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Abstract

Let A be a commutative algebra over C. Given a pointed simplicial finite set ¥ and ¢ € C
a primitive N-th root of unity, we define the g-Hochschild homology groups {,HHY (A)}n>0 of
A of order Y. When D is a derivation on A, we construct the corresponding Lie derivative on
the groups {,HHY (A)}n,>0. We also define the Lie derivative on {,HH} (A)},>0 for a higher
derivation { Dy, }n>0 on A. Finally, we describe the morphisms induced on the bivariant ¢-Hochschild
cohomology groups {,HHY (A, A)}nez of order Y by a derivation D on A.
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1 Introduction

Let A be a commutative algebra over C. Then, it is well known (see, for instance, [7, § 4.1]) that a
derivation D : A — A induces morphisms

L% HH,(A) — HH,(A) Vn>0 (1.1)

on the Hochschild homology groups of the algebra A. The morphisms L7}, n > 0 play the role of the
Lie derivative in noncommutative geometry. For more on these morphisms and for general properties
of Hochschild homology, we refer the reader to [7]. Further, for any pointed simplicial finite set Y,
Pirashvili [I0] has introduced the Hochschild homology groups {HH) (A)}n>0 of A of order Y (see
also Loday [6]). In particular, when ¥ = S' is the simplicial circle, the groups { HHS' (A)}n>0 reduce
to the usual Hochschild homology groups of the algebra A. Let ¢ € C be a primitive N-th root of
unity. The purpose of this paper is to introduce the g-analogues {,H HY (A)},>¢ of these higher order
Hochschild homology groups and study the morphisms induced on them by derivations on A.

More precisely, let I' denote the category whose objects are the finite sets [n] = {0,1,2,..,n}, n > 0
with basepoint 0 € [n]. Then, given the algebra A, we can define a functor £(A) from I" to the category
Vect of complex vector spaces that takes [n] to A @ A®™ (see Section 2 for details). Then, we can
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prolong L£(A) by means of colimits to a functor £L(A) : Fin, — Vect from the category Fin, of all
finite sets with basepoint. Given a pointed simplicial finite set Y, i.e., a functor Y : A’ — Flin,
(AP being the simplex category), we now have a simplicial vector space

LY (A) : AP —Y , Fin, LA e (1.2)

Let dg : LY (A); — LY (A)i—1,0 < j <14, i >0 be the face maps of the simplicial vector space LY (A).
We then construct the “g-Hochschild differentials”:
gbi i LY (A)i — LY (A)im b= d! (1.3)
j=0

Since g € C is a primitive N-th root of unity, it follows that ,b" = 0, i.e., (LY (A), zb) is an N-complex
in the sense of Kapranov [5]. We now define the ¢g-Hochschild homology groups {,HHY (A)},>0 of
A of order Y to be the homology objects of the N-complex (LY (A), ,b) (see Definitions Bl and 2.2)).
When ¢ = —1 (and hence N = 2), ,b reduces to the usual differential on the chain complex associated
to the simplicial vector space £Y (A) and we have (_1)HHZ(A) = HHY(A), ¥V n > 0. Then, the main
result of Section 2 is as follows.

Theorem 1.1. Let D : A — A be a derivation on A. Then, for each n > 0, the derivation
D induces a morphism LE’" : qHHZ(A) — qHHZ(A) of q-Hochschild homology groups of order
Y. Additionally, if H = U(Der(A)) is the universal enveloping algebra of the Lie algebra Der(A)
of derivations on A, each qHHZ(A) is a left H-module, i.e., for any element h € H, there exist
morphisms LZ’" : qHHX(A) — qHHz(A) of g-Hochschild homology groups of order Y.

Thereafter, we consider a higher derivation D = {D,},>0 on A. We recall that a higher (or Hasse-
Schmidt) derivation D = {Dy,},>0 on A is a sequence of linear maps D,, : A — A satisfying the
following relation (see, for example, [§]):

Dy(a-d) = Z D;(a) - Dy_(a’) Va,a e€An>0 (1.4)
i=0

In this paper, we restrict ourselves to normalized higher derivations, i.e., higher derivations D =
{Dy}n>0 such that Dy = 1. Then, in Section 3, we construct the Lie derivative on the g-Hochschild
homology groups of order Y corresponding to a higher derivation D = {D,, },>0.

Theorem 1.2. Let D = {D,},>0 be a normalized higher derivation on A. Then, for each k > 0, we
have an induced morphism Lg’k c JHHY (A) = 6—90 JHHY (A) — ;HHY (A) = 6—90 JHHY (A) on the
q-Hochschild homology groups of A of order Y. - -

Further, in [9], Mirzavaziri has provided a characterization of normalized higher derivations on algebras
over C from which it follows that if D = {Dy}x>0 is a higher derivation on A, each Dy, is an element
of the Hopf algebra H = U(Der(A)) (see [B.7) for details). It follows therefore from Theorem [[] that

for each k, the element Dy, € H induces a morphism L%k : JHHY (A) — ;HHY (A). Then, in Section
3, we prove the following result.



Theorem 1.3. Let D = {Dy}ix>0 be a normalized higher derivation on A. Then, for each k > 1, we
have L%k = L)D/’k as an endomorphism of ;JHHY (A) = 6_90 JHHY (A).

In Section 4, we start by defining bivariant g-Hochschild cohomology groups {,HHY-(A, A)}nez of
order Y. For this we consider the modules Hom(LY (A),LY (A)),, n € Z where an element f €
Hom(LY (A), LY (A)), is given by a family of morphisms f = {f; : LY (A); — LY (A)i4 }icz. Further,
we define a differential ,0,, : Hom(LY (A), LY (A)), — Hom(LY (A), LY (A))n—1 (see Definition E.T]).
Then, (Hom(LY (A), LY (A)),,0) is an N-complex and we let ,HH% (A, A) be the (—n)-th homology
object of (Hom(LY (A), LY (A)),,0). We end with the following result.

Theorem 1.4. Let D : A — A be a derivation on A. Then, for each n € Z, the derivation D induces
a morphism L)D/’" : HHY (A, A) — (HHY (A, A) on the bivariant q-Hochschild cohomology groups of
order Y .

2 Lie Derivative on higher order g-Hochschild homology

Let Vect denote the category of vector spaces over C. Let A be a commutative C-algebra. We
recall here the definition of higher order Hochschild homology groups of a commutative algebra A
as introduced by Pirashvili [10] (see also Loday [6]). Let I' denote the category whose objects are
the pointed sets [n] = {0,1,2,...,n} with 0 € [n] as base point for each n > 0. Then, a morphism
¢:m] — [n]inTisamap ¢:{0,1,2,...m} — {0,1,2,...,n} of sets such that ¢(0) = 0. We now
define a functor:

L(A): T — Vect [n] — A® A®" (2.1)

Given a morphism ¢ : [m] — [n] in I, we have an induced map in Vect:

L(A)(¢): AR A®™ — A A"

LA ) a0 ® a1 @ . @) = (b @1 ® ... @by) b= [] a (2.2)
o(i)=3

We now consider the category F'in, of finite pointed sets. There is a natural inclusion I' < F'in, of
categories. Then, L(A) : T' — Vect can be extended to a functor L(A) : Fin, — Vect by setting:

L(A) : Fin, — Vect T+ colim L(A)(T") (2.3)
7' —T
where the colimit in (23] is taken over all morphisms 77 — T in Fin, such that 77 € T'. Let A be
the simplex category, i.e., the category whose objects are sets [n] = {0,1,2,...,n}, n > 0 and whose
morphisms are order preserving maps. Then, given a pointed simplicial finite set Y corresponding to
a functor Y : A% — Fin,, we have a simplicial vector space £Y (A) determined by the composition
of functors:

LY (A): A Yy pin, £ vee (2.4)



For any n > 0, let HH) (A) denote the n-th homology group of the chain complex associated to
the simplicial vector space £Y (A). Following Pirashvili [I0], when Y = SP (SP being the sphere of
dimension p > 1), we say that the homology groups {HH>"(A)},>0 are the Hochschild homology
groups of A of order p. When p = 1, i.e., Y = S! is the simplicial circle, the Hochschild homology
groups {HH? ' (A)}n>0 are identical to the usual Hochschild homology groups of A.

Our objective is to introduce a g-analog of the groups HH) (A), where ¢ € C is a primitive N-th root
of unity. For this, we consider the face maps d’, : LY (A), — LY (A)n_1, 0 < i < n, n > 0, of the
simplicial vector space LY (A) defined in ([2.4). We set:

bt L (A — LY (A1 gbp = d'd], (2.5)
=0

For the sake of convenience, we will often write 4b, simply as ;0. Then, it is well known that the
morphism ,b satisfies qu = 0 (this is true in general for any simplicial vector space; see, for instance,
Kapranov [5, Proposition 0.2]). In particular, if ¢ = —1, i.e., N = 2, we have (_1)62 =0 and (b is
the standard differential on the chain complex corresponding to the simplicial vector space EY(A). In
general, the pair (LY (A),4b), i.e., the simplicial vector space £Y (A) equipped with the morphism ,b
is an “N-complex” in the sense defined below.

Definition 2.1. (see [3, § 2/ and [J, Definition 0.1]) Let A be an abelian category and N > 2 a
positive integer. An N-complex in A is a sequence of objects and morphisms of A

Co={..—0 e 0, —. .} (2.6)

such that the composition of any N consecutive morphisms in (2.6]) is 0. For any n € Z, the homology
object Hyp1(Cy,b) of the N-complex (Cs,b) is defined as:

Nl Ker(b': Cp, — Cp_y)

H ) (Cs,b) = @H{i,n}(c*,b) Hiimy(Cesb) 1= 71— T —y (2.7)

Definition 2.2. Let A be a commutative algebra over C and let Y be a pointed simplicial finite set.
Let g € C be a primitive N -th root of unity. Then, the q-Hochschild homology groups qHHx(A), n >0
of A of order Y are defined to be the homology objects of the N-complex (LY (A),4b) associated to the
simplicial vector space LY (A); in other words, we define:

GJHHY (A) := H,y (LY (A), gb) (2.8)
As with the ordinary Hochschild homology of an algebra (see, for instance, [7, § 4.1]), given a derivation

D:A— A, we want to construct the Lie derivative LY, : HHY (A) — HHY (A) on the Hochschild
homology of order Y. For this, we start with the following lemma.



Lemma 2.3. Let A be a commutative C-algebra and let D : A — A be a derivation on A. Then, the
derivation D induces an endomorphism Lp : L(A) — L(A) of the functor L(A) : Fin, — Vect.

Proof. We first consider the functor £(A) restricted to the subcategory I' of Fin,, defined as in (2.1])

and (22):
L(A): T — Vect [n] — A® A®" (2.9)

Given the derivation D on A, we define morphisms (for all n > 0):
Lp(n]) : L(A)([n]) — L(A)([n]) (ap®a1 ®...Qap) — Z(a()@al ®..0D(a;)®...Qa,) (2.10)
=0

Further, for any morphism ¢ : [m] — [n] in T', we have, for any (ap ® a1 ® ... ® a,,) € A @ A®™:

Lp([n]) o L(A)(¢)(a0 ® a1 & ... ® am) ZLD([H])<<§) I1 az‘)

=0 ¢(i)=j

:i(%_l Hai>®D<Hai>®<‘(§ H%’)
k:O 3=0 ¢(i)=j o(i)=k J=k+1 ¢(i)=j
=3 L(A)(®)(ap® ... ® D(a;) @ ... @ ap,)

k=0 icp=1(k)
= ;)ﬁ(A)(@(ao ® .0 D(a;) ® ... ® an)
= L(A)(¢) o Lp([m])(ao ® a1 ® ... ® a,)

It follows that the derivation D induces an endomorphism Lp of the functor £(A) : I' — Vect.
More generally, for any object T' € Flin, and a morphism 7" — T in Fin, such that 77 € T, we
have a morphism Lp(T") : L(A)(T') — L(A)(T") as defined in (2.10). By definition, we know that
L(A)(T) = - gg{@Tﬁ(A)(T ") and hence we have an induced morphism

Lp(T) : L(ANT) = colim L(ANT') — LIANT) = colim L(A)(T") (2.11)

From (2.11) it follows that the derivation D induces an endomorphism Lp : £L(A) — L(A) of the
functor £L(A) : Fin, — Vect. This proves the claim.
O

Proposition 2.4. Let A be a commutative C-algebra and let D : A — A be a derivation on A.
Let Y be a pointed simplicial finite set. Then, for each n > 0, the derivation D induces a morphism
L)D/’" : JHHY (A) — (HHY(A) of g-Hochschild homology groups of order Y, where ¢ € C is a
primitive N -th root of unity.

Proof. From Lemma 23] we know that the derivation D induces an endomorphism Lp : £(A) —
L(A) of the functor L(A) : Fin, — Vect. Given the pointed simplicial finite set Y, the endomorphism
Lp: L(A) — L(A) of functors induces an endomorphism of the functor

LY (A): A Yy pin, 95 veer (2.12)
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From (2.12)), it follows that we have an endomorphism LY : £Y (A) — LY (A) of the simplicial vector
space LY (A). Hence, we have induced morphisms L)D/’" c JHHY (A) — (HHY (A) on the homology
objects of the N-complex (LY (A), ,b) associated to the simplicial vector space LY (A) as in Z.5). O

We now let Der(A) denote the vector space of all derivations on the commutative C-algebra A. Then,
Der(A) is a Lie algebra, endowed with the Lie bracket [D, D] := Do D' — D'o D,V D, D' € Der(A).
Let H := U(Der(A)) denote the universal enveloping algebra of Der(A). We will now show that for
any pointed simplicial finite set Y, the operators L)D/’", D € Der(A) on the g-Hochschild homology
group of A of order Y make ,HHY (A) into a module over the Hopf algebra H = U(Der(A)).

Lemma 2.5. Let q € C be a primitive N -th root of unity. Let A be a commutative C-algebra and let D,
D’ € Der(A) be derivations on A. Let Y be a pointed simplicial finite set. Then, for each n > 0, the
operators L))", L JHHY (A) — (HHY (A) satisfy [L);", L] = Ly oLy — Ly o Ly™ = LE’)"D,].
Proof. For D, D' € Der(A), we consider the respective endomorphisms Lp, Lps of the functor L(A) :
I' — Vect. By definition, for any object [n] € I', we have morphisms:

7

Lp(n)) : £(A)([n) — LA)([n]) (a0 ® .. @ an) = Y (a0 ® .. @ D(a;) @ ... @ ay)

50 (2.13)
Lp/([n]) : L(A)([n]) — L(A)([n]) (ap ® ... ® ap) — ;}(ag ® .0 D'(a;) ® ... ® ay)
From (2.13)), it may be verified easily that we have
(LpoLp — Lp o Lp)([n]) = Lip,p([n]) : LA)([n]) — L(A)([n])  Vn=>0 (2.14)

and it follows that Lp o Lpr — Lpro Lp = Lip py as endomorphisms of the functor LA): T —
Vect. More generally, for any object T € Fin,, we have L(A)(T) = Fccoplz'mT L(A)(T") and hence
3T —

LpoLp — Lp oLp = Lip py as endomorphisms of the functor £L(A) : Fin, — Vect. Finally,
considering the composition of L(A) : Fin, — Vect with the functor Y : A’ — F'in, corresponding
to the pointed simplicial finite set Y, it follows that L% o L%, — L%, o L% = L?/D D] 8S endomorphisms

of the functor £Y (A) : A% — Vect. Hence, we have [L)", L} = LY o L} — L o Ly = LE’{LD,]
on the homology objects ,HHY (A), n > 0 of the N-complex (LY (A), ,b) associated to the simplicial

vector space LY (A) : A% — Vect as in (2.3)). O

Proposition 2.6. Let ¢ € C be a primitive N-th root of unity. Let A be a commutative algebra
over C and let Der(A) denote the Lie algebra of derivations on A. Let H = U(Der(A)) denote the
universal enveloping algebra of Der(A). Then, for any pointed simplicial finite set Y and any n > 0,
the q-Hochschild homology group qHHX(A) of order Y is a left module over the Hopf algebra H.

Proof. From Lemma [2.5] it follows that Der(A) has a Lie algebra action on each qHHZ(A), ie.,
(L Lo = Ly o L — LYo L™ = L?/D”?D,} for any D, D' € Der(A). Since H is the universal
enveloping algebra of Der(A), it follows that this Lie algebra action of Der(A) on ;HHY (A) makes
JHHY (A) into a left H-module.

O



3 Higher derivations and the Lie derivative

As before, we work with a commutative algebra A over C, a pointed simplicial finite set Y and ¢ € C
a primitive N-th root of unity. In this section, we will describe the Lie derivative on the g-Hochschild
homology groups ;H H f(A) corresponding to a higher derivation D on A. Given an ordinary derivation
d on A, it is easy to verify that the sequence {D,, := d"/n!},>¢ satisfies the following identity:

Dy(a-d) = ZDi(a) - Dy—i(a) Vn>0,adeA (3.1)
i=0

More generally, we have the notion of a higher (or Hasse-Schmidt) derivation on A.

Definition 3.1. (see, for instance, [8]) Let A be a commutative algebra over C. A sequence D =
{Dp}n>0 of C-linear maps on A is said to be a higher (or Hasse-Schmidt) derivation on A if it
satisfies:

Dy(a-d) = ZDi(a) - Dy_i(a) Vn>0, aad €A (3.2)
i=0

In this paper, we will only work with higher derivations D = {D,},>¢ that are normalized, i.e.,
those higher derivations D = {D,},>0 which satisfy Dy = 1. For a normalized higher derivation
D = {D,},>0 it is easy to verify from relation (3.2) that D, (1) = 0 for all n > 0. For more on
the structure of higher derivations on an algebra, we refer the reader to [9], [I1] and [12]. For a
higher derivation on A, we have already described in [2] the corresponding Lie derivative on the
ordinary Hochschild homology; we are now ready to introduce the action of a higher derivation on the
g-Hochschild homology groups of order Y of the algebra A.

Lemma 3.2. Let A be a commutative algebra over C and let D = {Dy,}n>0 be a (normalized) higher
derivation on A. Then, for any given k > 0, the higher derivation D induces an endomorphism
LY« L(A) — L(A) of the functor L(A) : Fin, — Vect.

Proof. Tt suffices to prove that for each k > 0, we have an endomorphism L% : £(A) — L(A) of the
functor L(A) : Fin, — Vect restricted to the subcategory I' of Fiin,. Given the higher derivation
D = {Dy}n>0 and the integer k£ > 0, we define morphisms (V n > 0)

LE([n]) : L(A)([n]) — L(A)([n])
(ap @ a1 ® ... ® an) — > (Dpo(a0) ® Dy, (a1) ® ... ® Dy, (an)) (3.3)

(Po,P1, -+ Pn)
po+p1+...+pn=k

For the sake of convenience, we will often denote a sum as in ([B.3] taken over all ordered tuples
(po, p1, .-, Pn) Oof non-negative integers such that pg + p; + ... + p, = k simply as

(ag @ a1 ® ... ® ap) — > (Dyolao) ® Dy, (a1) ® .... @ Dy, (an)) (3.4)
po+p1+...+pn=k

7



Let ¢ : [m] — [n] be a morphism in T'. We let N(j) denote the cardinality of the set ¢~1(j) C [m)]
for any 0 < j < n. Then, we have, for any (ap ® a1 ® ... ® a,,) € A @ A®™:

Liy([n]) o LIA)($)(a0 ® a1 @ .. @ am) :L’g([ﬂ)(é I1 ai)

3=0 ¢(i)=j
(17)
0 B(1)=j
[I in(ai)) (3.5)

0 ait+-tan)=ps ¢(i)=j

= Z ( H Dn(ai)
ro+ri+..+rm=k \J=0 ¢(i)=j

- X e (& putw)

ro+rit..+rm==~k )
= L(A)(¢) o Lpy([m])(a0 ® a1 ® ... © am)

= 2.

po+pi+...+pn=k \J

= 2.

po+p1+...+pn=Fk \J

-

R IQ=

From (3.5, it follows that for each k > 0, L% : £(A) — L(A) is an endomorphism of the functor £(A)
restricted to I and hence, taking colimits as in the proof of Lemma [2.3] L’B induces an endomorphism
of the functor £(A) : Fin, — Vect.

U

Proposition 3.3. Let ¢ € C be a primitive N-th root of unity. Let A be a commutative algebra over
C and let Y be a pointed simplicial finite set. Then, given a higher derivation D = {Dy}p>0 on A,
for each k > 0, we have an induced morphism.:

Ly HHY (A) = @) (HH) (A) — JHHY (A) = @ JHH) (4) (3.6)
n=0 n=0

on the q-Hochschild homology groups of A of order Y.

Proof. From Lemma B2, we know that for any k > 0, we have an endomorphism L% : £(A) — L£(A)
of the functor L(A) : Fin, — Vect. Composing with the functor Y : A’ — F'in, corresponding to
the pointed simplicial finite set Y, we have an induced endomorphism Lg’k : LY (A) — LY (A) of the

functor LY (A) = L(A) oY : A% >, Fin, D yee. Accordingly, L}[/)’k induces an endomorphism on
the homology objects of the N-complex (LY (A),,b) associated to the simplicial vector space LY (A)
as in (2.8]). Hence, we have induced morphisms Lé’k : JHHY (A) — JHHY (A) on the ¢-Hochschild
homology groups of order Y.

O

We have already shown in the last section that A H Y(A) is a left module over the universal enveloping
algebra 1 = U(Der(A)) of the Lie algebra of derivations on A. Given a higher derivation D = {Dj }x>0



on a C-algebra A, Mirzavaziri [9] has shown that the higher derivation D may be expressed as follows:
there exists a sequence of ordinary derivations {d, },>0, dn € Der(A) such that:

k i

1
Dp=> | > Hﬁ A (3.7)

=1 > i—1mi=k =1

From (B1), it is clear that given a higher derivation D = {Dj}r>0 on A, each Dy is an element
of the Hopf algebra H = U(Der(A)). Hence, it follows from Proposition that each operator
Dy, € H induces a morphism L%k s gHH Y4 — JHH Y(A) on the g-Hochschild homology groups
of order Y. We will now show that the morphisms L}[/)k, k > 1 are identical to the morphisms

LYY JHHY (A) — ;HHY (A) described in Proposition B3l

Proposition 3.4. Let ¢ € C be a primitive N-th root of unity. Let A be a commutative algebra over
C and let Y be a pointed simplicial finite set. Let D = {Dy}r>0 denote a higher derivation on A. For
any k> 1, let L%k  JHHY (A) — (HHY (A) be the morphism induced by Dy € H as in Proposition
and let Lg’k : JHHY (A) — (HHY (A) be the morphism induced by D as in Proposition [3:3.
Then, we have L}, = Ly*: (HHY (A) — (HHY (A).

Proof. From the proofs of Lemma[23land Lemmal[2Z5] it follows that the element Dy, € H = U(Der(A))
of the universal enveloping algebra #H defines an endomorphism Lp, : £L(A) — L(A) of the functor
L(A) : Fin, — Vect. From the proofs of Proposition 2.4] and Proposition 2.6] it is clear that the
morphism L%k : JHHY (A) — ,HHY (A) is obtained from the endomorphism L%k C LY (A) —
LY (A) of the functor LY (A) = L(A) oY induced by Lp, : L(A) — L(A).

Similarly, from Lemma [3.2] it follows that the higher derivation D induces an endomorphism L’B :
L(A) — L(A) of the functor L(A) : Fin, — Vect. From the proof of Proposition B.3] it follows that
the morphism L)[/)’k : JHHY (A) — ,HHY (A) is obtained from the endomorphism L)[/)’k (LY (A) —
LY (A) of the functor LY (A) = L(A) oY induced by L% : £L(A) — L(A). Hence, in order to prove
the result, we need to show that L’B = Lp, as endomorphisms of the functor L(A) : Fin, — Vect.
As before, it suffices to show that L% = Lp, as endomorphisms of the functor £(A) restricted to the
subcategory I' of Fin,.

Let A : H — H ® H denote the coproduct on H. For any h € H and any n > 0, we write
A™(h) =3 ha)®h@) ®...® hy1). Then, we have an induced endomorphism Ly, : £(A) — L(A) of
the functor L(A) : Fin, — Vect. Further, we note that the equation

Ly([n))(a0®a1®...0an) = Y _(hy(ao) @b (a1) @ .. Ay (an)) V(ag®...0a,) € L(A)([n]) (3.8)

holds for all h € Der(A) C H and hence for all h € H = U(Der(A)). From the definition of L% in
Lemma [3:2] we now see that in order to show that L’B = Lp,, it suffices to show that

AMDp)= > Dp®Dp®..8D,  Yn>0 (3.9)
Z?:opi:k



We will prove (3.9) by induction on k. For any given n > 0, it is clear that the equation (3.9) holds
for k =0 and k£ = 1. We now suppose that its holds for any 0 < k < K. From [9, Proposition 2.1], w
know that

L XM

D =— dm+1Dnr— M > 1

M+1 M+1n;) m+1Dyv—m VM >0 (3.10)

where the d,,4+1 are the derivations corresponding to the higher derivation D = {D,, },,>0 as described
in (37). From (3.I0)), it follows that A™(Dg41) = K+1 S o A™(dyi1)A™(Dg¢—y) and hence

K
An(DK+1) = K——|—1 Z ngn-i-l Z Dp0®Dp1 ®®Dpn (311)
m=0 \j=0 S opi=K—m

where @’ my1 denotes the term 1®1® ... @ dpy1 ® ... ® 1 (i.e., dpm+1 at the j-th position) appearing in
the expression for A"™(d,,+1). We now consider ordered tuples (p6s P45 ---» P, of non-negative integers
such that p{, + p} + .... + p[, = K + 1. Then, we can write:

K
ZO <de+l> <Z" Z Dpo ® Dpl @ ... ® Dpn>

im0 Pi=K—m
no Pl
= - Z . OZ,N mzo A1 (D ® .. ® Dyt —yp1 © - ® Dy ) (3.12)
i=0Pi= J=0,p;21 m=
n p;-—l
— > > X Dy ® e ®@dmi1 Dy 1 ®...® Dpy)

YisoPi=K+1 j=0,p;>1 m=0

/1
From (3.10]), it follows that ZZJL:O dm+1Dp;_m_1 = p;- . Dp; and hence:

p;—1
> Dy ®.0 din+1 Dy 1 ® e @ Dyy) = ply - (Dpy © .. ® Dy @ ... ® Dyy,) (3.13)
m=0

Combining B.I1), 3.12) and B.I3), it follows that:

n

A"(Dgi1) = 77 3 >, P (Dyy®...® Dy ®...® D)
Yo pi=K+1 j=0,p>1

3.14
= =1 3 (K+1)-(Dy, ®@ ... © Dy @ ... ® Dy ) (3:.14)
S0 Pi=K+1 ’
= > (Dpy ® ... ® Dy @ ... ® Dy )
SimoPi=K+1 !
This proves the result of (3.9) for K + 1.
O
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4 Action on bivariant g-Hochschild cohomology groups

Let A be a commutative algebra over C and let ¢ € C be a primitive N-th root of unity. Let Y be
a pointed simplicial finite set. In this section, we will define the bivariant g-Hochschild cohomology
groups {HH{ (A, A)}nez of A of order Y and show that a derivation D on A induces a morphism
LE’"(A, A): (HHY. (A, A) — (HHY.(A, A). For the ordinary bivariant Hochschild cohomology groups
{HH"(A, A)} ez, we have already studied this morphism in [I]. For the definition and properties of
ordinary bivariant Hochschild cohomology, we refer the reader to 7, § 5.1] (see also the original paper
of Jones and Kassel [4]). We start by defining the bivariant ¢g-Hochschild cohomology groups of order
Y.

Definition 4.1. Let (LY (A), ;b) be the N-complex corresponding to the simplicial vector space LY (A)
as defined in (Z5). We consider the g-Hom complex Hom(LY (A), LY (A)) of these N -complexes which
1s defined as follows:

Hom(LY (A), LY (A))n := [ [ Homvea (LY (A)i, LY (A)isn) (4.1)
1€EZ
Further, if the family f = {f; : LY (A);i — LY (A)iyn}ticz is an element of Hom(LY (A), LY (A))y,
then the differential 40y, : Hom(LY (A), LY (A))n, — Hom(LY (A), LY (A))n—1 is defined by setting:
(1) = LgDui + £ (A); — £ (Dignr hiez )
aOn(f)i = gbizn o fi —q" fi—1 0 4b;

For any given n € Z, we define the bivariant q-Hochschild cohomology group HHY- (A, A) of A of
order Y to be the homology object

(A, A) i= H(_y(Hom(£Y (4),£7 (4)), 10) (43)
of the N-complex (Hom(LY (A), LY (A)), 40).

We mention that it follows from [5], Proposition 1.8] that the g-Hom complex (Hom(LY (A), LY (A)), 40)
as defined in (£1]) and (2] is also an N-complex. We now make the convention that if M = ®;czM;
is a graded vector space and f = {f; : M; — M;ym}icz and g = {g; : M; — My, }iez are two
morphisms of homogenous degree m and n respectively, we will write [f, g] :== fog—q¢™"go f for their
graded g-commutator.

Lemma 4.2. Let L™ = {L"};cz denote a collection of maps L™ : LY (A); — LY (A)izm. Given
an element f = {f;}iez in Hom(LY (A), LY (A))n, we define L™ (f) € Hom(LY (A), LY (A))m+n by
setting:

L™(f)i: £5(A) — LY (Aigman  L™(f)i =L, 0 fi = ¢ figmo LY (4.4)

Then, if ¢*™ = 1, the endomorphism L™ : Hom(LY (A), LY (A)) — Hom(LY (A), LY (A)) of homo-
geneous degree m satisfies the following relation:

40, L7)(f) = [, L™)f + ¢ FIL™ b)Y f € Hom(LY (A), LY (A))n, 1 € Z (4.5)

11



Proof. We consider:

(@0 L™)(f))i = gbitmin o L™(f)i —¢™ L™ (f)i-1 0 ¢bs
= gbitmin o LY}, o fi = """ ¢bitmin © fixm o L
- qm+nLﬁ-n—1 © fi—l o qbz’ + qmn+m+nfi+m_1 o L?i1 o qbi
(L™ 0 gd)(f)i =L, 1 0q0(f)i — ¢ "™V d(f)igm o LT
=L, _10gbiyno fi —q" L, 10 fi10gb;
— ") bt © figm © LT 4 ¢ fi 10 gbigm 0 LT

From (4.6)), it follows that:
([0, L™(f))i = ((q@ o L™)(f))i = ¢~ ™ ((L™ © 4d)(f))i

= (gbim+n © L, — ¢ ™ L%,y © gbin) © fi+ fivm—10 g™ L™ 0 gbi — 7™ (g7 " gbigm © L")
—q™ (1 — q_2m)qbi+m+n o fitmo Li" — qm+n(1 - q_2m)Lm—n—1 o fi—104b;

Combining with the fact that ¢ = 1, it follows from the above expression that:
40, L™|(f) = [gb, L] f + ¢ FIL™, 4] (4.7)
O

Proposition 4.3. Let ¢ € C be a primitive N-th root of unity. Let A be a commutative algebra over
C and let D : A — A be a derivation on A. Let Y be a pointed simplicial finite set. Then, for each
n € 7, the derivation D on A induces a morphism

Y,n n n
Ly": HHY (A A) — (HHY (A, A) (4.8)
on the bivariant qg-Hochschild cohomology groups of order Y.

Proof. From the proof of Proposition 2.6 we know that the derivation D induces an endomorphism
LY : LY(A) — LY (A) of the simplicial vector space LY (A). Accordingly, we have a collection of
maps LY, = {LBZ- : LY (A); — LY (A)i}iez determined by the endomorphism LY. Applying Lemma
with m = 0 (and hence ¢*™ = 1), it follows that Lg determines a morphism

L} : Hom(LY (A), £Y(A)) — Hom(LY (A), LY (A)) (4.9)
of homogeneous degree m = 0 satisfying:
(40, LD)(f) = [gb, LD + " fILD,gb) ¥ f € Hom(LY (A), LY (A))n,neZ  (4.10)

Again, since LY : LY (A) — LY (A) is a morphism of simplicial vector spaces, the morphisms {L%,i :
LY (A); — LY (A);}iez commute with the face maps dg cLY(A); — LY (A)i21,0< 5 <i,4>0of

' _o¢’d} and hence we have:

the simplicial vector space LY (A). By definition, 4b; :== > =0

[¢b, LD] = [LD, gb] = 0 (4.11)
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Applying this to ([@I0]), it follows that:
[40: Lp] = ¢@o L —q "L 0 g0 = 400 Lp — L 040 =0 (4.12)

From ([#IZ), it follows that the endomorphism LY, : Hom(LY (A), LY (A)) — Hom(LY (A), LY (A)) of
degree zero commutes with the differential ;0 on the N-complex Hom(LY (A), LY (A)). This induces
morphisms (V n € Z):

JHHY (A A) = Hy_,y(Hom(LY (A), LY (A)),40)

Lgnl (4.13)
GHHY (A, A) = Hi_,y(Hom(LY (A), LY (A)), 40)
on the bivariant ¢-Hochschild cohomology groups of order Y. O
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