7} and next using Theorem [Z2], this gives
”(:0‘ pqr(an {tk,m})Hq S
aq
> ke B (o k OB (o H . (4’25)
< 22 kq(A+=L —(a2—2)) Z oA+t —(a2=3)) (83(% {tk})r,p) < C[N1 (e, D],

k=0 j=—1
proving the corollary.
In a similar manner Theorem applies to obtain the following result.
Corollary 4.2. Let p,q,r € (0,00], a1,a3 € R, a3 > 0, 01 € (0, 00],00 = p, a multiple sequence
{tk m} be p-associated with a p-admissible weight sequence {t} € Xg3% . Ifl > ag, then a function
€ B! (R™, {tg.m}) if and only if

b,q,T
Ni(p,1+1) < 0. (4.26)
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Moreover,

Ni(p, 1+ 1) ~ No(p,1 + 1) ~ [l B, (R™, {trm})]l- (4.27)

Theorem can be used to obtain a result on equivalent norms in the space EIIWJ,(R", {tx})
for different (sufficiently large) I.

Corollary 4.3. Let p,q,7 € (0,0], a1,02 €R, a3 >0, 01 € (0,00], 02 = p, {tx} € X33 , and
[ > ao. Then, forl >1,

11 By g.r R {te DIl ~ 0] By g0 (R, {ta DI

Proof. To obtain the the estimate

ol By g (R {1}l < CN2(,1') < Cllp| By g0 (R, {ta})l]

it suffices to employ Corollary and Lemma [Tl The reverse estimate is clear.
Remark 4.2. As was pointed out in the introduction, the methods of [4] ([24]) enable us to

obtain a result similar to Corollary [£.3] for the space F;,q’l(R", {t}), provided that {t;} €l°° Y3,
({tr} € Y,,) and [ > ao.

The following simple example shows that Corollary 3] applies for weaker assumptions on the
variable smoothness.

Let p € (1,00). We claim that there exists a weight sequence {7} } such that {~{} € X3 ay <

«,0,p)
l, 09 = pand {v}} €l° Y(;,‘ﬁa,z for I < ab, but {v}} gloc YO?,‘I?’Q,Z, for any off <. Indeed, let € € (0,n)
n41
be a sufficiently small number that will be chosen later. We define (7)) (x, z,,41) := Hl \%\% for
1=

(z,2n41) € R"1\ {0}. Note that (v')? € A;(R**!). Consider the multiple sequence (v; ,,)" :
2K [[ (vYYP (2, 2y11) dzdxpgq for k € No, m € Z". We set (y)P(z) == 3 XGn (z)2F (7 )P
k,m ’

=1n mezn
“k,m

for x € R", k € Ny.
Clearly, the inequality

ff (’Yl)p(% Tpi1) ded,

(Wé—l—l)p(o) _ 2p[+7i€i$1,0 > 2pl+%
(Wli)p(o) ff(,yl)p($’ $n+1) dfndxn—l—l o
=1,n
“k,0

is satisfied for sufficiently small ¢ € (0,1). Hence, {y}} € Y23 only if ay > [+ 35 > L.

a1,02
However, by Example 2] we have {vi} € )N(gfmp for oo = p, ag =1 — &T@ < [, and hence all
the hypotheses of Corollary 4.3 are satisfied.

We note that by Remark 2.3] the space EII,J,,T,(R", {v}}) is nontrivial for any p € (1,00), r €

[1,p]. Moreover, the space EII,J,,T,(R", {7}}) (by Theorem B]) is the trace of the Sobolev space
W;llJ (Rn+17 ’Y)'

The following theorem is an important step in the proof of the atomic decomposition theorem.
However, the estimate obtained here may be of independent interest.
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Given p € (0,00], @ € (0,p], we set pp := &, provided that p and € are not simultaneously
infinite. For = p = oo we set pg := 1. For 0 < 6 < p = oo we assume pg = oo.

Theorem 4.3. Let p,q,r € (0,00], 8 € (0, min{p,r}], be a p-admissible weight sequence {t;} €
1

Xq3 , with oy = Opy, a1 > n(z — %), oy € (0,00], az > 0, a multiple sequence {ty} be a p-
associated with weight sequence {t.}. Assume that functions Vi, € L°¢(R"™) (with k € Ny) and

1

(Z( > t’;,mz’“?”uvk!u<@zm>up) ) < o0,

k=0 “mezZn
where v, = Vi, — Vi—1(V_1 =0) for k € Ny.

Then the series S vy, converges in LI°¢(R™) to some function ¢ € LI°¢(R™), and moreover,

k=0
(S0 % 2 - vitn@ior)) + (X duleln @) <
o by (4.29
(X g2 Pluin@iar) )
k=0 “meZ"

in which the constant C > 0 depends on ay,a, 0, r, but is independent of the function sequence
{Vi}.
Proof.We consider only the case p,q # oo.
(o]

We claim that the series > vy converges in LI°°(R™) to some function ¢ € LI°¢(R"). Indeed, it
k=0

[e.e]
suffices to show that the series ) vy converges in L,.(Qf,,) for any cube Qf ,,,.
k=0
For any j; < jo € Ny and g < min{1, 8} it follows from Lemma 2] that

') 1
m
Vi — Vil Lo (@)1 < (Z ij\Lr@am)H“) _
=71
=(Z< S oyl ;—tmn)) — K
7=J1 meZ™
QZﬁ’LCQ&m

Applying Holder’s inequality to the inner sum (in m) with exponents 7 and 7" and using (2.6]),
we have, for any p < min{1, 60}

3

<Kﬁvm>ﬂ:i< > f sl L ;L,m)\\(’)eé

J=J1 mezL"™ Jsm

Q' CCQO'm
[e’e] i Opl\ H- 2
1 t07m 1 Py v, jnp p
<oy =2 X =] > 2FALQP) S ()
j=pn 27 om Jmezr LT JMEL"
Q7 7 CRGm Q77 CRGm
) ; 1_1 I
2]#“(5—;) jnp P
<O ( S 2 ol L@ )Hp>-
J=J1 mez"
Q?,mCQZ)L,m

23



We choose (1 < min{1,¢,r} and take g, := % > 1. An application of Holder’s inequality with
exponents ¢, and ¢, to the right-hand side of (£30]) shows that

00 D a1
' 1 naj, inp 5 P P4
Hom = C<Z zmqual—(z—’:») <Z< % # Gl Q)] ) ) (431)
J=j1 J=Jj1 mez"

Q?,mCQ6L,m

Note that for a fixed j; the right-hand side of inequalities (d.31]) tends to infinity as «; tends
n

n
tOg—?

From ([@.29)), (4.31)) and since the space L, (Qf ,,,) is complete, we obtain the required convergence

o0
of the series ) vy in L-(Qf,,) to some function ¢, € L,(Qf,,)-
k=0
Let us prove (.28). Applying LemmaR.Iwith f; = 0 with j <k and f; := vjxgp ~with j >k,

and then using Minkowski’s inequality (because % > 1), this gives

<Z > m[i||vj|m@z,m>u“f)” <

|=

1
kp ? nk
Pl - L Q) <2% (X 4

meZ™ mezn j=k
M 4
L 123
T(Z<Z Lol @) )" < )
j=k “mezn
(e’ p.opr 1
nk P n 0 O\NP\~
< 2% (Z(Z tk,m[ S oyl W”} ) ) R
j=k “mezn meZ™

n n
Q7 mCRE m

Arguing as in the proof of estimate ([@30]), we obtain for j > k + 1

p

nkp 6
2% th,m[ S gl ;tm>||9] <

mez™ meL”
QZH’LCQZ,M
. 1170\ o
<2 Y tzm( > H )7 X galin@gr] < @)
mezn MmEL" Jm mEL
QzﬁCQn szCQz,m
meZn

We take p < min{1,6,q}. Since a; > % — % by the hypothesis of the lemma, it follows by
Hardy’s inequality and (£32]), (433)) that

g

@szgc(i(z 25 | L ;fzmmp)”

k=0 “mezZm

)? w.3)

Now the required estimate for the first term on the left of ([£.27)) follows from (£.30) and (Z33]).
Let us estimate the second term in the left-hand side of (4£28]). Similarly to (Z.29]),
| L (QF ) | < C K1 . Hence, using (£31]) we easily obtain the estimate

(3 itz @) <[ 3 22 lulr @)

mezn j=0 “mezn

hSEESY

} %. (4.35)
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The proof of Theorem [4.3]is complete.
For ¢ € LI°°(R™) we assume that

w= ka in LI°°(R"), where v} (z Z Bk mem ), ke€Ng,xzeR"
k=0

mezZm™

Given p, q,r € (0, 00], we define (with corresponding modifications for p = oo or ¢ = 00)

Ni(p, 1 +1) = inf<§:< > tg,mwk,mv’) %> %, (4.36)

k=0 “mezZm

o
where the infimum in ([@36]) is taken over all series Y v} convening in L!°¢(R™) to the function ¢.
k=0
For ¢ € LI°°(R™) we also set (with corresponding modifications in the case p = oo or g = o)

Ni(p 1+ 1) = @0 <mZZ: & ulonm(Tho, )P ) ) ]

The next result extends Theorem 5.1 of [20] to the case of Besov spaces of variable smoothness
Bl (Rn7 {tk})

P.a,r
Corollary 4.4. (the atomic decomposition) Let p,q,r € (O oo], 6 € (0, min{r,p}|. Next,
{tx} € X&3% , be a p-admissible weight sequence with oy > n(z —1), 1> as, o1 = 0p)), 02 = p,

a multiple sequence {tyn} be p-associated with the weight sequence {t;}. Then
1) each function ¢ € Bll,qr(R",{tk}) may be expanded into an LY¢(R™)-convergent series of
splines N ,lf’m; that 1is,

= sz in the sense of LIOC(R"), where
=0 (4.37)
k(©)( Zﬂkm Nkm( ) for x € R™.

mezZmn

Moreover, for some constant C > 0

Na(p,1+1) < Ni(p, 1+ 1) < Cllgl By g, (R™ {11}

2) if, for some multiple sequence {Bm},

(Z( ) ti,mwk,mrp)”)q < oo,

k=0 “meZzZn"

[ee)

then the series Y. > BemNL, converges in LI°°(R™) to some function ¢ € Bll,q (R™ {tr}) and
k=0 mezn ’

there exist constants Cy,Cy > 0 such that

H(p’ pqr(Rn7 {tk})” < ClN?’((pJ + 1) < CQN4((,0,Z + 1)
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The proof is similar to those of Theorem 5.1 and Corollary 5.3 of [20], one only needs to
appropriately use Theorem [£3], Corollary [£2] Lemma and the clear estimate

1 1 1
< Z ‘Bk,ﬁm’p> ’ < < Z \5k,m\r> < C< Z ’/Bk,fﬁ’p> p7
meL” MEL™ MmEL™
Q}t i Nsupp Ny 270 Q1 Nsupp Ny 270 Q}t i Nsupp Ny 270
(4.38)
the modifications in ([4.38]) for p = co and r = oo are straightforward.
The constant C' in (4.38]) depends only on n, i, p,r.

Remark 4.3. Under the hypotheses of Corollary K4l the set ! is dense in the space
B, (R™ {t;}), p,q € (0,00). Indeed, let ¢ € BL  (R™ {t;}). Then, by Corollary &4

p,q,T D,q,T

Y= Z Z km(p) N} .m in the sense of LI¢(R™)
k=0 mezZn

and, for any € > 0,

q

<Z<Zt m Ok (P \>E>l (1+€1nf<z<zt ’ﬁkm’p)%)%é

k=0 “meZm k=0 “mezn

< C’||('10| D,q, T(Rn7 {tk})H

Hence, taking ¢, := > > ak,m(go)Nk .m>» it follows from Corollary [.4] that
k=0meZn"

len = 9180, B DI < (3 (2 &ulbimP) )" > 00

k=n+1 “mezZn

Remark 4.4. Let p € (1,00). We claim that one may choose parameters r € (1,p), a3z , a, &
and a weight sequence {yk} € X3 so as to satisfy all the hypotheses of Corollary [£.4l Besides,

«,0,p

{+2} € YO‘3 for some o < 0, but {77} ¢ Y5? ol ol for any of > 0.
Indeed let e € (0,p — 1) be a sufficiently small number, which will be specified later. We set

n41

(V?)P(x1,- . Tne1) := [] |@i/P~17°. Note that (y2)P € Ag(R"H) for some 6 € (1,p). Forl € N
i=1

consider the multiple sequence (713,m)p = 2K [[(y®)P(z,2p41) dzdTyiq for k € Nog, m € Z". Let

=1,n
“k,m

(vﬁ)p(x) = onk % Xgp (:E)(yzm)p for k € Ny, z € R"™.
mezZn s
The inequality

) lff (72)p(33= Tpy1) drdrn1dTn 11
(’Yk42r1)p(0) _ 2pl+nﬂk’+1,o : _ ()2t
(7%)P(0) [[(v®)P(x, 2p41) dedzpgq

is clear.
If p > n, I < n, then one easily checks that sup{a|{72} € Y3, } < 0 for sufficiently small

1,02

e > 0. On the other hand, from 21it easily follows that the weight sequence {y2} € X3  with

,0,p
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Ulzpf,—g (pozg)ﬂfzzp,alZl—l-%—koil—@:l—%>0(becauseinoursettingd:l,

po=50>1)ay=1- W < [. Hence, all the hypotheses of Corollary 4] are satisfied.
Remark 4.5. Let p,q € (0,00], p # oo, r € (0,p], 7* € AY(R"), s > 0. We set

tkem = ks [ AP(z)dx for k € Nog,m € Z". Arguing as in Example 2.1, we conclude that the

Qz,m
sequence {tj .} satisfies the hypotheses of Corollary 4.4l Hence, an application of Theorem [2
gives the atomic decomposition theorem for the weighted Besov space B; or(R"Y) = Bp ar (R )

as a particular case of Corollary 14l Problems on atomic decomposition of the spaces B,  (R",7)
(and their generalizations) were studied in the papers [23], [30] by different methods (see also the
references given therein).

Proof of Theorem l

Step 1. We prove the embedding B, , .(R", {tx}) C B;f,qr(R" {tx}) for any 0 < r < p%. By
the definition of the class AIOC(R”) and from the conditions r < L we have v € Al"/CT(R") Hence,
using Holder’s inequality and properties of the sequence {si},

[r@s@Ee pera <o Y [ @@l d <

Rn MEZ™ ~n

k,m
y

mEZ”

Nk dhdy) e < Gy [ RO)ELE e dy

RTL

k,m

(4.39)

The required embedding follows from estimate (4.39]).

Step 2. Using the arguments employed in Example 2.1}, we conclude that the sequence {tx} sat-
isfies the hypotheses of Corollary Bl with 0 < r < L. Hence, Bl o R {t}) = BL ., (R™, {tx}),
the norms being equivalent for 0 < r; < 19 < p%. So the theorem will be proved if we check the
embedding pqr(R" {tx}) C qur(R", {t}) for any 0 <r < L.

Let f3(z) == 2 xop, (@2 | Lp(@Q, )P = X xaerp,. ( )2"t), m for k € Ny, z € R™.

mezn mezm

Let ¢ € B;f,7q7r(R", {tx}), then by Corollary @4 ¢ = z v'(p) in the sense of LI°¢(R™), where

Yj
j=0
vé(m) = > ﬁj7mN]l-7m(:17) for z € R", j € Ng.
mGZ”
k
We set o1 == Y vf, a1 = ¢ — 1. Clearly, for k € Ny,
i=0
1, — . o o
okl (2 Ml Lp(RM)|| < [1t: D727 o1 [ Lp R + 114,27 o2 k| Lp(R™) | =: S1 1 + So k-
(4.40)
Arguing as in the proof of Theorem 1] and using Example 2.1 and estimate ([€38]), we obtain,

for 1% < min{l,?", Q}7
m
) <

k
S < 020D (5 8 2 L QP

7=0 mezn

<o(S 2 T gaar)’)

mezZm™

SIS
=

(4.41)
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To estimate So ) we first note that

[zi(z—k>v;(x>]p ( IT+Z<2’“" / “Zh)'rdh»pg

(4.42)

D
<(u@r+ [ wora)”
2(+1)Q7
Next, employing property 2) from (1), (1.4), the (local) doubling property of the weight ~?,

and using properties of the functions N, ., we have, for y < min{1,7, q},

/ 7P () s8 () ol () [P dir < G2k / 2P ()8 (@) ol (@) P dr <
Rn Rn

<x>( 3 ﬁ§m>302(k‘j’pal S kgt g P <

k —j)pai E /
mez” mezn

mEZ"
1
TESUpPp Nj,ﬁ

< CokI S i

mezmn

Using Example 2] estimate (2.16), property 1) of (II), Lemma [£.2] we have, for j > k
L (@R ) 1P <

(4.43)

S @2 L@+ DR )IPde < C Y 2%

mezn n mezn" (4 44)
iy ol i
< 02k=i)par Z t;’ . Hv | L ( ;lm)”p < ¢2k=i)pa Z tim‘ﬁj,m’p'
mezm

mezmn

Combining estimates (A41), (£42]), (£43), (£44)), and arguing as in the proof of (£32]),

123
o0 p
Soe < C2hn [ 3 gminen ( 3 t?,mwj,mrp> . (4.45)

=k mezn

Substituting estimates (4.41)), (4.45]) in (4.40) and taking into account Hardy’s inequality, we

obtain
1

> ! (4.46)

S

(Zutm “lL, (R")Hq>; <o(( X @almr)

meZ™

Using estimate (4.46]) in combination with Corollary [£.4] completes the proof of Theorem [2.5]

5 Embedding theorems for the spaces B! .(R", {t;})
Let 5 = {B; }J 1 be a sequence of nonnegative numbers, w = {w; m }jeN,mezr be a multiple sequence

of nonnegative numbers.
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For 0 < p,q < oo, we set (with corresponding modifications in the case p,q = 00)
ly(Blp(w)) :={a=ajm: ajm € R, |ally(Bl,(w))|| < oo}, where

! (5.1)
lallg(Bly(w))]| = ( Z w]m|a3 m|p) .

mezn

Theorem 5.1. ([27]) Let 0 < p;,q; < oo fori=1,2.
1) The space l,(B1,(w')) is continuously embedded into l,(3%l,(w?)) if and only if

© BN T 2 NP\ L
(51> ( <_w]1m> >p < 0o, where
) (2 (a
1 eZn Jm (5.2)

— 1= max{0, p—2——} — := max{0, —2——}

@|,_u

2) The space l,(B*1,(w)) is compactly embedded into l,(3%l,(w?)) if and only if condition (5.2)
is satisfied, and moreover,

2 2 N\
hm5—<z<@>p>p =0 ifq =o0 (5.3)

1
J—roo B mezmn j,m
and
w!
\nl\lgloo wJT =00 forall j€N ifp*=o0. (5.4)
j,m

As a direct corollary to Theorem 5.1l and Corollary [£.4] we obtain
Corollary 5.1. Letz' = 1,2 and let 0 < p',¢',r' < oo, 6" € (0, min{p’,7'}], péi = %. Next,

fori=1,2, let {ti} € X be a p-admissible weight sequence, o > n(% — 1), ot = Ti(péi)/,
ob =pi, 1 > ab. Then

1) the space Ezln,ql,n (R",{t1}) is continuously embedded into Bll,2 s R {E2)) if

al 0—1 i

*
q

s 2 NP\ v
Z(Z <t]1—m> ) < 00, where

7=0 “mez" J,m (55)
1 1 1 1 1 1
— = Ina,x{()7 — = —}, — = max{O, — - —};

p2 P11 q q2 q1

2) the space E:fn,qhn (R™,{tL}) is compactly embedded into B;f,2 wor R {t2}) if condition (EX)
1s satisfied and, moreover,

2 NP\ 7
1- J,m — ) o .
ji{{olo<2<—tl. > > 0ifq" =00 (5.6)
mezZ" J,m
and
tl
lim 2™ = oo for all j € Ny if p* = oc. (5.7)
[m|—o0 th
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6 Traces of the spaces Ezl?’q’r(R”, {tr}) on planes

In this section we assume that n > 2. Throughout the section we fix a natural number n’ <
n and define n” := n — n’. The point z = (z1,...,2,) € R™ will be denoted by (z/,2") =
(T, s X5y @) (similarly, we put m := (m’,m"”) for m € Z"). We identify the space
R™ with the plane given in the space R™ by the equation z” = 0.

Let {t;} € X§3 , be a p-admissible weight sequence and let {t;,,} be the p-associated

a70—7p
multiple sequence. Given k € Ng, m' € Z", we set t, , = tem0)- Next, let t)(z') =
kn' , —kn!!
290 > Xgy /(a:’)t§€7m, for k € No, ' € R™. So, we have t} (') = 277 t,(2’,0) for k& € N,
mEZ", ,m
' € R™.

For p,r € (0,00], p # 00, 6 € (0,min{p,r}] we define py := & (as in §4). In this section it will
be convenient to denote by pg the dual exponent to py. In other words, i + % =1.

In defining the trace of the space EII,HJ,(R", {tx}) we shall follow the idea of [29]. (where the

trace of the space B;Zg}q(R") was considered).

o
Given [ € N we set X! := |J X} (for the definition of 32} see §4). Clearly, ! C C(R"). Hence,
k=0
it makes sense to talk about the pointwise trace for a function f € X' §é7q7r(Rn, {tx}).
In other words, the function tr |, —of := f(2’,0) is well-defined.
In order to define the trace of an arbitrary function ¢ € EIZ,
following simple result.
Lemma 6.1. Let p,q € (0,00), r € (0,00], § € (0, min{r,p}|, ag >0, a1 > n(% - %), I > ao,
o1 = 0pg, 02 = p and let {tx} € Xa% p be a p-admissible weight sequence. Next, assume that, for
1

some ' > 1, ' € (0,00], 0 € (0, min{r’,p}], oy >0, o} > n(F — 1
{ti} e Xz,ga, , and any function f € »t ﬂgf),q’r(R”, {tr}), the following estimate holds

qr(R" {tr}) we shall require the

), oy <1 o} =0'pg, o, =p and

!

1 0) BY 4o R L < CILFIBy g0 (R, {4 1)]]-
in which the constant C' > 0 is independent of the function f.

Then, for any function ¢ € Bl (R™{t;}), here exists a unique (up to a nullset with
respect to the n'-dimensional Lebesque measure) function ¢ € égw,(Rnl,{t;}) such that if
llp — ¢j|§é7q7T(R",{tk})H — 0 as j — oo for some sequence {p;} € Elﬂgll,’q’r(R",{tk}), then
I’ — @j(',0)|§g’q’r,(R"I, {t: DIl = 0 as j — oo, and moreover,

1| By g e (R™ {1 < Cllipl By g0 (R, {2}

The proof of this lemma repeats the corresponding arguments in [29] with due account of

Theorem 2.4l and Remark [£3]
Definition 6.1. Under the hypotheses of Lemma [6.1] let ¢ € EAW(R", {tx}). The function ¢’
constructed in Lemma will be called the trace of the function ¢ and denoted by tr |.»—op. By

the trace of the space §é7q7r(R", {tx}) on the plane, as given in the space R" by the equation " = 0,
R™, {t/}) of which each is the

we shall mean the set of classes of equivalent functions ¢’ € B!
trace of some function ¢ € E;,,qﬁ,(]R”, {tr}). The corresponding linear space will be denoted by

’

pvqn“’(

Tr ’m//:0§1l)7q7r(Rn, {tx}); the norm on this space is defined as

" | Tt [0 By g (R, {ts})]| :=  inf ¢||90|B]l),q,r(an{tk})H'

'=tr g
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In what follows under the conditions of Lemma[6.1] we shall also denote by Tr the linear operator
T : Bl g (R”, {t}) = By (R, {#4}) defined by Trlg](a') = tr |ar—oip(a) for o' € R™.
Recall that in §4 we defined, for k € No, m = (m/,m") € Z",

Nkm HNl 2k (z )) for z € R",

and hence
Nlim(x) = N,lf’m, (a;’)N,lf’mu (2") for x = (2/,2") € R™.

We note that for any k € Ng, m’ € Z",

N,l€7m,(x’) = Z N,l%(m,,m,,)(:nl, 0) for 2’ € R™. (6.1)

"
m//eZ?’L

The number of terms on the right of (G.)) is in fact finite and is bounded by some number
independent of m’ and z’. This follows from the fact that the splines N,i . form a partition of

unity and that the multiplicity of intersections of the supports of splines N,i ., is finite (and is
independent of m).

Corollary 4.4l enables one to obtain necessary and sufficient conditions for the trace of the space
Bl (Rn7 {tk})

DT
Theorem 6.1. Let p,q € (0,00), r € (0,00], € € (0, min{r, p}|, as >0, oy > n(% - %), [ > a9,
o1 = 0pg, 0o = p and let {tx} € X33  be a p-admissible weight sequence such that the weight

aop
sequence {t} € Xg?a,p with ' > 1, v’ € (0,00, ¢ € (0,min{r’,p}], o4 > 0, o} > n(3 — 1),

oy <1l o) = 0'pg, oy = p. Then the operator Tr : Bll,qr(]R” {tr}) — B;)qr (R™, {t,}) is bounded

and there exists a (nonlinear) bounded operator Ext : B;)qr R, {t,}) — B (R", {t}) such that

p.ar
TroExt = Id on the space qur (R™,{t,}). In particular,

Tr‘x" Oqur(Rn {tk}) pqr(Rn {tk})

the corresponding norms being equivalent.
Proof. Note that under the hypotheses of Theorem [6.1] one may apply Corollaries [4.3] and [4.4]
to the spaces B, .(R™, {t}) and B! (R, {ti}).

P’
The proof is naturally split into two parts.
1. Let p € B! R™, {t:}) N Z'. Then ¢ € ng(R",{tk})ﬂEl by Corollary 43| the corre-

P.a;r
sponding norms being equivalent. Using Corollary [£4]

©= sz(gp) in the sense of LI°°(R™), where v}, (¢)(z) = Z ak,m(cp)N]i:m(a;) for z € R".

k=0 mezZmn
(6.2)
Moreover,
q 1
P ~
(Z( Y ol (@) ) ) < CllglBL, ,(R™ {t:})]| < Cllol B, (R™ {t: D). (6.3)
k=0 “meZ"
We set
Oé;f’m/ = Z ak,(m’,m”) (SD)N]Qm”(O) for k € N(],m, eZ™.
m/ ez
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Hence,

ol (&) i= tr | gr—gvh (@), = Z g m(p )N Z ) m,Nkm ') for 2’ € R". (6.4)
mezZn m eZn
In view of (2.16) and (6.2])
]az’m,]t;7m/ S C Z ’ak,(m’,m”)((p)‘tk,(m’,m”)a ke No,m, S an. (65)
m//eZnN

supp N,lﬂym ﬂR"/;A@

Next, we easily obtain

q 1 q

(Z(Zf |a,mp>5)_ (Z(Zt otk (2 |>5>%- (6.6)

k=0 “pezn’ k=0 “meZn

where the constant C' > 0 is independent of of the function .
Using (6.3), (6.6)) it is found by Corollary [£.4] that

g

HZ B;’qT<R"’,{t;,m/}>|rgc(Z( 3 t;:m,\a;,mf\p) ) < CllplBL, ,(R™, {trm )]l
k=0 “mrezn’
(6.7)

From (6.7) and Lemma it follows that there exists the trance ¢’ of the function ¢ on the
plane 2”7 = 0. Besides,

16| By g e (R™ { DI < Clligl By g (R, {11} (6.8)

the constant C' > 0 being independent of the function . This proves proves the boundedness of

the trace operator Tr : Bll, or R {te}) — ng S(RY ).

2. Let ¢ € Bll), o J(R" {t}.}). By the hypotheses of the theorem and using Corollary E.4]

o0
= Z ol (¢') in the sense of LI%°(R™), where v} ()(z') = Z a§€7m/(<,0)Nk,’m, (z'), 2’ eR".

k=0 m’ €z
(6.9)
We set , Y ,
Ay = Oy for m' € Z% m” € Z™ and Nj,,,»(0) # 0
Qg (m! ") = 0 for m’ € an and N]lg:m//(O) =0, (610)

U%( ) = Z Oék,m(sﬁ)N/i,,m(x) for x € R"™.

mez

[e.e]
Hence, using Corollaries .3} 24} one easily shows that the series . v} converges in LI°¢(R")

k=0
to some function ¢ € B;) or(R",{tr}), and moreover,
i | 1By qr(R™ Atk DIl < Cillp | 1By 00 (R {1}l < Call | By g (R, {ti 1) (6.11)

where the constants C',Cy > 0 are independent of the function ¢'.
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We set Ext[¢/] := ¢ for ¢ € Béqr(R"/,{t;}). Then by (6.II) the operator Ext

Bll) o (R {th}) — Bll, ¢.r(R" {t}) is bounded. As an immediate consequence of the construction

of the function ¢ we see that ¢’ = tr|»—gp, and hence Tr o Ext = Id on the space Bp o (R™ {1 }).
This proves the theorem.
We illustrate Theorem [6.1] on several examples.

Example 6.1. Let p,q € [1,00), r € [1,p], a weight sequence {s;} €°¢ Y3 = = X% _ _for

" aq,02 «,00,p
o) > %, [ > Q9. Then
Tr|x" Oqur(Rn7{sk7M}) = pqr(Rn {Skm }) (612)
If now {s} € Y, then for ay > "7”, [ > ay it follows by Corollary 2] that
Tr [pr—o B (R™) = B{Sk}(R"’)_ (6.13)

For constant exponents p, ¢ € [1, oo) equahty (BI{D coincides with that from [29].
For p,q € [1,00), 7 = p, s, = 2F, a > 7 [ > s we obtain the classical result of O.V. Besov

(a characterization of the trace of the classical Besov space on the plane; see [I], Theorems 1.1,
2.1, 2.2).
Example 6.2. Let p € (1,00), ¢ € [1,00), 1 € [1,p) and a weight v € AIEC(R"). We set
tp(2') = w(2) = oh(s+%) > XQn (@) |V Lp (), )H for k € Nog, 2/ € R". As a particular
m! ez’

case of Theorem [G.Tlwe obtain a characterization of the trace of the weighted Besov space B, ,(R",~)
on the hyperplane.
Indeed, the arguments used in Example 2] we obtain {7y} € X3  for o1 = Dy, 02 = p,

a,0,p

a1 = ag = 5. Hence, using Remark 2.9 with s > %, I>s

Tr|4,=0 B 4(R",7) = By ¢, (R"" {3 }). (6.14)

It is worth noting that this assertion is new and may not be derived using the available atomic
decomposition machinery. Indeed, the number of zero moments for the atoms from the trace
decomposition is governed by the exponent ay for {v;} € Y 2,,- The moment condition needs
not be tested for a; > 0. In a much lesser generality an analogue of (6.14)) was obtained in [22],
where a model weight depending only on the distance to the origin was examined. More precisely,
vP(x) = |z|* in a small neighbourhood of the origin with —n+1 < a < (n — 1)(p — 1). Such
a choice of the weight has enabled the authors to skip testing the zero moment condition for the
corresponding atoms from the trace decomposition.

Concluding remarks. Consideration of the principal results obtained in this paper shows
that the differences 6. may be looked upon as the most natural replacements of the differences
ZIT and A! in the definition of weighted Besov spaces (with fairly complicated weight) and Besov
spaces of variable smoothness. The exponent r proves closely related with the exponents oy, o7.

Speaking informally, it may be stated that the worth is the behaviour in the integral sense of the
variable smoothness {t;} (the exponents «, o1 are small) the smaller exponent r should be taken
in the differences 5£ in order to reveal the meaningful properties of the corresponding Besov spaces
of variable smoothness. It is worth noting that in essence this idea is contained in the book [23].

However, the methods of [23] are capable of dealing with weighted Besov and Lizorkin—Triebel
spaces with Muckenhoupt weights, but they do not apply in the case of spaces of variable smooth-
ness.
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