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FROM THE GLOBAL SIGNATURE TO HIGHER SIGNATURES

JEREMY A. JACOBSON

ABSTRACT. Let X be an algebraic variety over the field of real numbers R. We
use the signature of a quadratic form to produce “higher” global signatures
relating the derived Witt groups of X to the singular cohomology of the real
points X (R) with integer coefficients. We also study the global signature ring
homomorphism and use the powers of the fundamental ideal in the Witt ring
to prove an integral version of a theorem of Raman Parimala and Jean Colliot-
Thelene on the mod 2 signature. Furthermore, we obtain an Atiyah-Hirzebruch
spectral sequence for the derived Witt groups of X with 2 inverted. Using this
spectral sequence, we provide a bound on the ranks of the derived Witt groups
of X in terms of the Betti numbers of X (R). We apply our results to answer
a question of Max Karoubi on boundedness of torsion in the Witt group of X.
Throughout the article, the results are proved for a wide class of schemes over
an arbitrary base field of characteristic different from 2 using real cohomology
in place of singular cohomology.

1. INTRODUCTION

Let X be a smooth, geometrically connected, quasi-projective variety over the
field R of real numbers. Let s denote the cardinality of the set of connected compo-
nents of the real points X (R) for the Euclidean topology, and d the Krull dimension
of X.

For any integer n > 0, let H™ denote the sheafification for the Zariski topology on
X of the presheaf U — HZ, (U, Z/27Z), where H?,(U,7Z/2Z) is the étale cohomology
of U with coefficients in the constant étale sheaf Z/27Z. In [7], Raman Parimala
and Jean Colliot-Thelene introduced a mod 2 signature map h,, and demonstrated
that it induces an isomorphism of groups

HY,, (X, H") 2 (z/22)*

when n > d+ 1, where HY_ (X, H") denotes the sections of H". This generalized,
from the case when X is a curve and n = 2, a classic theorem of Ernst Witt on the
unramified Brauer group [7].

Let HY . (X,H") denote the sheaf cohomology of the Zariski sheaf H™ and let
HY,,,(X(R),Z/2Z) denote the singular cohomology with Z/2Z-coefficients. Their
result was extended ([25], (19.5.1)], c.f. J. Colliot-Thelene, Vortrag, Oberwolfach, 15
June 1990) to an isomorphism of cohomology groups for all p > 0

HY, (X, H") % H?, (X(R),Z/27)

sing

I wish to thank Raman Parimala for bringing to my attention Max Karoubi’s question and for
suggesting to use the global signature to try to prove it.
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when n > d+ 1. Claus Scheiderer later demonstrated that these isomorphisms hold
for a very general class of schemes by using real cohomology in place of singular
cohomology [25] Corollary 19.5.1].

One cannot obtain an integral version of the isomorphisms above by replacing
everywhere Z /27 with Z. When n > d the étale cohomology groups HY,(U,Z) are
torsion for any open subscheme U of X [25] Corollary 7.23.3]. The sheafification
H™(Z) of U — HZ (U, Z) will produce a sheaf with HY, (X, H"(Z)) torsion, yet Z*
is torsion free.

We obtain integral versions of the above isomorphisms by using the Witt ring
W (X) of symmetric bilinear forms over X (see [I5] for an introduction) in place of
étale cohomology. Let W denote the Zariski sheaf on X associated to the presheaf
U +— W(U). The sheaf W has a filtration by subsheaves J" (see Section B for the
definition of J™). The following theorem is a part of Theorem .5 in Section .3l

1.1. Theorem. If X is an integral separated scheme of Krull dimension d that
is smooth and of finite type over R, then there is an isomorphism of cohomology
groups for allp >0

Sign
HY (X,9") %' HP

sing

(X(R),2"Z) *~ HP

sing

(X(R),Z)
when n >d+ 1.

When X is an affine smooth R-variety with trivial canonical sheaf, the case p = d
of this theorem was proved by Jean Fasel [0, Proposition 5.1].

We obtain this theorem, as well as the other main results of the article, by
studying a morphism 8ign of sheaves on X that is induced by the global signature.
Recall that in the situation of a real variety X, the global signature defines a ring
homomorphism

sign : W(X) — H?

sing (X (R)5 Z)
mapping from the Witt ring W(X) of symmetric bilinear forms to the singular
cohomology with integer coefficients in degree zero. The most important result on
the global signature was proved by Louis Mahé, who showed that the cokernel is
2-primary torsion (in fact, he proved this for any affine scheme) [19, Corollary 4.10].

Here we extend the global signature to “higher signatures”

sign' : W*(X) — H.;,,(X(R),Z)

for 0 < ¢ < 3, mapping from the derived Witt groups of X to the singular co-
homology of X (R). See Section for the definition. Recall that the derived
Witt groups are 4-periodic, W#(X) ~ Wit4(X) and form a representable cohomol-
ogy theory for varieties [12]. In degree zero, W°(X) ~ W(X) is the Witt ring of
symmetric bilinear forms over X.

Up to 2-primary torsion, we express the kernel of the global and higher signatures
in terms of singular cohomology by realizing them as edge maps in an Atiyah-
Hirzebruch type spectral sequence for the Witt groups.

1.2. Theorem. If X is a separated scheme of finite Krull dimension that is smooth
and of finite type over R, then there is a strongly convergent spectral sequence
B - {Hfmg(X(R), Z[1/2]) if ¢ =0 mod 4

— WPty x)
0 otherwise (X1
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abutting to the derived Witt groups with 2 inverted. For r > 1, the differentials d,
are of bidegree (r,r — 1). For integers 0 < i < 3, the global and higher signatures
sign', after inverting 2, are edge maps in this spectral sequence.

When d < 3 the spectral sequence collapses on the Es-page, in which case we
have the following corollary showing that the kernel and cokernel of the higher
signatures are 2-primary torsion.

1.3. Corollary. If d < 3, then the higher signature maps induce isomorphisms of
groups after inverting the integer 2

signo

WOX)[/2) "= Hepg(X(R), Z[Y/2])

sign?

WX = Hypg (X (R), Z[1/2])

sign2

W2(X)[/2) = HZ, g (X (R), Z[Y/2])

e
WA [1/2) & g (X (R), Z[12])

As another corollary to this spectral sequence we obtain a bound on the ranks
of the Witt groups in terms of the Betti numbers of X (R) (See Corollary (9).

Our results have applications to studying torsion in the Witt ring. Recall that
in [14, Example and Remark], Max Karoubi gave examples of rings A for which
the Witt group of the ring has odd torsion. The rings are continuous real and
complex-valued functions on lens spaces of dimension 5 and higher, where we mean
dimension as a real manifold. We prove the following corollary to the spectral
sequence and show that the bound on the dimension is sharp (See Corollary B.8)).

1.4. Corollary. Ifd < 4 and X (R) is compact, then torsion in W (X) is 2-primary.

Also, M. Karoubi has asked if the order of the torsion elements in the Witt group
of a real variety is bounded. He and Charles Weibel have a work in progress in
which they answer this question affirmatively with precise bounds. We provide an
answer to this question by giving sufficient conditions for torsion to be bounded
over a general base field F. For the proof of the following theorem see Section

1.5. Theorem. Let F' be a field of characteristic different from 2. Let X be an
excellent, integral, noetherian, reqular, separated F'-scheme of finite Krull dimen-
sion and of finite virtual cohomological 2-dimension. If the real cohomology groups
H?(X,,Z) are finitely generated, then the torsion in the Witt groups W(X) is of
bounded order for all integers i € Z.

For an algebraic variety over a real closed field R the groups HP(X,,Z) are
finitely generated (See Section B:3.]).

1.6. Corollary. If X is an integral, separated scheme that is smooth and of finite
type over a real closed field R, then torsion is bounded in the Witt group W(X).

Throughout the article, we use real cohomology in place of singular cohomology
and work with a general class of schemes over an arbitrary base field of character-
istic different from 2. All of the main results introduced above are proved in this
generality throughout the article.
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2. THE TOTAL SIGNATURE

The purpose of this section is to recall the definition of the signature following
the text of Knebusch and Scheiderer on the subject of real algebra [I7] and then
recall facts about the signature which will be “globalized” to sheaves in Section [E
and used throughout the paper.

2.1. Orderings. Let F' be a field. An ordering on F' is a subset P C F satisfying
the following:

(i P+PCP,PPCP;

(i) PN (—-P) =0;
(iii) PU—P=F.
The pair (F, P) is called an ordered field. Given any such ordering P, one defines
a <bif b—a € P. It follows from the axioms that if F' is nontrivial, then 1 > 0.

Given an ordering P on F', we define a function sgn p : F* — {1, —1} by defining

sgn p(a) tobe 1if a € P and —1if a € —P. Note that sgn p(ab) = sgn p(a)sgn p(b)
for a,b € F*.

2.2. The real spectrum. We briefly recall some of the notation and definitions
on the real spectrum. For the facts below see [25] (0.4)], [I7) §3, Definition 1]. The
real spectrum of a ring A is a topological space denoted by Sper A. As a set it
consists of all pairs £ = (p, P) with p € Spec A and P an ordering of the residue
field k(p). For any point & € Sper A, let k(¢) denote the real closure of the ordered
field k(p) with respect to P. For a € A, write a(§) > 0 to indicate that the image of
a in k(§) is positive. The sets of the form D(a) := {£ € Sper A : a(§) > 0}, a € A,
form a subbasis of open sets for the topology on Sper A. The map

Supp : Sper A — Spec A

defined by (p, P) — p is a continuous map of topological spaces called the support
map.

The real spectrum of a scheme X is the topological space X, formed by glueing
the real spectra of its open affine subschemes. This does not depend on the open
cover of X that was chosen. Just as was defined for affine schemes, for any scheme
X, there is a support map Supp : X,, — X which is a continuous map of topological
spaces.

2.3. Definition of the total signature. Let F' be a field. If F' has an ordering
P, then any non-degenerate quadratic form ¢ over F splits as an orthogonal sum
¢~ ¢y L ¢_, where the form ¢, is positive definite with respect to the ordering
(for all 0 # v, ¢(v) > 0 with respect to P) and the form ¢_ is negative definite with
respect to the ordering (i.e. —¢_ is positive definite). The numbers n := dim ¢
and n_ := dim ¢_ do not change under an isometry of ¢ [I7, Chapter 1, Section
2, Satz 2]. The integer sign p([¢]) := ny — n_ is defined to be signature of [¢]
with respect to P. As the signature of the hyperbolic form is trivial, assigning an
isometry class [¢] to its signature sign p([¢]) defines a map

signp : W(F) > Z

which is a homomorphism of rings [I7, Chapter 1, Section 2, Satz 2].
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Let H(Sper F,Z) (often written elsewhere C(Xp,Z)) denote the set of contin-
uous integer valued functions. The total signature

sign : W(F) — H°(Sper F,Z)
assigns an isometry class [¢] to the continuous function P — sign p([¢]). It is a
ring homomorphism since sign p is. If ' has no ordering, then sign is trivial.

2.1. Lemma. Let F be a field and let a € F*.

(i) For any ordering P on F, the signature of the rank one form {(a) with respect
to P is

sign p({(a)) = sgn p(a)
(i) The total signature of the Pfister form ((a)) is
sign (((@))) = 211a<0)
(iii) The total signature of the n-fold Pfister form ((a1, - ,an)) is

sign ({((a1, -+ ,an))) = 2" 114, <0, ,a, <0}

Proof. The first statement follows from the definition of the signature. To prove
the equality in the second statement we use the definition and the fact that the
signature is a ring homomorphism:

sign (((a))) = sign((1,—a))

sign ((1)) — sign ((a))

(Tgs0y — Lii<oy) — (Lga>0y — L{a<o})
= 1—-1gs0p + Lia<o}

o ifa>0

B {2 ifa<0

= 2]]-{a<0}

To prove the third statement, use (i) and the fact that sign is a ring homomor-
phism. (I

2.4. The signature and the fundamental ideal. As hyperbolic forms have
even rank, assigning a quadratic form to its rank modulo 2 determines a ring
homomorphism e : W(F') — Z/27Z. The kernel of e is denoted I(F') and is called the
fundamental ideal of F. The powers of the fundamental ideal I’ (F) are additively
generated by Pfister forms ((a1,--- ,a;)), so it follows from Lemma 2] that the
signature induces a group homomorphism

sign : IY(F) — H°(Sper F,277)
The diagram below commutes

sign

I'(F) ———— H°(Sper F,2/Z)

§ §
PH(F) 5 HO(Sper F, 2i17)
so after identifying

lim(H°(Sper F, Z) % H°(Sper F, 2Z) % H(Sper F,2°Z) 2 ) ~ H"(Sper F,Z)
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one obtains a homomorphism of groups.

(2.2) i (W (F) 3 1(F) 3 12(F) % ) "8 H(Sper F, Z)

The following is a theorem due to J. Arason and M. Knebusch [I} Satz 2a.].
2.3. Proposition. The morphism 22 is an isomorphism.

Since the cokernel of sign is 2-primary torsion [I8, p.34, Theorem 3.4], one defines
the reduced stability index st, (F') to be the integer n if the cokernel of sign has
exponent 2" and writes st, (F) = oo otherwise.

Recall that for any field F', the virtual cohomological 2-dimension is defined to
be

vedy (F) = cdy (F(V/-1))
where cdy (F/(v/—1)) denotes the cohomological 2-dimension of the field F(v/—1).
The following Lemma collects in a way we find convenient known results.

2.4. Lemma. Let F be a field of characteristic different from 2 and s > 0 an
integer. The following are equivalent:
(i) veds (F) < s;
(ii) for j > s+ 1, I(F(y/-1)) =0;
(iii) for j > s+ 1, I'(F) is torsion free and 2I7~Y(F) = I (F);
(iv) for j > s+ 1, I’(F) is torsion free and st, (F) < s.
(v) for j>s+1,sign; : I(F) — H°(Sper F,2/Z) is an isomorphism of rings.

Proof. For lack of reference, we prove the equivalence of (i) and (i¢). To prove that
(¢) implies (4¢), use the Milnor conjecture, as proved in [23] Theorem 4.1], to obtain
that for every integer n > 0 there is a short exact sequence

0= P (F(V=T)) = P(F(V-T)) = Hy(F(V-1),2/22)

So (#) implies that Héal(F(\/ —1),7Z/27) is trivial for j > s+1. Then I/ (F(v/—1)) ~
kr; I*(F(y/=1)), and the intersection is trivial by the Arason-Pfister Haupsatz. We
>j

have that (ii) implies (i) since I7(F(y/—1)) surjects onto HZ,(F(v—1),Z/27Z).

For the proof of the equivalence of (ii) and (ii7), see c.f. [8, Corollary 35.27 (1)
and (4)].

For the remaining equivalences, we may assume that F' is formally real. Indeed,
if F' is not formally real, then W (F) is 2-primary torsion and Sper F' = (). In which
case, the remaining equivalences of the lemma become clear. The equivalence of
(797) and (iv) was proved by L. Brocker [0, ZurTheoreiDerquad, Satz 3.17]. The
equivalence of (iv) and (v) by J. Arason and M. Knebusch [I], p.184]. O

3. SHEAVES AND RESIDUES

3.1. The Witt sheaf and its filtration by powers of the fundamental ideal.
Let X be a scheme. Let W denote the sheafification for the Zariski topology on
X of the presheaf U — W (U), where W(U) is the Witt ring of symmetric bilinear
forms over U as defined in Knebusch [15].

Now let F be a field of characteristic different from 2, and assume that X is an
integral, regular, noetherian, separated F-scheme. Under these hypotheses on X,
the Gersten conjecture is known [3, Theorem 6.1]. It follows that the sections of
the Witt sheaf W(U) over any open subscheme U in X is a subgroup of W (K),
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where K is the function field of X and W(K) is the classical Witt ring of the field
K. For j > 0, define J7 to be the Zariski presheaf on X that assigns to every open
U the pullback

WU) —— W(K)

I ]

JU) —— [ (K)
In fact, 37 is a sheaf on X. This follows by using the definition of 77 and the fact
that W is a sheaf.

3.2. The second residue homomorphism. The next lemma follows from a re-
sult of P. Balmer and C. Walter on the coniveau spectral sequence [4, Lemma 8.4

(a)].
3.1. Lemma. Let F be a field of characteristic different from 2 and let X be an
integral, noetherian, reqular, separated, F-scheme. For each z € X choose a
uniformizing parameter w. For any open subscheme U in X, the sections of the
Witt sheaf over U are

W(U) = ker(W(K) % D W(k())

zeU?

where Oy is, for every x € U, the second residue morphism for Ox . and K is the
function field of X. In particular, the kernel of W (K) ey P, cor W(k(z)) does
not depend on the choice of uniformizing parameters.

By restricting the second residue from W (K) to I/(K) one obtains a map
P(K) = @ ' (k(2)
zeU)
because the second residue maps respect the powers of the fundamental ideal [10]
Theorem 6.6].

3.2. Lemma. Let X satisfy the hypotheses of Lemma [31] and let 7 > 0 be an
integer. For every open subscheme U in X,
P(U) =ker(I (K) %% @) P (k(2))
zeUm
Proof. By Lemma 3] the kernel

ker(W (K) % @D W (k (2)))

xcU@)
equals W(U). Then we have that 37(U) equals the restriction of the kernel of ©d,
to I7(K) since, by definition, J/(U) is the pullback of W(U) over I’ (K). O

The following lemma restates well-known facts on the second residue (c.f. [21]
Chap. IV (1.2)-(1.3)].

3.3. Lemma. Let A be a discrete valuation ring with fraction field K. Choose a
uniformizing parameter w for A. Then:

(i) every rank one quadratic form over K is isometric to some {(c), where ¢ = br™,
b is a unit in A, and either n =0 orn =1;
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(7i) the second residue O has the following description

by ifn=1
0 ifn=0

on rank one forms {(c) as in (7).

3.3. Cohomology of the real spectrum. In [25], C. Scheiderer developed a the-
ory of real cohomology for schemes. It “globalizes” to all schemes the singular
cohomology of the real points of a real variety in the same way that étale cohomol-
ogy globalizes the singular cohomology of the complex points of a complex variety.
We recall the definition and some properties we will need following [25].

3.3.1. Definition of real cohomology. Let X be a scheme. First we recall the def-
inition of the real site of X, which we will also denote by X,.. It is the category
O(X,) of open subsets of X, equipped with the “usual” coverings, i.e.a family of
open subspaces {Uy — U} is a covering of U € O(X,) if U = UUx. The category
of sheaves of abelian groups on X, is denoted Ab(X,).

For any abelian group A, we will also denote by A the sheaf on X, obtained
by sheafifying the presheaf U +— A, U any open in X,. Such a sheaf is called a
constant sheaf.

Let Ab denote the category of abelian groups. For any sheaf ¥ on X,., the real
cohomology groups of X with coefficients in F are the right derived functors of the
global sections functor I" : Ab(X,) — Ab. They are denoted by

H?(X,,7) := RPTF

where RPT is the p-th derived functor of I'. When X = Spec A is affine, we will
often write HP(Sper A, F) instead of H?(X,.,F).

For any separated scheme of finite type over R (or over any real closed field, with
semi-algebraic cohomology replacing singular cohomology), the category of sheaves
on X (R), where X (R) is equipped with the Euclidean topology, is equivalent to the
category of sheaves on X, [25] 15.4.1]. Let M be an abelian group. Since the sheaf
cohomology of X (R) with coefficients M coincides with the singular cohomology
with coefficients M [25] 15.1 and 15.3.2], it follows that the real cohomology groups
HP?(X,, M) coincide with the singular cohomology groups H?(X(R), M). Hence,
they are finitely generated groups.

3.3.2. Scheiderer’s Gersten type resolution for real cohomology. Next we recall the
work of C. Scheiderer [26] in which he constructs a “Bloch-Ogus” style complex that
computes real cohomology. The codimension of support filtration on X determines
a coniveau spectral sequence for real cohomology. Scheiderer shows that for regular
excellent schemes the Eq-page is zero except for the complex C*(W, ¥F) := Ei’o and
hence obtains the result below. Recall that a locally noetherian scheme is called
excellent if X can be covered by open affine subschemes Spec A, where the A, are
excellent rings [I1], 7.8.5]. For a point « € X of a scheme, we will denote Sper k(z)
by .

3.4. Proposition. [26, 2.1 Theorem| Let X be a regular excellent scheme. Let W
be an open constructible subset of X, and let F be a locally constant sheaf on W.
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Then there is a complex C*(W,F) of abelian groups

35 0= P HWFH - P HWFH > B HW.F) -,

e X (0) zeX @) zeX ()

natural in W and F, whose qth cohomology group is canonically isomorphic to
HY(W,T), ¢ > 0. Here H(W, ) := H} ,,(Sper Ox . NW,J). This complex is
contravariantly functorial for flat morphisms of schemes.

3.4. The support sheaf. Let Ab(Xz,,) denote the category of sheaves of abelian
groups on the Zariski site Xz,,-. Since the support map Supp : X, — X is a
continuous map of topological spaces it induces the direct image functor Supp, :
Ab(X,) = Ab(Xz4r). This functor is faithful and exact [25] Theorem 19.2].

3.6. Lemma. Let X be a scheme. For any sheaf F € Ab(X,.),
H?(X,,F)~ H}, (X,Supp . F)

Proof. Using the Grothendieck spectral sequence for the composition of the functors
Supp , and the global sections functor I' we obtain a spectral sequence with E5'? =
HY (X, RSupp ,F) that abuts to H?T9(X,, F). For ¢ > 0, the sheaves RSupp ,F
vanish [25 Theorem 19.2]. Therefore the edge maps in this spectral sequence

determine isomorphisms H?(X,.,F) = Hb_ (X, Supp ,TF) for p > 0. O

3.5. A residue-type homomorphism for real cohomology.

3.7. Definition. Let (B,m) be a discrete valuation ring, let K denote the fraction
field of B and let w be a uniformizing parameter for B. Let A be an abelian group
equipped with the discrete topology. For any point & € Sper B/m, there are exactly
two orderings on K which induce the ordering of & on B/m and they differ by
their sign on the uniformizing parameter |5, Theorem 10.1.10, see Definition 10.1.7
for induced orderings]. Denote them by 1y and n—, where sgn, (7) = 1 and
sgn, (m) = —1. The group homomorphism

By : H(Sper K, A) — H°(Sper B/m, A)

is defined by assigning s € H°(Sper K, A) to the map & — Bx(s)(€) := s(ny)—s(n-).
If Sper B/m = (), then it is defined to be zero.

3.8. Lemma. Let B be a discrete valuation ring and m be a uniformizing parameter
for B. The morphism B, of Definition[3.7 has the following description on elements
sign ({c)), where ¢ = bx™, b is a unit in B, and either n =0 orn = 1:

2sign ((b)) ifnis1

Br(sign ((e))) = {o if 1 is 0
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Proof. Let ¢ = br™, where b is a unit in B, and either n = 0 or n = 1. We have the
following equalities which will prove the lemma. For any £ € Sper B/m:

Br(sign ((c)))(§) = sign,, ({c >) sign,, ((c))
= ny (€) —sgn,_(¢)
sgng(E) - sgng(E) if n = 0 (both orderings induce &)
br) — sgn " (br) ifn=1
0 ifn=0

sgn,, (b)sgn - (m) —sgn - (b)sgn - (m) ifn=1

0 ifn=0
sgn¢(b) +sgng(b) if n=1 (both orderings induce &)
0 ifn=20

0 ifn=0
~ ]sen ny (b) +sgn, (b) if n=1 (by definition of 74 and n-)
{2sgn£(5) ifn=1

O

The following Lemma is based on the proof of [26, 2.6 Proposition] where A =
Z.)2Z.

3.9. Lemma. Let X be a reqular excellent scheme which is integral with function
field K. Let x € XU, let © denote a choice of uniformizing parameter for Oxz,
and let A be a constant sheaf on X,.. Denote by O the map

HO(Sper K, A) — H;T(Sper Ox.2,A)

induced by first differential of the complex C*(X,, A) (see Proposition[37]). Then,
there is an isomorphism v : Hy (Sper Ox 5, A) = H®(x,, A) for which 1;(8) = fBr.

Proof. Let X = Sper Ox 4, Z = Ty, let i : Z' — X' denote the inclusion, and let
j:Sper K — X " denote the inclusion of the complement to Z . For any abelian
sheaf A on X the sequence

A= jj*A = i .RY' (A) =0

is exact (c.f. [27] 8.2.4 Corollary, Chapter IT]). By [26l Lemma 1.3], for any locally
constant sheaf A on X the sequence

A g AL i A 0

is exact, where 3 is defined on stalks ¢ € Z as (8s)¢c = s(ny) — s(n_) € A. Hence
we get an isomorphism ¢, of cokernels and a commutative diagram

(3.10) G AX) —25 i, RYA(X)
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Tracking down all the definitions, one finds that Diagram (BI0) is equal to the
diagram below.

0 ’ ’ 0 1 ’
HYX' -7, A)>— HL (X', A)

\ J
L
H(Z', A)
where the vertical map is the isomorphism ¢, chosen, the diagonal map is the map

B, of Definition B7, and Sper K equals X' — Z'. This finishes the proof of the
lemma. O

3.11. Lemma. Let X be a reqular excellent scheme which is integral with function
field K and let A be a constant sheaf on X,. For any x € XV, let w, be a choice
of uniformizing parameter for Ox 5. Then, for any open subscheme U in X,

Supp , A(U) ~ ker(H°(Sper K, A) OB @ H°(Sper k(z), A))
zeU ™
where B : HO(Sper K, A) — H°(Sper k(z), A) is the map of Definition [3.7,
Proof. We may choose isomorphisms ¢, for each 2z € X1 as in Lemma Using
Proposition [3.4] and Lemma we obtain, for every open U, an isomorphism of
kernels from Supp ,A(U) to ker(H°(Sper K, A) OB @ HSperk(z),A)). O
zeU ™

3.6. Commutativity of residues.

3.12. Proposition. Let X be an excellent, integral, noetherian, reqular, separated,
F-scheme and j > 0 an integer. For every open subscheme U in X:

(i) the diagram below commutes

(3.13) D(K)—2" @ I (k(2))

zeUm
J/sign l%ign

HO(Sper K,277) — 28" @ HO(Sper k(z), 2/Z)

zeUM)

where the maps ®0, and &, are the maps of Lemmas[3.3 and [T 11];
(ii) the signature sign : I’(K) — H%(Sper K,27Z) induces a map of kernels

J(U) — Supp 2/ Z(U)

Proof. To prove (i), recall (Lemma [33] (¢)) that W(K) is generated by rank one
forms (c), where ¢ = bn™, b is a unit in Ox 4, and either n =0 or n = 1. Hence, it
suffices to check commutativity on such forms. Using Lemma [3.8 we find that for
each z € UMW,

2sign ((b)) ifnis 1

B (sign ({c))) = {0 ifnis0
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On the other hand, using Lemma B3] (47) we find that

by ifn=1
0 ifn=0
which finishes the proof of the (7).
To prove (ii), consider Diagram (B.I3)). We may identify the kernel of the upper

horizontal map with 7 (U) using Lemma[3.2] and we identify the kernel of the lower
horizontal map with Supp ,2"Z(U) using Lemma B.11] O

3.7. Sheaves and inverting 2.

3.14. Lemma. Let R be a ring and M an R-module. For any element r € R,
the localization M[Y/r] of the R-module M with respect to the multiplicative set
S ={1,r,7% 13 ...} is equal as an R-module to the direct limit lim (M SMS ).

Proof. Using the direct sum construction of the direct limit lim(M = M 5 --..),

the relations one finds are the same as the relations defining the localization M[/r].
O

The following Lemma recalls well-known facts on Grothendieck topologies, c.f. [27,
3.2.3 1) and Theorem 3.11.1] and |25 Proposition 3.2].

3.15. Lemma. Let X be a scheme and let X; be either the real site X, or the
Zariski site X z4r. Then:

(i) direct limits of sheaves lig(fﬂ-) exist in Ab(X;) and equal the sheaf associated
to the presheaf U — hﬂfﬂ-(U);

(i) if X is noetherian, then for any p > 0 and any open U in X, the canonical
morphism F; — lig.’fi induces an isomorphism

thp(Utv S:’L) — Hp(Utv hgstl)
of groups.
Combining Lemmas B.14] and B.15], we have the following lemma.

3.16. Lemma. Let X be a scheme, let X; be either the real site X, or the Zariski
site X zar, and let F € Ab(X,). Let F[i/2] denote the sheaf associated to the presheaf
U~ FU)[\/2]. Then:

(i) the sheaf F[1/2] equals hﬂ(ff AZF3.. s
(i) if X is noetherian, then for any p > 0 and any open U in X, the canonical
morphisms F — hg(ff AZF35.. -) induce an isomorphism
HP (Uy, 5)[1/2] = HP(Us, 5[1/2])
of groups.

4. ON THE GLOBAL SIGNATURE

4.1. The global signature. Let X be a scheme. Recall that the underlying set
of the real spectrum X, consists of pairs (z, P), where € X and P is an ordering
on the residue field k(x). The global signature is a ring homomorphism

sign : W(X) — H(X,,Z)
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from the Witt ring of symmetric bilinear forms over X to the ring of continuous
integer valued functions on X,. It assigns an isometry class [¢] of a symmetric
bilinear form ¢ over X to the function on X, defined by

sign ([¢])(x, P) := sign p([i70])

, where i, : x — X is any point and P is any ordering on k(z).

The most important result on the global signature was proved by L. Mahé. He
proved that if X = Spec A is affine, then the cokernel of the global signature is
2-primary torsion [I9, Théoreme 3.2]. Equivalently, after inverting 2, i.e.localizing
with respect to the multiplicative set S = {1, 2,22 94 ... }, the global signature
induces a surjection

sign : W (A)[1/2] — H°(Sper A, Z)[1/2]

of rings. For A a field this was well-known (c.f. [I8, p.34, Theorem 3.4])

When A is a connected ring and Sper A # (), the kernel of the global signature is
the nilradical in the Witt ring [19, Section 1.3]. When A is a connected local ring,
either the nilradical is 2-primary torsion or the entire Witt ring W (A) is 2-primary
torsion [16, Theorem 1.2], and in either case the kernel is 2-primary torsion. When
A is a field, these statements on the kernel are Pfister’s local-global principle [24]
Satz 22].

4.2. The global signature as a morphism of sheaves. Let X be a scheme.
Recall that W denotes the Zariski sheaf on X associated to the presheaf U — W (U)
and that we may identify Supp ,Z with the sheaf U — H°(U,,Z) (Lemma [3.6]).
Hence the global signature induces a morphism

Sign : W — Supp . Z

of Zariski sheaves on X which we call the global signature morphism of sheaves.

While the global signature is not in general an isomorphism after inverting 2,
for instance, see Corollary [5.6] in Section [5.7], the following theorem proves that the
global signature morphism of sheaves is. Recall that if X is a noetherian scheme,
then for any Zariski sheaf ¥ on X the presheaf U — F(U)[!/2] is a sheaf (Lemma
(1)) that we denote by F[1/2].

4.1. Theorem. Let X be a regular, noetherian scheme. After inverting 2, the global
signature morphism of sheaves Sign induces an isomorphism

Sign : W[1/2] = Supp . Z[!/2]
of Zariski sheaves on X and an isomorphism
HY,, (X, WIifa]) 5 HP(X,. 22])
of cohomology groups.
Proof. First we explain how to obtain the map
Sign : W[t/2] 5 Supp ,Z['/2]

of sheaves. The global signature morphism of sheaves 8ign induces a morphism of
presheaves from U +— W(U)[/2] to U — H°(U,.,Z)[1/2]. The former sheaf is W[1/2]
by definition. The latter sheaf coincides with Supp ,Z[!/2] using Lemma
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To prove this map of sheaves is an isomorphism we prove that it is an isomor-
phism on stalks. For any point x € X, this map induces on stalks

(4.2) Sign . : W(Ox.)[Y/2] — H°(Sper Ox ., Z)[1/2]

and this is the global signature, after inverting 2, of the scheme Spec Ox ;. Since X
is regular, Ox 5 is local and connected. Then, the facts on the kernel and cokernel
of the global signature of connected local rings that were recalled in the previous
section imply that (@2]) is an isomorphism.

Finally, the isomorphism in cohomology may be obtained from the isomorphism
of sheaves after identifying HY (X, Supp ,Z[/2]) with HP(X,,Z[!/2]) using Lem-
mas and O

4.3. The global signature and the fundamental ideal.

4.3. Definition. Let F be a field of characteristic different from 2. Let X be an
excellent, integral, noetherian, reqular, separated, F'-scheme. For j > 0 any integer,
it follows from Proposition that sign : I'(K) — H°(Sper K,2/Z) induces a
morphism

Sign ; : 37 — Supp ,2'7Z
of Zariski sheaves on X.
4.4. Theorem. Let F be a field of characteristic different from 2. Let X be an
excellent, integral, noetherian, reqular, separated, F'-scheme. Then:

(1) Sign ; determines an isomorphism
liﬂ(WiJ—%Jz —2>) = Supp ,Z
of sheaves

(i) define Wy := h_ng(W/J 2 W/J? 2 wW/J3 A ). The short exact sequence of

Zariski sheaves on X
0—>lig(W3>33>323>---)—>W[1/2]—>W2—>O
is isomorphic via 8ign to the short exact sequence of Zariski sheaves on X
0 — Supp ,Z — Supp ,Z['/2] = Supp ,Z2 — 0
where Zgy is the cokernel of the inclusion Z — Z[Y/2].

Proof. We prove (i), and then (i7) follows using Theorem Il For every open U in
X, from Proposition B.12] we have that the diagram below commutes

(K —2% 5 @ I (k)

zeUm
J/sign l%ign

HO(Sper K,277) — 28" @ HO(Sper k(z), 2'Z)

zeUM)

Taking direct limits with respect to multiplication by 2, the left vertical arrow
becomes an isomorphism by Proposition[2.3] and the right vertical arrow is also an
isomorphism because it is the composition

P (k(2)) "8 HO(Sper k(z), 297Z) 2 HO(Sper k(x), 2/Z)
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and each of the maps in the composition are isomorphisms after taking direct limits.
Direct limits are exact, therefore using Lemmas[3.2] and B.11] we get an isomorphism
of kernels from

to

lim(Supp , Z(U) 2 Supp ,2Z(U) 2 Supp ,2°Z(U) > ---)
for every open U. As

@(Supp W/ 2 Supp ,2Z 2 Supp ,2°Z L -) ~ Supp ,Z

we get the isomorphism of sheaves stated in (7), and this finishes the proof. O

Define the virtual cohomological 2-dimension of X, denoted veds (X), to be

veds (X) = sup{veds ()}

where 7 runs through the generic points of X.

Note that in (i7) of the next theorem, the Milnor conjecture is used to obtain
the short exact sequence of sheaves (L0). This conjecture has been proved by V.
Voevodsky [23, Theorem 4.1], there is also another proof by F. Morel c.f. [22].

4.5. Theorem. Let F be a field of characteristic different from 2. Let X be an
excellent, integral, noetherian, regular, separated F'-scheme. If veds (X) is finite,
say veda (X) = s, then:

(i) for j > s+ 1, 8ign; induces an isomorphism
3 5 Supp 27
of sheaves;
(i) for j > s+ 1, the short exact sequence
(4.6) NZRERES R, 1
of sheaves is isomorphic via Sign; to the short exact sequence
Supp ,271Z — Supp ,2/Z — Supp ,Z/27Z

of sheaves;
(iii) for j > s+1, 8ign; induces an isomorphism of cohomology groups

HY (X,%) ~ HP(X,,2'7)

for allp > 0;

(iv) if X is an integral, separated scheme that is smooth and of finite type over R,
then for j > s+ 1, the isomorphism of (iii) determines an isomorphism of
cohomology groups

HEW‘(X’ jj) = H.fznq(X(R)a 2JZ) 2;] Hp

sing

(X(R),Z)
for allp > 0.

Proof. We prove (7). The proof of (i7) is an easy consequence of (i), while (i)
and (iv) follow immediately from (7). When veds (X) = s, for any 2 € X® we
have that cdz (k(x)[v/—1]) < c¢da (X[v/—1]) —p [13, Proposition 4.1 (a)]. Therefore,
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vedg (k(x)) < s —p. For every open subscheme U of X, it follows that in the
commutative diagram from Proposition [3.12]

I(K)——2 5 @ I (k(2))

zeU M)
J/sign leign

H°(Sper K,2/7) O @ H°(Sperk(x),27)

zeUM)

the vertical maps are isomorphisms for j > s + 1 by Lemma 2.4l Indeed, the
right vertical map 17~ (k(z)) 28" HO(Sper k(z),2/Z) is the composition of the
isomorphism

I (k(z)) "8 HO(Sper k(z), 2 ~17)

with the isomorphism
HO(Sper k(z),27717) 2 HO(Sper k(z),277)

and as such is an isomorphism. Therefore we have an isomorphism between the
kernels of the horizontal maps. We may identify the kernel of &9, over U with
J9(U) using Lemma B2 and we identify Supp ,2"Z(U) with the kernel of &/, over
U using Lemma [BT1] This finishes the proof of Theorem O

5. HIGHER SIGNATURES

5.1. Derived Witt groups.

The Witt group W (X)) is a part of a cohomology theory W™ (X) for schemes called
the derived Witt groups. Next, we briefly recall the definition of the derived Witt
groups that we use throughout.

5.2. Definition of the derived Witt groups.

Let (€,4) be an exact category with duality . The homotopy category X°(€) of
bounded chain complexes in € is a category having as objects bounded chain com-
plexes in € and as morphisms the chain maps up to chain homotopy. The bounded
derived category DY(€) is obtained from the homotopy category by formally in-
verting quasi-isomorphisms. The duality § on € induces a duality on the homotopy
category K°(€) and on the derived category D°(€). Let w denote the isomorphism
to the double dual @ : 1 = # in D?(&) that is induced from the canonical one in
€. Then, (D%(€),t,w,1) is a triangulated category with duality. For a reference
for these facts see [2, Section 2.6].

Let X be a scheme with 2 invertible in the global sections Ox (X). Let Vect(X) de-
note the exact category of vector bundles on X, that is, the category of O x-modules
which are locally free and of finite rank. For any vector bundle & on X, the usual
duality & := Homyecy(x) (€, Ox) defines a duality on Vect(X), making (Vect(X), )
an exact category with duality. The derived Witt groups of X are the Witt groups
Wn(Db(Vect(X))) of the triangulated category with duality (D°(Vect(X)),#,w, 1)
[2, Definition 2.3]. They will be denoted by W"(X) := W™ (D" (Vect(X))).
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5.3. Coniveau spectral Sequence.

Let X be a regular, noetherian, separated, Z[!/2]-scheme. In order to make clear
what is the filtration and construction of the spectral sequence of Theorem [(.3]
in this section we recall the construction of the coniveau spectral sequence for the
derived Witt groups due to P. Balmer and C. Walter [4].

5.4. Filtration by codimension of support.

Let D*(X) := D®(Vect(X)). We recall the filtration on D®(X) by codimension of
support. For any O x-module M, we denote by suppM the set of points z € X for
which the localization M, is non-zero. For any complex M, € D?(X), suppH;(M,)
is a closed subspace of X. The support of a complex M, is defined to be

suppM, := U suppH,;(M,)
i€L

and it is also a closed subspace of X as it is a finite union, since complexes in D?(X)
are bounded, of closed subspaces. Let D%(X) C Db(X) consist of those complexes
M, having suppM, C Z. Recall that the codimension of a closed subspace Z of X
is defined as

codim(Z) := min, e zdimOx ,
where the minimum runs over the finitely many generic points € Z of Z (as X is
noetherian, so is Z, hence Z has finitely many irreducible components).

For any integer p > 0, let DP(X) C D%(X), or simply DP, consist of those

complexes having codimension of support greater than or equal to p, that is

DP(X)={M, € Db(X)|codimX(suppM.) > p}

For p > 0, we have short exact sequences [4, Theorem 3.1 and proof] of triangu-
lated categories with duality

DPtt — DP — pP/pPH!

which induce [4, Theorem 3.1 and proof] the long exact sequence of groups
SR Wp+q(Dp+l) iP*L;lfl Wp+q(Dp) jﬁ;* Wp+q(Dp/Dp+1) ’“i}q Wp+q+l(Dp+l) ipi1>,q o

where we index the maps based on the indices of their respective domain. The map
i is induced by the inclusion DP*1 — DP | j by the quotient D — DP/DP+1 and
k is the connecting morphism.

From the long exact sequences we obtain an exact couple by setting EP'? :=
wrte(pp/pptl) DY .= WPH4(DP), and taking the differential to be dP9 :=
Jp+1,q © kp,g- By the well-known method of Massey’s exact couples, this exact
couple determines the spectral sequence below

Ezlnq — Werq(Dp/Derl) = Werq(X)

with abutment the derived Witt groups. The differential d,, on the r-th page of
this spectral sequence has bidegree (r,1 — r). By saying that the abutment is the
derived Witt groups, we mean that there is a filtration on the nth derived Witt
group W™ (X)

e C F37n73 C F27n72 C Fl,nfl c Wn(X)
where

FP9 = im(WPH(DP) — WPH(X)).
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When the dimension of X is finite the spectral sequence strongly converges, by
which we mean that the filtration on the abutment is a finite filtration, and that
the terms FP°? form exact sequences of groups

0 — FPThat 5 FP9 5 BRI 0

where EE? is the stable term, that is to say, for some r sufficiently large, EP'? = EP’7 )
for n > 0 (because the dimension of X is finite and thus the differentials d, are
eventually zero for r sufficiently large) and this group is labeled E2:1.

5.5. The coniveau spectral sequence after inverting 2.

Since localization of Z-modules is exact, we obtain from the exact couple of the
coniveau spectral sequence an exact couple HEY? := WP+4(DP / DPT1)[1/2], HDY? :=
WPta(DP)[1/2]. This determines the spectral sequence

HE i WPH(DP/DPH)[1f2) = W9(X) 12

with abutment the derived Witt groups with 2 inverted. Again the differential d,
on the r-th page of this spectral sequence has bidegree (r,1 — r). The filtration on
the abutment W™ (X)[Y/2] is

.. CHF*"™® c HF?"2 c HF"" 1 ¢ W"(X)[Y/2]

where
HFPY .= im(WPT9(DP)[1/2] — WPTI(X)[1/2]).

The following Lemma recalls facts about the coniveau spectral sequence due to P.
Balmer and C. Walter. We only give a proof to address the case with 2 inverted.

5.1. Lemma. Let F be a field of characteristic different from 2. Let X be a regular,
noetherian, separated F-scheme. For q not congruent to 0 modulo 4, the Ey?-terms
of the coniveau spectral sequence and the coniveau spectral sequence after inverting
2 are zero. For q congruent to 0 modulo 4, in the coniveau spectral sequence we

have that ES? = HY (X, W) and in the coniveau spectral sequence after inverting
2, HE3" = H, (X, W[t/2]).

Proof. Recall that the Gersten conjecture is known for any regular local ring con-
taining a field F of characteristic different from 2 [3, Theorem 6.1]. Hence, the
description of the Ef*Y-terms of the coniveau spectral sequence is [4, Theorem 7.2]
together with [3, Lemma 4.2].

In order verify our claim about inverting 2, for each open U in X, let GWCP
denote the sheaf U — Ef’O(U); the sheaves GWCP form a complex of sheaves GWC
which is a flasque resolution of the Witt sheaf W [3] Proof of Lemma 4.2]. The
sheaf U +— HEP®(U) is exactly GWEP[1/2] and GWEP[1/2] is a direct limit of sheaves
(Lemma (7)). Since direct limits are exact, the sheaves GWCP[L/2] form a
complex which is a flasque resolution of the Witt sheaf W[1/2]. Hence HEY? =
HY (X, W[/2]) as claimed. O

5.6. Definition of the higher signatures. Let F' be a field of characteristic
different from 2. Let X be a regular, noetherian, separated F-scheme of finite
Krull dimension. A main idea of the article is to use the group homomorphism

HY, (X, W) 8 H(X,,2Z)
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induced by 8ign to define “higher” signature maps. Recall that the derived Witt
groups W¥(X) are 4-periodic, W(X) ~ W4 (X), so we only define higher signa-
tures for WO (X), W(X), W2(X) and W?3(X).

If 7 is any integer 0 < ¢ < 3, it follows from the description of the Eo-page of the
coniveau spectral sequence in Lemma [5.]] that the stable terms Ef;g are subgroups
of H}, (X, W) since they equal the kernel of a differential leaving HY,,,. (X, W). Let
EZY < Hy, (X, W) denote the inclusion map. The composition W (X) — E? <
HY. (X, W) is the edge map in the coniveau spectral sequence.

5.2. Definition. Let F' be a field of characteristic different from 2. Let X be a
noetherian, reqular, separated F-scheme of finite Krull dimension and let 0 < ¢ < 3.
The composition

WH(X) = BLY — Hy, (X, W) %" H(X,,Z)
determines a group homomorphism
sign' : Wi(X) — HY(X,,Z)

that we call the i-th global signature. We will also refer to these maps as the higher
signatures of X.

When ¢ = 0, the map sign’ agrees with the global signature sign : W(X) —
H°(X,,Z) in the introduction because sign factors through the global sections
W(X) of the Witt sheaf.

5.7. Atiyah-Hirzebruch spectral sequence for derived Witt groups with
2 inverted. Recall that for any abelian group M, the real cohomology H*(X,., M)
of a separated R-variety X coincides with the singular cohomology H*(X (R), M)
of the real points X (R) (Section B31]). Hence, one may think of the following
theorem as giving an Atiyah-Hirzebruch type spectral sequence for derived Witt
groups with 2 inverted.

5.3. Theorem. Let X be a noetherian, reqular, separated F-scheme, F a field of
characteristic different from 2. The coniveau spectral sequence for the derived Witt
groups, after inverting 2, determines a spectral sequence

By {HP(XT,Z[l/Q]) ifq=0modd ey oy

0 otherwise

abutting to the derived Witt groups with 2 inverted. For r > 1, the differentials
d, are of bidegree (r,r —1). The groups HP(X,,Z['/2]) are the cohomology of the
real spectrum with coefficients in Z[\/2]. For integers 0 < i < 3, the higher global
signatures sign' , after inverting 2, are edge maps in this spectral sequence. When
the dimension of X is finite, this spectral sequence strongly converges.

Proof. Let X be a regular, noetherian, separated F-scheme. As described in Section
and Lemma [5.] after inverting 2 the coniveau spectral sequence determines a
spectral sequence

HY (X, W[ if g =0 mod 4

HEL? = Zar (X, W) i g : mod = WPt (X)[1/9]
0 otherwise

abutting to the derived Witt groups with 2 inverted. Using Theorem HIl we

have that 8ign, after inverting 2, determines an isomorphism from the group
HY (X, W[/2]) to the group H?(X,,Z[1/2]). This finishes the proof. O
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The next corollary immediately follows upon considering the structure of the
Eqo-page

5.4. Corollary. If dim X < 3, then the spectral sequence of Theorem [5.3 collapses
on the Es-page and the higher signature maps induce isomorphisms of groups

WOx)[1/] L FO
W) L
w2(x) [ L pe
W3(X) H
If dim X =4, then the map

sign3

(
(
(
(/2] = H*(

(X, Z[1/2]

sigm0

WOX)[1/2) = HO (X, Z[V/2)
of Corollary [54] is not in general an isomorphism. For instance if
R[Ty, T, T3, Ty, Ts)
TP+ T3 +Ti+TE+ T2 -1
then it follows from Corollary [5.6] that the kernel of

X = Spec

WOX)[1/2) 8 HO(X,, Z[1/2])

is non-trivial, isomorphic to H*(X (R),Z[1/2]) ~ Z[!/2]. In particular, the kernel
of the global signature is not torsion in general. This had already been addressed
in [19, start of Section 2], using rings which are not of finite type over a field.
There L. Mahé remarked that one might ask if the kernel of the global signature is
torsion in general and stated that Knebusch has answered this question negatively
by providing the example of the ring C'(S*) of real-valued continuous functions on
the real sphere S* [15] p.189].

As H°(X,,Z[1/2]) is torsion free, the next corollary follows from the previous
one. It generalizes the classic fact that the Witt group of a field may only have
2-primary torsion.

5.5. Corollary. If dim X < 3, then torsion in W (X) is 2-primary.

The following result gives sufficient conditions on when non-torsion elements or
odd-torsion elements can be present in the kernel of the higher global signatures.
Using Proposition 5111 which appears later in this article, one can make the se-
quence in the next corollary exact on the right when X is affine.

5.6. Corollary. If X is a separated scheme that is smooth and of finite type over
R and 4 < dim X < 7, then there is an exact sequence of groups

(57) 0= Hiy(X(R),Z[1/2]) —» W(X)[Y2] "5 HY,, (X (R), Z[1/2])

sing sing

Proof. Consider the spectral sequence of the Theorem Using the description of
the first page of this spectral sequence from Lemma 5.1l together with the hypothesis
on the dimension of X, we find that the differentials leaving HY;, (X (R), Z[1/2])
are all trivial. So HZ, (X (R),Z[\/2]) = HEL * and HE3,™* = HF* . Hence the

filtration of the spectral sequence gives a short exact sequence of groups
0— HY. (X(R),Z[1/2]) — W(X)[Y/2] - HEZ — 0

sing
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and since HEZ is the kernel of a differential leaving H(X (R), Z[1/2]), it is a sub-
group of H°(X(R),Z[1/2]). By composing the exact sequence above with the inclu-
sion HEZ" — H°(X(R),Z[!/2]) we obtain the exact sequence in the statement of
the theorem. g

5.8. Corollary. Suppose that X is a separated scheme that is smooth and of finite
type over R and that X (R), when equipped with the Fuclidean topology, is compact
as a subspace of Euclidean space. If dim X < 4, then torsion in W (X) is 2-primary.

Proof. As X (R) is compact, we may use Poincaré duality to obtain that the group

HY;,,(X(R),Z) has no odd-torsion. Using the exact sequence of Corollary B.6] it
follows that the Witt group W(X) cannot contain odd-torsion. (]

In Corollary 5.8 the bound on the dimension is sharp. For any prime p, one can
find a smooth algebraic variety X with p-torsion in its Witt group W(X), X (R)
compact, and dim X = 5. To do so, for every prime p and integer n > 1, let
L?"+1(p) denote the topological space formed by taking the quotient space of the
sphere S?"*1 considered as a subspace of C"*!, by the action of pth roots of unity
Wy given by (zo, 21, -+ ,2n) — (Up2o, bp21,- -+ , HpZn). The resulting topological
space is called the compact Lens space. It is a compact C*°-manifold of dimension
2n + 1 as a real manifold. The Nash-Tognoli Theorem states that every compact
C*° submanifold M C R™ is diffeomorphic to the real points X (R) of a smooth
algebraic variety X over the real numbers R [0 Theorem 14.1.10]. Let X5, be
such a variety with Xj ,(R) diffeomorphic to L°(p). Note the Krull dimension of
X5 p must be 5 [5, Proposition 2.8.14]. The degree 4 singular cohomology group
of the lens space is H;lmq(L5 (p),Z) ~ Z/p. Applying Corollary [5.6] we obtain that
W (X)[1/2] contains an element o which is p-torsion. It follows that, for some integer
k, 28a € W(X) is p-torsion.

For real varieties, one can bound the ranks of the Witt groups in terms of Betti
numbers using the spectral sequence. Consequently, using the Milnor-Thom bound
[20], one may bound the direct sum &Z3W*(X) in terms of the degree of the
polynomials defining X.

5.9. Corollary. Let X be a separated scheme that is smooth and of finite type over
R. Let b; denote the ith Betti number of X(R). For each integer 0 < j < 3, let

N; = {%J, where we set Nj =0 if d — j < 0. Then the ranks of the Witt groups

of X are bounded in terms of the Betti numbers:

No
rankW? (X) < Z bai

=0

Ny
ranle (X) < Z b4i+1

1=0

No
rankWW?(X) < Z bait2

i=0

N3
rankWW3(X) < Z bai+ts
i=0
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Proof. Let X be a separated scheme that is smooth and of finite type over R. Let d
denote the Krull dimension of X. We explain how to find the bound on the rank of
WO(X). Finding the bound on W(X), W?2(X), and W3(X) is identical. From the
construction of the spectral sequence of Theorem 5.3} the Witt group WO (X)[1/2]
lives in the middle of a short exact sequence

(5.10) 0 — HF ! = WO(X)[/2] - HEZ® — 0
where HF" ™! is the first group in a finite filtration on WO(X)[1/2]

§ =HF 4" c HFYT .. c HFP T2 c HF2 72 ¢ HFD ! € WO(X)[1/2]
The other groups belong to short exact sequences, for every pair of integers p, g
with p+ ¢ =0,

0 — HFPTH4~1 — HFPY — HER? — 0

After tensoring these short exact sequences with Q, they all split, and so we have

that
d

rankW%(X) = Z rankHE®: =%
k=0
Note that HE®: ™% = 0 when % is not congruent to 0 mod 4 and when k > d
(Lemma[E5.1). So we have, letting No = | 4],

N() NO
rankWO(X) = > rankHE % < 3" by,
k=0 k=0

where the inequality is obtained using the fact that the groups HEif’%k are sub-
quotients of H2F (X (R),Z[1/2]). O

sing

Finally, we demonstrate how Mahé s result on the cokernel of the total signa-
ture being 2-primary is equivalent to the differentials leaving H%(X,, Z[1/2]) in this
spectral sequence being zero.

5.11. Proposition. If X is affine and satisfies the hypotheses of Theorem[4.3, then
the differentials leaving H°(X,Z[\/2]) in the spectral sequence of Theorem [5.3 are
zero. Equivalently, the images of the differentials leaving H°(X, W) in the coniveau
spectral sequence for Witt groups are 2-primary torsion.

Proof. Let X = Spec A be an affine, noetherian, regular, separated F-scheme. From
the definition of the global signature it follows that the diagram below commutes

W (X)[1/2] —=5 HO(X,., Z[1/2])

l T

HEY ——— HY,, (X, W[/2])

where the rightmost vertical map is an isomorphism by Theorem Il and the
bottom horizontal map is injective (See Section [1.6]). Using Mahé’s Theorem [19]
Theoreme 3.2], which states that the cokernel of the global signature of an affine
scheme is 2-primary torsion, we have that sign : W(X)[1/2] — HY,.(X;,Z)[V/2] is
a surjection. Hence the injection HE%? — HO(X, W[l/2]) is an isomorphism. Since
HE2? is a subgroup of the kernel of every differential leaving HY,, (X, W[1/2]), it
follows that all such differentials are zero. Therefore the images of the differentials
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leaving HY,..(X, W) in the coniveau spectral sequence must be 2-primary torsion
groups. This finishes the proof of the corollary. (|

6. BOUNDING THE ORDER OF TORSION IN THE WITT GROUP

The aim of this section is to prove the following theorem.

6.1. Theorem. Let F be a field of characteristic different from 2. Let X be an
excellent, integral, noetherian, reqular, separated F'-scheme of finite Krull dimen-
sion and of finite virtual cohomological 2-dimension. If the real cohomology groups
H?(X,,Z) are finitely generated, then:

(i) the torsion in the Witt groups W*(X) is of bounded order;

(ii) the rank of the Witt group W(X) is finite;

(iii) each group W (X) splits as a direct sum Wi (X) ~ Wi (X) @® Z" where
W},.«(X) denotes the subgroup of torsion elements in W(X) and r is the
rank of W4(X);

(iv) Wi, (X) is a direct sum of cyclic groups.

To prove that the derived Witt groups have bounded torsion, it is not sufficient
to prove bounded torsion for the Es-terms of the coniveau spectral sequence. This
is because a complex of abelian groups with bounded torsion may have cohomology
groups that possess torsion elements of any order.

Instead we prove that the Eo-terms belong to a smaller Serre subcategory which
we introduce next.

6.1. Serre subcategory. Recall that a subcategory € of the category of abelian
groups is a Serre subcategory if for any short exact sequence of abelian groups

(6.2) 0+A—-B—->C—0
we have that B is in C if and only if A and C are in C.

6.3. Lemma. Let C denote the subcategory of the category of abelian groups con-
sisting of all abelian groups G having the following two properties:

(i) there exists a nonzero integer n such that nGiors is trivial, where Gyors denotes
the subgroup of torsion elements in G;

(i) the quotient Greq := G/Grors is free and of finite rank, that is, Greq is either
trivial or is isomorphic to Z™ for some positive integer m.

Then C is a Serre subcategory and any group G in C has the property that the
torsion part Giors s a direct sum (possibly infinite) of cyclic groups and G splits
G~ Gtors @ Gred-

Proof. The two final statements about the properties of a group G in € are facts
from group theory valid for any abelian group having bounded torsion. To prove
that C is a Serre subcategory, let A, B and C be abelian groups forming a short
exact sequence as in (62). In the one direction, suppose that A and C are in C
with mAsors = 0, nCors =0, Apeq ~ 77, and Cheq ~ Z*. As elements of Asors are
of order at most m, and elements of Cy,s are of order at most n, then it follows
that elements of By,.s are of order at most mn, hence mnBy,,s = 0. To prove that
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Bi.cq is free and of finite rank, consider the commutative diagram below

(6.4) 0 —— Biors B Biea 0

[

0——Ciops ——C ——7F ~Croyg —— 0

and apply the snake lemma to obtain the exact sequence below,
0 = Ators = A = ker(Breg = ZF) — cok(Biors — Ciors) — 0

Recall A/A;ors ~ 77, so from the previous exact sequence we obtain the short exact
sequence below.

(6.5) 0 — 77 — ker(Brea — ZF) — cok(Biors — Ciors) — 0

Multiplying by n we obtain the commutative diagram below.

0 —— 7 —— ker(Breq — ZF) —— cok(Byors — Ciors) — 0

0 —— 7 —— ker(Breq — ZF) —— cok(Byors — Ciops) — 0

From nCiyrs = 0 we have ncok(Biors — Crors) = 0, so when we apply the snake
lemma we obtain the injection

0— COk(Btors — Ctors) — (Z/TL)]

80 coOk(Biors — Ciors) 1s finite. Then, from short exact sequence (6.3)), we conclude
that the torsion free group B4 is finitely generated, hence is free and of finite
rank.

In the other direction, suppose that B is in €. Then, A;,-s has bounded order
since Ators injects into Biors, and Ajeq is free and of finite rank since A,.q injects
into B,eq and every subgroup of a free abelian group is free. Furthermore, as B
surjects onto C, it follows that B,eq ~ Z™ surjects onto Cjeq, hence Ci.qq finitely
generated and torsion free. As such, C.¢q is free and of finite rank.

To prove that Cyops is of bounded order, apply the snake lemma to Diagram (G.4)
to obtain that the cokernel of Bj,.s — Ciors is finite because the finitely generated
group ker(Breq — Zk) surjects onto it, hence C,rs lives in the middle of a short
exact sequence with two groups that are both torsion of bounded order. As dis-
cussed earlier, it follows that Cj,,s is torsion of bounded order. This completes the
proof. O

6.6. Theorem. Let F' be a field of characteristic different from 2. Let X be an
excellent, integral, noetherian, regular, separated F-scheme. Assume that the real
cohomology groups HP(X,,7) are finitely generated for all p > 0 and that veds (X)
is finite, say veds (X)=s. Then the cohomology groups Hy,, (X, W) are in the
Serre subcategory of Lemma[6 3

Proof. Let veds (X)=s and let € denote the Serre subcategory of Lemma For
every j > 1 there is a long exact sequence in cohomology
S H%ar(X7 :]J) - H%ar(X7 W) - H%ar(X7 W/j])) —

For j > 1, the map W/J’ LA W/J7 is zero, so the map it induces in cohomology is
zero. Therefore the groups Hy,,. (X, W/37)) are torsion, with 2/ H} (X, W/37)) =
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0, and hence belong to C. For j > s + 1, using Theorem (iii) and the hypothe-
sis on finite generation of real cohomology, we have that the groups H,.(X,37) are
finitely generated. Therefore, when j > s+1, both HY, (X,97) and HY,, (X, W/37))
belong to €, hence so does Hy, (X, W). O

6.2. Proof of Theorem[6.9]l Let F be a field of characteristic different from 2. Let
X be an excellent, integral, noetherian, regular, separated F-scheme having finite
Krull dimension. Assume that the real cohomology groups H?(X,,Z) are finitely
generated for all p > 0 and that veds (X) is finite. Recall that if a spectral sequence
converges strongly and the groups on the Eg-page lie in a Serre subcategory, then
the E-terms, and hence the abutment, lie in the same subcategory. From Lemma
[£.11 we have that the entries on the Es-page of the coniveau spectral sequence are
either 0 or equal to HY (X, W) for some p > 0. By Theorem [G.6] the groups
HY (X, W) lie in the Serre subcategory of Lemma Therefore, the abutment
W¥(X) does as well. This finishes the proof of Theorem

REFERENCES

(1] Arason, J.K., Knebusch, M.: Uber die Grade quadratischer Formen. Math. Ann. 234(2),
167-192 (1978)

(2] Balmer, P.: Triangular ~ Witt  groups. II.  From usual to  derived.

Math. Z. 236(2), 351-382 (2001). DOI 10.1007/PL00004834. URL

http://dx.doi.org.libproxy.lib.unc.edu/10.1007/PL00004834

Balmer, P., Gille, S., Panin, I., Walter, C.: The Gersten conjecture for Witt groups in the

equicharacteristic case. Doc. Math. 7, 203-217 (electronic) (2002)

[4] Balmer, P., Walter, C.: A Gersten-Witt spectral sequence for regular schemes. Ann. Sci.

Ecole Norm. Sup. (4) 35(1), 127-152 (2002). DOI 10.1016/S0012-9593(01)01084-9. URL

http://dx.doi.org.libproxy.lib.unc.edu/10.1016/S0012-9593(01)01084-9

Bochnak, J., Coste, M., Roy, M.F.: Real algebraic geometry, FErgebnisse der

Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas

(8)], vol. 36. Springer-Verlag, Berlin (1998). DOI 10.1007/978-3-662-03718-8. URL

http://dx.doi.org/10.1007/978-3-662-03718-8| Translated from the 1987 French original,

Revised by the authors

Brocker, L.: Zur Theorie der quadratischen Formen iiber formal reellen Kérpern. Math. Ann.

210, 233-256 (1974)

Colliot-Thélene, J.L., Parimala, R.: Real components of algebraic varieties and

étale cohomology. Invent. Math. 101(1), 81-99 (1990). DOI 10.1007/BF01231498. URL

http://dx.doi.org/10.1007/BF01231498

[8] Elman, R., Karpenko, N., Merkurjev, A.: The algebraic and geometric theory of quadratic

forms, American Mathematical Society Colloguium Publications, vol. 56. American Mathe-

matical Society, Providence, RI (2008)

Fasel, J.: Some remarks on orbit sets of unimodular rows. Comment. Math. Helv. 86(1),

13-39 (2011). DOI 10.4171/CMH/216. URL http://dx.doi.org/10.4171/CMH/216

[10] Gille, S.: A graded Gersten-Witt complex for schemes with a dualizing complex and the Chow
group. J. Pure Appl. Algebra 208(2), 391-419 (2007). DOI 10.1016/j.jpaa.2006.01.004. URL
http://dx.doi.org/10.1016/j.jpaa.2006.01.004

[11] Grothendieck, A.: Eléments de géométrie algébrique. IV. Etude locale des schémas et des
morphismes de schémas. I. Inst. Hautes Etudes Sci. Publ. Math. (20), 259 (1964)

[12] Hornbostel, J.: Al-representability of Hermitian K-theory and Witt groups.
Topology 44(3), 661-687 (2005). DOI 10.1016/j.top.2004.10.004. URL
http://dx.doi.org/10.1016/j.top.2004.10.004

[13] Kahn, B.: K-theory of semi-local rings with finite coefficients and étale co-
homology. K-Theory 25(2), 99-138 (2002). DOI 10.1023/A:1015608422475. URL
http://dx.doi.org/10.1023/A:1015608422475

[14] Karoubi, M.: Torsion of the Witt group. Bull. Soc. Math. France Suppl. Mem. (48), 45-46
(1976). Colloque sur les Formes Quadratiques (Montpellier, 1975)

3

[5

(6

(7

[9


http://dx.doi.org.libproxy.lib.unc.edu/10.1007/PL00004834
http://dx.doi.org.libproxy.lib.unc.edu/10.1016/S0012-9593(01)01084-9
http://dx.doi.org/10.1007/978-3-662-03718-8
http://dx.doi.org/10.1007/BF01231498
http://dx.doi.org/10.4171/CMH/216
http://dx.doi.org/10.1016/j.jpaa.2006.01.004
http://dx.doi.org/10.1016/j.top.2004.10.004
http://dx.doi.org/10.1023/A:1015608422475

26

(15]

[16]

(17]

(18]

(19]

20]
(21]

(22]
23]
[24]
[25]

[26]

JEREMY A. JACOBSON

Knebusch, M.: Symmetric bilinear forms over algebraic varieties. In: Conference on Quadratic
Forms—1976 (Proc. Conf., Queen’s Univ., Kingston, Ont., 1976), pp. 103-283. Queen’s Pa-
pers in Pure and Appl. Math., No. 46. Queen’s Univ., Kingston, Ont. (1977)

Knebusch, M.: On the local theory of signatures and reduced quadratic forms.
Abh. Math. Sem. Univ. Hamburg 51, 149-195 (1981). DOI 10.1007/BF02941219. URL
http://dx.doi.org/10.1007/BF02941219

Knebusch, M., Scheiderer, C.: Einfilhrung in die reelle Algebra, Vieweg Studium:
Aufbaukurs Mathematik [Vieweg Studies: — Mathematics Course], vol. 63. Friedr.
Vieweg & Sohn, Braunschweig (1989). DOI 10.1007/978-3-322-85033-1. URL
http://dx.doi.org/10.1007/978-3-322-85033-1

Lam, T.Y.: Ten lectures on quadratic forms over fields. In: Conference on Quadratic Forms—
1976 (Proc. Conf., Queen’s Univ., Kingston, Ont., 1976), pp. 1-102. Queen’s Papers in Pure
and Appl. Math., No. 46. Queen’s Univ., Kingston, Ont. (1977)

Mahé, L.: Signatures et composantes connexes. Math. Ann. 260(2), 191-210 (1982). DOI
10.1007/BF01457236. URL http://dx.doi.org/10.1007/BF01457236

Milnor, J.: On the Betti numbers of real varieties. Proc. Amer. Math. Soc. 15, 275-280 (1964)
Milnor, J., Husemoller, D.: Symmetric bilinear forms. Springer-Verlag, New York-Heidelberg
(1973). Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 73

Morel, F.: Milnor’s conjecture on quadratic forms and mod 2 motivic complexes. Rend. Sem.
Mat. Univ. Padova 114, 63-101 (2006) (2005)

Orlov, D., Vishik, A., Voevodsky, V.: An exact sequence for Kiw/2 with applications to
quadratic forms. Ann. of Math. (2) 165(1), 1-13 (2007). DOI 10.4007/annals.2007.165.1.
URL http://dx.doi.org/10.4007/annals.2007.165.1

Pfister, A.: Quadratische Formen in beliebigen Korpern. Invent. Math. 1, 116-132 (1966)
Scheiderer, C.: Real and étale cohomology, Lecture Notes in Mathematics, vol. 1588. Springer-
Verlag, Berlin (1994)

Scheiderer, C.: Purity theorems for real spectra and applications. In: Real analytic and
algebraic geometry (Trento, 1992), pp. 229-250. de Gruyter, Berlin (1995)

[27] Tamme, G.: Introduction to étale cohomology. Universitext. Springer-Verlag, Berlin (1994).

Translated from the German by Manfred Kolster

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, EMORY UNIVERSITY, 400 DOWMAN

Drive NE W401, ATLANTA, GA, 30322, USA.

E-mail address: jeremy.a.jacobson@emory.edu


http://dx.doi.org/10.1007/BF02941219
http://dx.doi.org/10.1007/978-3-322-85033-1
http://dx.doi.org/10.1007/BF01457236
http://dx.doi.org/10.4007/annals.2007.165.1

	1. Introduction
	2. The total signature
	2.1. Orderings
	2.2. The real spectrum
	2.3. Definition of the total signature
	2.4. The signature and the fundamental ideal

	3. Sheaves and residues
	3.1. The Witt sheaf and its filtration by powers of the fundamental ideal
	3.2. The second residue homomorphism
	3.3. Cohomology of the real spectrum
	3.4. The support sheaf
	3.5. A residue-type homomorphism for real cohomology
	3.6. Commutativity of residues
	3.7. Sheaves and inverting 2

	4. On the global signature
	4.1. The global signature
	4.2. The global signature as a morphism of sheaves
	4.3. The global signature and the fundamental ideal

	5. Higher signatures
	5.1. Derived Witt groups
	5.2. Definition of the derived Witt groups
	5.3. Coniveau spectral Sequence
	5.4. Filtration by codimension of support
	5.5. The coniveau spectral sequence after inverting 2
	5.6. Definition of the higher signatures
	5.7. Atiyah-Hirzebruch spectral sequence for derived Witt groups with 2 inverted

	6. Bounding the order of torsion in the Witt group
	6.1. Serre subcategory
	6.2. Proof of Theorem ??

	References

