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1. INTRODUCTION

It is a well known fact [7] that the Hochschild cohomology of an associative (or A.) algebra
A carries the structure of a Gerstenhaber algebra. In 1993, P. Deligne [3] asked whether this
Gerstenhaber algebra structure is induced by an action of some version of the chains operad of the
little disks operad on the Hochschild cochain complex C*®(A, A) of A. This question became known
as the Deligne conjecture and was answered affirmatively by various authors including C. Berger
and B. Fresse [1I], R.M. Kaufmann [10], [11], M. Kontsevich and Y. Soibelman [I5], J. E. McClure
and J. H. Smith [19], and D. Tamarkin [23], [24].

A key role in the proof of the Deligne conjecture is played by the braces operad Br, which
encodes a set of natural operations on the Hochschild cochain complex C*(A, A) of any A, algebra
A. In the form used here, this differential graded (dg) operad was introduced by Kontsevich
and Soibelman [I5], where it is called the “minimal operad”. Its (quasi-isomorphic) variant] for
associative algebras was considered by McClure and Smith, [20], and both constructions go back
to earlier work of Getzler [8] (cf. also [9]).

The goal of this note is to give a purely combinatorial proof of the fact that the operad H*(Br)
is isomorphic to the operad Ger which governs Gerstenhaber algebras.

Concretely, the n-th space Br(n) of the braces operad is spannedE by planar rooted trees (called
brace trees) with n vertices labeled by 1,2,...,n and some (possibly zero) number of unlabeled (or
neutral) vertices. The grading on Br(n) is obtained by declaring that each non-root edge carries
degree —1 and each neural vertex carries degree 2. In pictures, white circles with inscribed numbers
denote labeled vertices and black circles denote neutral vertices. Several examples of brace trees
are shown in figure [LT1 Thus the brace trees Ti-2 and T5-; have degree —1 while the brace trees

Y oY

Fi1G. 1.1. The brace trees Ti-o, To-1, Ty and TSPP from left to right, respectively
T, and TP have degree 0.

1See also [12], §3.12] for the description of the map between the asscociative and Ao version.
2In this note, the ground field K is any field of characteristic zero.
SWe tacitly assume that every neutral vertex has at least two children.
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The differential §(7") of a brace tree T is defined by the formula
5(T) =3 6,(1) + S au(D),
Jj=1 v

where the second sum is over all neutral vertices and the operations d;, d, are defined graphically
as follows:

JYK/ZQ%Q/+Z£Q?/ AT

The operadic multiplications are defined in terms of natural combinatorial operations with planar
trees. For more details we refer the reader to Section 3 of this note or [5, Sections 7-9].

The dg operad Br acts on the Hochschild cochain complex C®(A, A) of an A, -algebra. The
detailed description of this action is given in [5, Appendix B]. For example, for Py, P, € C*(A, A),
the cochain T, (P, P2) (resp. Ti-o(Py, Py) 4+ To-1(P1, P2)) coincides (up to a sign factor) with the
cup product Py U P, (resp. the Gerstenhaber bracket [Py, P2lq).

Let us recall (see Appendix[A]) that the Ss-invariant d-cocycle

(1.1) Tiay 00y = T1-2 + To
satisfies the Jacobi relation
Ttar,as} ©1 Thara0) + (1,2,3) (T{as a0} ©1 Taras}) + (1,3, 2) (T{as a0} ©1 Taran}) = 0.
Therefore, we have a natural operad map
(1.2) j : ALie — Br

from the shifted version ALie of the operad Lie to the dg operad Br.
It is easy to check that the cocycle T}, satisfies the associativity relation up to homotopy

TU 01 TU — TU O9 TU S Im(5)

and the difference

T, — TP
is d-exact.
Therefore, we have a natural operad map
(1.3) Com — H*(Br)

which sends the generator of Com to the cohomology class of the §-cocycle:
1
(1.4) Taras = §(Tu +T5™).

It is also easy to check (see Appendix[Al) that the §-cocycles T}, 4, and T(a, a5} satisfy the Leibniz
rule up to homotopys, i.e.

Ttay a5} ©2 Taras — Taras ©1 Tiay asy — (1,2) (Tayas ©2 Thay a03) € Im(0).
Thus, combining the maps (L.2) and (I3]), we get an operad map
(1.5) Ger — H*(Br).
In this note, we give a self-contained combinatorial proof of the following theorem:

Theorem 1.1. The map (LA) is an isomorphism of operads.
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This theorem is a shadow of the very deep statement which says that the dg operad Br is
weakly equivalent to the operad Ger. The proof of the latter statement involves a solution of the
Deligne conjecture and the formality of the dg operad C_o(FE2,K) where Fy denotes the topological
operad of little discs [22]. One possible proof [22] of the formality of C_(E2,K) involves the use
of Drinfeld’s associator [6] and another possible proof [I4, Section 3.3], [16] involves the use of a
configuration space integral. Although Theorem [[L1] does not imply the formality of the operad
Br, it is amazing that it can be proved in a purely combinatorial way which bypasses the use of
compactified configuration spaces.

We should remark that various topological proofs of Theorem [[.1] were given earlier. One such
proof is sketched, for example, in [I5] Theorem 4], and another proof may be extracted from [20],
together with a small computation. Finally a third proof is described in [11], 13].

Let us also remark that our proof admits a straightforward generalization to the higher versions
of the braces operads Br,; acting naturally on the deformation complexes of n-algebras, cf. [2|
Section 4].

Remark 1.2. There is an amazing combinatorial similarity between the dg operad Br and the dg
operad Graphs [14], Section 3.3|, [21} Section 3]. The latter dg operad is “assembled from” graphs of
certain kind with some additional data and the former dg operad is “assembled from” rooted planar
trees (also with some additional data). Both dg operads are formal. In fact, both dg operads are
weakly equivalent to the same operad Ger. However, while the proof of formality for Graphs involves
only elementary homological algebra [14], Section 3.3.4], the proof of formality for Br requires a “very
heavy hammer”.

1.1. The organization of the paper and the outline of the proof of Theorem [I.1Il In
Section 2] we fix some necessary notational conventions. In Section Bl we give a more detailed
description of the dg operad Br. In Section M we formulate and prove a more refined version of
Theorem [LT] (see Theorem [£.2]). Appendix [Al is devoted to the proof of the fact that the vectors
(CI) and (L) of Br satisfy the Gerstenhaber relations up to homotopy. Finally, Appendix [B] is
devoted to a proof of a technical statement about the spectral sequence used in Section 4l

Using a standard basis for the space Ger(n) and vectors (1)) and (L4), we define a map of dg
collections W : Ger — Br (see Section A.T]).

Claim [A.T] from Appendix [A] implies that the map

H®*(V) : Ger — H*(Br)

is compatible with the operad structure.

To prove that the map H*(V¥) induces an isomorphism of operads, we proceed by induction on
the arity n.

Since the base of the induction n = 1 is obvious, we assume that ¥ induces isomorphisms
H*(Br(j)) = Ger(j) for all 1 < j <n— 1, we split the graded vector space into the direct sum

G &
n = 0N

Br(n) = Vo(n) @ Ve(n),

where V4 (n) is the subspace of Br(n) spanned by brace trees whose lowest non-root vertex is neutral
and V,(n) is the subspace of Br(n) spanned by brace trees whose lowest non-root vertex is labeled.
The arrows in the above formula indicate the non-zero components of the differential.

It is clear that

e both V5(n) and V4(n) may be considered as cochain complexes with the differential d;
e )7 induces a map

(1.6) H*(61) : H*(Vo(n),d0) — H*(Ve(n),do);



4 VASILY DOLGUSHEV AND THOMAS WILLWACHER

e and, finally,
H*(Br(n)) = (ker H*(41)) @ (coker H®(41)).

In Section @3] we prove that H*®(V,(n),dg) is isomorphic to s" 'K[S,] as the S,-module and
show that the cohomology class corresponding to A € S, is represented by the brace tree TY
depicted in figure €71

In Section 4], we establish an isomorphism of S,,-modules

(1.7) H*(V4(n),d0) = Com ® ALie(n)/ALie(n) @ s(ACom ® ALie(n)/ALie(n)),

where ® denotes the plethysm of collections.
This is done by filtering V4(n) by the number of children of the lowest non-root vertex and
analyzing the corresponding spectral sequence. The main technical statement

EOO(V.(H), (50) = EQ(V.(H), 50)

about this spectral sequence is proved separately (see Lemma [B.4]) in Appendix Bl

In Section [4.5] we prove a technical statement about the dual version of the map (L.f]). Finally,
in Section .6l we use this technical statement and the results of the previous sections to complete
the proof of Theorem
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2. NOTATION

We work over a ground field K of characteristic 0. For a set X we denote by spang(X) the K-
vector space of finite linear combinations of elements in X. We denote by s (resp. s~!) the operation
of suspension (resp. desuspension) for graded or differential graded (dg for short) K vector spaces.
The notation |v] is reserved for the degree of a homogeneous vector v in a (differential) graded
vector space.

By a collection we mean a sequence {P(n)},>o of dg vector spaces with a right action of the
symmetric group S, . The category of collections carries a natural monoidal structure, the plethysm
operation @, see, e. g., [0, eqn. (5.1)].

We will freely use the language of operads. A good introduction is provided in textbook [18]. The
notation Lie (resp. As, Com, Ger) is used for the operad governing Lie algebras (resp. associative,
commutative or Gerstenhaber algebras without unit). Dually, the notation colie (resp. coAs,
coCom) is reserved for the cooperad governing Lie coalgebras (resp. coassociative coalgebras without
counit, cocommutative (and coassociative) coalgebras without counit).

For an operad O (resp. a cooperad C) and a cochain complex V, we denote by O(V) (resp.
C(V)) the free O-algebra (resp. cofree C-coalgebra).

For an operad (resp. a cooperad) P we denote by AP the operad (resp. the cooperad) with the
spaces of n-ary operations:

(2.1) AP(n) =s'™"P(n) @ sgn,,

where sgn,, denotes the sign representation of S, .
For an operad O and degree 0 auxiliary variables ay, as, ..., a,, O(n) is naturally identified with
the subspace of the free O-algebra

O(SpanK(al7 CLQ, e 7an))

spanned by O-monomials in which each variable from the set {aj, a9, ...,a,} appears exactly once.
We often use this identification in this paper. For example, the vector space Ger(2) of the operad
Ger is spanned by the degree zero vector ajas and the degree —1 vector {aq,as}. The commutative
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(and associative) multiplication on a Gerstenhaber algebra V' comes from the vector ajas € Ger(2)
and the odd Lie bracket { , } on V' comes from the vector {a1,as} € Ger(2). Similarly, the space
Alie(n) of the suboperad AlLie C Ger is spanned by ALie-monomials in a1, as, ..., a, in which each
variable from the set {a1,as,...,a,} appears exactly once. For example, ALie(2) is spanned by the
vector {aj,as} and Alie(3) is spanned by the vectors {{a1, a2}, a3} and {{a1,as},az2}.

Let us recall [4, Section 2, p. 32] that the set of edges of any planar tree T is equipped with
the natural total order. We use this total order to determine sign factors in various computations
related to the operad Br.

3. BRACE TREES, A REMINDER OF THE DG OPERAD Br

Let us recall that a brace tree is a rooted planar tree having two kinds of non-root vertices:

e labeled vertices, numbered {1,2,3,... },
e an arbitrary number of unlabeled neutral vertices.

In addition, one requires that each neutral vertex has at least two children. For example, figure
[3.1l shows a brace tree T with 6 labeled vertices. In pictures, white circles with inscribed numbers
denote labeled vertices, black circles denote neutral vertices, and the small black node (at the
bottom) denotes the root.

Fi1Gg. 3.1. An example of a brace tree

Br(n) is the linear span of the set of brace trees with exactly n labeled vertices. The Z-grading
on Br(n) is given by declaring that each brace tree has the degree

2 x # of neutral vertices — # of non-root edges.

For example, the brace tree shown in figure B.1] has degree —3.

Let T be a brace tree with n labeled vertices, j be a number between 1 and n, and v be a neutral
vertex of T' (if T has one). To recall the definition of the differential 6 on Br(n), we introduce these
three vectors

8;(T), 67(T), and 8,(T)
in Br(n). The vector &(T") (vesp. d7(T)) is obtained from 7" in the three steps:
e first, we replace vertex j by the left most branch in figure (resp. the middle brach in

figure B.2));

e second, we reconnect the edges which originated from vertex j to this branch in all ways
compatible with the planar structure;

e finally, we discard all brace trees which have a neutral vertex of valency < 3.

Similarly, the vector d,(T") is obtained from 7T in the three steps:

e first, we replace the neutral vertex v with the right most branch in figure B.2}

e second, we reconnect the edges which originated from vertex v to this branch in all ways
compatible with the planar structure;

e finally, we discard all brace trees which have a neutral vertex of valency < 3.
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: : :

Fi1G. 3.2. The branches appearing in the definition of the differential

The differential 6(7) of a brace tree 7' € Br(n) is the sum over all labeled and all neutral vertices

n

§(T) =D (5(T) + 8{(T)) + > 6u(T).

j=1
The signs in the sums 0%(7T), 07(T), and 0,(T) are determined by treating non-root edges as
“anti-commuting variables.”

® & ® &
Q ¥ @ @ ¥ @
0 = + — @ =
)
® 6
® 6
Q¥ @ ® 6 ® © ® &
@ ¥ @
oL 10 QYD @ oL 10
aYe v ao Do T ® ? ®

® ® ® ®

@ @
@ @

- @ @

35 35

F1c. 3.3. Example of computing §(T")

For example, for the brace tree T shown in figure[3.1] the computation of the differential is shown
in figure 3.3l The signE “—” in front of the right most term in the first line appears to due to the
fact the additional edge has to “move behind” the edge originating from vertex 3. The signs in
front of the first four terms in the second line are pluses since the brach which originates at vertex
3 of T has the even number of edges. The sign “—” in front of the right most term in the second
line appears because the edge adjacent to vertex 2 “moves ahead” of the additional edge. The signs
in the third line are obtained in the similar fashion.

4We should remark that the differential 9 defined in eq. (8.12) of [9] differs from & by the overall sign factor: § = —9.
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Let us observe that, since we discard brace trees with at least one neutral vertex of valency < 2,
we have

S(T)=6/(T)=0 and  §,(T) =0

if vertex j is univalent and (neutral) vertex v is trivalent. Also, if vertex j is bivalent, then

e
wge_dp age ap  ags

FiG. 3.4. A computation of an elementary insertion

A simple example of the computation of an elementary insertion is shown in figure 3.4l The
sign “—” in front of the second term and the third term appears since the edge adjacent to vertex
1 has to “move behind” the edge connecting vertex 2 to the only neutral vertex. In the last two
terms, the edge adjacent to vertex 1 has to “move behind” the two edges originating from the only
neutral vertex. This is why we have pluses in front of these terms. For the precise definition of the
operadic compositions in Br, we refer the reader to [5, Sections 7-9].

3.1. Remarks on the linear dual of Br. Let us observe that the linear dual Br(n)* can be
canonically identified with Br(n) as the vector space. The only difference is that the degree of a
brace tree in Br(n)* equals # of non-root edges — 2 x # of neutral vertices. Using this observation,
we will often switch back and forth between various subspaces of Br(n) (with certain differentials)
and their linear duals.

For example, the differential 6* on the dual complex Br(n)* is the sum (with appropriate signs)

(T) = > +65(D),
ecEdges, (T)

where the brace tree §%(7") is obtained from 7' by contracting the edge e and the set Edges,(7")
consists of non-root edges e which satisfy this property: e either connects two neutral vertices or e
s adjacent to one neutral vertex. For instance, for the brace trees shown in figure [Tl we have

o* (TU) =Ti9—THhq.
On the other hand, if T is any brace tree without neutral vertices then §*(7") = 0.

4. COMPUTATION OF THE COHOMOLOGY OF Br

4.1. The map of collections of dg vector spaces ¥ : Ger — Br. Let us recall (see Appendix
[A]) that the assignment
i({a1,a2}) = T(ay az)
gives us the map of dg operad
(4.1) j : ALie — Br,

where AlLie is considered with the zero differential.
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We will use j to define a map ¥ of collections

(4.2) ¥ : Ger — Br.

For this purpose, we recall [4, Exercise 3.12] that Ger(n) has the basis formed by the monomials
(4.3) {ainy, - {aiy g, ays Qi Ay i, 10 Qi M

where

(4.4) {i11, 012, .., i1p, } U {321,022, .-+, dopy F U - - U {ig1, de2, - - -, dtp,

are ordered partitions of the set {1,2,...,n} satisfying the following properties:
e for each 1 < < the index igp, is the biggest among igy, ..., igp,
o i1y <igp, < -+ < iy, (in particular, iy, =n).
Let o be the permutation in .5,
o — < '1 .2 'pl p1.+1 p1.—|—2 p1.+p2 n—pt—l—l n—pt—l—Q 'n )
11 12 ... lpg 1921 192 e 12po e e 141 142 cee Upy

corresponding to such a partition (Z.4]).
Then, for the corresponding monomial (4.3) in the above basis, we setf]

(45) ({am, cey {ail(prl),ailpl }} v {aitl, ey {ait(mil),aitm }}) =
U(\Il({ah R {apl—17 Ap, }"}{ap1+17 EER) {CLP1+P2—17 a’p1+P2}"} ce {a’n—pt-i—lv RR) {an—17 CLN}}))v
U({ar,....{ap,—1,ap, FH{ap, 41, {api4po—1 Cpr4ps 1} - - - {n—pet1, - {an—1,an}}) ==

/L(Mﬁj({al’ ) {apl—l’ apl}'})vj({al’ cees {am—l’ ap2}'-})v cee ,j({al, ceey {apt—l’ apt}"})),
where p is the operadic multiplication Br(t) ® (Br(p1) @ Br(p2) ®- - -®@Br(p:)) — Br(pi+p2+---+pt),
and M, is the vector

(4'6) M; = ("(Talaz ©1 Talaz) ©1 TalaQ) ©r 01 Talaz) € Br(t)'

o1 appears t—2 times

Finally, if t = 1, i.e. we deal with a monomial v € ALie(n), then we set

(4.7) U (v) :=j(v).
For example, the vector M3 = Ty, 4,917 4, a, is shown in figure[Tand the vector ¥ (ajas{as, as}) €
Br(4) is shown in figure 2]

R e

F1a. 4.1. The vector M3 € Br(3)

Q @ @ @ Q @ Q O ® @ @ O
1 (3 1 @ 1 3 1 @ 5oy
i T T T t Bed

F1c. 4.2. The vector ¥(ajaz{as,as}) € Br(4)

We claim that

5Hero, we assume that ¢ > 2.
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Proposition 4.1. Fquations [£5) and (&1) define a map of collections of dg vector spaces
U : Ger — Br.
Furthermore, the induced map
(4.8) H*(¥) : Ger - H*(Br)
is compatible with the operadic multiplications.
Proof. The first statement follows from the fact that the vectors Ty 4y, T{a,,a,} € Br(2) are o-
cocycles. The second statement follows from Claim [AT] proved in Appendix [Al O

4.2. The refinement of Theorem [I.I1 We will prove the following refined version of Theorem

LIk
Theorem 4.2. The map of dg collections ¥ defined above induces an isomorphism of graded operads
(4.9) H*(Br) = Ger.

We will prove that ¥ induces an isomorphism H*(Br(n)) = Ger(n) by induction on n.

For n = 1 there is nothing to show. So suppose we know that H®(Br(j)) = Ger(j) for j =
1,2...,n—1 and let us tackle the statement for j = n. As outlined in the introduction, we split

b
n = 0N

Br(n) = Vo(n) & Vi(n),

where V,(n) is the subspace of Br(n) spanned by brace trees whose lowest non-root vertex is neutral,
while V5 (n) is the subspace of Br(n) spanned by brace trees whose lowest non-root vertex is labeled.
Again as mentioned before, we then find that

(4.10) H*(Br(n)) = (ker H*(01)) @ (coker H*(61)),
where
(4.11) H*(61) : H*(Vo(n),d60) — H*(Ve(n),do) -

is the induced map on dyg-cohomologies.

4.3. Computing H*(V,(n),dp). Following remarks in Subsection Bl we begin by computing
H*(V}(n),d5) for the dual of the complex (V5(n), do):

Claim 4.3. We claim that

(4.12) H*(VZ(n),65) = s" 1K™ = s"~1K[S,]

as Sp-modules. Moreover, the class corresponding to a permutation \ € S, is represented by the
brace tree Ty shown in figure [{.7]

Proof. We proceed by induction on n. For n = 1 the statement is clear. Otherwise split:
% %

6/
n LN
Vi = W1 @ Wxo

Here W7 is spanned by brace trees in which the lowest non-root vertex has exactly one child and
W9 is spanned by brace trees in which the lowest non-root vertex has at least two children. It is
easy to see that 0] is surjective and that its kernel is spanned by brace trees whose lowest non-root
vertex has a labeled vertex as a child. The complex (ker 7, d() is isomorphic to (VJ'(n — 1), ;).
Thus the induction hypothesis implies that H®(V}(n), %) = s"~1K[S,] as graded vector spaces.
The compatibility of the resulting isomorphism with the S,,-action is obvious. O
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Remark 4.4. Recall that every brace tree T € Br(n)* without neutral vertices is automatically
0*-closed and hence &-closed. Therefore, by Claim[{.3, for every brace tree T € Br(n)* without
neutral vertices, there exists a vector T' € V}(n), such that T — §§T" is a linear combination of
string-like brace trees, i.e. brace trees of the form Ty (see figure [{.7).

4.4. Computing H*(V4(n),dp). To compute H®*(V4(n), do), we filter the cochain complex (Vo (n), dp)
by the number of children of the lowest non-root vertex:

(4.13) 0 = FVo(n) C F2Va(n) C F3Vo(n) C --- C F'Va(n) = Vi(n).

Here FPV,(n) is spanned by brace trees whose lowest non-root vertex has < p children. Then we
consider the spectral sequence associated to this filtration.
The first differential, say dy, splits vertices except for the lowest non-root vertex. Hence,

(4.14) GrVe(n) = (sAcoAs, ® Br)(n),

where sAcoAs, is the collection with

2—q . >
(4.15) sAcoAs,(q) = {S K[S,] ® sgn, if ¢ > 2,

0 otherwise .

Therefore, by inductive hypothesis, we conclude that

(4.16) E1Va(n) :== H*(Gr Va(n),do) = (sAcoAs, © Ger)(n).

Moreover, the cohomology class in H®(Gr? V4 (n),dy) corresponding to the vector
5279 1dy ® (v1 ® -+ ® vy) € sAcoAs,(q) ® (Ger(ny) ® - -+ ® Ger(ng))

is represented by the dg-cocycle

(4.17) (T ¥ (v1), U(va), ..., ¥(vg)) € Br(n),

where p is the operadic multiplication on Br, n =nj +---+ng, T3 is the brace tree shown in figure
43, and ¥ is the map of collections (£.2)).

Fia. 4.3. The brace tree Tp FiG. 4.4. The brace tree Tq.-,i

Before proceeding to further pages of this spectral sequence, we need to fix some conventionsd.
First, we denote by A? (r > 0) the following subspaces of FV,(n):

(4.18) Al = {v e FVu(n) | bo(v) € F7"Vi(n)}.

For example, A = F1V,(n) and vectors in A7 represent cocycles in Gr? Vs (n). By the construction
of the spectral sequence [25, Construction 5.4.6], the components of the r-th page are the quotients

Al
(AT AL
The results of the computation of E>Ve(n) := H*(E1Va(n),d) are listed in the following claim:

(4.19) EY:

T

6We use the cohomological version of the notational conventions from [25, Construction 5.4.6].
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Claim 4.5. For E3V,(n) := H*(E\V4(n),d1), we have
(4.20) EyVa(n) = Com ® ALie(n)/ALie(n) @ s(ACom ® ALie(n)/ALie(n)) .
More precisely,
(4.21)
( . . . . .
Com ® ALie(n)/ALie(n) & @ Indgzlxsn2 <sgn2 ®s, (ALie(ny) ® ALle(n2))) if ¢ =2,

ni+ne2=n

EB Indsn L XX S ( 2=q sgn, g, (ALie(nl) R ® ALie(nq))) if 3<qg<mn,

ni+--+ng=n

12

E3Ve(n)

0 otherwise.

The classes corresponding to vectors in Com ® ALie(n /ALle are represented in A2 by cocycles
(in (Br(n),d)) which are obtained by applying ¥ [@2) to linear combinations of monomials (4.3)
in Ger(n) with t > 2.
If ¢ > 3, the class corresponding to the vector
2711, ® (v ® - ®v,) € sACom © ALie(n)

is represented in AL by the cochain

(4.22) Ugq : q' Z |0| )®J(U1)®j(v2)®'--®j(vq))
0€Sy
in Y DI u(o(T3) ®i(e) @) @ @i(v)),
- U(i)ieoig+1)

where p is the operadic composition
p: Br(g) ® Br(mq) ® -+ - ® Br(mg) = Br(mq + -+ - +my),
ﬁl} %h; iz;:lc;;;dtzagc)l (ZLS (E?yi)ﬁ;s;;zzdfég (Zssgl.e Tvq'éé )toz: the brace tree shown in figure [[.3 (resp. figure
1y ® (v1 @v2) € sgny Vg, (ALie(ni) ® ALie(na))

is represented in A3 by the cochain

1

(4.23) 5 M((Tu —T5PP) ®@j(v1) ® j(U2))a

where T, and TSP are shown in figure [l

Remark 4.6. Note that the vector (£22)) is not closed in (Vo(n),d0). It is merely a representative
of an element in EY, i.e. a vector v € F1Ve(n) such that §y(v) € FI72V4(n).

Proof. The differential d; on E;Ve(n) splits the lowest non-root vertex producing a neutral child
node with two children. To describe this cochain complex, we consider the free Gerstenhaber
algebra Ger,, in n auxiliary variables a1, aq,...,a, of degree zero. Forgetting the bracket { , } on
Ger,, we can view it merely as the free commutative algebra (without unit)

Ger,, = Com(ALiey,)

generated by the free AlLie-algebra Alie, in the auxiliary variables ai,as, ..., a,
Next, we introduce the cofree coassociative coalgebra
(4.24) coAs(s™! Ger,) = @ (s Gern)®q

g>1
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and equip it with the coderivation 0 defined by the equationlj

-1 |v1]+1g—1 if g =9
(425) pob(s_l VR ®S_1 'Uq) —_ ( ) S .1)17)2 I q 5
0 otherwise,

where v; € Ger,, and p is the canonical projection;
(4.26) p: coAs(s™! Ger,,) — s7! Ger, .

It is easy to see that the coderivation 0 has degree 1. Moreover, due to associativity of the
multiplication on Ger,,, we have
2 =0.
In other words, 0 is a differential on the coalgebra (4.24]).
For our purposes we need the following truncation of the cochain complex s?coAs(s~! Ger,,)

(4.27) s*T'(s™! Ger,) = @ s?(s™! Gern)®q
q>2

with the differential ' given by the formula:
(4.28)

o (52(5_1 1 Rs @ - -@s! vq)) = v; € Gery, .

0 if =2,

It is not hard to see that £;V,(n) (@I8) is isomorphic to the subspace of s?T"(s~! Ger,,) which
is spanned by tensor monomials

52(s_1v1®s_1v2®---®S_1vq), v; € Gery,, 2<g<n

{520(5‘1v1®s_1v2®~-®s_1vq) if g > 2,

in which each variable from the set {ai,as,...,a,} appears exactly once. It is easy to see that this
subspace is a subcomplex with respect to ?’ and, moreover, the differential d; coincides with the
restriction of ' up to a total sign.

Since the augmentation

(4.29) LN (s_1 Gern)®2 2 s 1Ger, L K
of the cochain complex ([@24]) computes the Hochschild homology
(4.30) HH_,(S(ALie,),K)

of the free commutative algebra S(ALie,,) (with unit) with the trivial coefficients, we conclude thatf
[17, Section 3.2]

(4.31) H*(coAs(s™" Gery,),0) = @5 SU(s™" Aliey,),
g>1

and the cohomology class of the symmetric word (s™'wvi,s7lwg,...,s710,) € S9(s7! ALie,) is

represented by the cocycle:

1 _ _ _ -
a Z (_1)a(a,v1,...,vq)(s 1 V(1) 8 1 Ug(2)s- -+ 1 Ua(q)) c (S 1 Gern)®q ’
" oS,

where the sign factors (—1)(®¥1-+%) are determined by the Koszul rule.
When we pass to the truncation ([4.27) of the Hochschild complex, the cohomology in the terms

(s_1 Gern)®q for ¢ > 3 does not change.

"Note that, since the coalgebra ([@24]) is cofree, any coderivation 0 is uniquely determined by its composition with the
projection ([€26]).

8In [I7], J.-L. Loday only considers the case when the symmetric algebra is generated by an “ungraded” vector space and
HH, is computed with coefficients in the symmetric algebra. However, the obvious generalization to the Koszul resolution to
the graded case can be applied in the straightforward manner in our case.



A DIRECT COMPUTATION OF THE COHOMOLOGY OF THE BRACES OPERAD 13

As for ¢ = 2, all vectors in
(s_1 Gery,) @2
are cocycles in the truncated complex (£.27).

Since for every pair of vectors vy, vy € Ger,

s V1 ® s Vg =

—1)lvnl
()

1
@57 (01 @up+ (— 1)zl @) + 5(5_1 v1 @8 L wg 4 (—1) D2+ Dg=1 ) @51 4))),

we have the obvious decomposition
(s7! Gern)®2 ~ 572 52%(ALie,) @ S*(s™' Gery,),

where 5?2 (S_l Gern) is precisely the kernel of
(4.32) (s_1 Gern)®2 2y s Ger,

and s72522(ALie,) is (up to the degree shift) the image of ([#32).

Combining this observation with the knowledge about homology (4.30), we conclude that
(4.33) H* (S2T/(S_1 Gery,),0') = S=22(ALie,) EBSQS‘I ~1 ALiey,).

q>2

On the other hand, E;V4(n) is isomorphic to the direct summand of the cochain complex
(s*T"(s™* Gery,),0') .

Thus the first two statements of Claim 5] follow from ([A33]). To deduce the remaining state-
ments, we use the description of cohomology classes in H*(Gr V4(n), dy) corresponding to vectors

n (sAcoAs, ® Ger)(n) (see eq. (EIT)).

The most involving statement is about the class corresponding to the vector

(4.34) s2711,® (v ® - ®@v,) € sACom © ALie(n)
for g > 3.
Using the information about the E4 page, we know that (£.34)) is represented in A{ by the vector

(4.35) foi= S D)o (TD) @ i) @) © - @ (0y)).

0ES,
A direct computation shows that

q—1
o (D (=)o (13)) + b > (-1)Fla(Ty)) € FURVL(n).
0ESy i=1 oESy
o(i)<o(i+1)

Therefore the sum

=Jot qlz Z (D) u(o(Ty) ®@j(v1) ®@j(v2) @ -+ @i(vy))

0€Sy
o(i)<o(i+1)

belongs to A4 and represents the element in EJ corresponding to (£.34).
Claim is proved. O

Due to Lemma [B.4] from Appendix[Bl this spectral sequence degenerates at the second page, i.e.,
(4.36) EsVe(n) = EaVe(n).

Hence Claim implies the following statement.



14 VASILY DOLGUSHEV AND THOMAS WILLWACHER

Claim 4.7. For the complex (V4(n),dy) we have
(4.37) H*(V4(n),dy) = Com @ ALie(n)/ALie(n) & s(ACom ® ALie(n)/ALie(n)).

Cohomology classes in (Va(n),dy) corresponding to vectors in Com ® ALie(n)/ALie(n) are repre-
sented by cocycles (in (Br(n),d)) which are obtained by applying ¥ (&2) to linear combinations of
monomials (&3] in Ger(n) with t > 2. The class corresponding to the vector

2711, ® (v ® - ®v,) € sACom © ALie(n), q>2
is represented in (Vo(n),d0) by the dg-cocycle of the form
(4.38) Ug + ...
where ug is the vector given in (A22) and ... denotes the sum of terms in F1~'V,(n).

Remark 4.8. One may, of course, dualize the statement of Claim[{.7. The dual statement says
that

(4.39) H (Vi (n), &) = X" @ U,
where X* C Ger(n)* is the kernel of Ger(n)* — ALie(n)* and U* is the linear dual of
s(ACom ® ALie(n)/ALie(n)).

4.5. A technical claim about H*(d7) : H*(Ve(n)*,d5) — H*(Vo(n)*,d5). Let summarize what
we proved so far:

e First, due to Claim [£.3]
(4.40) H* (Vo (n), 0) = {f[s"]otheivi N L=n,
e Second, due to Claim [4.7]
H*(V4(n),80) = Com ® ALie(n)/ALie(n) @ s(ACom ® ALie(n)/ALie(n)).
e The subspace
(4.41) s(ACom ® ALie(n)/ALie(n))
is concentrated in the degree 2 — n, and the subspace
Com ® AlLie(n)/ALie(n)
lives in degrees 2 —n < e < 0.
Thus the operator H®(d1) sends vectors of H'~"(V,(n), &) to the space H2~"(V4(n), o). Hence,
H'""(Vo(n),6) Nker (H*(61)) if k=1—n,
H?7"(Va(n),00) /Im(H®*(61)) if k=2—n,

H*(Br(n)) =
H*(V,(n),60) if3-n<k<O,

0 otherwise .

Let us prove that

Claim 4.9. The map
H*(j) : ALie(n) — Hl_”(Br(n))
s injective. In particular,

(4.42) dim H'""(Br(n)) > (n — 1)!
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Proof. Since Br(n) lives is degrees 1 —n < e <0,
(4.43) H'™™(Br(n)) = Br(n)™™ Nker(d).
It is not hard to prove (by induction on n) that

i(anashas).ovan}) = + © 4 ...

where ... is the sum of braces trees which do not involve string-like brace trees with vertex 1 at

the lowest position.

Therefore, for every permutation 7 € Sgz3 .}, we have

i({{at, ar@}ar@)} - arm)}) = + : + ...
®
where, as above, ... is the sum of braces trees which do not involve string-like brace trees with

vertex 1 at the lowest position.
Thus, j gives us (n — 1)! linearly independent vectors

{j({"{ab aT(2)}7 aT(3)} SRR aT(n)}) }765{273

,,,,, n}
in (£43).
Since the set
{ {"{ala a7(2)}7 aT(3)} e 7aT(n)} }763{2,3 VVVVV n}
is a basis of ALie(n), the claim follows. O
To prove the other inequality
(4.44) dim H'7"(Br(n)) < (n —1)!
we need the following technical statement:
Claim 4.10. Let1 <r<n-—1 and
o= 2 ... r r+1 r4+2 ... n
iy ... iy jl j2 s jn—r

be a permutation in Sy. Let T}, (resp. ﬂTffr ) be the brace tree shown in figure[.3 (resp. in figure

[7-0).

The vector

(4.45) =

2
is a cocycle in the dual complex (V4(n)*,05) representing a cohomology class corresponding to a
vector in U*, i.e. the dual of the subspace (AA4T]).

(T + (=17 7T )

Il,o.r
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Moreover, the vector

1
(4.46) S () g+ (-1 OO )

l,oor

is cohomologous in (V' (n),d5) to

(4.47) ST,

TEShr,nf'r

where (—1)I! is the sign of the permutation T and {T{}res,, be the family of brace trees shown in
figure [

O @ @

oD, @ @

FIG. 4.5. The brace tree T}, , FiG. 4.6. The brace tree T\)°P

[l,or

Fi1G. 4.7. The brace tree T}'. Here A € S,

Proof. First, every brace tree with exactly one neutral vertex (at the lowest position) is a cocycle
in (Va(n)",45).
To prove that the vector (d45]) belongs to U*, we need to show that the pairing

(4.48) (Tjj.or + (=17 DT ) (w) = 0,

where w is a cocycle representing a cohomology class in H®(V4(n),dg) corresponding a vector in
Com ® ALie(n) /ALie(n).
Due to Claim [£7] we may assume that

w = ¥(c),
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where ¢ is a linear combination of monomials (£3) in Ger(n) with ¢t = 2.
Since ¥(c) is a linear combination of expressions of the form

oo M((TU + TPP) @i(hy) ®j(h2))v

where hy € ALie(ny), hy € ALie(n — ny), u is the operadic multiplication, and o € S, the vector
U(c) is anti-symmetric with respect to the Sy action on F2V,(n) which switches the two branches
originating from the lowest non-root vertex.

On the other hand, the vector (4.45) is symmetric with respect to this Sy action. Hence (4.48))
follows.

We will now prove that

(4.49) G Mor) — Y, ()T € §5(Vi(n).
TEShy n—r

Then the desired statement about the vector (£46]) will follow from the graded commutativity of
the shuffle product.

The simple calculation shown in figure .8 proves (£49) in the case when n = 2 (and r = 1).
This also settles the base of our induction.

F1G. 4.8. The proof of (£49) in the case n = 2

Next, we observe that the linear combination

7

I

01 (T} o) —

is obtained from
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by retaining only the terms which are obtained by contracting only the edges which are adjacent
to the neutral vertex and lie above this neutral vertex.

Thus the inductive step follows from the fact that the set of shuffles Sh,. ,,_, splits into the disjoint
union of permutations of the form

r 2 ... r+1 ... n
1 o(2) ... o(r) o(r+1) ... o(n)
with o0 € Sta3. . ny, 0(2) <0(3) <---<o(r),o(r+1) <o(r+2) <--- <o(n), and permutations

of the form
1 2 r r+1 r+ 2 n
o )

1) o2 ... o(r) 1 o(r+2) ... on)
where o is a bijection o : {1,2,...,r,7+2,...,n} t0{2,3,...,n} such that o(1) < 0(2) < --- < o(1)
and o(r +2) <o(r+3)<--- <o(n).
Claim 410/ is proved. O

Let us recall that, for every graded vector SpaCEE v,
(4.50) coLie(V') = coAs(V)/coAs(V') egy, coAs(V),

where eg;, denotes the shuffles product.
Thus Claims B3] and £10 imply that

dim H" }(Br(n)*) < (n —1)!
and the desired inequality (£.44) follows.
4.6. The final strokes. Combining Claim .9l with the inequality (£.44]), we conclude that
(4.51) dim H'™"(Br(n)) = (n — 1)!
and the restriction \If‘ ALie(n) induces an isomorphism
ALie(n) = H'™"(Br(n)).

Hence, due to the summary given on page [14] and the second statement of Claim (4.7, it suffices
to show that

(4.52) coker (H'(Vo(n)7 50) A*(51)

H'(V.(n),éo)> =~ Com ® ALie(n)/ALie(n)

The later is a consequence of (37, the equality dim H" 1(Br(n)*) = (n — 1)! and Claim A0l
Indeed, due to Claim EI0 and equality dim H"~(Br(n)*) = (n — 1)!, the dimension of the space
H*(67)(U¥)

should be equal to n! — (n — 1)!, where U* is the linear dual of (.4I]).

On the other hand, dim(U) = n! — (n — 1)! = dim(U*) and hence the restriction of H*(67) to U*
is an isomorphism of vector spaces

U* = H*(57)(U*) € H" Y (Vo(n)*, 6).
Therefore, by duality, the composition of H*(d;) with the projection
H* "(Vo(n),00) — U
gives us an isomorphism of vector spaces
H'™™(Vy(n),80)/ ker(H*(61)) = U.
Thus the desired isomorphism ([€.52]) follows and the proof of Theorem is complete.

9The isomorphism (£350) is the dual version of [I8 Proposition 1.3.5].
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APPENDIX A. VERIFICATION OF THE GERSTENHABER RELATIONS

As above, Ty, 4,3 and Ty, 4, denote the following vectors in Br(2):
1
T{al’@} = Ti-p + Tom, Toyay = §(TU + TSpp)’

where T2, To-1, T, and T;’" are the brace trees shown in figure [l
The goal of this appendix is to prove the following statement.

Claim A.1. The vector T, q,} satisfies the Jacobi identity

(A1) T{ar.a5} ©1 Tiar sy + (1,2,3) (Tar a0} ©1 T{arsa0}) + (1,35 2) (Tiar,az} ©1 Thar.an}) =0
and the vector Ty, 4, fulfills these properties:

(A.2) Turas 01 Toras — Tanan ©2 Toray € I(6)

(A.3) Ttay a0} ©2 Taras — Tayas ©1 Tiay a0y — (1,2) (Taraz ©2 Tiay an}) € Im(0).

Proof. The insertion T{q, 45} ©1 T{a, a0} 15 computed explicitly in figure [A.Il Tt is clear that the
sum over the cyclic permutations of the first term (resp. the third term) will cancel the sum over
the cyclic permutations of the sixth term (resp. the forth term). Similarly, the sum over the cyclic
permutations of the second term (resp. the fifth term) cancels the sum over the cyclic permutations
of the seventh term (resp. the eighth term). Thus identity (A.]) holds.

($+3)a (6438
LR R R AR T

FiGc. A.1. Computation of the vector T4, a,3 ©1 T{a;,a51 € Br(3)

A simple computation shows that

(A.4) 0(T1-2) =T, — Tﬁpp.
Hence

1
(A5) Ta1a2 - TU - 5(5(T1_2).

On the other hand,

1 % = Tyuo1Ty — Tyo Ty

Ta1a2 o1 Ta1a2 - Ta1a2 02 Ta1a2

indeed belongs to Im(§), i.e. (A.2) holds.
To prove (A.3), we denote by Tj_(23) the following brace tree:

Tl— (273) = @$

Therefore, the vector
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We compute the differential §(77-(23)) in figure A2

- § P AP 0gp ap ags

F1G. A.2. Computation of the differential 6(77-(2,3))

The insertions Ty, 4,3 02 TU and TU 01 T{q, 4} are computed in figures [A3]and [AZ4] respectively,
and the vector (1,2)(T0 02 Tiq, q,}) is shown in figure [A5

S SRV

F1G. A.3. Computation of the insertion T'(,, 4.} 02 TU

TU o1 T{a1,a2} = - T - T

F1G. A.4. Computation of the insertion Ty, o1 T4, a,}

(1,2) (TU 02 T{a1 az} T T

F1c. A.5. The vector (1,2)(Ty 02 Tia, a5})

Adding all these expressions and performing obvious cancelations, we conclude that

(AG) T{ahaQ} 02 TU - TU o1 T{al,ag} - (17 2) (TU 02 T{alya2}) = 6(T1_(273))'
Finally, combining (A.5)) with (A.G), we deduce (A.3)).
Claim [A.T] is proved. O

APPENDIX B. THE SPECTRAL SEQUENCE FOR (V4(n),d9) DEGENERATES AT THE SECOND PAGE

Let us study in a bit more detail the dual of the map j : ALie — Br. In arity n the dual map can
be realized as a composition

Br*(n) — T*(n) — A" coAs(n) — A~ 'coLie(n)
where we use the following objects and morphisms:

e 7(n) C Br(n) is the graded subspace of trees without neutral vertices. (In fact, the 7 (n)
assemble to form an operad whose twist is essentially Br, cf. [5].)

e The map Br*(n) — T*(n) is the natural projection. (Concretely, it sends graphs with
neutral vertices to zero.)
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e The map A~!coAs(n) — A~!colie(n) is the natural projection arising from the inclusion
Lie — As. Note that we may identify A~'coAs(n) (up to a degree shift) with the subspace
of the space of words

K(X1,...,X,)

in formal odd variables, each appearing exactly once. The space K(Xi,...,X,,) is a Z"
graded augmented commutative algebra with the shuffle product ey, and unit the empty
word. We denote by A,, € K(X1,...,X,) the augmentation ideal. The space A~'colLie(n)
may then be identified with the degree (1,...,1)-subspace of the quotient

An/(An ®h An)

In this language, A~'coAs(n) — A~'coLie(n) is just the map induced on the degree (1,...,1)-
subspaces of the obvious projection

Ap = ApJ(Ay ogn Ay).

e The map f: T*(n) — A~ lcoAs(n) = AL can be defined recursively as follows. If n =1
and T € T*(1) is the unique tree with one vertex labelled 1, we set

f(T) = Xy.

If n >1and T € T*(n) is the tree with lowest vertex j, having children (in this order)
11,...,Ty, we set recursively

f(T) = X](f(Tl) Osph - O f(Tk))
For example, if A € S,, and 7Y is the brace tree shown in figure &7, then

F(TY) = Xy Xae) - Xam) -
Furthermore, if
®
@ ®
T = @

then
F(T) = X1 ((X2X3) egn X4) = X1 (X2 X3Xs — Xo X4 X3 + X4 X0 X3).

The composition g : Brf(n) — T*(n) EN A~'coAs(n) appearing above is of interest in its own
right. It is does not commute with the differential, i.e., g 0 §* # 0. However, we claim that

Lemma B.1. For every brace tree T'
g0 5(T) = 0.

Proof. 1t is clear that we should only consider g o d3(T") for a brace tree T with exactly one neutral
vertex which is not in the lowest possible position.
Up to an overall sign factor, the differential ¢j turns the branch
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into the linear combination

where dj, is the degree of the brach which originates from the neutral vertex and contains vertex
Jk-
Therefore g o §(T") contains this expression
(B.1) Xi(fir ®sh Jin ®sh -~ @ fig) — XiXjy (hjy @ iy @t -~ ®sn [i,)
(D)X X, (fjr @on Bz ®sh i ®sn - sh f,) = -
— (=) FEE XX (fy ek @sh figr s h,)
as a factor. Here f;, is the value of f on the brach which originates at the neutral vertex and
contains vertex ji, while

hj, = f(bj,1) ®sh f(bj2) ®sh -~ - ®sn [ (bjyry),
where bj, ; is the t-th brach which originates from vertex j.

Using the definition of the shuffle product, it is easy to see that the expression (B.I]) is zero.
Thus the lemma follows. O

Remark B.2. Let us observe that the map g o7 has the following nice combinatorial description:
If T € Br*(n) is a brace tree, then go 67(T) = 0 unless T has ezactly one neutral vertex, which is
the lowest vertex. In this case

go 5T(T) = f(Tl) Osh - Osh f(Tk)a
where 11, ..., Ty are the branches which originate at the neutral vertex.

On the other hand, Lemma [B1l implies that g o 6* = go §7. Thus g o 6*(T) = 0 unless T has
exactly one neutral vertex, which is the lowest vertex and, in this case,

(B2) go 5*(T) = f(Tl) LETRR ) f(Tk)
Let us now consider the dual cochain complex
(Va(n)", )

and construct a set of vectors in the top degree n — 2 which will play an important role.
Let k be an integer > 2 and (r1,72,...,7r;) be a tuple of positive integers such that r1 + 7o +
-+++rp = n. For every such tuple, we consider a brace trees T)7 shown in figure [B.1l where o

yeesThe
is a permutation in S,
1 2 ... rn m+1 ... ri+ry ... ... n—rp+1 ... n
(B3) 0 = Z‘l Z‘l Z‘l 2‘2 2‘2 Zk Zk
1 2 DY ,r.l 1 ... ,r.2 ... CEEEEY 1 DY Tk
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which satisfies these propertie@
(B.4) i = min{if, i, ...} Yom,  and i < i <-e- <df

Fic. B.1. The brace tree T}]

1.7k
Moreover, we set

(B.5)

7"177k 127—* T1,--5Tk

’ TESE

where 7, rearranges the k branches of T7 originating from the neutral vertex with the appro-

15Tk
priate sign factor. For example,

yrir2
Yo
1,72

We denote by = the set of all such vectors Y, . for all & > 2, all tuples (r1,72,...,7%),
r1 4+ -+ 7, = n, and all permutations o Satlsfymg (Iﬂl) Due to the theorem about the cyclic
decomposition of a permutation, it is clear that = has

n!— (n—1)!
elements. Moreover, the subset = C V4(n)* is linearly independent.
Since every vector Y,7 . is in the top degree of (Vs(n)*,dp), it is automatically a cocycle in

this complex.
Let us prove that

5Tk

Claim B.3. Every non-trivial linear combination of vectors in = is a non-trivial cocycle in (Vo(n)*, 65).

Proof. To prove this claim, we need Lemma [B.1] and Remark
Let us, first, prove that the map

(B.6) (go6*) - spang(Z) — A~lcoAs(n) = A1)

n

spang (Z)
is injective.
Indeed, by Remark [B.2] and the symmetry of the shuffle product, we have
g0 (V) =900 (L7 ) = (Xig - X ) wan - oan (X Xy ).

10, particular, 2% is necessarily 1.



24 VASILY DOLGUSHEV AND THOMAS WILLWACHER

Using the identification between A~lcoLie(n) and the degree (1,...,1)-subspace of the quotient
An /(A egn Ay), it is easy to see that g o 6* gives us a surjective map from spang(Z) to the

—_
—

degree (1,...,1)-subspace of A, es, A,,. Since both spang (=) and the degree (1,...,1)-subspace of
A, o, A, have the same dimension
n!—(n—1)
we conclude that (B.6]) is indeed injective.
Let us consider a vector v € spang (=) and assume that

v = Gp(w)

for some w € V4(n)*.
Using Lemma [BI] we conclude that

9(6%v) = g(6"yw) = —g(650"w) = 0.
Thus, since (B.6)) is injective, we conclude that v = 0 and the desired claim follows. O
With these preparations we are now ready to prove the following statement left open above.
Lemma B.4. The spectral sequence arising in Section [{.4] degenerates at the second page.

Proof. According to Claim 5] EoV,(n) splits (as the graded vector space) into the direct sum
Com ® ALie(n)/ALie(n) & s(ACom ® ALie(n)/ALie(n)).

It is easy to see that every vector in the summand

(B.7) U :=s(ACom ® ALie(n) /ALie(n))
has degree 2 — n, while the summand
(B.8) X := Com ® ALie(n)/ALie(n)

lives in degrees
2—nm<e<O.

We also know that every vector in (B.8]) can be represented by a genuine cocycle in Br(n). Thus
the restriction of all higher differentials d,., (r > 2) to the subspace (B.g)) is zero and it remains to
show that the restriction of d, for r > 2 to (B.7) is also zero.

To prove this statement, we pass to the obvious dual version of Claim 5] which says that

ByVa(n)* = X* & U,

where X* is the kernel of the map Ger(n)* — ALie(n)* and U* is the linear dual of (B.7]).

The advantage of passing to the dual complex is that U* lives in the top degree n—2 of the cochain
complex (Va(n)*,4d5). So all vectors in U* can be represented by genuine cocycles in (Vo(n)*, d5).
Moreover, the first (potentially) non-zero differential d}, r > 2 may only send vectors in X* of
degree n — 3 to vectors in U*:

(B.9) (X" — U= (U*)" 2.
Using the explicit representatives of vectors in X (B.§)) and the Sp-symmetry of Y,7
that the evaluation of every vector Y,7

elements in = represent vectors in U*.
Due to Claim [B.3] the cohomology classes of = in H"2(V,(n)*, &) span a subspace of dimension

n!—(n—1)!

Thus, since U* also has dimension n! — (n — 1)! and the only component of the first potentially
non-zero d; is (B.9), we conclude that

dim (ExVa(n)) > dim (E2Ve(n)).
Lemma [B.4] is proved. O

seTd WE S€E

-, on representatives of vectors in X is zero. Thus all
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