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ABSTRACT. We consider the cotangent bundle T*Fy of a GL,, partial flag variety, A = (A1,

SAN), Al = Y2, A = n, and the torus T = (C*)"! equivariant K-theory algebra
Kr(T"Fx). We introduce K-theoretic stable envelope maps Stab, : €Dy, Kr(T*Fa)T) —
@\A\:n Kp(T*Fy), where o € S,,. Using these maps we define a quantum loop algebra ac-
tion on P =, Kr(T"Fx). We describe the associated Bethe algebra BY(Kr(1T"Fx)) by
generators and relations in terms of a discrete Wronski map. We prove that the limiting
Bethe algebra B> (K (T*Fa)), called the Gelfand-Zetlin algebra, coincides with the alge-
bra of multiplication operators of the algebra Kr(T*Fy). We conjecture that the Bethe
algebra BY(Kr(T*Fy)) coincides with the algebra of quantum multiplication on K7 (T*Fx)
introduced by Givental and Lee [Gl [GL].

The stable envelope maps are defined with the help of Newton polygons of Laurent poly-
nomials representing elements of Kp(T*Fx) and with the help of the trigonometric weight
functions introduced in [TV1L[TV3] to construct ¢-hypergeometric solutions of trigonometric
qKZ equations.

The paper has five appendices. In particular, in Appendix 5 we describe the Bethe algebra
of the XXZ model by generators and relations.
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1. INTRODUCTION

In [MO], Maulik and Okounkov study the classical and quantum equivariant cohomology
of Nakajima quiver varieties for a quiver (). They construct a Hopf algebra Yy, the Yangian
of @, acting on the cohomology of these varieties, and show that the associated Bethe
algebra B? acting on the cohomology of these varieties coincides with the algebra of quantum
multiplication. The construction of the Yangian and the Yangian action is based on the
notion of the stable envelope maps introduced in [MO]. In this paper we construct the
analog of the stable envelope maps for the equivariant K-theory algebras of the cotangent
bundles of the GL,, partial flag varieties.

Let T*F, be the cotangent bundle of a GL,, partial flag variety Fa, A = (A1,...,An),
Al = >, A = n. We consider the torus T = (C*)"*! equivariant K-theory algebra
K7 (T"F) and introduce K-theoretic stable envelope maps Stab, : €Dy, Kr(T*Fa)T) —
@W:n K (T*Fy), where (T*Fy)T C T*Fy is the torus fixed point set and ¢ is an element of

the symmetric group S,. We describe the composition maps Stab_!' o Stab, in terms of the
standard gly trigonometric R-matrix. Using these maps we define a quantum loop algebra
action on Py, Kr(I"Fx). We describe the associated Bethe algebra B?(Kr(T"Fy)) by
generators and relations in terms of a discrete Wronski map. We prove that the limiting
Bethe algebra B>°(Kr(T*Fy)), called the Gelfand-Zetlin algebra, coincides with the algebra
of multiplication operators of the algebra Kr(T*Fy). We conjecture that the Bethe algebra
BY(Kp(T*Fy)) is isomorphic to the algebra of quantum multiplication on Kr(T"Fy) intro-
duced by Givental and Lee [Gl [GL]. That conjecture is the K-theoretic analog of the main
theorem in [MO] that describes the quantum multiplication.

In [MOI, the stable envelope maps for equivariant cohomology of Nakajima varieties are
defined axiomatically and then the uniqueness and existence are proved. Our definition
of K-theoretic stable envelope maps for the cotangent bundles of partial flag varieties is
also axiomatic and then we also prove the uniqueness and existence. The difference with
axioms in [MQO] is that we do not consider the supports of the stable envelope maps and
we replace the notion of the degree of a polynomial with the notion of the Newton polygon
of a Laurent polynomial. Another difference with [MO] is that we prove the existence by
giving an explicit formula for the stable envelope maps. The formula for the stable envelope
maps is given in terms of the trigonometric weight functions introduced in [TV1] [TV3] to
construct ¢-hypergeometric solutions of the trigonometric qKZ equations. The arguments
of the weight functions in [TV, [TV3] are h, z1,..., 2y, t;j, where h is the parameter of
the quantum loop algebra, z1,..., z, are positions of sites in the associated XXZ model and



4 R.RIMANYI, V. TARASOV, A. VARCHENKO

t;; are the integration variables in the g-hypergeometric integrals. Another interpretation
of the variables t; ; in [T'V1, [T'V3] is that they are variables in the Bethe ansatz equations
associated with the XXZ model. In this paper, the arguments h, z1,..., z, are interpreted
as the equivariant parameters corresponding to the torus 7' and the arguments t,; are
interpreted as the Chern roots of the associated bundles over F,. This correspondence
between the variable in the Bethe ansatz equations and the Chern roots is the indication of
a K-theoretic Landau-Ginzburg mirror correspondence.

The paper is organized as follows. In Section 2], we introduce our geometric objects: cotan-
gent bundles of partial flag varieties, the torus action, the equivariant K-theory algebras. In
Section 3, we formulate axioms defining certain classes k,; € Kr(T*Fy) and formulate The-
orem [3.1] that such classes exist and are unique. The classes k, ; are building blocks for the
K-theoretic stable envelope maps and are the main novelty objects of our paper. Theorem
[B.1] is our first main result. In Section 3.2] we prove the uniqueness of the classes k, ;. In
Section 4] we introduce the trigonometric weight functions and in Section [ describe useful
combinatorial presentation of the weight functions as sums of ’elementary’ rational functions
assigned to certain 'filled tables’. In Section [6] we describe properties of the weight functions
and prove the existence of the classes x, ;. In Section [7, using the classes x, s, we define the
stable envelope maps and describe the compositions Stab;,l o Stab, in terms of the standard
trigonometric R-matrix. In Section 8] we describe the inverse map to the stable envelope
map Stabiq.

In Section [@, we consider the space (CM)®" ® C(zi,...,2,, h) with an S,-action. We
introduce the important subspace %V‘ C (CM)®"® C(z1,. .., 2n, h) invariant with respect
to the S,-action. In Section [0, we define the quantum loop algebra and its commutative
Bethe subalgebra B? depending on parameters ¢ = (q1,...,qy). In Section [[1l we describe
a quantum loop algebra action on 5V~ ® C(h).

In Section [[2] we describe a quantum loop algebra action on By, Kr(T"Fx) ® C(h).
This is done through the isomorphism v : @5, Kr(I"Fx) ® C(h) — Lyv-o Cll,...,
1@ C(h) defined with the help of the map Staby,'. We describe the close relations between
our quantum loop algebra action on @xj—n K7 (T*Fx) ® C(h) and the quantum loop algebra
action studied by Ginzburg and Vasserot in [GV], Vasl] Vas2]. In Theorem [[1.12] we identify
the action on K7(T%Fy) of the Gelfand-Zetlin algebra B> and the action on Kp(T*Fy) of
its own elements by multiplication. This is our second main result.

In Section I3 we introduce the discrete Wronski map Wri and define the associated
algebra KC§ by generators and relations. We describe a construction that identifies the Bethe
algebra B? action on Kr(T*Fy) and the regular representation of the algebra Ki. This
statement is formulated in Corollary I3.13]

In Section[I3.4], we introduce a new commutative associative multiplication *? on Kp(T*Fy),
depending on the parameters g¢i,...,qy. In Section [I3.5 we formulate Conjecture
that the new multiplication *? on K7 (T*F,) coincides with the quantum multiplication
introduced by Givental and Lee in [G| [GL]. By taking the h — 0 limit of this conjectural
statement, we formulate in Section a conjectural description of the equivariant quantum
K-theory algebra of the partial flag variety Fy by generators and relations.
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In Appendix 1, we show how the weight functions specialize to Grothendieck polynomials
introduced by Lascoux and Schutzenberger in |[LS]. In Appendix 2, we give an interpolation
definition of the K-theory classes of Schubert varieties in the equivariant K-theory algebra
Kcxy(Fa) of a partial flag variety Fx. This definition is the » — 0 limit of the definition
of the classes K, € Kp(T*Fyx). In Appendix 3, we describe presentations and structure
constants of the K-theory algebras associated with the projective line. Some of them follows
from the conjecture in Section and others are known. In Appendix 4, we give formulae
for multiplication of the classes kiq;. These formulae can be viewed as a beginning of
Schubert calculus on K7 (T%Fy).

In Appendix 5 we describe the Bethe algebra of the XXZ model by generators and re-
lations. In particular we show that the Bethe algebra of the XXZ model on (CV)®" is a
maximal commutative subalgebra of End((CY)®").

2. PRELIMINARIES FROM GEOMETRY

2.1. Partial flag varieties. Fix natural numbers N,n. Let XA € Z%, [A| = A\ + ... +
An = n. Consider the partial flag variety F, parametrizing chains of subspaces

0=FFCFkFC..CFEFy=0C"

with dim F;/F, 1 = X\;;, i =1,..., N. Denote by T*F, the cotangent bundle of Fj, and let
7w T"Fx — Fx be the projection of the bundle. Denote

X, =[] 7.
IAl=n
Example. If n =1, then A = (0,...,0,1;,0,...,0), T"Fy is a point and A} is the union of
N points.
If n =2 then A =(0,...,0,1;,0,...,0,1;,0,...,0) or A = (0,...,0,2;,0,...,0). In the
first case T*F) is the cotangent bundle of projective line, in the second case T*F) is a point.

Thus A, is the union of N points and N (/N —1)/2 copies of the cotangent bundle of projective
line.

Let [ = (I,...,In) be a partition of {1,...,n} into disjoint subsets I3, ..., Iy. Denote
T, the set of all partitions / with |I;| = X\;, j=1,...,N.

Let €1,...,¢, be the standard basis of C". For any I € Ty, let x; € F, be the point
corresponding to the coordinate flag Fy C ... C Fy, where F; is the span of the standard
basis vectors €; € C" with j € I, U...U ;. We embed Fy in T"F), as the zero section and
consider the points z; as points of T%Fj.

2.2. Schubert cells, conormal bundles. For any o € 5,,, we consider the coordinate flag
in C",
Ve :0=VcWc...cV,=0C"
where V; is the span of €,(1),. .., €. For I € Iy we define the Schubert cell
Qor={F € Fa |[dm(F,NV))=#{ie LU...UL, | 07 '(i) < q} Vp < N,Vqg < n}.
The Schubert cell €2, ; is an affine space of dimension

los = #(0,§) € {10} | 0(i) € L, 0(j) € Ly a < b, i > j).
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For a fixed o, the flag manifold is the disjoint union of the cells €2, ;. We have z; € Q, 1, see
e.g. [FP, Sect.2.2].

For o € S,,, we define the geometric partial ordering on the set Zx. For I, J € Iy, we say
that J <, I if x; lies in the closure of ), ;.

We also define the combinatorial partial ordering. For I,.J € Z,, let

k
U_l(U Ig) = {a]f < ... < a];\(k)}, U_l(ZL_Jl JZ) = {blf < ... < b];\(k)}

for k=1,...,N —1, where \®) = X\, + ...+ \;. We say that J <. I if b¥ < af for k =1,
Lo N=1,i=1,... \®.

Lemma 2.1. The geometric and combinatorial partial orderings are the same.

Proof. This is the so-called “Tableau Criterion” for the Bruhat (i.e. geometric) order, see
e.g. [BBl Theorem 2.6.3]. O

In what follows we will denote both partial orderings by <,.

The Schubert cell €2, ; is a smooth submanifold of Fy, hence we can consider its conormal
space
CQU’[ = {Oé c 7T_1(QU7[) ‘ Oé(Tﬂ(a)QUJ) = 0} C T*f)‘ .
The conormal space C(), ; is the total space of a vector subbundle of T"Fy over €1, ;. The
rank of this subbundle is dim F — dim €2, ;. Hence, as a manifold C(Q, ; is an affine cell of
dimension dim Fy. In particular, the dimension is independent of o, I. Define

(2.1) Slope, ; = U CQs, ;.

J<o1
2.3. Equivariant K-theory. The diagonal action of the torus (C*)™ on C" induces an
action on F)y, and hence on the cotangent bundle T"Fj.

Remark. One may use this action to give an equivalent (“unstable submanifold”) definition
of the spaces C(Q, ; of the last section. Namely € CQ, ; if and only if

; —o(l) ,—o(2) —o(n)y ., —
il_)r%(z )2 ey 2 )-x =y,

cf. [MO), Section 3.2.2].

We extend this (C*)™action to the action of T'= (C*)™ x C* so that the extra C* acts
on the fibers of T"F, — F by multiplication.

We consider the equivariant K-theory algebras Kr(T*Fy) and
(2.2) Kp(X,) = @ Kp(T"Fa).
[A|=n
Our general reference for equivariant K-theory is [ChGl, Ch.5].

Denote Sy = Sy, %...xSy, the product of symmetric groups. Consider variables I'; = {7, 1,

csYintt=1,...,N. Let T' = (I'y;...;I'y). The group Sy acts on the set I by permuting

the variables with the same first index. Let C[T'*'] be the algebra of Laurent polynomials
in variables v, ; and C[T*']** the subalgebra of invariants with respect to the Sx-action.
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Consider variables z = {z1, ..., z,} and h. The group S,, acts on the set z by permutations.
Let C[z*!, h*!] be the algebra of Laurent polynomials in variables z, h and C[z*!, h*1]5n
the subalgebra of invariants with respect to the S,-action. We have

(2.3)  Kp(T'Fa) = C[T> @ Clz* h*'] /(f(T) = f(z) for any f e C[z*']"").
Here ~; ; correspond to (virtual) line bundles also denoted by ~; ; with
Ai
@D vi; = Fi/Fia
j=1
while z, and h correspond to the factors of T'= (C*)" x C*.
The algebra K7(T*Fy) is a module over Kr(pt;C) = C[z*! h*!].

Example. If n = 1, then N
Kr(X) = @ Kr(T"F,..01,0...0)
i=1

is naturally isomorphic to C¥ ® C[z{!, h*!] with the basis v; = (0,...,0,1;,0,...,0), i =1,
N

2.4. Fixed point sets. The set (T"Fy)? of fixed points of the torus T" action is (z7)rez, -

We have
()T =2 x ... x X

The algebra Kr ((Xn)T) is naturally isomorphic to (CY)®" @ C[z*!, h*!]. This isomorphism
sends the identity element 1; € Kp(z;) to the vector

(24) Vr = Uy ®...0 Vi,

where i; = k if j € I. We denote by (CV)$" the span of {v; | I € Zx}.

2.5. Equivariant localization. Consider the equivariant localization map

(2.5) Loc : Kp(T*Fy) — Kr((TF)") = @ Kp(z)

I1€Zy
whose components are the restrictions to the fixed points x;. Namely, the I-component
Loc; of this map is the substitution
(26) {’)/k’l,...,’)/k’)\k}l—){Za|a€[k} for all kzl,,N

Equivariant localization theory (see e.g. [ChGl Ch.5], [RoKu, Appendix]) asserts that Loc is
an injection of algebras. Moreover, an element of the right-hand side is in the image of Loc
if the difference of the I-th and s; ;(I)-th components is divisible by 1 — z;/2; in C[z%!, h*!]
forall € Zy and ¢, 5 € {1,...,n}. Here s, ;(I) is the partition obtained from I by switching
the numbers ¢ and j.

Let C(z, h) be the algebra of rational functions in 2, ..., z,, h. The map
(2.7) Loc : Kr(Fa) ® C(z, h) — @jer, Kr(x1) @ C(z, h)

is an isomorphism.
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2.6. K-theory fundamental class of (2, ; at z;. Define the following classes

(2.8 Zolr-i- H H H (1 = 2o(a)/ Zot)) - ZOIT— H H H (1 = 20(a)/Zot)) -

k<l o(a)ely o(b)el; k<l o(a)el o(b)el;
b<a b>a
29 e =11 TI 1 Q-tzw/zw). ed- =11 II 11 -hrzew/20w@)
k<l 0’( )le O'(b)EIl k<l 0’( )le O'(b)EIl
b>a b<a

in Kr(z;) = Clz*!, h*']. We also set e, ; = el el .

Recall that if C* acts on a line C by «a-x = o'z, then the C*-equivariant Euler class
of the line bundle C — {0} is ¢(C — {0}) = 1 — 2" € K¢ (point) = C[z*!]. Thus standard
knowledge on the tangent bundle of flag manifolds imply that

(2.10) (T rle)) = e e(W(Qor C Fa)lay) = €,

where (A C B) means the normal bundle of a submanifold A in the ambient manifold B,
and |, means the restriction of the bundle £ over the point z in the base space. Therefore
we also have

e(CQUJ‘wI) = efr,e;f—l—v e((ﬂ_l(QUJ) - CQUJ)|$I) = eg’e;’t_ )

where CQ, ; and 7 1(Q, ;) are considered bundles over , ;. Now consider CQ,; as a(n
open) submanifold of T*F,. Then we obtain

(2.11) e(V(CQpr CTFa)ley) = el e = ey

3. AXIOMATIC DEFINITION OF THE Ko,1 CLASSES

3.1. Main result. In this section we phrase a theorem that axiomatically defines some
special classes in Kr(Fy).

Define the polarization of o € S,,, I € Iy, to be

(3.1) Por=11 TI 1I (~20/%w)-

k<l o(a)el o(b)el;
b>a

Observe that P, is an invertible element of Kr(zy). It is the inverse of the “top” term of

er’}, _. In particular, the number of —z,@)/%s(s) factors is the codimension of €, ; in Fy, see

(2.I0). The quantity

(3.2) Prreor =[] 11 < [T (0= hz)/z0@) [] (1 —Zo<b>/zo<a>)>

k<l o(a)el} ~ ao(b)el} ob)erl;
b<a b>a

will play a role below.

For a Laurent polynomial f € C[z*!] let N(f) C R™ be the Newton polygon of f, that is
the convex hull of the points m € Z" C R” such that the coefficient of [[ 2 in f is not 0.
For I € 7, consider the linear map ¢; : R — R defined by

(p[<€a) =kifacl.
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We will study the convex set (closed interval) ¢;(N(f)) C R for certain f’s. For example
oy i2n(N(1 = 22/21)) = [0,1]. Observe that

(33) Pi(N(Parens)) = [0 3 M=)

1<E<IKN

is independent of o and I; it only depends on A. Define an element f € Kp(zy) to be I-small
if

(3.4) eV < [0, S wn—k) —1].

1<E<IKN

Note that in our Newton polygon considerations h € Kp(xy) is considered a constant, not a
variable.

Theorem 3.1. Let n, N, A be as above, and o € S,,. Then for any I € Iy, there exists a
unique element ko1 € Kp(T*Fa) satisfying the following conditions:

(1) Ko1le, is divisible by el for all J;

(II) "{:U,I|SC[ - PU,I €o,15
(I11) kg 1z, is J-small if J # 1.

Remark. From the proof of Theorem B.1]it will turn out that the condition
(0) Fotle, = 0if J %o I

also holds. Condition (0) together with property (I) is a “localized” version of the statement
(I') K,z is supported on Slope, ;.

Indeed, if a class is supported on Slope, ; then (0) and (I) follow, see Section Condition
(I') appeared in [MO] and [RTV].

First we prove uniqueness in Section following the arguments of [MO] in which we
replace the property of smallness of the degrees of restrictions k, r|,, by the smallness of
their Newton polygons N (ke 1]z, )-

One novelty of our treatment is that our axioms (I)-(III) are all local properties of ks
(unlike (I')). That is, they are properties of fix point restrictions. Another key novelty of our
treatment is Section [6.3 where we will show existence by giving a formula for k. ;. Moreover,
this formula for «, ; is a version of the trigonometric weight functions that had appeared in
[TV1]—[TV3] in hypergeometric solutions of qKZ equations.

3.2. Proof of uniqueness in Theorem [B.1l Suppose r,,; and &, ; both satisfy the con-
ditions. Let w be their difference.

Refine the partial order <, to a total order < on Zy.
Assume w # 0. Since the Loc map of Section is injective there is at least one J € T
such that the restriction wl|,, # 0. Let J be the <-largest such element of Zj.

We claim that w|,, is

e J-small,
e divisible by ey,

e divisible by el .
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The first two properties follow explicitly from conditions (I), (II), (III).

To prove the third property choose a pair a < b such that o(a) € Ji,0(b) € J; and k < .
Let U = Sy(0),000)(J) € Zx. From the definition of <, it follows that J <, U and hence
J < U. The choice of J implies that w|,, = 0. Differences of components of the Loc
map satisfy divisibility conditions, see Section 2.5 hence we obtain that w|,, is divisible by

Zo(a)/ Zov)- This argument holds for all a,b with o(a) € Jy,o(b) € Ji, k < | hence we
proved the third claim.

vert hor

A Laurent polynomial divisible by e;“7  and e;°;  must be divisible by their product too.
Comparing ([33) and ([B4]) we see that a J-small class divisible by e, ; = el el must
be 0. Hence w|,, is 0. This is a contradiction, which proves that w = 0.

4. TRIGONOMETRIC WEIGHT FUNCTIONS
4.1. Definition. Let n, N € Z>( and let X € Z% be such that Zk L Ak = n. Set AR = N\ +
4N for k=0,...,N and A\t =\ ...—l—)\

Recall that the set of partitions I = (Iy,...,Iy) of {1, ...,n} with |Ix] = A is denoted
by Zx. For I € T, we Will use the notation | J*_, I, = {zgk) <...< Z&IZ)}

Consider variables t for k = 1,....,N,a=1,...,A\%) where tN = Za,a = 1,...,n.
Denote tV) = (t,g ))k@m and t = (t(l), otV

For I € 7y, define the trigonometric weight function

(4.1) Wit z,h) = (1— )" Sym,q ... Sym,wn U,
where

N-1 (%) AR) ) AR) ) A(R) 1— htl()k)/t(k)
(42) Uy = ((IT omtmdy T (- e0n®) T —— ).

k=1 a=1 c=1 c=1 b=a+1 b /a

igk+1)<i((1k) (k+1)>l(k)
and Sym,x) is the symmetrization with respect to the variables tgk), e ,tg’fi),
k k)
Sym i) f(tg )a e )\(k) Z f tEr(A(k)))

O’ESA(k)

The trigonometric weight functions are Laurent polynomials in the ¢, z, h variables since the
factors 1 — tl(,k) / ¢ in the denominator cancel out in the symmetrization.
For o € 5,, and I € Iy, define the trigonometric weight function

(4.3) Wo-’[(t, z, h) = WJA(I) (t, Zg(l), Cey Zo(n), h) y

where o~ !(I) = (¢07'(11),...,0 *(In)). Hence, W; = Wia ;.

Remark. The weight functions were described in [T'V1] to solve the qKZ equations and
describe eigenvectors of the Hamiltonians of the XXZ-type integrable models. Namely, the
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(CM){™-valued solutions of the gKZ equations have the form

I(z) = /(I)(t,z,h) > Wiaa(t,z,h) v dt

I€Ty

where ®(t, z, h) is a suitable scalar (master) function. If ¢ satisfies Bethe ansatz equations,
the vector »_ rer, Wid, 1(t, 2z, h) v; becomes an eigenvector of the Hamiltonians of the XXZ-
type model. Convenient formulae for the weight functions were suggested in [TV3]. The
weight functions Wiq 1, I € Zy, in this paper are Laurent polynomials. They differ from the
corresponding weight functions in [I'V3], that are rational functions, by a common factor
independent of I.

4.2. Remarks. In this subsection we first give an alternative formula for the weight function,
and then define two modified versions. Strictly speaking none of these are necessary in the
rest of the paper, they just help the reader to get familiar with weight functions.

Consider variables u{® for k=1,...,N, a=1,...,A\®. Define

N—1 AR
U, = H (1 —t[(l'f)/ul()k))_1 X

k=1 a,b=1

N—1 A(®) A(R) e o A i A(E) 1_hul()k)/u(k)
_ + _ + - " e

x ((TT 0oy IT (=) T 2= 5 i)
k=1 a=1 =1 e=1 b=a-+1 Ua "/ Uy,
D (R DS ()

Replace in U’ each variable ul™ with Za, a = 1,...,n. The obtained function U” depends

on the variables t,z,h and ul”, k=1,....N—1,a=1,...,A\®.
Theorem 4.1. We have

N—1 (k)
(4.4) Wi(t, z,h) = (h — 1) Res (U}’ . H Hdugk)/ugk)),
k=1 a=1

where Res is the iterated application of the Res o _,+ Res w__ operations for all k =1,
oo N—=1, a=1,..., 2% (in arbitrary order).

Proof. Consider the right-hand side of (44]). Applying the Residue Theorem for each ugk),
we obtain that this is equal to

N—1A(®)
(h — 1))‘{1}(—1)>‘{1} E Resu(k)_t(k) (U}, . | | | | dul(lk)/ut(lk)>,
a "Yg(a)
01,..sON—1 k=1 a=1

where oy, is a map {1,...,AX®} — {1,... A®} for each k. First observe that the term
corresponding to oy,...,0y_1 is zero unless each of the o;’s are permutations — this is

essentially due to the factors (1 — ulh) / ul()k)) in the numerator of U;. The term corresponding
to permutations oy are exactly the analogous terms in the definition of weight functions. [J

The following modified version of weight functions are sometimes useful.
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Definition. For A € ZY; define ¢(X) to be the greatest ¢ with A, > 0. Let M;W; be
obtained from W; by substituting tgk) = z; for all k> ¢(\) and all 1.

Definition. Consider variables ;. for k = 1,...,¢(A) — 1, a = 1,..., \;. Let MyW; be
obtained from M;W; by carrying out the substitution

k k
(tg ),...,tg(i)) — (71717"'771)\1772,17"‘772)\27"'77]6717“‘77’?,)\1@)
for all k < q(N).

Here are some examples of weight functions.
e For N =2 n=2 A= (1,1), we have

W({1}7{2}) = (1 - h)(l - 22/t§1))7 W({2}7{1}) = (1 — h,)(l — hzl/tgl)).
The residue formula (4.4]) gives

1-— 22/u§1) dugl))
L )
1- hzl/ugl) du§1)>
A D

Wiy = (h—1) (Resugmzo + Resugl)zoo) (

Wiaray = (h—1) (Resugmzo + Resugl)zoo) (

e For N =2 A= (1,n—1), we have

7—1 n
1 1
Wiiptoon—ip = 1 —=0) [T =hz/e?) T (1= 2/67).
Jj=1 j=i+1

e Let A\=(0,...,0,1,0,...,0,1,0,...,0) € Z>0, where the nonzero coordinates are at
positions ¢ and j, ¢ < j. The set Z, consists of two elements

F={} 0000 02800,
J={ R D)

We have
MW, = (1= h)N770(1 = hag/2))N (1 = hay [ 2) N9 (1 = 2 /t97Y),
MW,y = (1= RN (1 = hag/2))N (1 = hay /)N (1 = hay JtU7Y),
MoW; = (1= R)*N 779 (1 — hzy/20)V (1 — hay ) 20)N (1 — 29/7i1),
MW, = (1 - h)2N (1 - hz2/zl)N I(1— th/ZQ)N (1 — hzi/7i1)
e We have

MyWigygzyap = (1= 0)° (1= 22/711) (1 = 23/71.1) X
X (1= 23/721) (1 — hz1/v21) (1 — hya1/M11),

although W1y 423,431 does not factor into analogous simple factors.



WEIGHT FUNCTIONS AS K-THEORETIC STABLE ENVELOPE MAPS 13

5. COMBINATORICS OF TERMS OF THE WEIGHT FUNCTION

In this section we show a diagrammatic interpretation of the rich combinatorics encoded
in the weight function. Let I € Z,. Consider a table with n rows and N columns. Number
the rows from top to bottom and number the columns from left to right. Certain boxes of
this table will be distinguished, as follows. In the first column distinguish boxes in the i’th
row if ¢ € I1, in the second column distinguish boxes in the i’th row if ¢ € I; U I5, etc. This
way all the boxes in the last column will be distinguished since [; U... U Iy ={1,...,n}.

Now we will define fillings of the tables by putting various variables in the distinguished
boxes. First, put the variables z,..., 2, into the last column from top to bottom. Now
choose permutations oy € Syq), 02 € S\@, ..., On_1 € Syw-1 . Put the variables tffi)(l), e

(k)
tUk(A(k))

Each such filled table will define a rational function as follows. Let u be a variable in the
filled table in one of the columns 1,..., N — 1. If v is a variable in the next column, but
above the position of u then consider the factor 1 — hv/u (‘type-1 factor’). If v is a variable
in the next column, but below the position of u then consider the factor 1 — v/u (‘type-2
factor’). If v is a variable in the same column, but below the position of u then consider the
factor (1 — hv/u)/(1 —v/u) (‘type-3 factor’). The rule is illustrated in the following figure.

in the k’th column from top to bottom.

(1 —hv/u)
(1 —hv/u) (1 —wv/u) T =oju)
type-1 type-2 type-3

For each variable u in the table consider all these factors and multiply them together. This
is “the term associated with the filled table”.

One sees that W} is the sum of terms associated with the filled tables corresponding to all
choices o1, ...,0y_1. For example, Wiy 111,43) is the sum of two terms associated with the
filled tables

t§2) 1 t;2) 1
£ [ 67 2 [ ]2 |
zZ3 <3

The term corresponding to the first filled table is hence

(1= ht? 1) (1= hay 1) (1= 20 /t7) (1 = 23/87) (1 = 25/t0)

-

Vo
type—1 type—2
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and the term corresponding to the second filled table is

1— ht?
(1= b 10) (1= b ) (1= 2o/t (1 = 20 1 = o) L2200
typz—l typ‘e,—2 ( b2 )
type—3

Note that variables in consecutive columns but in the same row do not produce a factor.

In the next section we will substitute z;’s into the #*) variables according to some rules.

Thus we obtain terms corresponding to tables filled with only z, variables (no ¢ s). If in

|

such a substitution we have a filled table containing , then the term corresponding

=

to that table is 0. This phenomenon is behind the substitution lemmas of the next section.

6. PROPERTIES OF WEIGHT FUNCTIONS

6.1. Substitutions. Recall that for I € Ty we use the notation U*_, I, = {zgk) <...< 25\2)}
For a function f(t,z,h), we denote f(zy, z, h) the substitution under

tgk):zi(k) for k=1,...,N, a=1,...,\®,
For a function f(T', z, h), we denote f(z;, z,h) the substitution under
{’Yk,a | a = 1,,)\k} >—){Za | ae[k},

cf. equivariant localization in Section 2.5l
Observe that the various substitutions are set up in such a way that

W](ZJ, z, h,) = M1W[(ZJ, z, h,) = MQW[(ZJ, z, h)
Define

N—1 A& \()
(6.1) E(t,h) = T (1= ntopey.
k=1 a=1 b=1

Lemma 6.1. For any o € S, and I,J € Iy, the function W, (z;,2,h) is divisible by
E(z;,h) in the algebra of Laurent polynomials C[z*!, h*!].

Proof. For notational simplicity we consider the case ¢ = id. As explained in Section [0
Wi(z,2,h) is the sum of terms corresponding to certain tables filled with the variables
z,. Consider such a term, and the corresponding filled table. Let us fix £ < N — 1 and
a#bée JyU...UJg. In the next paragraph we will specify some positions in the filled table
that are responsible for the appearance of the factors (1 — hz,/2) (1 — hzy/2,) in this term.
These positions will be different for different triples (k,a,b).

Suppose z, is above z, in the k-th column. Then the type-3 factor (1 — hz/z,) is the
factor of this term, because both 2z, and z, are in the k-th column. Also, 2, € J1U...U
Jr+1 and, hence, z, is in the (k + 1)-st column as well. If our term is nonzero, then the
position of z, in the (k4 1)-st column is weakly above the position of z, in the k-th column.
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Hence the position of z, in the (k + 1)-st column is strictly above the position of z, in the
Z(l

Za
k-th column, as in the picture . Then the z, variable in the k-th column and the z,
<

variable in the (k + 1)-st column yield the type-1 factor (1 — hz,/2).

The function F(z;,h) is a product of factors (1 — hz,/2) (1 — hzp/z,) for certain triples
(k,a # b), and the factor (1 — h)*"?. The argument above shows that W;(z;, z,h) is
divisible by the desired product of factors (1 — hz,/2) (1 — hzy/z4). The factor (1 — k)"

is explicit in the definition of the weight functions. O
Define Wit 2. 1)
~ z
9 t _ o, I\l #~,
(6.2) Wy i(t,z, h) TEEh)

The function WQ ;7 is not a Laurent polynomial in the t variables any more, but Lemma
asserts that all its z j-substitutions are Laurent polynomials in the z, h variables.

Lemma 6.2. We have WO—’I(ZJ, z,h) =0 unless J <, 1.

Proof. If the condition J <, I is not satisfied, then the table of every term in W, (2, 2z, h) =
0 contains a part described in the last paragraph of Sectionll Hence every term is 0, yielding
WJ7](ZJ,Z,h) =0 and WU7[(ZJ,Z,h) =0. ]

Lemma 6.3. For all I,J € Iy, the function WU,I(ZJ, z,h) is divisible by egff,f_ )

Proof. This proof is a continuation of the proof of Lemma [6.1] so, in particular, we focus on
the special case o =id. Let us chose a € J, and b € J; with k <[, a > b. Consider again
a term in Wy(zy, z,h) and its filled table. Our goal is to specify a pair of variables in the
table that produces the 1 — hz,/z, factor.

From the variables z, and z, only z, appears in the k-th column and both of them appear
in the [-th column. We will study two cases.

Assume first that in the [-th column z, is below z,. Then, in the (I —1)-st column z, is
further below the position of z, in the [-th column (otherwise the term equals 0). This pair,
2, in the (I —1)-st column and 2z, in the [-th column is the desired pair — they produce the
type-1 factor 1 —hz,/z,. This factor was not indicated and specified in the proof of Lemma
0.1

Assume now that in the [-th column z, is above z,. Since a > b, their position is reversed
in the N-th column. Hence there must exist a number s such that in the s-th column z,
is above z,, and in the (s 4 1)-st column z, is below z,. Since z, in the s-th column is
below z, in the s+ 1-th column (otherwise the term equals 0), we have that z, in the s-th
column and 2z, in the (s+ 1)-st column is the desired pair — they produce the type-1 factor
1—hzp/z-

In both cases above we found positions in the filled table which are different from positions
already “used” in the proof of Lemma [6.Il Hence we proved that 1 — hz,/z, divides not

only every non-zero term of W, ;(z,, z,h), but also Wg,l(zJ, z,h). O
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Lemma 6.4. For I € 1), we have WO—7](Z],Z, h)=P,reqr.

Proof. In this case only one term of the symmetrization in (4.I]) is nonzero, see Section [0l
This term equals the right-hand side of the formula of the lemma. 0

Recall the notion of f(z,h) being J-small from Section Bl

Lemma 6.5. For all I,J €Iy, I # J, the function I/T/J7I(zJ,z,h) is J-small.
Proof. By definition we have
. A1} 1— hZe/Zf
Woi(zs,2,h) = (1 - h) Zﬂ: ((gu — hza/2) (g)u — 2/ ) (g) W)

where the products are for certain pairs (a,b), (¢,d), and (e, f), and the summation is for
an (N — 1)-tuple of permutations 7 = (my,...,my_1) with m; € S\ . The last product can

be rewritten as
H 1 —hz/zp H zy — hz.
1—2/2p Zf — Ze

(e.f) (e.f)
Denote

ALJ’ﬂ-: H(zf—hze), B_[’Jﬂ-r: H(Zf—Ze), CI7J77‘-: H(l—hza/zb) H(l—ZC/Zd)
(e,f) (e,f) (a,b) (c,d)

Observe that A; j» and B; jr do not depend on I and for different 7’s the products B; j

only differ possibly by a sign. Denote A;r = A; jr and By = By jiq. Then

(63) BJWO—7[(ZJ, z, h) = (1 - h)A{l} Z :l:CLJ’.,‘-AJ’ﬂ-.

If I were equal to J, then only one term of the summation is nonzero and
(64) BJWUJ(ZJ, z, h) = (1 — h)A{l} CJ’(LidAJ’id.

That equation leads to the statement of Lemma [6.4l For I # J, we reason as follows.

Let Uy = [mq, My] and Uy = [ma, Ms] be closed intervals with my, mg, My, My € Z. For
the purpose of this proof let U; <« U; mean that Uy C [mg, My — 1]. Also for Laurent
polynomials f,g, let f <, g mean ,(N(f)) < @s(N(g)).

We claim that C; ;. <; Cj jiq for all 7. Indeed, let

V:{(k,a,b)|k:1,...,]\f—1, a€ JiU...UJdy, bEJlu...UJk_H},
‘/1:{(]{3,&,())|]{7:1,...,N—1, ac JiU...UJ,, be JJU...UJkiq1, CL:b},
Then
(6.5) Cjia = H (1 = Pap 26/ 2a)

(k,a,b)eV—-13

where the factors hy ., equal either 1 or h depending on the subscript (k,a,b). In other
words, all factors of the product (6.5) are either 1 — z,/z, or 1 — hz,/z,. We also have

(6.6) Crom=J] (= luasa/z)

(k,a,b)eV—-V>
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with the same meaning of hy .. Here Vo C V| Vi # V,, and |V3| = |V3|. Therefore Cr jx
either contains either a factor (1 — z,/z,) = 0 or a factor (1 —hz,/z,) =1—h

If f,g are Laurent polynomials, then ¢;(N(fg)) = ¢@s;(N(f)) + ¢s(N(g)), where + is
the Minkowski sum. Thus ¢;(N(Cr,,)) is the Minkowski sum of the intervals labeled by
(k,a,b) € V —V;, with the vertices of the corresponding interval at 0 and ¢ (N (25/24))-

First notice that V5 — V5 NV is not empty if J # I and hence there are elements (k, a, b)
which are present in the product (G.5) but not in the product (6.6]). We claim that there is
an element (k,a,b) € Vo—VoNVy with ¢;(b) > ¢s(a). Indeed, choose k with [y U. ..Ul =
J1U...UJk+1, ]1UUI}€§£J1UUJ]€, and al’lyb€]1UU[k—J1UUJk7 then
there is an a with (k,a,b) € Vo — Vo NV}, The appearance of a factor (1 — (h)zy/2,) with
(b)) > ¢,(a) in ([G5) but not in (6.6) proves that Cr s < Cj sid-

Consider the Laurent polynomials A, in equations (6.3) and (6.4]). Clearly the Newton
polygon of A;, does not depend on 7. Therefore

(1—n" Z +C1gnAsm <5 (1=hMC) adssa.
Consequently, we have "
WJ,I(zJa z, h’) <<J WJ,J('ZJ> zZ, h)

The Laurent polynomials on both sides of this relation are divisible by the same Laurent
polynomial E(z;, h), see Lemma Hence the same relation holds for the quotients,

I}[V/vcr,l(zJu zZ, h’) <<J I}[V/O',J(z(]v zZ, h)

By Lemma 64 this means that W, (z;, z, h) is J-small. O
6.2. Orthogonality. The number of inversions in an ordered sequence 7y, .. ., jn is the num-
ber of pairs (a,b) with a < b, j, > 7. Let I € I where I}, = {zgk) < Z/\ } as before.
Let p(I) denote the number of inversions in the ordered sequence

Iny Iy, Iy = ™ 80 N

We saw in Section that p(I) is the codimension of 4 in Fiy.
Theorem 6.6. Let og be the longest permutation in S,. For J, K € Iy, we have

Z hp(K)P(zI) Wia,s (21, 2, h) WJO K(Z] 2 L h )

(6.7) R(z1) Q(z1 1) = 0K,

1€y
where

(6.8) P(z;) = PaiPor = [T T T] (—26/24) -

k<l a€ly, bel,

(6.9) R(zi) = Plzn)els el =TI TT T (0 — /2) .

k<l a€ly bel;
(.10 Qe = et et = [T T L0~ hafe0),
k<l [lelk bell

1A note to the experts: this observation is enough for the argument in cohomology, where J-smallness is
measured by the smallness of z-degree. In K-theory the argument of the next few sentences is needed.
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and WgovK(zj_l, 271 h71) s the function obtained from WJO,K(zI,z,h) by the substitution
{21, oz, by = {20t 20 R

The proof is given in Section

6.3. Proof of existence in Theorem [3.1Il. We show the existence of k,; by giving an
explicit formula for it.

Theorem 6.7. For any o € S, and I € Iy, there exists a unique element [Wy 1| € Kp(T*F)

such that for any J € Iy we have Loc;[W, 1| = W, (2, 2, h). Moreover, the classes

(6.11) Ko1 = [Wo1] € Kr(T"Fy)
satisfy conditions (I-1II) of Theorem [31.

Proof. According to Lemma [G.1], I/Af/m 1(z7,2,h) is a Laurent polynomial for all J, and hence

(Wo.1(z5,2,h)) ez, is an element of the right hand side of (Z.H). We claim that it is in
the image of Loc. Consider W, ;(z, 2, h) and Wy (2, (1), 2, h). The z; = z; substitution
makes these two Laurent polynomials equal. Hence their difference is divisible by 1 — z;/z;.

Therefore the element [W, ;| € K¢ (T*Fx) with Loc;[W,. 1| = W, (2, 2, h) exists.

Properties (I) - (III) are all about restrictions of [W, ;| to fixed points = ;. Hence they are

computed by various t = z; substitutions in W, ;. Therefore, Lemmas [6.2 [6.3] prove
properties (I), (II), (III) respectively. O

Observe that a byproduct of our proof of Theorem B.I] and Lemma is that conditions
(I) = (I11) imply Ko 1|, =0 if J L, I.
Like in the proof above, we observe that for any o and I, there is a unique element
(Wo.1] € Kr(T*Fy) with Loc,[W, ] = Wy (z,,2,h) forall J.
Theorem 6.8. For a fized o € S,
o The set {[Wy.1|}1ez, is a basis of the C(z, h)-module Kr(T*Fx) ® C(z, h).
o The set {ko 1}1et, 1S a basis of the C(z, h)-module Kr(T*Fx) ® C(z,h).

Proof. As we claimed in Section [2.5] the map (2.7 is an isomorphism. Hence the statements
follow from the triangularity properties

0 ifJZ, I 0 ifJZ, 1
Loc;[W, (| = L o1l =
0cy [ Wo1 {%0 i =1, 0, [Fo.1 {%o =1,
see Lemmas [6.2] [6.4] 0
6.4. Recursive properties. Let A € Zgo, |IA| = n. Define an action of the symmetric

group S, on the set Zy. Let I = (I1,...,Iy) € Iy, where [; = {i1,... i} C {1,...,n}.
For o € S,, recall o(I) = (o(l1),...,0(In)).
Let

1-h
(6.12) B(x1, T2, Y1,y2) = Sym,, ., (1 —hyi/z2) (1 — y2/21) 1- haa/z

1-25'2/2[‘1 )
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It is straightforward to see that
1—h
(6.13) Blx1, w2, 91,92) = Sym,, . (1 —hyi/z2) (1 — y2/71) L= hop/nn :
1L—ya2/n
Lemma 6.9. (1, %2,y1,Y2) is symmetric in x1, T2 and in Yy, Y. O
Let s, € S, denote the transposition of a and b.

Theorem 6.10. Let o € S,, be such that o(a) € I, and o(a+ 1) € I;. Then

(6.14) W08a7a+171 = WO'7I
for k=1,
1- ZU(a)/ZJ(a—i-l) 1—h
(615) Wasa,a+171 - h WO’,I + vao(a),a(a+1)(1)

1 — hzo()/ Zo(a+1) 1 — hzo(a)/ Zo(a+1)

for k<1, and
Zo(a)/ Zo(at1)
1- hza(a) /Za(a—i-l)

1 — 25(a)/ 20 (a+1)
1- hza(a)/za(a-l—l)

(6.16) Wos,urn1 =

for k>1.

Proof. By formula ([A3)), it suffices to prove the statement when o is the identity permu-
tation. Next, formula (£2]) implies that it is enough to consider only the case n = 2. To
simplify the notation, we write W; = Wiq; and s = s19.

Let k=1, I =(9,...,9,{1,2},9,...,9), the set {1,2} being at the k-th place. We
compute Wy starting symmetrization in formula (A1) from tgk), t;k), and using formula (6.12)
and Corollary [6.9:

Wo’,[ + (1 — h)

g, sa(a),o(a+1)(‘[)

N-2
Wi(t, z1,22) = (1 — h)26k,1 5(t§N_1), th_l), 21, 2) H 6(t§p), tgp)’ t§p+1), tép—}—l)) ‘
p=k

Hence by Corollary 6.9, we have Wi 1(t, 21, 20) = Wi(t, 22, 21) = Wi(t, 21, 22) .

Let k<, I =(2,....9,{1},2,...,9,{2},9,...,9), the sets {1} and {2} being at
the k-th and [-th places, respectively, and s(I) = (&,...,9,{2},9,...,9,{1},9,...,9).
Formula (6.15) is equivalent to the equality
1-— hZQ/Zl

1— 22/21 )
We compute the left-hand side of (617) starting symmetrization in formula (41]) from
tgl), tg), and using formula (6.12]) and Corollary [6.9. The result of calculation is

(6.17) hW[(t, 21, ZQ) + Ws(]) (t, 21, Zg) = Sym WS(I)(t, 21, Zg)

21,22

(6.18) (1= h)%a (14 h — a6 — ptOf)
N-2
X B(th_l)u th_l)a 21, %2) H 5(t§p), té”), tﬁp“), té”“)) .
p=l

We compute the right-hand side of (6.17) starting symmetrization from zq, 29, and using
formula (6.12]) and Corollary [6.9], and get the same answer (6.18). Formula (6.15]) is proved.

The proof of formula (6.I6)) is similar. O
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Theorem [6.10] implies recursions for weight functions. Set

Sa,a-{—l(z) = (Zl, c ooy Ra—1y Za+l) Ras Rat2y - - v s Zn) .

Corollary 6.11. Suppose a € I, and a+1 € I;. Then

(6.19) Wl(t, sa7a+1(z)) = Wi(t, z)
for k=1,
1= hz/za Za/ Zat1
(6.20) W, ..t z) = T — Wi (t, Saa41(2)) + (h—1) Ty — Wi(t, z)

for k<1, and
1—h"2041/2

11— Za—l—l/za

Za Za
(621) WsayaJrl([) (t, Z) = WI (t, Sa,a—i—l(z)) + (h_l — ].) # W](t, Z)

for k>1.

Proof. We take ¢ = id in Theorem [6.10 and apply formula (43]). Then formulae (6.19)),
[6.20), ([6.21)) are respective counterparts of formulae (6.14)), (6.16), (6.15). O

Remark. For a function f(z,y), define

f sy _f Y, T
62) O foy) = BEUTIRD ) = 0, (o).
We call 0,, and m,, the rational and trigonometric divided difference operators, respec-
tively. Formulae (6.20) and (6.21)) respectively read

(623) Wsa,a+1(1) = Wza,zaHWI — hZa . 8za,za+1W[ y
Wsa+1,a(1) - 7Tza+1,zaWI - h'_lza-l—l : aza+1,zaWI .

7. STABLE ENVELOPE MAPS AND [R-MATRICES
7.1. Definition. For o € S,,, we define the stable envelope map
(7.1) Stab, : Kr((X,)") = Kr(X,), 1; = Kor,

where 1€ Zy and A € Z%, |A| =n.

The maps Stab, become isomorphisms after tensoring the K-theory algebras with C(z, h),
see Theorem For o/,0 € S,, we define the geometric R-matriz

(7.2) R, = Stab)! o Stab, € End(K7((X,)")) ® C(2,h) = End((C")*") @ C(z, h).

7.2. Trigonometric R-matrix. Let h, z be parameters. Define the trigonometric R-matriz,
an element R(z, h) € End(CY® CV) ® C(z, h), by the conditions:

e Fori=1,..., N,
(7.3) R(z,h) v, @v; = v; @ vy,
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e For 1 < ¢ < j < N, on the two-dimensional subspace with ordered basis v; ® vj,
v; ® v;, the trigonometric R-matrix is given by the matrix

1—2 1—nh
1—hz 1—hz
(1—=h)z h(l-2)
1—hz 1—hz

(7.4)

The trigonometric R-matrix depends on two parameters z, h. We often omit in the notation
the dependence on h.

The 2 x 2-matrix in (Z.4), satisfies the following relation

11—z (1-h)z 1—271 1—ht

(7.5) 1—hz 1-—hz _ ( h=t 0 ) 1—h1z1 1—h1z1 ( 10 ) .
1—h h(l-2) 0 1 (1—-hYHzt p7i(1—271 0 h
1—hz 1—hz 1—h1z1 1—htz1

The trigonometric R-matrix satisfies the Yang-Baxter equation
(76) R(l’z) (22/21> R(1’3) (23/21) R(2’3) (Z3/Z2) = R(2’3) (Z3/Z2) R(1’3) (23/21) R(l’z) (22/21> .

This is an identity in End((CY)®3) and R4 (2;/z) is the R-matrix R(z;/z;) acting on the
i-th and j-th factors of (CV)®3,

The trigonometric R-matrix satisfies the inversion relation

(77) R(l’z)(22/zl)R(z’l)(zl/z2) =1.

7.3. Geometric R-matrix for n = 2. The group S, has two elements: the identity id
and the transposition s. After the identification K7 ((X,)") ® C(z,h) = (CV)*? @ C(z, h),
we calculate the geometric R-matrix R, iq as follows.

For A = (0,...,0,2,0,...,0) with the coordinate 2 being at i-th position, both maps
Stabiq and Stab, send the vector v; ® v; to 1 € Kp(T*Fa). Hence, Rgiq (v; @ v;) = v; @ ;.

For A = (0,...,0,1,0,...,0,1,0...,0) with the nonzero coordinates 1 being at i-th
and j-th positions, i < j, the set Z) consists of two elements: I = (&,...,2,{1},9,...,
o.{2},2,...,9) and J=(2,...,9,{2},9,...,9,{1},9,...,9).

By formulae for M,W; and M,W; from Section [4.2] and the equality

E(Z[, h) = (1 — h)2N_i_j(1 — hZQ/Zl)N_j(l — h,Zl/Zg)N_j y
see (6.1)), we have

Stabid (’UZ' X Uj) =1- 22/%'71 s Stabid (Uj X UZ') =1- th/’)/Ll .
Similarly,
Stabs(vi & Uj) =1- hz?/%}l s Stabs(vj (%9 UZ') =1- Zl/%ﬂ .
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Thus
’ 1—22/21 (1—h)2’2/2’1
Rya(vi ®v)) = — L u @ v+ v @,
id (V; ® v)) 1_hz2/21v ® v, + = ha/2 v; @ v
1—-h h(l—Zz/Zl)
Rgiq(v; ®v;) = ——————; ;.
id (V; ® v;) Ty ®v; + T T/ v; ® v

Therefore, Rgiqa = R(z2/z21,h).
7.4. Geometric R-matrices for arbitrary n. Since for any permutations o, o', 0",
(7.8) Ronoe = Rong Ryt o,
it is enough to describe the geometric R-matrices R, , , » that correspond to permutations
OSa,at+1, 0 € Sy
Theorem 7.1. We have
Rosyurro = RO (5 1y 2o@) € End((CV)®") ® C(z, h),

where R\(@:7(@+1) s the trigonometric R-matriz (T3), (T4) acting in the o(a)-th and
o(a + 1)-th tensor factors.

Proof. The geometric R-matrix is defined by formulae (7.2), (7)), (6.11)), (6.2). Now the
statement follows from Theorem and formulae (T.3)), (7.4). O

7.5. Proof of Theorem For ¢ € S, introduce a matrix

~ ~

(79) WU(Z, h) = (WO—7J(ZI, z, h))LJ€Z'>\

where the subscripts I, J label rows and columns, respectively. Consider the matrix

~ ~ ~

(7.10) R(z,h) = W, (2, h) Wia(z, 1) .

—1
a0

This is the matrix of the restriction of the geometric R-matrix R, i1, see ([T2), on the span

of {vr | I € Zx}. By Theorem [[1l and formulae (7.8)), (Z.5), we have

(7.11) (R(z,h)) = MR(z™",h"" )M,

where the superscript ¢ denotes transposition and M, M are diagonal matrices. The entries
of M are M;; = h=PD_and an explicit formula for the entries of M will not be used.

Formulae (ZI0), (ZI1)) yield

(Wia(z, 1)) (Wit (z,h) = MW, (2" h ™) Wia(z = A1) M.
Hence,
(7.12) Wao(z L Y M~ (Waa(z, h))" = Wia(z™5 B M (W, (2, b))

By Lemma [6.2], I/T/id,J(zI,z,h) =0if I >4 J and VT/UO’J(zI,z,h) =0 if I <iq J. That is,
the matrices (I;[\/id(z, h))t and Wgo(z_l, h~!) are lower triangular, and so is the left-hand
side of (T.12). Similarly, the matrices I;I\/id(z_l, h~1) and (Wao(z, h))t are upper triangular,
and so is the right-hand side of (.12). Therefore,

Woo (27, K™Y MY (Whag(2, )" = S,



WEIGHT FUNCTIONS AS K-THEORETIC STABLE ENVELOPE MAPS 23

where S is a diagonal matrix with entries

T T h
(7.13) St =W Wiai(zr,2,h) Wo, (21", 271071 = Rlz1) Q1. h) .
P(zy)
Here the second equality follows from Lemma and formula (3:2)). Hence,
(7.14) (VT/id(Z, h))tS_l VT/UO (zhh Mt =1,

which is the matrix form of formula (6.7]).

8. INVERSE OF THE MAP Stabig

8.1. S,-action on functions. Let P®7) be the permutation of the i-th and j-th factors of
(CM)®n, Let

(81) Kz : f(Zl, Cee, Zn> — f(Zl, ey By Rl Ry Bid 2y e v vy Zn>

be the operator interchanging the variables z; and z;1;.

Define an action of the symmetric group S, on (CV)®"-valued functions of zi,...,2,,h.
Let the i-th elementary transposition s; € S,, act by the formula

(8.2) 5 = POHDREHD (/0 VK,
where R is the trigonometric R-matrix (7.3), (4.
Lemma 8.1. The S,-action [82) is well-defined, that is,
(3,)? =1, 5i8i+18; = 8i+18:5i+1, 515, =5;8 if |[i—j|>1.
Moreover, 5;2;5; = zi+1 and §;z; = 2;5; if j # 1,1+ 1, where zy,..., 2, are considered as
the scalar operators on (CN)®™ of multiplication by the respective variable.

Proof. The S,-action is well-defined due to the inversion relation (7)) and the Yang-Baxter
equation (7.0)). The rest of the statement is clear. O

8.2. Vectors ;. Recall the partial ordering <, on Z, defined in Section 2.2 Set

(83) [min = ({1,...,)\1}7{)\1+1,...,)\1—|—)\2}, ,{n—>\N+1,,n}) EI)‘,
Jmax ({n—)\l—l—l,...,n},{n—)\l—)\2+1,...,n—)\1}, ,{1,...,)\]\/}) €.
Clearly, ™" <iq I <iq ™ for any I € 7.
Let
(8.4) D= J] (1—hz/z).
1<b<asn

Theorem 8.2. There exist unique elements {&; € (CN)*"@Clz*, A, D71 | I € Tx} such
that gjmin = Uymin a,nd

forevery I €Iy and i=1,...,n—1. Moreover,

(8.6) &r = Z Xpyvg,

J<al
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where X1; € Clz*Y h*, D] and

1- a
Yo =TT f =

k<l aclj, bel,
b<a
In particular,
R(ZImax)
87 X max Jmax — —_——__ .
( ) ! 1 Q(ijax, h)
Furthermore,
~ _ _ _ P(Z[)

: X = DWW, La=tp )y 222

(8 8) 1,J W O,J(zl 2 ) Q(Zh h)

Here og € S, is the longest permutation, and p(J), P(zr), R(z1), Q(z1,h) are defined in
Section[6.3, see formulae (6.8)- (6.10).

Notice that p hor
X, = 00,1 €id, I+
= ———7>">

vert ’
€id,1,—

hor vert

where ef{"; ,, el{"t _, and Py, ; are given by formulae (Z.8), (29), and (B1]), respectively.

Proof. The properties {min = vymin and property (8.5)) imply that &,(miny = G v min for any
o € S, , which proves uniqueness.
To show existence, define the elements &; by the rule: &; = G vmn provided I = o(I™").

By Lemma Rl and the property ¢vmin = vpmn for any o € S, such that o(I™®) = [min
these elements &; are well-defined and satisfy ([83]), and &min = vymin .
Let o be the shortest permutation such that o(/™") = I, and o = s;...s;, be a

reduced presentation. Then the equality & = §;,...8;, vymn and formulae (7.3]), (7.4) for
the R-matrix R(z, h) yield formula (8.6]) with some coefficients X ;, as well as the explicit
formula for X7 ;.

To get formula (8.8)) for X; ;, we denote by Y7 ; the right-hand side of formula (8.8) and
will show that the elements

(8'9) nr = Z YI,J'UJ

satisfy the defining properties of the elements &;. The property 7min = vymin is immediate
from Lemmas [6.2] [6.4] that imply Yjmin j = Opmin .

Let Y7, = Y1;/R(z) and 7 = 37 Yiyvs. The properties ns,) = 815 and i) =
§;7; are equivalent, and we will check the second one. Define a matrix Y = (Y1), ez,

where the subscripts J, I label rows and columns, respectively, Consider Y as a linear
operator on the space (CV)$" with basis {v; | I € Zy}, see Section 24l Then Y : vy — 7j;.

The linear maps R and P preserve the space (CV)§". The relations s,y =
$;mr are equivalent to

(8.10) plii+l) R(i7i+1)(zi/zi+1)Ki}’/\'KiP(i,i-i-l) -V
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o~

Recall the matrices W, , S given by (79)), (7.13), respectively, and M with entries M;; =
h_p(l)éw. We have
1

Y = M7 (W (27 h7h) 57 = (Wialz.h)
the second equality following from formula (7.I4). Thus formula (8I0) transforms to

pUHD R(i’iﬂ)(zi/ziﬂ) K; (ﬁ/}d(zah))_lKiP(i’iJrl) = (VT/id(Zah))_l

and then to
(8.11) RO (241 /2) = K; PO (Wig(z, b))~ POHD K Wig(2, B) .

The right-hand side of (8I1]) equals the geometric R-matrix Ry, iq, see (T.2). Thus for-
mula (8.I1)) follows from Theorem [T.I, which proves the desired relation 7,y = 57;. O

Example. Let N=n=2 and A= (1, 1). Then f({1}7{2})(z1, 29, h) = 'U({l}’{g}) and
21/ 2 1—21/2
) = (1—h)—M2 ——alm
Scnap (@22 h) = (L= h) 75 vy en + 703 7 venan -
Corollary 8.3. The set of vectors &, I € Iy, is a C(z,h)-basis of the space (CV)S"®
C(z,h). O
Let fi(z,h), I € Zy, be a collection of scalar functions.

Lemma 8.4. The function » ;. fi(z,h)&; is invariant under the S,-action 82) if and
only if foy(z,h) = fi(20),-- -, %0m), h) for any I € Iy and any o € S,. O

8.3. Inverse of Stabiy. Recall the stable envelope map
(812) Stabld ((CN)®TL® (C(Z h) — KT(Xn> X C(Z, h) s Vr = Kid, T,

where I € Zy and A € Z%, |A| =n, cf. (TT).
Define the homomorphism v : K7(&,) ® C(z,h) — (CY)®"® C(z,h) of C(z, h)-modules
by the rule

(8.13) Tz Y I/ ZI’: h)
I

1€y

for any f € C[T*]**® C(z, h). Here f(z1,2,h) is obtained from f(T, z, k) by the substi-
tution {Ve1,---, Ve {2] @ € I} forall k=1,..., N. This substitution was denoted

Locy, see (2.6]).

Theorem 8.5. The maps Stabiq and v are the inverse isomorphisms.

Proof. The statement follows from the orthogonality relation (6.7) and the formulae (8.6]),
(R.8)) for vectors &;. O

Theorem [8.H is a K-theoretic analog of [RTV] Lemma 6.7].
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Remark. The group S, acts on Kp(&,) ® C(z,h) by permutations of zi,...,z, in the
second factor, s; : [f] = [K;f] for i =1,...,n—1 and f € C[T*']>*® C(z,h). Under
the isomorphism Stabiq, this S,-action is identified with the S,-action (82) on (CV)*"®
C(z, h). This corollary of Theorem [T.T] could be considered as a motivation for the S,-action

E2).

9. SPACE 5V~

9.1. Invariant functions. Define the operators §i,..., 35, 1 acting on functions of z, ...,

Zn, h as follows:

(9.1) 5 = —11 _hZZ++11//Z Z i+ = _hzi: =

We consider zy, ..., z, as operators of multiplication by the respective variable.

Lemma 9.1. The operators Si,...,8,-1, 21,-..,2n Satisfy the relations

(9.2)  (s5i+1)(8i—h) =0, 8i8i+18i = Sit18i8i+1 8i8;=8;8 if li—j|>1,
S;zix18; = hz;, 8izj = 2;5, if j#i,1+1.

Proof. The statement follows from formula (9.]) by direct verification. U

Remark. Set h=¢ 2, t;=q '3, . Thenty,...,tn_1, 21,..., 2, satisfy the relations

(93)  (ti—q)(ti+q ) =0, titivy1ti = tip1titiv, tity=t;t; if li—j[>1,

tizit; = ziy1, tizj=zt; if j#ii+1.

The algebra generated by t1,...,t,_1, 21,...,2, subject to relations (@.3)) is the affine Hecke
algebra of type A, 1.

Let fi(z,h), I € Zy, be a collection of scalar functions and

(9.4) f(z,h) = > fi(z,h) v

€Ty
Recall the S,-action (82) on (CY)®"-valued functions defined in Section Bl
Lemma 9.2. Given j, we have §;f = f if and only if for any I = (I1,...,In) € Iy the
following three conditions are satisfied:
(1) fI = Kjfl; Zf ]7] +1e Ia fO’f’ some a;
(i) fom =5"fr, if j€la, j+1€E I, and a <b;
(i) fo,) =38;fr, if j€ Lo, j+1 €Ly, and a>b.

Proof. Denote by f; the I-th coordinate of 5;f. Then
(9.5) fr=Kf;

if 7,7+ 1€ 1, for some a,

9.6 :h]—”K-s. 1—p) 2 o+l g
( ) -fI ]-_hfzj/zj—i-l ]fJ(I)_I_( )].—h,Z]/Z]+1 ]fI
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it jel,, j+1€l,, a<b, and

- 1—2;/z41 1—nh
( ) fl 1-— th/Zj_H ]f i) 1— th/Zj+1 jf[
if jel,, j+1€1,, a>b. If 5;f = f, we have fr = fi for any I, and formulae (33 — ([@.7)
are equivalent to conditions (i) — (iii), respectively. O
Remark. Lemma could be considered as a motivation for the operators §q,...,8, 1.

For 0 € S5,, let 0 = sj,...5; be a reduced presentation. Define ¢ = 5; ...5;. By
Lemma [9.1], the operator ¢ does not depend on the choice of the reduced presentation.

Let z, = (25(1),- - -, Zo(n)) - Denote by Sy C S, the isotropy subgroup of ™, see (8.3)).
For 1€ Iy, let o; € S, be the shortest permutation such that I = o;(1™).

Proposition 9.3. The function f(z,h), see (O.4), is invariant under the S,-action (82) if
and only if frmex(z,h) = frmax (24, h) for any o € SP*, and f; = 67(fmax) for any I € Iy .
Moreover,

(9.8) Z frmax<(Z40(1); ) Qé?;;l) &r s

I€Ty

where oy € S, is the longest permutation.

Proof. The first part of the proposition follows from Lemmas and 0.2 To prove for-
mula (@.8), observe that the function in the right-hand side of (@.8) is invariant under the
Sp-action (B2) by Lemma B4 and has the I™®*-th coordinate frmax(2z,h) in the basis
{vr | I € Z)} by Theorem B2l O

Example. By Theorem B10, the collection f;(z,h) = PO W, (Y 2"\ h™), I € Iy,
satisfies the assumption of Lemma 0.2 Hence,

(9.9) Wit z,h) = > WO W, (7 27 h )y

1€y

as a function of z,h is invariant under the S,-action ([82]), and formula ([O.8)) yields

_ - Q(Z],h)
9.10 Wt z,h) = Y Wig,goin LhTh)
( ) =2 = id, I z] ) ) R(Z]) 5]7

A
since Wi, pmas (£, z;ol(l), ht) = I;Iv/ichlmin (t™Y 27", A7) by formula (&3). Notice also that
P(zr)

0.11 _ By L\ED)
( ) 61 (ZI’ o ) Q(zfa h) ’

either by formulae (0.9) and (88]), or by formulae (9.10), (6.8), (6.I0), and Lemmas 6.2} 6.4
See also a remark on the function W,(z;, z,h) at the end of Section
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9.2. Space V™. Let 5C[z*!, h*!] be the space of functions of the form + f, where f €
C[z*!, h*!] and D is given by formula [82). Set 5V = (CV)*"® £C[z*, h*!] and £V =
(CN)§n® %(C[Zil, h:l:l] .

LC[z*, h*1).

Lemma 9.4. The operators 8y,...,8,-1 preserve the space 4

Proof. Let f € C[z*!,h*']. Then
(1= hzi/zi) Kif + (h=1) f

D-3(5f) = —— € Clz*!, h*']
since the numerator of the right-hand side vanishes if z; = 2;,1. O
Define the operators si,...,8,_1 as follows:
o1 M T e
where §; is given by formula (82]).
Lemma 9.5. The operators S1,...,8,-1, 21,-..,2n Satisfy the relations
(913) (5 —=1)(3i+h) =0,  &818 = 8ip18idip1, 88 =58 if [i—j|>1,
$;2i8 = hziy1, §;2; = 2;8;, if jF#i,i+1.

Proof. The statement follows from Lemma 81l and formula (3.12]) by direct verification. O

Lemma 9.6. The operators $1,...,5,_1 preserve the spaces %V and %VA.

Proof. Let g € (CN)$"® C[z*!, h*!]. Then by formulae (0.12), (82), (84,
_ (L= hzi/zp) POFDREAD (2 /2500) Kig + (h = 1) (zi1/2) g
11— Zi-i—l/zi '

The numerator of the right-hand side belongs to (CV)$"® C[z*!, h*!] by formulae (7.3),
(74), and vanishes if z; = z;,1. This proves the statement for %V; )

Since £V~ = D= V5 , the lemma follows. O

Lemma 9.7. Let f(21,...,2,,h) be a (CN)®"valued function. Then for any i = 1,...,
n—1, §f=fif and only if s;f = f.
Proof. The statement follows from formula (9.12). O

Remark. Lemmas 0.0 could be considered as a motivation for the operators 3y,...,
Sp_1-

Denote by %V‘ C %V and %V; C %V)\ the subspaces of invariants of the operators
51,...,8,-1. By Lemma 0.7 %V‘ C %V and %V; C %V)\ are also the subspaces of
functions invariant under the S,-action (8.2). All four spaces %V, %VA, %V; , and %V‘
+1 h:l:l]

are C[z Sr_modules.
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For a function f(z,h), let f(z,h) = f(zn,...,2,h). Denote by Spin < S, the isotropy
subgroup of ™" see (83). Let C[z*!, h*1]* be the algebra of Laurent polynomials in 2,
., Zn, h such that f(z,h) = f(z,,h) for any o € S¥™. Set Q(z,h) = Q(z mex, h).

Lemma 9.8. The homomorphism 1y : C[zFL h*1]5x — %V;;

_( f(zh)
(9.14) Ia: flz,h) = > 61 = vy
ez <Q(Zah)>
is an isomorphism of C[z*Y, h*1]5"-modules.

Pmof Since Q(z,h) divides D in C[z*!, h*'], the right-hand side of formula (3.14)) belongs
to —V)\ by Lemma[0.4l Moreover, it is invariant under the .S, actlon R®2) by Proposmon 9.3l
and is preserved by the operators §q,...,3,_1 by Lemma[0.7l Hence, Jx(f) € V_

The map ¢, is clearly injective. To prove surjectivity, let ZEIA gr(z,h)vy € %V;. By
Proposition @3, g; = 6;(gimax) for any I € Iy, and gymax(z,h) = grmax(2,,h) for any
o € Sy, Therefore, the function grmax cannot have poles at the hyperplanes z; = hz; if
i,j € I™> for some a. Hence, gimex = f/Q for some f € C[z*!, h*]%. O

Corollary yields another formula for the map ¢y :
f ZI7

(9.15) Ux: f(z,h) Z

1€y

Corollary 9.9. The homomorphism v : Kp(X,) — %V‘@ Clz*!]

(9.16) Tz h) Y Jlz,2,h) ZI’Z h)
I€Ty R(z1)
for any f € C[TF' % @ C[z*!, h*!], is an isomorphism of Clz*, h*']-modules. O

Abusing notation, we use here the same letter for the homomorphism v as in Section B3l
Corollary 9.10. The canonical embeddings
L LV ® C(z,h) = (CY)*"@C(2,h), wx:5Vy ®C(z,h) = (CV)§"® C(z,h)
are isomorphisms of C(z, h)-modules. O
9.3. Subspace %)7;. Let %C[z, h] be the space of functions of the form %f, where f €
Clz,h] and D =[], jcp (75 — h2i), cf. B4).

Lemma 9.11. The operators 31, ...,5,_1 preserve the space %C[z, h].

Proof. Let f € C[z,h]. Then

(zig1 —hz) Ki f +(h = 1)z f cC

Zi — Zi+1

D-si(%f) = 2, h]

since the numerator of the right-hand side vanishes if z; = 2;,1. O
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Let C[z,h]%* be the algebra of polynomials in z1,...,2,, h such that f(z) = f(z,) for
any o € S, Recall A =X +...4+X,, a=1,...,N. Forany f € C[z,h]%, set

(9.17) ) = oa(fm IT IT ).

a=1 Z'Glé“in
Denote Vx5 = V5 N ((CY)$" @ £C[z,n]) .

Lemma 9.12. The homomorphism N Clz, h]"* — %17;, is an isomorphism of Clz]"®
C[h]-modules.

Proof. Let f € Clz,h]"* and g = f - Ha 1Hzelm”‘ ZW)_". Then %\(f) =Ux(g) € 5V by
Lemma 08 Also, §/Q € £Clz, 1], so Ix(f) € (CV5" @ £C[z, ] by Lemma QLTI Thus
Ia(f) € %)7;, and the map 9, is injective.

To prove surjectivity of vy, let g(z,h) = %ZIGIA gr(z,h)vr € %)7;. By Proposition [0.8],
grmax = D f/Q for some f € C[zil h*1]5x . Hence, the function

f(z,h) = zhHH ”‘”_glmaxzhH [T (z—hz)-

a=1 je[min a=1 ”.ep'mn
i<j

is regular at z; = 0 for all k =1,...,n, and at h = 0. Therefore, fe Clz,h]** and

g ="0A(f). [

9.4. Grading. Introduce the degrees of the variables z,...,z2, and h by the rule

(9.18) degzy =...=degz,=1, degh =0.

This defines the grading on the space C[z*'] ® C(h). This grading induces gradings on
tensor products of C[z*'] @ C(h) with other vector spaces and subspaces of those tensor

products. In particular, £V~ and 5V; are graded C[z*! h*']-modules, and %]7; is a
graded C[z, h]-module.

Lemma 9.13. The maps Ux : Clz*,h*' % — LV and Oy : Clz, h] — LV are
isomorphisms of graded spaces. O

For the variables ; ;, set deg~; ; =1 for all ¢,7. This defines the grading on the algebra
Kr(X,), see (2.2)), (2.3), making it into a graded algebra.

Lemma 9.14. The map v : Kr(X,) — 5V~ ® C[z*'] is an isomorphism of graded spaces.
U

10. QUANTUM LOOP ALGEBRA

10.1. Quantum loop algebra Uq@[;). Let ¢, u be parameters. Let C(u,q) be the algebra
of rational functions of ¢, u. The Cherednik-Drinfeld-Jimbo R-matriz R(u,q) € End(CY ®

CN) ® C(u, q) is defined by the conditions:
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e Fori=1,..., N,
(10.1) R(u,q) : v; @ v; = (qu — ¢~ 1) v; ® vj;

e 'or 1 < ¢ < j < N, on the two-dimensional subspace with ordered basis v; ® vj,
vj @ v;, the R-matrix R(u,q) is given by the matrix

(10.2) ( q“__qfl “(ZL__ql_l) ) ,
of. (73), ).

The quantum loop algebra U,(gly) is a unital associative algebra over C(q) with generators
Lijto,Lji—0, 1 <j<i<N,and L; 4, 97 =1,...,N, s € Zso, subject to relations
(I03), (I04), see [RS], [DE]. For convenience, set L; j 1o = Lj;—o=0 for 1 <i<j <N,

Introduce the generating series L; ; +(u) = L; j 10+ Z;’il Lij1s u*®, and consider them as

—_—

—_—

entries of Nx N matrices Ly(u) = (E”i(u))f\gzl The relations in U,(gly) have the form

(10.3) LijisoLii-o0 = Lij—oLiio =0, i=1...,N,

(10.4) RO (u/v,q) LV (u) LY (v) = LT (v) LV (u) RV (u/v,q) ,
where (a, ) = (+,+), (+,—), (=, —) .

10.2. Algebra U(gly). Let h = ¢~2. Let C(h) be the algebra of rational functions of h.
The algebra U(EI\J;) is the unital associative algebra over C(h) generated by the following

—_—

elements of U,(gly):

(10.5) zi,j,s = E1,1,+0 . -Zi—l,i—1,+0 Zi,j,s Z1,1,+0 . --Zj,j,+0
and

~_ ~ ~ 2
(10.6) Li}vo=(Lig—o---Liio)

for all possible 4, j,s. Notice that Zi,ﬁo = ZM_O =0 for 1 <7< j < N. Consider the
generating series

o0
T T +s
Lij+(u) = Lij1o+ § Lijtsu
s=1

and the matrices Ly (u) = (E, j,i(u))N, .+ The relations in U(a;) have the form

i,j=
(107) zi7i7+0 Zz’_,i1,+0 - /Lvi_,i1,+0 Zi,i,—l—o =1 ; 1= 1, ey N,
(10.8) Zm,—o =1, Zi,z’,+0 = zi—l—l,i—l—l,—Oa t=1,...,.N—1,
(10.9) R (vfu, h) LP (u) LY (v) = LY (v) L () R (v/u, b,

where (Oé, 5) = (+7 +)7 (+7 _)7 (_7 _) ) and R(Zu h) is defined by (IB), (Iﬂ)
Denote by U(h) C U(a;) the subalgebra generated over C(h) by the elements

7 T T-1 7-1
(10.10) Liito,---s Ly N0, L1,1,+oa S LN,N,+0-



32 R.RIMANYI, V. TARASOV, A. VARCHENKO

The subalgebra U(h) is commutative. The elements EN, N,+0 and z]_\,}N7 4o are central.

The algebra U(a;) is a Hopf algebra with the coproduct A : U(a;) — U(a;) ® U(a;)
given by

(10.11) A Liji(u ZLk]i )@ Lip+(u), i,j=1,...,N.

The algebra U(g[N) is graded by the rule: deg Zi,j,:l:s = =+s forall i,j =1,...,N and
s € ZLxp, and degh =0.

10.3. Quantum minors. For p=1,...,N, i ={1<i <...<i, <N}, j={1<5 <
. < Jp < N}, define quantum minors

Mi,j,ﬂ:(u) = Z (_1>U Lil,jau),ﬂ:(u) Liz,ja(z),i(Uh> s Lip7jo'(p)7:t(uhp_1) .

o€Sy

Lemma 10.1. For any permutation m € S, , we have

M7'7.77:t(u> = (_1)7T Z (_1>U Liq-r(l)Jo’(l)::t(u) LiTr(Z)Jo'(Z)::t(U/h) T LiTr(p)Jo’(p)::t(U/hp_l) :

o€Sy
Proof. The statement follows from commutation relations (I0.9), see, for example, [MTV1]
formulae (4.9), (4.10)] O

Remark. Though [MTVI] deals with the case of the Yangian Y(gly), the proofs given
there rely upon general properties of R-matrices and can be easily tuned for the case of the
algebra U(gly) under consideration.

We also have
(1012) A M@j,i(u) — Z Mi,kd[(u) &® Mk,jdE(u) ,
k={1<k1<..<kp<N}
see, for example, [NT1, Proposition 1.11] or [MTV1l Lemma 4.3].

Introduce the series Al,i(u), ey AN7:|:(U), El,i(u), ey EN_l,i(u), Fl,i(u), ey FN_17:|:(U)
as follows: given p, take ¢ ={1,...,p}, 3={1,...,p—1,p+ 1}, and set

(10.13) Apx(u) = Mz o(u) LT} oo - Lph o = 1+ Z s U
(10.14) Epa(u) = (1= h) ™ My e (u) (M a(u)) ",
(10.15) F,i(u) = (1—h)" (Mi,i,i(u))_lMi,j,ﬂ:(u)-

The coefficients of these series together with U(h) generate the algebra U(gly). In what
follows we will describe the action of U(gly) by using the series A, (u), E, +(u), Fp +(u).
By formula (I0.12), the series Ay (u) are group-like:

(1016) A AN’:E(U) — AMi(u) X AMi(u) .
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Let B> C U(EI\];) be the unital subalgebra generated by U(h) and the elements B;°
for p=1,...,N, s € Z+g, see (I0.I3)). The subalgebra B> is called the Gelfand-Zetlin
subalgebra of U(gly). For any B*-module V we denote by B>(V) the image of B> in

End(V) and call B*(V) the Gelfand-Zetlin algebra of V.

Theorem 10.2 ([KS]). The subalgebra B> is commutative. The elements By, ., s € Zo,
are central. O

10.4. Bethe algebra BY. For ¢ = (q1,...,qy) € (C)¥ and p=1,..., N, define

(10.17) Bl (u) = > iy - Giy Mi s, ( H Lih o= Biu™.
s=0

i={1<i1<...<ip<N}
In particular, . .
Bl o= ep(dqi,...,qn), Bl o= eplqu,...,aqn),
where e, is the p-th elementary symmetric function, and ¢; + = ¢; Zi,i,Jrof; 1-17_0.

Let B? C U(El\];) be the unital subalgebra generated by U(h) and the elements B},

p=1,....N, s € Z-y. It is easy to see that the subalgebra B? does not change if all ¢,
..,qn are multiplied simultaneously by the same number. The algebra B9 is called the

Bethe subalgebra of U(a;) For any B%module V we denote by BY(V) the image of B? in
End(V') and call BY(V) the Bethe algebra of V.

Theorem 10.3 ([KS]). The subalgebra B? is commutative. O

The elements B;iis depend polynomially on ¢, ...,qx. Suppose ¢ = 1 and ¢;41/¢; — 0
forall i =1,..., N — 1. In this limit,

(10.18) B!, (u) = q1... ¢y (Ap1+(u) Lppo+0(1)), Bf (u) = qi...q (Ap—(u)+0(1)).
10.5. Difference operators. Let 7 be the multiplicative shift operator acting on functions
of u as follows: 7f(u) = f(hu). For r = (r1,...,ry) € (C*) and 4,5 = 1,..., N, set
Xij+=0;;—riL;;+(u)7. Define the difference operators

D, = Z (=1) X1,00),+ X2,002),+ - - - XN,o(N), £ -
g€SN

Then N

(10.19) Dy=1+ Yoo raeer, Miga(u) (<7)7,
p=1 i={1<i1 <..<ip<N}

cf. formula (T0.I7)

10.6. More subalgebras of U(a;) Let Uy, B, BL be the subalgebras of U(a;) gen-
erated by U(h) and the following elements, respectively:

Uy zijis for i,7=1,...,N, s € Z~y;

B¥: By for p=1,...,N, s € Zxo;

Bl Bl  for p=1,...,N, s € Z-y;

p,
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Let Z4 be the subalgebras of U(EI\J;) generated over C(h) by EMN,JFO, ZX,}N, Lo and the

respective elements BF ., s € Zso. Let Z C U(gly) be the subalgebra generated by Z,
and Z_. Recall that Z lies in the center of U(gly).

Denote by U(E;T];)h the commutant of U(h) in U(EI\J;) Recall that B>, B C U(EI\J;)*’.

—_—

11. SPACE £V~ ® C(h) As A MODULE OVER U(gly)

11.1. Action of U(gly). Recall the R-matrix R(u) defined in Section [[.2l Set

(11.1) L(u) = RO (z,/u) ... ROV (z/u) []
i=1
where the factors of (CV)®(+l) = CNg (CN)®" are labeled by 0,1,...,n from left to right.

We think of L(u) as an N xN-matrix with End((C")®")-valued entries L; ;(u), depending
on U, 21, ..., 2, h.

1—hz/u
1—z/u’

Expand L; ;j(u) into Laurent series at u =0 and u = oo:

(112) Li,j(u) = Li,j,—l—O + Z Li,j,s us, LZ-J(u) = LZ’J’,_(] + Z Li,j,—s u_s.

s=1 s=1

Then L; s € End((CY)®") ® C[z~%, h] and L, ;_, € End((CV)®") @ C[z, h] for s € Zs,,
and the degree in h of each L, ;, is at most n.

Proposition 11.1. The assignment ¢ : ZMS — L, ;s for all i,j,s, defines a homomor-
phism of graded algebras U(gly) — End((CY)*") @ C[z*!] @ C(h).
Proof. The claim follows from formulae (73)), (.4]) and the Yang-Baxter equation (T.0). O

Notice that ¢(U;) C End((CV)®") @ C[z7']®C(h) and ¢(U_) C End((CV)®") ®C[z]®
C(h).

We will indicate for a while the dependence of the homomorphism ¢ on n by denoting
it ¢,. Notice that ¢, is the composition of a tensor power of ¢; with the iteration of the

coproduct (I0.IT)):
(11.3) b = "0 AM
This observation will be explored in several proofs in this section.
Lemma 11.2. All operators ¢(Bgy,) are scalar, and

= L1 - h )z
114 1 By )u® = _—
(11.4) DILCATE B
- s "1 —hzi/u
(11.5) 1+ oBy_Ju=]] L= hzifu
s=1

T l—z/u’

where the products in the right-hand sides are expanded at w =0 and u = oo, respectively.
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Proof. We will prove formula (ILH). The proof of formula (IL.4) is similar.
Let n=1. Let vy,...,vy be the standard basis of C¥. To show that

1—hz/u .
1—2z/u "

P(An,—(u)) v; =

we compute the quantum minor in Ay _(u) using Lemma [[0.] and taking the permutation
7 such that (1) = 1.

Formula (ITH) for general n follows from formulae (IT.3]) and (I0.I6]), and the result for
n=1. U

Corollary 11.3. We have ¢(Z,) = C[z7']9*®@ C(h) and ¢(Z_) = C[z]*»@ C(h).

Proof. The images ¢(Z+) contain the power sums of 21, ..., 2, or z L., 271 respectively.

For instance, formula (T1.5]) yields

log <1 + i ¢(By7,) u_s) = i =l (14 ...+ z)u’.
s=1

S
s=1 ]

Denote y = 27 ...2%,. Notice that y € ¢(Z_) and y~'e€ ¢(Z,). Corollary [T.3 implies

(11.6) (Z) = ¢(21)®Cly] = ¢(Z-)®Cly™'].
Corollary 11.4. We have
(11.7) o(U(aly)) = 6(Uy) @ Cly] = o(Uy) ® $(Z-),
= o(U_) @ Cly'] = o(U_) ® ¢(Z4),
(11.8) ¢(B*) = ¢(BY) @ Cly] = ¢(BY) @ ¢(2-),
= ¢(B=)®Cly~'] = ¢(B=) @ ¢(Z,),
(11.9) P(B?) = ¢(BY) @ Cly] = ¢(BY) @ ¢(2-),

S S

(B @Cly™'] = o(BY) @ ¢(Zy).

Proof. The product T4 (u) = L(u) [[—,(1 —u/z;) is a polynomial in «. By Corollary I1.3]
the coefficients of T’y (u) belong to ¢(U,) and together with ¢(Z,) generate ¢(U, ). Sim-
ilarly, T_(u) = L(u) [];-;(1 — 2;/u) is a polynomial in u~' and the coefficients of T (u)
together with ¢(Z_) generate ¢(U_). Since (—u)"T_(u) = yT;(u) and taking into ac-
count (II.6), the first equalities in relation (II.7) follow. The second equalities in (I1.7))
hold because y € ¢(Z_) and y~te ¢(Z,).

Relations (IT.8)) and (IT.9) follow by the same reasoning from the definition of the sub-
algebras involved. U
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The homomorphism ¢ : U(gly) — End((C")®") ® C[z*'] @ C(h) defines an action of
the algebra U(gly) on (CY)®"-valued functions of zi,...,z, and h. In what follows when

acting by X € U(gly) on a (CV)®"-valued function f(z,h), we will write X f instead of
¢(X) f. Clearly, for any i = 1,..., N and I € Z, we have

(11.10) Liivovr = hMHhiyp, Lij—ovy = BNty

Therefore, for any X € U(a;)h the operator ¢(X) preserves the subspaces (CV)$". We
denote by

(11.11) dx - U(gly)" = End((CY)5") @ Clz*'] © C(h)
the corresponding homomorphism.

Lemma 11.5. The U(a;)-action commutes with the Sy-action defined by [B.2), that is,
5;0(X)=¢(X)8; forany i=1,...,n—1 and X € U(gly).

Proof. The statement follows from the Yang-Baxter equation (.6]). O

Corollary 11.6. The U(m)—action commutes with the operators $i,...,8,_1 given by

@.12). m

Corollary 11.7. The homomorphism ¢ : U(gly) — End ((CY)®*") @ C[z*'] @ C(h) makes
the spaces 5V~ ® C(h) and 5V~ ® C[z*'] @ C(h) into graded U(gly)-modules. O

11.2. Action of B* on the vectors ;. By formulae (ITI0), for any i = 1,..., N and
I €7, we have

(11.12) Lijobr = WM Ly o&p = WhEthog
Theorem 11.8. We have

(11.13) wé =& H I1 11’;/7“;/% , Wér =& H I1 1_}52/2“

a=1 i€l, a=1 i€l,
5]1‘/ 1-— h,Zj/ZZ’
11.14 E = — —_—
(11.14) e = = 3 s [T
1€lp11 J€Ip+1
J#i

(11.15) E,_(wé& =Y & 4/ I1 L=hz/z

1—2z/u e 1—2z/z
i#i
u/z 1 — hz/z
11.1 F = — ri J
( 6) Pd‘(u) 5] Z 5[ 1 _ 'U,/ZZ H 1 . ZZ/ZJ )
i€lp JElp
JF#i
5111' 1-— hZi/Zj
11.17 F, _ =
(11.17 TR SR R
1€lp Jj€lp
s

1€lp 1
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where the sequences 1" and I'* are deﬁned as follows: I''=1""=1, for a # p,p+1, and
1= 1,U{i}, 1= e —{i}, 1= L= {i}, Iy = s U{i}.

Proof. First observe that by formula (@) and Lemma [IT.5] it suffices to prove formu-
lae (ITI3) - (ITI7) only for I = ™. In this case, formula (ILI3) for n > 1 follows from
the coproduct formula (I0.12) and the n =1 case of (IT.13]). The proof of (ITI3)) for n =1
is straightforward by using Lemma [I0.11

The proofs of formulae (IT.I4) - (II.I7) are similar to each other. As an example, we
prove formula (ITI7). To verify (ILIT7) for I = I™™ observe that by formulae (8.8,

(I012), (I0.15), (ITI3), we have F, _(u)&min = D ;e pmin ¢ {minsi . The smallest element of
. p

T equals imin = A1 + ... + A1 + 1. The coefficient ¢; , can be calculated due to the

triangularity property (80]), and does have the required form. The coefficient ¢; for other

i € [ can be obtained from ¢ by permuting z; and =z, because ™" is invariant

under the transposition of 7 and i,;,. Thus all the coefficients ¢; are as required, which

proves formula (ITTIT). O

Remark. Notice that the right-hand sides of formulae (IT.14)) and (IT.I5) coincide as ra-
tional functions. This function is expanded at v = 0 in (ILI4) and at v = oo in (ILIH).
Similarly, the right-hand sides of (IT.I6) and (ILIT) are the same rational function that is

expanded at v =0 in (IT.I0) and at u = oo in (II.I7).

Remark. The (CV)®"-valued function W, (¢, z, h) in formula (3.9) is known as the off-shell
Bethe vector. The values of that function at t = z;, I € Z,, give the eigenvectors &; of
the Bethe algebra B>, see formula (Q.11]).

11.3. Isomorphism 1y : C[zE!]5x® C(h) — ¢A(B>®). Let C[2%!]* be the algebra of
Laurent polynomials such that f(z) = f(z,) for any o € S¥. For g € C[z*!]"x® C(h),
define 1x(g) € End((CV)$") @ C(2,h) by the rule

(11.18) Ua(g) : &r = g(zr,h) &1, Iely,
see Lemma [83l The map

(11.19) ¥x : Clz*']%*® C(h) — End((CY)$") ® C(z,h).

is clearly a monomorphism of graded algebras.

Lemma 11.9. For any f € C[z*!]5»@ C(h), we have Yx(f) =id @ f. O
Theorem 11.10. We have ¢x(C[z*']*>® C(h)) = ¢a(B>).

Proof. By formulae (ITI3]), ¢x(B>) is generated over C(h) by the images of the power
sums 27 + ...+ 25, , where AP = N+ ...+ N\, forall p=1,...,N and s € Z, cf. the
proof of Corollary O

Corollary 11.11. We have ¢x(C[z*]%>®@ C(h)) C End((CV)§") @ Clz*' ] @ C(h). O

For any g € C[z*!, h*1]%x | the operator 1x(g) preserves the space %V;, see Lemma
and formula (@.I5). The restriction of ¥x(g) to 5V5 can be also presented as follows:

(11.20) Ua(g) = Irom(g) oy,
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where m(g) is the operator of multiplication by g on C[z*, h*1]5x | see (0.14)).

Let A be a commutative algebra. The algebra A considered as an A-module with any
element of A acting by multiplication on itself is called the reqular representation of A.

Theorem 11.12. The C[z*']%® C(h)-module isomorphism

(11.21) Ix: Cz"|® C(h) — V5 @ C(h)

and the C[z*']5»® C(h)-algebra isomorphism 1y : C[zF]2 @ C(h) — ¢A(B>) identify the
PA(B>®)-module 5V5 ® C(h) with the reqular representation of C[z*']|**x@ C(h).

The isomorphism ¥, in (IT.2]]) is the natural extension of the isomorphism (@.14]) denoted
by the same letter.

12. SPACE Kr(X,) ® C(h) AS A MODULE OVER U(gly)

12.1. Action of U(gly) on K7(X,) ® C(h). Recall
Er(T'Fx) = CL¥ ]2 @ Clz*, h*!] /(f(T) = f(2), f € Clz*]™)

Kr(X,) = @ Kr(T'Fx).

[A|=n

and

Define the graded algebra monomorphism

pa : Kp(T"F) ® C(h) — End((C)$") ® Clz*] @ C(h)

p([f(T,2z,0)]) - & = f(zr,2,h) &, T €Ty,
for any f € C[IT*!']% @ Clz*'] ® C(h), cf. (IIIY). Let

o Kp(&,) ® C(h) — End((CV)*") ® Clz*'] @ C(h)
be the direct sum of the monomorphisms iy .
Lemma 12.1. For any f € C[z*']*"®@ C(h), we have p([1® f]) =id® f. O
Theorem 12.2. We have the induced isomorphisms of graded algebras

px : Kr(T"Fy) @ C(h) — ¢A(B>®) ® C[z*],
p o Kr(X,) @ C(h) — ¢(B%) ® Clz*'],
where the homomorphisms ¢ and ¢x are defined by Lemmal[I11dl and formula (ITI).
Proof. The statement follows from Theorem [IT.10l O
Consider the graded C[z*!'] ® C(h)-module isomorphism

(12.1) v: Kr(X,) ®C(h) = 5V @ Clz™'] @ C(h),

by the rule

that is the natural extension of the isomorphism (0.16]) denoted by the same letter.

Theorem 12.3. The C[z*!] ® C(h)-module isomorphism v : Ky(X,) ® C(h) — £V~ ®
Clz*'] @ C(h) and the C[z*']| @ C(h)-algebra isomorphism p: Kr(X,) — ¢(B®) ® C[z*!]
identify the ¢(B>) @ C[z*']-module £V~ ® C[z*'] @ C(h) with the regular representation
of Kr(X,) ® C(h). O
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Recall that the space £V~ ® Clz*'] ® C(h) is a U(gly)-module, see Corollary TI7.
Thus the isomorphism (I2ZI]) makes Kr(X,,) ® C(h) into a U(gly)-module. We denote the
U(gly)-module structure on Kp(X,,) ® C(h) by p.

Let Ky = Kp(T"Fa) @ C(h). Forany i =1,...,N and f € K,
(12.2) Zz‘,z‘,+0f = pAEetf Zz’,i,—of = pAtethe g

e (ILIZ). Thus Ky are eigenspaces for the action of the subalgebra U(h) C U(gly).
The operators p(Apvi(u)), p=1,..., N, preserve the subspaces Ky and act as follows:

(12.3) p(Ap(w)  [F(T 2. 0] = [F(T20) [] H M}

et LT U Y

p
: 1 — hya,ifu
p(Ap-(w) : [T 2 1)) = [f(T.20) HH T
for any f € C[T*']%»® C[z*!] ® C(h), see (ILI3) and (O.IG).
For p=1,....,n—1,let a, = (0,...,0,1,—1,0,...,0), with p — 1 first zeros.

Theorem 12.4. We have
p(Epi(u)) : K)\—ap — K)‘,

F('2h) 1 s
pE’7 u |i 1_h7 ,k’}/,i:|>
(Ep+(w) : Z T jl:[ll_%’i/%’jg( 16 Vi)
J#i

Ap 1 Ap+1

pEp-w) 1] = | T ) 220 ] I iopenas )|

1—- pri/u j=1 1- fypvi/’ylhj k=1
J#i

p(Fp+(u) : Kxta, — Kx,

Ap+1
FE, (u)) : = | = ' z h Wi X
P 0) ] | =3 S0
Ap+1 Ap
X 1- h'fy il Vp, :| )
H 1_7p+1g/7p+1z g( pr1i/ o)

J 752
)‘P

Ap+1 i Ap+1
lz A h) ! H (1- h7p+1,i/’7p,k)} J

— Yp+1,i/ e L= Y15/ Vpt1,i 1

<.
b
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where '
D= (T T Ty = {9 Dot U {0pi}s Dpzs -1 Tw)
I‘i/ - (Fl; ce ;Fp—l;rp U {Vp-i-l,i}; F10-i—1 - {Vp-i-l,i}; F10-i—2; ) FN) .
Proof. The statement follows from Corollary and Theorem [I1.8 O

Remark. Notice that the expressions for p(Eni(u)) coincide as rational functions, and
the same is true for p(F}, 1 (u)). These functions are expanded at u = 0 for p(E,_(u)),

p(Ep+(u)), and at u = oo for p(E,_(u)), p(F,—(u)).

Remark. The U(gly)-action p on Kr(X,) defined via the isomorphism (2], that is,

with the help of the map Stabiq introduced in Section [ is related to the Uq(al\];)—action
introduced in [GV] [Vasl [Vas2] in terms of the convolution operators acting on Kz (X,).

More precisely, let \

oam.h) = [T TITIQ-Pres/7e0)-

1<a<b<n =1 j=1

Denote by Kx the ideal in K generated by [Qa]. Since [Qa] is not a zero divisor, the
map xa: Kx— Kx, [f] = [@xf] is an isomorphism of vector spaces.

Let K = ®\A\=n I?)\, and let x : K (X,) — K be the direct sum of isomorphisms yy .
It is straightforward to verify that K is a U(a;)-submodule of Kr(A,). This defines a
new U(gly)-action p™ on Kr(X,) by the rule: p™(X) = x"'p(X)x for any X € U(gly).

—_—

The U(gly)-actions p and p™ on Kr(A,) are conjecturally not isomorphic, but become
isomorphic as actions on K7 (X,) ® C(z,h) since [@,] is invertible in K ® C(z, h).

Now the U(gly)-action p* essentially coincides with the U,(gly)-action introduced in

GV, Vasll, Vas2] in terms of the convolution operators acting on Kr(X,,), cf. formulae in
Theorem [[2.4] and in [Vas2l, page 287].

12.2. Topological interpretation of the actions in Theorem [12.4l Consider the vec-
tors [,l,/: ()\la---a)\p_la 1, )\p—i-la---aa)\N) (lf)\p > 0), and [,l,//: ()\1,...,)\p, 1, )‘p-i-l_]-a"'a
An) (if Apy1 > 0). There are natural forgetful maps

4 mh o y
(124) -F)\—ap — f“/ — f)‘, f)\—l—ap — ‘Fp// —= Fi.

The rank X\, — 1, 1, A\, bundles over F,,, with fibers F,/F, 1, Fy11/F,, Fpio/Fpi1 will be
respectively denoted by A’, B’, C'. The rank A,, 1, A\,1; — 1 bundles over F,,» with fibers
F,/Fy_1, Fpi1/F,, Fyia/F,+1 will be respectively denoted by A”, B, C".

For a (C*)"-equivariant bundle &, let e(§) be its equivariant K-theoretic Euler class. We
can make the extra C* (whose Chern root is k) act on any bundle by fiberwise multiplication.
The equivariant Euler class with this extra action will be denoted by e ().

Recall that an equivariant proper map f : X — Y induces the pullback f* : Kp(Y) —
Kr(X) and push-forward (also known as Gysin) f, : K7(X) — Kr(Y) maps.
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Theorem 12.5. The operators p(E, +(u)), p(Fp+(u)), are equal to the following topological
operations

’ ey, (Hom C’/7 B [Ater 4’
p(Epi(u)) : @ v (=1)Vm, (Wl*(x) ' —ul/[B/] | ([B/]Ap_)l)[ ]),

, NMu en(Hom(C', B"))[AtPA’
p(Ep—(w) : @ = (=1)'m, (m*(x) ' 1£B[g’]/u ( ([B’]Apl)[ ]) ’

. w/lB" e (Hom B”,A” B/ P11
B0 5 (e () A B L SO,

1_n 1y 1 en(Hom B”7A” B pt1—1
p(Fp—(uw)) = (=1) " (ﬂl () - 1 —[B"]/u ( ( [Atop(g/?][ ] ) ,

Proof. If we write down equivariant localization formulae for the given topological operations
we obtain the formulae of Theorem 2.4 O

13. BETHE ALGEBRA B? AND DISCRETE WRONSKIAN
13.1. Wronski map. Throughout this section we use the following grading of functions in
the variables v, j, z;, and h: degv,; =degz =1 forall t=1,...,N, j=1,...,\;, and
deg h =0, cf. Section [9.4.
Let qi,...,qn be distinct nonzero complex numbers. Set

(13.1) W) = det (o TL0= 000

k=1 1,j=1

The function W7(u) is essentially a discrete Wronskian (multiplicative Casorati determinant)
of functions

A
(13.2) gi(u) = ¢ [T (0= W anfu) . i=1,... N,
k=1
namely, N
i1\ Y i—1+logu/logh
W (u) = det (gi(uhj 1))2.’].:1 H q; Hogu/logh
i=1

Let C[T']** be the algebra of polynomials in the variables 7; ; invariant under the per-
mutations of the variables with the same first subscript. Define the elements el (T, h), ...,

ed (T, h) € C[T]%> @ C[h*'] via the coefficients of W4(u):
N
Wiu) = Y (=) es@u” I O -g/a).
p=0 1<i<j<N
ed(T,h) =1, e (Tyh) = Y11 YNy -
Define the Wronski map
(13.3) Wil : Clz]®" — C[I']%*® C[r*!]

In particular,
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to be the algebra homomorphism such that
ep(z) = el(T,h), p=1,...,N,

where e,(z) is the p-th elementary symmetric polynomial of z,...,%,. The map Wr}
makes the space C[I']*>® C[h*!] into the graded C[z]°-module.

Lemma 13.1. The map Wr§ is injective.

Proof. Observe that el(I',1) = ey(y1,1,...,7nay) for all p = 0,...,N. The statement
follows. O

The Wronski map ([3.3) induces the monomorphism C[z]*"®C(h) — C[T']**®C(h) that
will be also denoted Wry .

13.2. Polynomial isomorphisms. Recall the multiplicative shift operator 7 acting on
functions of w: 7f(u) = f(hu). Let

(13.4) D=1+ biu)(-7)

be the N-th order linear difference operator annihilating the functions g;(u/h),...,gn(u/h).
Its coefficients bf(u),...,b% (u) are described below, see formula (I3.6). We set bd(u) = 1.

Let x be a complex variable. Set
N

Ad
(13.5) .0) = det (47 [T -0 /w)
k=1 ,5=0
where ¢y =2~ ! and Ay = 0. Then

W(u
(13.6) Wq =1+ Z b (u

and the coefficients bi(u) have the following expansion at u = oo:

(137) bg(u) Q1a--~>(JN + Z Sa
where e,(q1,...,qn) is the p-th elementary symmetric polynomial. Notice that
Wi(u/h)
13.8 b1 =q...Qn ———=

Proposition 13.2. The elements bl ., p = 1,...,N, s € Zsg, together with C(h)
generate the algebra C[T']*> @ C(h).

Proof. Recall the functions ¢, ..., gy, see ([I3.2), and the difference operator (I3.4). The
equation Dg;(u/h) = 0 yields

N Ai

(13.9) Phi(u) [T (= nPyin/u) = 0

p:O k=1



WEIGHT FUNCTIONS AS K-THEORETIC STABLE ENVELOPE MAPS 43

Let e;(I;) be the j-th elementary symmetric polynomial of 7;1,...,7:,. Collecting the
coefficient of u™7 in (I3.9]), we get that e;(I';) = C;, where C; is expressed via the elements
by, for k < j, integer powers of A, and e,,(I;) for m < j. The proposition follows. O

Recall the subalgebras B? and Z_ defined in Section [[0.6, and the homomorphism ¢y
given by (ITII). Corollary yields
pr(Z_) = Clz]*"® C(h) C End(((CN)(fn) ® Clz] ® C(h).

Theorem 13.3. The assignment b +— ¢ox(Bp_,), p=1,...,N, s € Zsg, defines an
1somorphism

(13.10) Yl C[T]*®@ C(h) — ¢xA(BY)

of graded C[z]°»® C(h)-algebras. Here the algebra C[z]°»® C(h) acts on C[T']**® C(h)
via the Wronski map Wry.

Proof. The proof of Theorem is similar to the analogous proofs of [MTV2, Theorem 6.3]
and [MTV3, Theorem 5.2, item (i)]. The proof is based on the Bethe ansatz technique. The
details will be published elsewhere O

Recall the spaces DVM éVA defined in Sections 0.2 0.3 and the isomorphism 19>\, see
Lemma [0.12] Keeping the same notation, we will think of 19>\ as the isomorphism C[T']**®
C(h) — LV5 @ C(h), where we identified C[T]%* with C[z]%* by the rule f(T) + f(2mn)
for any f € C[T']**, and replaced C[h*'] by C(h).

Define the homomorphism
(13.11) 94 : C[T]>® C(h) — SV @ C(h),

N

f'_> qf)glv

I€Ty 1) =1 iel,

cf. (@13) and (@I7). The map 5;1\ is graded.
Lemma 13.4. We have 5§‘(C[I‘]SA® C(h)) C %]7; ®C(h).

Proof. Let f € C[T]5*® C(h). Then 94(f) = ¥i(f) Ux(1). By Theorem and Lemma
L5, »3%(f) € End((CM)Y") ® Clz] @ C(h), and ¢§(f) commutes with the S,-action (8.2).

Since Ux(1) € %]7;, the statement follows. O

Theorem 13.5. The map ﬁg\ : C[T]*®@ C(h) — %9;@ C(h) is an isomorphism of graded
Clz]%" ® C(h)-modules, where C[z]°»® C(h) acts on C[T']%* @ C(h) via the Wronski map
Wri.
Proof. Notice that the graded components of the spaces C[z]*" ® C(h), C[T']*> ® C(h),
%]7; ® C(h) are finite-dimensional C(h)-modules.

By Theorem [13.3], the map 52\ is a homomorphism of graded C[z]°"® C(h)-modules. Its
kernel is an ideal in C[T']*>® C(h) that has zero intersection with Wr{(C[z]%" ® C(h)),
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hence, it is the zero ideal. Thus the composition (Jx)~'9¢ : C[T]* @ C(h) — C[T]>®
C(h) is an injective graded C(h)-endomorphism, that sends 1 to 1, since 19‘1( ) = Ua(1).
Therefore, both (Jx)~*9% and 99 are bijections. O

Corollary 13.6. The C[z]°® C(h)-module isomorphism 53\ : C[T]%*@ C(h) — %ﬁ;@
C(h) and the Clz]* @ C(h)-algebra isomorphism 3 : C[T]"* @ C(h) — ¢A(BL) identify
the ¢x(B%)-module £Vy @ C(h) with the regular representation of C[T'|**® C(h). Here
Clz]°"® C(h) acts on C[T']**»@ C(h) via the Wronski map Wr{. O
13.3. K-theoretic isomorphisms. Let A(qq,...,qy) = H1<i<j<N (1 —g;j/q:) . Define the
algebra

(13.12) K§ = CP* 1% @ Clz* 1] [(Wiu) = Ay, qw) ~za/u)).
a:l
Let y =z ...z,. Since in the algebra K{,
— A(qlh)\lv R th')\N A
v A(q17"'7qN g]lfyl]’
we have /
(13.13) K§©C(h) = C[T|® @ Clz,y ™| @ C(h) /(W) = Alar,- - an) [ (01 = za/u)).
a=1
Example. Let N =n=2 and A= (1,1). Then
1— =Rt
Wi(u) = det ( Yi,1/u ¢ ( Yi,1/u) ) ’
g2(1 — hya,1/u) 1 —721/u
and the relations in Kj are
o iy
(13.14) 71,17(12 + 72 1u = 21+ 29, Y1,17Y2,1 = R1%2.

41— G2 T 1 @2

It is easy to see that the algebra K3 does not change if all ¢i,...,qyv are multiplied
simultaneously by the same number. Notice that in the limit ¢;11/¢; — 0 forall i =1,...,
N — 1, the relations in K5 turn into the relations in Kr(T%Fy), see (2.3).

Theorem 13.7. The isomorphism (I3.10) induces the isomorphism

(13.15) pg K@ C(h) — éa(B?Y) @ Clz™]

of graded C[z*'] ® C(h)-algebras.

Proof. The statement follows from formulae (I3.13]) and (I1.9). O

Expand the coefficients b{(u), ..., b%(u) of the difference operator D, see (I3.4)), at u = 0:
As

o) N
(1316) bg(U) = <€p(q1h)‘1’ o ,th)‘N) —+ Z bg’sus> (—u)—n H H Vi,
s=1

i=1 j=1

where e,(qih™M, ... gyh*) is the p-th elementary symmetric polynomial.
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Corollary 13.8. We have MA([ ]) OA(By 1) forall p=1,...,N, s € Zsy. O

Lemma 13.9. The elements [b) ], p=1,...,N, s € Zs, together with C(h) generate
the algebra K5 ® C(h).

Proof. By formula (I38), [b(u)] = ¢i...qvh"[T]o, (1 —h7'u/z,) /(1 —u/z,)]. Hence,

the ideal generated by the elements b% for all s € Z~y and C(h) contains all symmetric
polynomials in 2;%,... 27!, in partlcular 2t z71. Therefore, the statement follows from
equality (I3.13) and Proposition [3.2] O

Lemma [13.9 implies that statement of Corollary [I3.8 can serve as a definition of the
isomorphism 45 .

Theorem 13.10. The map
(13.17) Vi Ki@C(h) —» 5 ®Ch),  fr > R &,

1€y

cf. (3I0), is an isomorphism of graded C[z*']%"® C(h)-modules.

Proof. Let r = [, [Lics, 2 "_’\(a)] € KZ. The isomorphism ¢ : C[T]% @ C(h) —
%17; ® C(h), see Theorem [I3F] induces the isomorphism 7§ : Ki ® C(h) — £V ® C(h)
such that v{(f) = vi(fr). Since the element r is invertible, the statement follows. O
Corollary 13.11. The C[z*'] @ C(h)-module isomorphism V;]\ : K @ C(h) — $Vy ®
Clz*'] ® C(h) and the C[z*'] @ C(h)-algebra isomorphism p% : K @ C(h) — ¢a(B?) @
Clz*!'] identify the ¢A(B?) @ Clz*]-module V5 @ C[z*] @ C(h) with the reqular repre-
sentation of K3 @ C(h).

Proof. The statement follows from Theorems [3.7] and [I3.10 O

Recall Kr(X,) = @)=, Kr(IT"Fx), see [2.2). Let
Kr(T*F») ® C(h) — 5Vy ® Clz*'] ® C(h)

be the graded C[z*'] ® C(h)-module isomorphism obtained by the restriction of the isomor-
phism (IZ1). By Theorems [[2.3] and [3.10, the composition By = (v¥) tva,

(13.18) Bx: Kr(T*Fy) @ C(h) — KL @ C(h)

is a graded C[z*!'] ® C(h)-module isomorphism. Notice Bx(1) =1 since v{(1) = va(1).

Recall the U(gly)-action p on Kr(X,)® C(h), see formulae (I2Z3) and Theorem [24.
Let —
pa : U(gly)" = End(Kr(T"Fy)) @ C(h)

be the induced C(h)-algebra homomorphism. Recall the generators by 4, of the algebra KY,

see (I3.77), (I3.16]).

Lemma 13.12. The assignment [by .| = pa(Bj4), p=1,...,N, s € Zsg, defines a

graded C[z*']5»@ C(h)-algebra isomorphism ay : K§ ® C(h) — pa(B9).
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—_—

Proof. By the definition of py, we have px(X) = (vx)"tpa(X) va for any X € U(gly)".
Thus Corollary and Lemma imply that

(13.19) ax(f) = (wa) 7 i (f) va
for any f € K%, and Lemma follows from Theorems [12.3] and [I3.7 O

Corollary 13.13. The C[z*'] ® C(h)-module isomorphism B5': Ki®C(h) — Kr(T"Fa)®
C(h) and the Clz*'] ® C(h)-algebra isomorphism ay : K§ ® C(h) — pA(B?) @ C[z*!]
identify the px(B?) ® Clz*!]-module Kr(T*Fx) @ C(h) with the regular representation of
K5 ®C(h). O
13.4. New multiplication on Krp(7T"F,) ® C(h). Define a new commutative associative

multiplication *? on Kp(T"Fx) ® C(h), depending on the parameters qi,...,qy, by the
rule:

(13.20) OA(f #g) = Ba(f) Ba9)

for any f,g € Kp(T*Fx) ® C(h).

Lemma 13.14. For any f € Kp(T*Fa) ® C(h), the operator fx? coincides with the oper-
ator oo‘(ﬁA(f)) € pa(BY). The map

Kr(T"Fx) @ C(h) = pa(BY), [ = [+,
is an isomorphism of graded C[z*'] ® C(h)-modules.
Proof. Using the equality vy = i v, formula (I3.19)), and Corollary I3.11] we have

ax(Br(f) g = (wa) " (BE(BA(N) valg)) = (wa) (L4 (BA(S)) vi(Bx(9)))
= (va) (VL (Br(F) Br(9))) = (Br) " (Br(f) Balg)) = f*g.

Since both ay and Sy are graded C[z*!] ® C(h)-module isomorphisms, the statement
follows. O

13.5. Conjecture on the quantum equivariant K-theory. The quantum deformation
of the equivariant K-theory algebra was introduced by Givental and Lee, motivated, in
particular, by a study of the relationship between Gromov-Witten theory and integrable
systems, see [Gl[GL]. The quantum multiplication on K7 (T*Fy) depends on new parameters
®/q,---,qn/qyv—1 and tends to the ordinary multiplication on Kr(7T*Fy) as all of these
ratios tend to zero.

Conjecture 13.15. The multiplication (I320) on Kp(T*Fx) @ C(h) coincides with the
quantum multiplication.

This conjecture is the K-theoretic analog of the main theorem in [MO] that describes the
quantum multiplication in the equivariant cohomology of Nakajima varieties. The case of the
quantum multiplication in the equivariant cohomologies of the varieties T*Fy was considered
also in [GRTV] RTV], TV4].

Lemmas and [[3.14] mean that modulo Conjecture I3.15] the quantum equivariant
K-theory algebra QK7 (T*Fy) ® C(h) is isomorphic to the Bethe algebra px(B9) and is
isomorphic to the algebra Kf @ C(h).
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13.6. Limit h — 0. Let M%(u) be the N x N matrix with entries M =0 for |i—j| > 1,
Ai
Hl—%k/u i=1,...,N,

Mzc?i-lz( ) = Qi-l—l/Qi? Mz;Qz—',-l(u) = (_u)_)\i’yi,l"'q/i,)\i> 1= 17'--aN_ ]-a

depending on parameters Q1,...,Qy. Set we (u) = det M (u).
Lemma 13.16. Let \; >0 and ¢ = Q; Mt~ forall i=1,...,N. Then

Wi(u) — W)
as h — 0.

Proof. The proof is similar to that of [GRTV) Theorem 7.3]. O

Therefore, in the limit h — 0 such that g A~~~ are fixed for all i = 1,..., N, the
algebra K turns into the algebra

KQ = C[Fil]3*®(C[zil]/< f[ 1 — 20 /) >

For example, if N =n =2 and A= (1,1), then

Q0 I—mq1/u  —ya/u )
W (U) det( Qz/Q1 1—72,1/U

and the relations in sz are

Y11 (1= Q2/Q1) + 721 = 21 + 22, Y1,172,1 = 2122,
cf. (I3:14)

Conjecture 13.17. The quantum equivariant K-theory algebra QK cxyn(Fa) is isomorphic
to the algebra KY .

This conjecture is the K-theoretic version of the observation in [GRTV], Theorem 7.13]
on how to obtain the presentation of the quantum equivariant cohomology QKgr, (Fx)
n [AS, Formula (2.22)] from the presentation of the quantum equivariant cohomology
QKgr, xcx (T*Fa) in [GRTV), Theorem 7.10).

14. ApPPENDIX 1. WEIGHT FUNCTIONS SPECIALIZE TO GROTHENDIECK POLYNOMIALS

Let o = (g, ag,...) and = (B, [, ... ) be two sequences of variables. Double Grothen-
dieck polynomials &,,(a; ) were introduced by Lascoux and Schutzenberger in [LS] by the
following recursion.

e For the longest permutation og € 5,,, define

(14.1) 6y = [[ (1-8i/ey).

i+j<n
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e Let s; be the i-th elementary transposition. If the length of os; is larger than the
length of o, then

(142) 60 == 7Tai7ai+1(®0'si>7

where 7, is the trigonometric difference operator, see (6.22).

yXi41

Here is the list of double Grothendieck polynomials for o € Ss:

Gao1 = (1= Bi/on) (1 = Bo/on) (1 = Bi/aa) Ggz1 = (1 — Bi/on) (1 = Bi/a),
G310 = (1—ﬁ1/041) (1—ﬁ2/041), Goi3 = 1—ﬁ1/0417
Gz =1-— ﬁ1ﬁz/(a10z2), Gz =1.

Note that the usual choice of variables is z; = 1 —1/a; and y; = 1 — ;, see for example [LS].
In those variables the &,,’s are indeed polynomials.

Consider the substitution ¢ = Ug, h = 0 into the weight function W;, and denote it by

Wi.
For
(1 (N
I={it" <. <3P < <@y Y <<

in Z,, define o; € S, to be the permutation that maps the ordered list n,n —1,...,1 to the

ordered list @) L) 1) @) ) (2) (N) (N) (N)
1) . (1 2 (2 (N) (N (N
Z)\l’ )\1 17711 ’)\2, )\2 1’77/1 ’...77/)\N’Z)\N_1’...7711 .

Observe that o; and o; can belong to the same group S,, even if the their A’s are different
as long as their corresponding n’s are the same. For example o1} (3},12}) = 0({1},42,3}) = 231.

Theorem 14.1. We have
Wi=6,, (2" 2, urtugt ).

n 9 *n—1

Proof. For I € T, let

N C T3\ TR 0 S SN (3 00 S0 € ol W U1 SIS (1) SRR (1 A) YR C1 LI SRR (103 3

in Zg1,..,1). We have o7 = o7 and W, = Wj. The first claim is obvious. Although the
functions W; are Wj are rather different (e.g. they depend on different sets of variables) it
can be seen from the definition of the weight functions that after the substitutions indicated
by W + W they are equal. Hence it is enough to prove the theorem for A = (1,1,...,
1) € Z%,

For this special case we will show that initial conditions and recursions for the two sides
of the statement agree. Indeed we have

W2}, 0} = H H — 2i/uy),

Jj=li=j5+1

and &, 1. 1(2;Y 20, . ;upt uyt, .. ) is the same expression because of (I41]). Relations

©.20), (m for W read

Wsa,a+1(1) = Tza,2a41 WI

if I, < I,.1. After the variable change given in the theorem this is equivalent to the recursion
(I42) for Grothendieck polynomials. O
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Corollary 14.2. The t& = u,, h = 0 substitution into the formulae @1) and (£4) give
equivariant localization and iterated residue expressions for the double Grothendieck polyno-

-1 -1 -1, -1 )

mial By, (2, 20 1y UL Uy ).

Iterated residue formulae for stable Grothendieck polynomials, as well as their applications
to stability and positivity results for quiver polynomials and Thom polynomials are explored
in [RSz, Al [AR].

It is well known in Schubert calculus, see for example [LS, Bul, that the class in Kcxy»(Fa)
of the structure sheaf of a Schubert variety is represented by a double Grothendleck poly-
nomial. In our Grothendieck polynomial and index conventions the class of the Schubert
variety Qiq 7 is represented by the polynomial &, (2, %, 2,0, .. 5711, Y12y - - ) - Pigvlj. Denote

this class by O; and hence from Theorem [I4.T] we obtain the following.
Corollary 14.3. We have

Or = [Qiat] = (G0, (2, 200003700 Y20 - - )] - Py = Wi, 2,0)] - Py} € Kicxyn(Fa).

15. APPENDIX 2. INTERPOLATION DEFINITION OF K-THEORY CLASSES OF SCHUBERT
VARIETIES

In this appendix we give a new axiomatic definition of the classes O;FPq s, that is, the
classes of Grothendieck polynomials. Note that the polarization Pg; is a monomial, an
invertible element of C[z*!].

Let fi and f be Laurent polynomials is the z-variables, with ¢;(N(f1)) = [0,m],
0r(N(f2)) = [0,ma]. We write f; <; fo if my < mag, cf. the proof of Lemma For
the purpose of this section define f to be I-small, if

F=e TTTT TTC = 2/2a)-

k<l a€ly bel,
b>a

Theorem 15.1. The classes OrPq 1, that is, the images of the Grothendieck polynomials in
Kp(Fy), are uniquely determined by the properties

(1) Orley - Bar = Hk<l Haelk HbEIl( — 2b/%a);
(2) Ofls, - Pag is J- smallsz#I

Proof. The uniqueness proof is the obvious modification of the uniqueness proof in Sec-
tion To prove existence we need to show that O;Pg; satisfies the two properties.
According to Corollary I4.3 we have O;Pqa; = [Wi(T', 2,0)]. Property () follows from ei-
ther topology (the variety 24 is smooth at the point z;) or from the h = 0 substitution in
Lemma [6.4l. We are going to prove property (). Let J # I. We proved in Lemma that

W[(ZJ,Z h) ‘<JWJ ZJ,Zh HH H 1—Zb/Za)H(1—th/Za)).

k<l a€l bel; bel;
b>a b<a
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We also saw in Lemma that Wi(z, 2, h) is divisible by [], o, TL.cs, [Teer (1 — hzp/24).
b<a

Hence for the quotient we have

Wi(zs. 2. 0)/ TTTT TT1 @ = hav/za) <5 TT TT T2 — 2/ 20)-

k<l a€l} beI; k<l a€l} beI;
b<a b>a

Observe that the right hand side does not depend on h, so the same < ; inequality also holds
after plugging in A = 0 in the left hand side. The h = 0 substitution of the left hand side is
(Wi (T, z,0)]|.,, hence property (Z) is proved. O

16. APPENDIX 3. PRESENTATIONS AND STRUCTURE CONSTANTS OF ALGEBRAS
ASSOCIATED WITH THE PROJECTIVE LINE

In Section we described the conjectured presentation of the equivariant quantum K-
theory algebra of partial flag manifolds. In this section we describe in detail this algebra
for the special case of the projective line P*. The basic algebra K(P!) can be decorated in
three independent ways, namely by considering the equivariant version (with z = (z1, 29)
parameters), the quantum version (with ¢ = (¢i, ¢2) parameters), and the cotangent bundle
version (with h parameter). We describe all eight possible algebras, shown in the diagram
below and obtained by considering or not considering any of the three decorations. In all
eight cases we give the presentation, as well as the structure constants in terms of a natural
choice of bases. The descriptions of the four algebras on the front face of the cube are known,
and the descriptions of the four algebras on the back face are conjectural.

In the diagram, the symbol & means the limit ¢; = Q1h™1, g2 = Q2, h — 0.

QK(CX (T*P:l) =1 QKT(T*]IM)

}/ql—m/ ‘ ym—{ l
Kex (T*PY) | - Kr(T*PY) L
h=0 QK(]P)l) =1 QK((CX)Z (]P)l)
/ h=0 /
Q2/Q150 l Q2/Q150
K(Pl) z=1 K((CX)Q (Pl)

e For K(P') we have the presentation: C[y*!, §*!]/(relations), where the ideal of rela-
tions is generated by the coefficients of u-powers in

(1 =7/u)(1 = d/u) — (1 - 1/u).
With the choice of basis 7y = 1, 34 = 1 — 1/, the multiplication is
oy — o, ro = My, AP A 0.

e For K(cx):(P') we have the presentation Cly*!, 6%, 21", 23]/ (velations), where the
ideal of relations is generated by the coefficients of u-powers in

(1 =~/u)(1 = 6/u) = (1 = z1/u)(1 — 2/u).



WEIGHT FUNCTIONS AS K-THEORETIC STABLE ENVELOPE MAPS 51

With the choice of basis sy = 1, 3 = 1 — 25/, the multiplication is

z2
»y g = p, o = 2y, 0 = (1 — z_) .
1

e For QK (P') we have the presentation: C[y*!, 6", QF', QF']/(relations), where the
ideal of relations is generated by the coefficients of u-powers in

det <1 —ju v ) S (1= 1w

Q2/Q1 1-0/u
With the choice of basis sy = 1, 4 = 1 — 1/~ the multiplication is
_ _ @
My = Ao, Hyr = Hq, A7 = Q—%o-
1

e For QK cx):(P') we have the presentation C[y*!, 6!, 2!, 237, Q1" Q3] / (relations),
where the ideal of relations is generated by the coefficients of u-powers in

L=v/u —v/u
det (Qz/@1 1_ 6/u) — (1 =z /u)(1 — 2z /u).

With the choice of basis 7y = 1, 34 = 1 — 25/~ the multiplication is

Q22 y + (1 — é) .
lel 21

e For K¢« (T*P) we have the presentation C[y*!, §!, h*1]/(relations), where the ideal
of relations is generated by the coefficients of u-powers in

(1 —=7/u)(l—6/u) — (1 -1/u)
With the choice of basis g = 1 — h/y, 311 = 1 — 1/~ the multiplication is

HoHp = ~o, Hy = 1, o =

oy — (]_ - h)%() + h(l - h,)%l, rox = (1 - h,)%l, 11 = 0.

e For Kp(T*P') we have the presentation C[y*!, 6%, 27!, 251 h*1]/(relations), where
the ideal of relations is generated by the coefficients of u-powers in

(1 =7/u)(1 =0/u) = (1 =z /u)(l = z/u).
With the choice of basis sy = 1 — hzy /7, 21 = 1 — 25/~ the multiplication is
oy =(1 — hzy1/29) 30 + h(1 — h)z1 /29521,
sy, =(1 — h)sz,
sy =(1 — 29/21) 211

e For QKcx (T*P') we have the presentation C[y*!, 61, ¢i!, ¢, h*']/(relations), where
the ideal of relations is generated by the coefficients of u-powers in

Lo (1~ (uh) :
et (gt oy 0oy ) == 1
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With the choice of basis s = 1 — h/7, 3 = 1 — 1/ the multiplication is (define
q=a/q)
1—nh (1—="h)h
_1—qh%0+ 1—qh o
q(1—h) 1—h
B 1—qh %O_I_l—qh%1
(1 —h)g 0 q(1—h)
h(1 — gh) (1 —qgh)
e For QK1 (T*P") we have the presentation C[y*!, 6+, 2!, 257 ¢!, ¢3F*, h*']/ (velations),
where the ideal of relations is generated by the coefficients of u-powers in

det <q2 l—/u gl — v/(uh))> (1= g/g)(1 — 21 ) (1 — 29 /0)

AV AN M.

(1 —hd/u) (1—0/u)
With the choice of basis sy = 1 — hzy /7, 21 = 1 — 25/~ the multiplication is (define

q=q/qn)
1—qh(l = 2z1/2) —21h/% 1 —="h)hz /%
1-h 1-h
AL Ziqi — qh) xy + - qh%l
015, :(1 — h)QZ2/z1 1-— 22/21 —|—q(22/Z1 — h)%l

h(l—qh) ° 1—qh

17. APPENDIX 4. EQUIVARIANT K-THEORETIC SCHUBERT CALCULUS ON THE
COTANGENT BUNDLE OF PARTIAL FLAG MANIFOLDS

In this section we present a result on the structure constants of the algebra Kr(T*Fy) ®
C(z, h) with respect to the basis {x; := Kia s} ez, . In view of Theorem [I4.1] of Appendix 1,
this result is a natural “h-deformation” of the multiplication rules for double Grothendieck
polynomials.

Let N,n,Zy, o be as before.

Theorem 17.1. The following multiplication rules hold in Ky(T*Fx)®C(z,h). For A,B €
Ix, we have kakp =Y je7, Ch gk, where

o Z Walzr, z, WWg(zr, 2, )Wa, s (27" 27 b))
AP R(z1)Q(zr1)

I1€Zy

hp(J)P(Z[).

Proof. Consider the z-substitution into karp = ;o7 ¢} . We obtain

Walzr, 2, )Ws(z1, 2, h) = Z C:{l,BWJ(zla z,h).
J

Choose a K € I, and multiply both sides by
W rx(z7h 274 7Y

R(z1)Q(zr)

W P(z)).
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We obtain
WA(ZI, z, h)VT/B(Z[, z, h)WUmK(zl_lv Z_lv h_1> hp(K)P(z ) _
R(z1)Q(z1) !
WJ(zI,z h)WUOK(zI ,z7H R
_ c WEIP(z,).
=2 ‘s R(z)Q(z1) Pl

Add this equation for all I € IA, then rearrangement gives

) Walzr, 2, W)Wa(z1, 2, W) Woy (27", 27, h_l)hp(K)P(zz) =

; R(z1)Q(z1)
WJ Z[ z, h WJO K(zj_l z~! h_l)
=) c ’ ’ - WP (z)).
Z ABZ R(z)Q(z) (1)
According to the orthogonality Theorem [6.6] the last sum > ,(...) is 0. Hence the right-
hand side is equal to ¢fj 5. This proves the theorem. O

Example. For A = (1,1) one recovers the multiplication table for K7 (T*P') in the basis
s = K1y,q2y and s = K9y 13 of Section Here are some sample products for A = (2,2):
K2 iarhnaness = (1—h)(1—23/20)(1 — 24/21)(1 — hzs/22)kq1,9) (3.4}

R{1,3},{2,4}K{1,4},{2,3}

(1= h)*(1 = za/20)(22/21 + h(1 — 22/ 21 — 23/ 21 + 22/ 23 — 23 [ (2123)))) Kq1.2}43.4) +
(1=n)(1 = 22/21)(1 = 24/ 21) (1 — h22/23) k1,33 (2.4 -
The h = 0 substitution in these formulae gives the multiplication of the equivariant K-theory

classes of structure sheaves of Schubert varieties (up to the polarization) in the Grassmannian
of 2-planes in C*.

18. APPENDIX 5. BETHE ALGEBRA OF THE XXZ MODEL

Let W (a;) be the subalgebra of U(a;) generated over C[h*!] by elements (I0.5),
(I0.6). Given a complex number ¢ # 0,1, set uc@;) = U’(El\];)/UL = c). Let B? be the
subalgebra of UC@[;) generated by the images of elements (I0.I0) and the elements B} .,
see (I0LI7), under the canonical projection U’ (5[;) — uc(ﬁl\];).

By Proposition 1.1 there is a C[h*!]-algebra homomorphism

¢ W(gly) — End((CV)®") ® C[z*!, h*].

Given b € (C*)" and ¢ # 0,1, the evaluation at z = b, h = ¢ induces an algebra
homomorphism . N
b,c : Ue(gly) — End((CY)*")

The homomorphism ¢, makes (CV)®" into a uc(a];)—module denoted (CM)®*(b,c) and

called the tensor product of vector representations with evaluation parameters b. The
algebra By . = ¢p (BY) is called the Bethe algebra of the associated XXZ model on (CV)®".
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Remark. Usually the XXZ model on (CY)®" is defined by considering (CV)®" as a module

over the quantum loop algebra U,(gly). Under this definition, the Bethe subalgebra of the
XXZ model, coincides with By .

Recall the space %V‘, see Section 0.2 Let b = (by,...,b,) and ¢ be such that b; # cb,

forall 7,7 =1,...,n. The evaluation at z = b, h = ¢ defines a homomorphism of U.(gly)-

modules
Lbc: %V‘/(h =c) — ((CN)®"(b, c).

Proposition 18.1. Let b; # cb; for all i,j =1,...,n. Then . is an epimorphism.
Proof. The proof is similar to the proof of [MTV3, Proposition 10.4]. The image of ¢ is

—_—

not zero, while by [AK], the U.(gly)-module (CN)®"(b,c) is irreducible if b; # cb; for all
i,7=1,...,n, see also [NT2, Theorem 3.4]. O

The elements of Bj , preserve each of the subspaces (CV)J". Let By, C End((CY)3")
be the subalgebra induced by the action of By, on (CY)J".

Given c and X, let KCf . = K{/(z = b, h = c). The algebra K} is the algebra of
functions on the fiber of the Wronski map.

Corollary 18.2. Let b = (by,...,b,) and c be such that b; # cb; for all i,5 =1,...,n.
Then isomorphisms (I315), (I31T), and the evaluation at z = b, h = ¢ induce an algebra
isomorphism iy, . 5 : Ky . x = Bg.x and an isomorphism of vector spaces v .y KCf . 5 —
(CMX™. The isomorphisms i} , 5 and vy identify the reqular representation of K, y
and the By, x-module (CV)3". O

Corollary 18.3. The algebra Bgc 1s a mazimal commutative subalgebra of End(((CN)®”) .
O
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