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Energy decay for a locally undamped wave equation

Matthieu Léautaud* and Nicolas Lerner!

October 9, 2018

Abstract

We study the decay rate for the energy of solutions of a damped wave equation in a situation
where the Geometric Control Condition is violated. We assume that the set of undamped
trajectories is a flat torus of positive codimension and that the metric is locally flat around this
set. We further assume that the damping function enjoys locally a prescribed homogeneity near
the undamped set in traversal directions. We prove a sharp decay estimate at a polynomial
rate that depends on the homogeneity of the damping function. Our method relies on a refined
microlocal analysis linked to a second microlocalization procedure to cut the phase space into
tiny regions respecting the uncertainty principle but way too small to enter a standard semi-
classical analysis localization. Using a multiplier method, we obtain the energy estimates in each
region and we then patch the microlocal estimates together.
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1 Introduction and main results

1.1 Introduction

We consider a smooth compact Riemannian manifold (M, g) of dimension n, and denote by A, the
associated negative Laplace-Beltrami operator. Given b € L (M), we study the decay rates for the
damped wave equation on M:

{ 02u— Agu+b(z)du =0 inR" x M,
(u, Opur)|t=0 = (ug,u1) in M.

(1.1)

The energy of a solution is defined by

1
E(u(t)) = 5(IVgu®)Z2an) + 10Ol 72 0n)), (1.2)
(see for instance Appendix A for a definition of A, and V) and evolves as

d

%E(u(t)) =— /M b|Oyu)?dz.

The energy is thus actually damped when b > 0 a.e. on M, what we assume from now on. We
define the subset of M on which the damping is effective as

wp = U {U C M, U open,essinfy (b) > 0} . (1.3)
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Notice that wp is an open set included in the interior of supp b and thus @, C suppb.! In the usual
case where b is continuous, we have wp = {b > 0} and @, = suppb. As soon as w;, # () one has
E(u(t)) — 0 as t — 400 (see for instance [ I, 1 ]). Moreover, a criterion for uniform (and
hence exponential) decay is due to Rauch-Taylor | ] (see also [ ] and Lemma 5.1 below):
there exist C' > 0,7 > 0 such that for all data,

E(u(t)) < Ce™ " E(u(0)),

if the Geometric Control Condition (GCC) holds: every geodesic starting from S*M and traveling
with unit speed (see Appendix A for a precise statement) enters the set wjp in finite time. Recip-
rocally, if there is a geodesic that never meet supp(b), then uniform decay does not hold (see for
instance [ ])- In the case b € (M), the situation is simpler since uniform decay is equivalent
to the fact that wy(= {b > 0}) satisfies (GCC), as remarked by Burq and Gérard | . As a
consequence, when (GCC) is not satisfied, we cannot expect a decay of the energy which is uniform
with respect to all data in H*(M) x L?(M). However, Lebeau [ , ] proved that there is
always a uniform decay rate of the energy, with respect to smoother data, say in H?(M) x H'(M).
This motivates the following definition.

Definition 1.1. Given a € R and a decreasing function f : [a,+00) — R such that f(t) — 0 as
t — +o00, we say that the solutions of (1.1) decay at rate f(t) if there exists C' > 0 such that for all
(ug,u1) € H2(M) x H*(M), for all t > a, we have

E(u(t))? < CF(&)(|luollz2car) + llur |1 any)-

Note that decay at a rate f(¢) depends only on (M, g) and on the damping function b. Note also
that f(t)? characterizes the decay of the energy and f(t) that of the associated norm. Lebeau [ ,
] proved that decay at rate 1/ log t always holds, independently of (M, g) and b as soon as wy, # .

As noticed for instance in | |, decay at a rate f(t) implies faster decay for “smoother” data:
taking for example b € €°(M), decay at rate f(t) implies that for all s > 0, there exists Cs > 0
such that for all (ug,u;) € H*T1(M) x H*(M), we have

E(u(t))? < Cof(t/5)*(uoll merr any + Il [l e any)-

In view of the Rauch-Taylor theorem mentioned above, it is convenient to introduce the subset
of phase-space consisting in points-directions that are never brought into the damping region wy by
the geodesic flow. Namely, the undamped set is defined by

S={peS*M, forallt e R, ¢(p) NT*wp = 0},

where ¢, is the geodesic flow (see for instance Appendix A). With this definition, (GCC) is equivalent
to S = (. In this article, we are concerned with the damped wave equation in a geometric situation
where the undamped set S is the cotangent space to a flat subtorus of M (of dimension 1 < n” <
n — 1) under two main additional assumptions: the metric is locally flat around this subtorus;
the damping function b only depends on variables transverse to this torus and enjoys locally a
prescribed homogeneity. As a particular case, we can consider situations where the geodesic flow
has a single undamped trajectory if the metric is locally flat around this trajectory; the damping
function b only depends on variables transverse to the flow and enjoys a prescribed homogeneity
in a neighbourhood of the undamped trajectory. Such situations may for instance occur on the
torus M = T™ = (R/27Z)™ endowed with the flat metric, as in the following examples. One of our
motivations is to understand the best decay rate in the following model problems.

1Remark that the converse may fail, taking for instance b = 1x where K is a compact Cantor set with positive
measure satisfying K = (), in which case supp(b) = K and w;, = 0.
2This is no longer the case in general if b is not continuous, as proved in | ]



Example 1.2. Let M = T? = (R/27Z)? = [, 7]?, endowed with the flat metric, let v > 0, and let
b(xy,x9) = x?v near x; = 0, positive elsewhere, depending only on z;. The undamped set consists
in two undamped trajectories:

S = {0}ay x T}, x {0}e, x {£1}e, = S*({0} x T').

z2
For the case where b = sin? z;, Wen Deng communicated to us a direct study in [Den].

Example 1.3. Let M = T3 = (R/27Z)? = [, )3, endowed with the flat metric, let v > 0, and
let b(z1, r9,23) = (23 + 23)?. The undamped set consists in two undamped trajectories:

S = {070}3017962 X Ti‘g X {0’0}51’52 X {il}fs = S*({O’O} X Tl)'
Example 1.4. Let M = T3 = [, 71]?, endowed with the flat metric, let v > 0, and let

b(x1, T2, 73) = x?’.

The undamped set is a 2-dimensional subtorus given by:

S ={0}s, x T2 ,, x {0}¢, x {(&,&5) € R%, &3 + &% = 1} = S*({0} x T?).

Decay rates for the damped wave equation on a flat metric with a lack of (GCC) have already
been studied in | , , ]. In the papers [ , , ] it is proved that,
on M =T", decay at a rate t always occurs. On the other hand, it is proved in | ] that the
decay cannot be better than ¢t~ as soon as (GCC) is strongly violated, i.e. as soon as there exists
a neighbourhood N of a geodesic such that A" Nsupp(b) = 0. In this paper, we are studying the
opposite situation, i.e. the case of a weak lack of damping on M = T"™: only a positive codimension
invariant torus is undamped. In the situation of Examples 1.2, 1.3, and 1.4, for instance, we may
expect (and we shall prove) a decay at a stronger polynomial rate than t~1. Functions on T shall
be identified in the whole paper with 27TZ"”—periodic functions on R .

)
—1/2
1

According to | , , , ], proving a decay rate for solutions of (1.1) reduces to
proving a high-energy estimate for the operators

Py=—A, =M +i\b, NER*, D(Py) = H*M). (1.4)

The latter are for instance obtained by performing a Fourier transform in the time variable of the
damped wave operator 92 — Ay + b(x)0;, X being the frequency variable dual to the time t. More
precisely, concerning polynomial decay, the optimal result was proved by | ] (see also | ]
for a simpler proof and generalizations) and can be stated as follows (see [ , Proposition 2.4]).

Proposition 1.5. Let « > 0. Then, the solutions of (1.1) decay at rate t—a if and only if there
exist C, \g positive, such that for all u € H?(M), for all X\ > X\g, we have

ClliPyullzacary = A= lull L2 (). (1.5)
Recall that uniform decay is equivalent to the estimate (1.5) with @ = 0 (and hence to (GCC)).

1.2 Main results

We first have a negative result.

Theorem 1.6. Assume that there exists 1 < n” < n—1, g > 0, and C; > 0 such that with
n' =n—n", we have

. (BRH, (0,80) x T, [daf [+ - + |daly, |* + |da > + -+ + |dx;;,,|2) c(M.g),  (16)
o Vorib=0 in N = By (0,60) x T, (1.7)
e 0 < b(x') < Cil2' > in N. (1.8)

Then, there exist Co > 0 and (ug)ren € H*(M)N with |lug|/2(ay =1 such that

| Pewellz2an < Cok71,  for k € N".



As a consequence, the best estimate we could expect is
1
CllPull L2y = A7 [[ull L2 (ar) (1.9)

ie. (1.5) witha =1— ﬁ Moreover, (see also | , Proposition 3]), our Theorem 1.6 prevents

decay at a rate o(t7(1+%)): the best expected decay rate is
=),

Let us now state our partial converse of Theorem 1.6: under some additional global assumptions on
1

M and b, decay at rate t~*T5) indeed holds. We first provide a simpler result in the case n” = 1

under a global invariance assumption on b. We then give our more general result in Theorem 1.8.

Theorem 1.7. Let (M, g) = (M’ x T', g’ + |dx,|*) where (M',g') is a smooth compact Riemannian
manifold of dimension n — 1. Assume that there exist y' € M', C1 > 1 and a neighbourhood N of
y' such that

o g = l|du|*+ -+ |de, 1 * s flat in N7, (1.10)
eb=b®1 does not depend on the variable x,, € T*, and b € L= (M), (1.11)
o Otz —y/)P <b(2) < Oyl — /' [*Y fora' € N, (1.12)
eb>Crt ae. on M\ N'. (1.13)
(1+3)

Then, Property (1.5) holds with « =1 — ﬁ, i.e. decay occurs at rate t~

This theorem tackles in particular the case of Examples 1.2 and 1.3. Note that simple examples
of functions satisfying the assumptions are given by b(z') = Q(a’ — y')7 locally around y’, where
Q is a definite positive quadratic form. We stress that we require very little regularity for the
damping coefficient b: its “vanishing rate” is prescribed here (1.12) in a relatively weak sense. One
may however discuss its global invariance property in the z,-direction. It can indeed be removed:
Theorem 1.7 is a particular case of the following result, where T! is replaced by T (adding no
significant difficulty) and b is not supposed to be globally invariant anymore, but instead satisfies
(GCC) outside the undamped trajectory. We presented Theorem 1.7 separately as its proof is simpler
and contains nevertheless the key ideas for the next result.

Theorem 1.8. Take 1 < n'” <n—1 and assume that (M, g) = (M’ x T, g/ +|dz |24 - -+ |dz!..|?)

n!’

where (M', ¢") is a smooth compact Riemannian manifold of dimensionn' =n—n" and (z7,...,z,)

denote variables in T . Assume that there exist y € M', Cy > 1 and a neighbourhood N” of yy' such
that

o g =|doi|*+ -+ |dal, | is flat in N7, (1.14)
ebe L™(M) and Vb € L™ (M), (1.15)
o Ol —¢/) <b(a)) < Oyl — /> fora' € N7, (1.16)
e any geodesic starting from S*M \ S*({y'} x T"”) intersects wy, in finite time. (1.17)

1

0 i.e. decay at rate (43

Then, we have the property (1.5) with a =1 —

Remark 1.9. The proof of this theorem (as well as those of the previous ones) also holds without
significant modification if the square torus T" = (R/27Z)"" is replaced by the rectangular torus
(R/L1Z) x -+ x (R/L,»Z), or the rectangle Ly X -+ X L,» with Dirichlet or Neumann boundary
conditions. It remains also essentially unchanged if b vanishes near finitely many points y1,y, - -
(instead of a single one y') assuming Assumptions (1.14)-(1.17) around each point (with possibly

_ 1
different vanishing rates 71,72, -+, in which case the decay rate is given by ¢ Oty )).



This result applies for instance on the torus: assume M = T™ and that there is a single undamped
trajectory I'. Assume that there exists a neighbourhood A of this trajectory such that b is invariant
in A in the direction of ', and that it is positive homogeneous of degree 2y in N in variables

orthogonal to T'. Then, we have the property (1.5) with @ = 1 — -1 (1+3),

1 i.e. decay at rate t~

Since the work of Lebeau | | (see also the introduction of | ] and the references therein), it
is quite well established that the main parameters governing the decay rates when (GCC) fails are the
global and local dynamics of the geodesic flow. Our results confirm the idea, raised in | , 1,
that once the geometry (and hence the dynamics) is fixed, the next relevant feature when regarding
the best decay rate is the rate at which the damping coefficient b vanishes. Whether the additional
global product structure assumption on the manifold M is necessary remains an open question.

Observe that the bigger v, the worse is Estimate (1.9). This is consistent with the fact that for
large +, the function b is very flat on {y'} x T so that much energy may keep concentrated on
the set where b is small. Note that formally, when taking v — 07 in Estimate (1.9) (and forgetting
that the constant C' we obtain depends on ), we recover the uniform decay estimate (i.e. (1.5) with
a = 0), equivalent to (GCC). Indeed, if b is positive homogeneous of order zero, it does not vanish
at ' so that (GCC) is satisfied. It would certainly be interesting to prove Estimate (1.9) with a
constant C' uniform with respect to v to make this remark rigorous.

The plan of the article is as follows. Taking advantage of the homogeneity of b, the sought
estimate near the undamped set may be reduced to an estimate on R™ for some non-selfadjoint
operator. This key estimate is proved in Section 2. Section 3 is devoted to the proof of two simple
technical lemmata, one of them being the scaling argument. The proof of Theorem 1.7 is given in
Section 4. The proof of the main result, namely Theorem 1.8, is completed in Section 5 in two steps:
first, we prove a geometric control lemma in Section 5.1. Then, in Section 5.2, we patch together
the estimates obtained in the different microlocal regions. Section 6 provides a proof of the lower
bound of Theorem 1.6. In Section 7, we discuss the spirit of the proof, which relies on some kind
of second microlocalization. In particular, our proof could not work with a standard semi-classical
localization procedure: we are left with a region in the phase space, near the undamped set S, where
further cutting of the phase space is necessary, with a stopping procedure linked to the Heisenberg
Uncertainty Principle. To patch together the estimates, we use implicitly a metric which should
satisfy some admissibility properties. Although we have avoided in the main part of the text to
resort to very general tools of pseudodifferential calculus, we hope that Section 7 could bring a more
conceptual vision of the technicalities included in the previous sections. The paper ends with three
appendices recalling some facts of geometry and pseudodifferential calculus.

Acknowledgements. The first author is partially supported by the Agence Nationale de la Recher-
che under grant GERASIC ANR-13-BS01-0007-01.

2 A sharp estimate for a non-selfadjoint operator on R

2.1 Statements

After a Fourier transformation in the periodic direction and a scaling argument (see the following
sections), our main result is reduced to the following theorem. We define on L?(R¢) (below, we shall
take d = n') the unbounded operator

Q) = —A+iWy(x), A>0, (2.1)

where Wy is a family of real-valued measurable functions and D(Q}) = {u € H%*(R?Y),Wyu €
L2(R9)}.

Theorem 2.1. Suppose that Wy is a family of real-valued measurable functions on R and that there
exist C1 > 1 and ~y > 0 such that for all X\ > 0, we have

Oyt < Wa(e) < Cu{a)® = Cu(L+ [, (2.2)



Then, there exists Coy > 0 such that for all u € R, all A > 0 and u € €2(R?), we have

Coll(@3 — mull oy > (™51 > 1) + 1 < ~1) + 1) o g (23)

We stress the fact that the sole uniform Assumption (2.2) yields the uniform estimate (2.3). The

power Q;’ﬁ is optimal in this estimate. Although not needed for the application to the damped wave

equation, we provide for completeness a direct proof of this fact in Lemma C.1. The papers by E.
B. Davies | ] and K. Pravda-Starov | ] gave a version of the above estimates in the case of
the 1D complex harmonic oscillator, —dd—; + €022,

To prove Theorem 2.1, we need the following lemma.

Lemma 2.2. Suppose that W satisfy the uniform Assumption (2.2) and let a be a smooth function
on R2¢, bounded as well as all its derivatives. Then, there exists C > 0 such that for all X > 0 and
all u € €2(R?), we have

[Vaa®ullp2ray < C ([ull 2ray + |Vaullp2gay) 5

where Vy = W;/Z and a™ stands for the Weyl quantization of the symbol a.

Proof of Lemma 2.2. Using the upper bound in Assumption (2.2) yields
||V>\(x)awu|\%2(Rd) = /Rd VE(z)|a®u|*d
<€ [ @) avuPde = Cola) 6 ul s g
R

Then, we notice that (z)” and (z)~" are admissible weight functions for the metric |dz|? + |d¢|? in
the sense of | , Definition 2.2.15]. As a consequence of symbolic calculus, we have

(@) fat(z) ™" € S(1,|dz|* + |d&]*),

where S(1,|dz|? + |d€|?) is the space of smooth functions on R2¢ which are bounded as well as all
their derivatives (see Section B.1 in the Appendix for more on this topic). Calderén-Vaillancourt
theorem (see e.g. | , Theorem 1.1.4]) yields

(@)7a(z,€)"(2)™7 € LIL*(RY)),

which implies [[(x)7Ya"ul| 12y S || () || £2(re). This finally gives
IVa(z)a(z, &) ullZs gy S I1(2) ullZs gy S lullZoay + 2wl 72 g

< HU”iz(Rd) + ||VAUH%2(R¢1)7

according to the uniform lower bound in Assumption (2.2). This concludes the proof of the lemma.
O

Now, the proof of Theorem 2.1 follows from the next two lemmata.

Lemma 2.3. There exists C > 0 and jo > 0 such that for all i > pg, all A > 0 and u € €2(RY),
we have

Q) — p)ull L2 (ray > MﬁHuHLZ(Rd)- (2.4)

Lemma 2.4. For any jig > 0, there exists C' > 0 such that for all u < pg, all X > 0 and u € €2(RY),
we have

CIQd — wullzzay > (Iul1(p < 1) + 1) ull L2 (ga). (2.5)



Let us first prove the simpler Lemma 2.4, the proof of the more involved Lemma 2.3 being
postponed to the end of the section.

Proof of Lemma 2.4. We start with the case u < —1. We have then
Q) — wull 2 ey llwl L2 mey > Re((Q) — pu, u) p2(ray > —{U, U) [2(Ra) = |.uH|u||2L2(Rd)a
so that Estimate (2.3) holds for p < —1.

Next, let us prove that there exists C' > 0 such that for all € [~1, o], all A > 0 and u € €2(R?),
we have

C(@Qp — pw)ull g2 may > [Jull L2 ray- (2.6)

If not, there exist sequences (A )ren € (RN, (Ax)ren € [—1, o)™ and (ug)ren € €2(RY)N such that

1
1(QY* — ok )unll p2 (may < pa— llu |l L2 raey = 1. (2.7)

+ 17
This implies

0 [1(Q5" — pr)unll 2 k]l L2 ey > Re((Q0* — pun)uk, un) 2@y = | Vurll72gay — sk llunlF 2 gay

> ||Vuk||%Z(Rd) - ﬂO”uk”%?(Rd)
0 [1(Q0* — ) urll Lo ey lun || L2 (ray > Tm(Qou, u) p2(ray = IVaurllZ2ea)

> Ol uk 13 2 gay- (2.8)

Since H}(RY) := {u € H'(R?), |z|"u € L*(R%)} injects compactly in L?(R%) and (u)ken is bounded
in H}(R?), we may extract a subsequence such that (uy)ren converges strongly in L*(R?), up —
Uso € L2(RY). According to (2.8), we also obtain u; — 0 weakly in L2(R9): in fact we have for

¢ € CLRN{0}),

< 2l urll 2 ey 12177 ¢l 2Ry — 0,

’ / oo (2) () d

— ‘/uk(x)qb(x)dx

proving that supp us, C {0} and thus the L? function uo, = 0. This contradicts (2.7) which implies
oo |l2(rey = 1. This proves (2.6). As a consequence, Estimate (2.3) is now proven to hold for all
me (700, /U'O]' 0

We are now left to prove Lemma 2.3, i.e. to study the most substantial case where u > pg, but
we may keep in mind that we can freely choose the large fixed constant pg. We set

v=p? Q) =Qy - (2.9)

and study the asymptotics when v — 4o00. From the above remarks, we have only to prove the
estimate (2.3) for v > vy, where vy can be chosen arbitrarily large. First of all, we note that

1Qpull L2 ey ull 2 (ray > I(Q)u, w) 2 (ray = (Wau, w) p2ray = C1 (2P u, u) 2 (ray, (2.10)

which will be used several times during the proof. In particular, this estimate provides the right
scale in the region |z| > /(71 according to the lower bound in Assumption (2.2). Next, we split
the phase space in two different regions.



2.2 The propagative region

Let x € €2 (R*;[0,1]), such x = 1 on [1/2,3/2] and x = 0 on [0,1/4]. Let ¢ € €>(R%;[0,1]) such
that ¢(z) = § if |z| < 1 and ¢(z) = 0 if |z| > 1. We define

0
(x, &) = / oz +7€)dr € € (Rd X (Rd \ {O})),

— 00

which is bounded on R¢ x (Rd \ B(0, i)) since ¢ is compactly supported. We set

dof? |, |dgP

(€)= v(ED )2 &y e s, L),

V2 vtV | PREa! 1%

where each seminorm of the symbol m, is bounded above independently of v > 1; in particular, we
get that m is bounded on L?(R?) with sup,>1 [[my || c(z2y < +o0o. Next, we have

2Re(Qpu, imPu) p2ay = (i [(|€]> = v*)", mY] u7u>L2(Rd) + 2Re(Vu, myu) r2ma
= <{\§|2 -2, m,,}w U, u) 2Ry + 2Re<V/\2u,mg’u>L2(Rd), (2.11)

since the symbol |¢|? — 12 is quadratic. Moreover, we can compute

2 0
(I = om} = 26 0.m, = 2x(Ehye- 2 (w5 5)

with
9 9 . 0 2
e - (v mom) = [ vmndEDe a4 roar

/0 44 2”“X(‘€|2)d7 (go(xu_ﬁ +T§I/71))d7’

oo v?
112

= i (S Jp(ar =)
l¢|?

since |¢v1|2 > % on supp X(ET) Hence, we obtain

€

{16 = w2 m, } = 207 (o (v 7)

o frmE lEP? — 1) < 1/2 and [alyTET <172,
0 on T*R%.

Moreover we have,

|d$\2 L ldeP

1/274-1 V2

C)p(av™ T € S(v?

2y
202+ x(

g2
) )

As a consequence, using the sharp Garding inequality in (2.11) yields

2y _ __2 ¥
ClNQYul acas Il ey = v ( (xo(lg2v 2 = Dxo(|alPv™557) ) u,u)

— 2Re(VRu, m¥u) 2 gay| — Cv~ 55 [|uf 2250y, (2.12)

L2 (R?)

where, for some ¢y € (0,1/8),

{Xo € €°(R;[0,1]) is such that {xo = 1} = [—ep, €0, and (2.13)

{XO = O} = [7260,260]6, {O < Xo(t) < 1} = {60 < |t| < 260}.



Next, we check the term 2 Re(V2u, myu) 2 ray. We have

|2 RG<V)\2U, mf,”u)Lz(Rd) ’ = ’2 Re(Vyu, V)\mg}u>L2(Rd)‘ < QHV)\UHLZ’(Rd) ||V)\m:fu||Lz(]Rd).
Recalling that m, € S(1, Ade® h%‘z) C S(1, |dz|* + |d€|?) as v > 1, we may apply Lemma 2.2 to
S CEST

obtain
|Re<v,\2uam7;uu>L2(Rd)} S IVaul| L2 gray (||u||L2(Rd) + ”VAUHL?(]RGZ)) ;
where the constant involved is uniform w.r.t. v and A. Next, using (2.10), we obtain
3 1
[2Re (Vi miu) ooy | S g Q3 o gy + 102000 oy Il g
S ||u||%2(Rd) + ”Qz)/\u”L?(Rd)||u||L2(Rd)' (2.14)

Combining this estimate with (2.12), we have, for v > 1y and vy large enough,

27 _ __2 _\Y
Clulaqgey + ClIQul e llul eqeny = w27 ((xoel?v? = Dxollalv™ 7)) ) -

(2.15)
2.3 The elliptic region.

We now check the regions where [£]? < 12 or [£]2 > 2. Let ¢ € (0,1/2); we consider a function
0 € €°(R;[—1,1]) such that

1 for o > 1 + 2¢y,
{0<0 <1} foro e (1+ey,1+ 2e),
0(c) =<0 for 1 —ep <o <1+ €, (2.16)
{-1<6<0} foroe(l-26,1-c¢),
-1 for o <1 — 2¢g.

We claim that
€0

2+ € '
In fact, (2.17) is obvious whenever 6(c) = 0 and if 6(c) > 0, i.e. if 0 > 1 + €, since it amounts to
verify

Vo eR, (o0c—1)0(c)>10(0)|(c+1) (2.17)

o(l— €0 ) > 1+ i i,e. o>1+¢y, which holds true.
2 -|— €0 2 -|— €0
If (o) <0, ie. if 0 < 1— ¢, it amounts to verify
1 1
o(l+ i )<1-— i Le. o< ,  which holds true since 1 — ¢g < .
2+ ¢ 2+ ¢ 1+e¢ 1+e¢
A consequence of (2.17) is that, with ¢g = 2-?7050’ we have
VEeRL V> 1, (I —v)0([EPv?) > ol 0(1E1Pv )17 + 7). (2.18)

We compute

R6<Q3U,9(|§|2V72)WU>L2(JM)
= (1€ = 2) ", B(1€ 0 2) )y gy + Re (V2001202 0) g

> o (161 + 2)IO0EPY ™)) "t 0) gy — [Re (V0 0(E120 7)) 2 g |

Following (2.14), we have

|Re(iVu, 0(1€1*1 %)) p2 ey | S N[ullfeqay + 1Q0ull L2 ey llul L2 (ga),
so that we finally obtain, as 0(|¢|?v~2)% is bounded on L?(R%),
Cllullts gy + CllQYull 2 ey lull L2 ey = (17 +1*)OEPY ™)) “u w) 1o g - (2.19)



2.4 Patching the estimates together.
Combining (2.10), (2.15) and (2.19), we obtain the following estimate

CllulZama) + ClQDul 2y ull 2y 2 VAR Facaa) + v C100EPYT)1) "t ) 1o g
+ v (o€ = DxollePr™55)) wu) L (2.20)

L2(R4)
Since xo is given and satisfies (2.13), we define now
0(0) = sign(o — 1)(1 — xo(o — 1)).

Since xg is smooth and vanishes near 0, the function € is smooth and such that

for o > 1+ 2¢, 0(c) =1,

for 1+¢e <o <1+2¢, 6(o)e€(0,1),

for1—e<o<1l4¢, 0(c)=0,

for 1 —2¢y <o <1—eg, 9(0)6( 1,0)
(o)

for o <1 — 2¢y, 0
That function 6 satisfies (2.16) so that (2.17) holds. We note that
0(@)+x0(0 —1) =1,
since |1 — xo(o = 1)| + xo(c —1) =1 — xo(0 — 1) + xo(c — 1) = 1. As a consequence, we write

1=10(Pv=2)] + xo(€lPv 2 — 1)
= 16 2)] 4 xo(l v =5 )xo(IEP v = 1) + (1= xollaw ™ =5)) xo (€2 - 1),

and hence
v < B E ()] + v E (el Pr ) xo(EPr T = 1) + v (1= xo(JafPy ).

Since the symbols on both sides of the inequality belong to the class

2 2
S(lﬂsll, |dz| |df| )7

T _2
v2y+L V2

we can apply Garding’s inequality. Note that the gain in the pseudodifferential calculus for symbols

1

. . - S B _2y+2 .
in this class is given by v~ 2>¥1p~ = v~ 2v+1, This gives, for v > 1y and v large enough,

2~ _ w
+ra T (([0(EPr ™)) u, u) 2 ge)

2y 9 -2 L 2 2
(IO ol T ) 2 v

2y _ —__2 _\\w
v { (xo(€l?2 — Dxollafv751)) “u, )

L2(Rd)

Next, we note that, because of the properties of xo, given in (2.13) we find
v 7 (1= xo([a?v™57)) < CVa(@)?,

according to the lower bound in Assumption (2.2). Using the last two inequalities together with (2.20)
gives
_27
CHUH%Z(Rd) + C”Q;)“HL?(Rd)HUHLQ(RL‘) > vl ||u||%2(Rd)7 (2.21)
which concludes the proof of the theorem, dividing by ||ul| 2(re) and taking v > vy with vy large
enough.
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3 Two lemmata

In this section, we state and prove two simple technical lemmata that will be used in the proofs of
both Theorems 1.7 and 1.8.

3.1 Scaling argument

First, we prove the following lemma, which is a consequence of Theorem 2.1 together with a scaling
argument. We define on L?(R?) (below, we shall take d = n’) the operator

ﬁ)\,w =—A —w+ iAW (x). (3.1)
Lemma 3.1. Let v > 0 be given. Assume that there exist C1 > 1 and v > 0 such that
Crle|? < W(z) < Ci|z]®, zeR (3.2)

Then, there exists C > 0 such that for all u € €2(R%), for all A > 0 and for all w € R, we have

~ e w %
Pl 2 374 (1 B () ™7 e

FI
where H = 1r_ is the Heaviside function.
Remark 3.2. Note that this lemma does not use either A large, or 0 < w < A2,

Proof of Lemma 3.1. First, we remark that for all a > 0, the operator

T,:L2(RY) — L*RY)
uw(z) — afu(az)

1

is an isometry, with inverse (T,)~' = T,-1. As a consequence, we have

ToPrw(To) ™' = —a2A — w + iAW (az),

where, according to Assumption (3.2), we have

Crixa® x> < AW (ax) < C1 e®|z)?Y, = e R
Now, we choose o = )\_ﬁ“), so that we have a~2 = a27\ = A7+1. Setting

Wi(x) := Afﬁ)\W(ax),
we obtain the uniform estimates
Otz < Wi(z) < Cilz[*, xRN >0. (3.3)
With @) defined in (2.1), this now yields
ToPyo(T) ' = AT (@ —wh™7T), = 7o,

Since (3.3) implies Assumption (2.2), we can apply Theorem 2.1 (where p = w)\ﬁ). This yields

(still with @ = A~ 7707,

~ ~ _ 1
||P>\,wuHL2(]Rd) = ||TaP>\,w(Ta) 1TozuHLQ(]Rd) = A7+t

(Q())‘ — w)fﬁ) Tau’
0
1, L w o\
> CO A7+ <1 +H(w) <>\1> > ||Tau||L2(Rd),
y+1

concluding the proof of the lemma since Ty, is an isometry. O

L2(R4)
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3.2 An elementary lemma

Let v > 0,c9 > 0 be given. We define for A > 0,w > 0,

— co wAT T (3.4)

Fvw) =1+ (= )T

AT
Lemma 3.3. V¢y > 0,VA > 0,Vw € [O,CE(ZWH))\Q], we have f(A,w) > 1.

Proof. For w > 0, A > 0, the inequality

w o\
__2 2v+1
co WwAT T < ( T )
AT
. . 1 22y 2, 2y+1 2
is equivalent to cowZFT < AT CVEDGFD = AZ3FT je. to ¢y’ w < AL O

4 Proof of Theorem 1.7: the invariant case

4.1 Reduction of Theorem 1.7 to a (n — 1) dimensional problem

After a Fourier transform in the x,, variable, Theorem 1.7 reduces to the following result.

Theorem 4.1. Assume (1.11), (1.13) and define the operator acting on L*(M")
Py = Ay —w+iXb, D(Py,) = H*(M). (4.1)

Then, there exist C > 0 and Ao > 0 such that for all u € H*(M'), for all A\ > \g and for all w < )2,
we have

1
||P)\7wu||L2(]\/[/) Z C’)\’Y"'1 ||u||L2(M/) (42)

In this section, we only prove that Theorem 4.1 implies Theorem 1.7. The proof of Theorem 4.1
needs more work and is completed in Section 4.2.

Proof that Theorem J.1 = Theorem 1.7. We perform a Fourier transform in the variable z,, € T':

1

u(@' wa) = Y dn(a)et o, with dn(e’) = o
s

2 )
/ u(z' |z, )e” Frd,.
kez 0

Then, for u € H*(M), we have with Py defined in (1.4) and Py, in (4.1),

(Pu) (2, 2,) = Z (—Am + k2 — N2+ iAb)dy, ) (z")etFen = Z (Pry2—p2iy) (z")etFen,
keZ kez

as b= b(a’) does not depend on the x,-variable. We hence obtain

1Pl Z2ary = 27 > 1P s>k il 72 0109 -
kez

Finally, as a consequence of Theorem 4.1, we have ||Py x2_p2w| p2(pr) > C)\ﬁ”wHLQ(M’) where
C > 0 does not depend on k. This yields

—2 . 2
1PxullZ2(ary = 20C% Y AT @l Fa(ary = CPATT [ullZaar),
kezZ

which proves Theorem 1.7. O

12



4.2 Proof of Theorem 4.1

We now want to use Lemma 3.1 in a neighbourhood of {y'} x T! and to patch estimates together to
complete the proof of Theorem 4.1.

Proof of Theorem 4.1. Let xo € €°(B(y', €0);[0,1]) such that xo = 1 in a neighbourhood of " and
set x1 =1—x0 € €°°(M’). On the one hand, we have, with P, ., given by (4.1),

C||Pxwxiull 2 (arry = Mixaull 2y (4.3)
since, according to Assumption (1.13), b is bounded from below on supp(x1) and hence
)\HX1UH%2(M« < OXMbxau, xau) r2 vy = CIm(Py X1, X1U) 22 (017
< ClPrwxaull 2y Ixaull 2 (ary-
On the other hand, we have
1 PxwxotllZzarmy = I1PrwXxotllTz 5y co))-

We write ' = (21, - 2,—1). According to Assumption (1.12), we can extend (for instance by
homogeneity in the variable 2’ — ¢y’ outside Brn-1(y’,&0)) the function b from Bg.-1(y’,e9) to the
whole R"~! as a measurable function W satisfying

Crt —y/ |2 <W(') <Cil2’ —¢/|*, 2/ €R™, and b=W on B(y/,e).

Hence, we have
PA,WXO = P)\,wXOa

where IB)W is given by (3.1). We may then apply Lemma 3.1 to the operator PAM in R*~'. This
yields, for some C' > 0,

CllPrwxotlZzary = CllPrwxotl| 7z n-1)

2 w 2+t 9
27t (1) ()7 ) ol

2y
2 w P
AT (1 + H(w) ()\'yll) ) ||X0U||2L2(M')- (4.4)

-

>

We now want to estimate the remainder term
I1Px,ws xalullL2(arry = [[Pawor xolull L2 arry = [=Baars xolull L2 (arr)
< (A nrxo)ull sz + 21 Varxo - Varlzagar. (45)
For this, we take ¢ = 1(x') € €2°(B(0,&0);[0,1]) such that v = 1 on supp(Vxo) and ¥ = 0 in a
neighbourhood of 0. We compute
=0
Re(P)Wu, w2u>L2(M/) = Re<(—AM/ — LL))U, ¢2u>L2(M/) + Re(z)wfbu, u>L2(M’)
= Re(—AM/u, ¢2U>L2(M/) — (A)”ll)U”%z(M/) (46)

Moreover, we have

Re<—ARn—1u,’¢J2u>L2(M/) = (Vz/u7w2vm/u>L2(M/) + Re(VI/u,uVI/w2>L2(M/)
n—1
= <Vrlu, w2v11u>L2(M/) + Z Re(iiju, u8£j1/)2>L2(M/)
J=1
n—1 .

(3
= (Voru, *Voru) 2y — ; 2

(Agn—19®)u,u) 12 a0y,

<[Da:] bl 8337' ¢2]Ua U>L2(M')

DN | =

= (Voru, > Vart) 2(apy —
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since the two operators D, and 8%.1/12 are selfadjoint. We have thus

=wllpullZa p,

19V artll72pry = Re((=Arn-1 — w + iAb)u, ?u) L2 (arr) + Re((w — iAb)u, ¢*u) L2 (ar)
1

+ §<(AR"*1¢’2)U’ u) L2 (M),

and consequently we obtain
[0V el Z2ary < 1Py wull2arn el L2y + Crllul| T2 cary + wlltul e ary-
As a result, we can estimate the commutator of (4.5) by
1P Xolull3zary < Co(IPs etz ullzary + llulfaqar + wléuliee ). (A7)
Now, we have | P ()2 ) < 21Prws Xalul2a (ypr) + 205 Prstl2a ) 50 that
20 Pswtlaqarn = 1Py wxoulia + 1PsxulRane — 41Pvw xoluldary,  (48)
which, combined with the estimates (4.3), (4.4) and (4.7), yields

y+1

2y
e w PEvE)
C3<||P>\,WUH%2(M’) + ||UH%2(M')) > AT (1 + H(w) <)\1> ) IxoulZ2arr

+ N IxaulZzn — awllvulz ey, (4.9)

where ¢, is a fixed positive constant.
In the régime w < 0 (or, more generally, w < wp for any given wy), this suffices to prove (4.2).

Let us now study the régime w > 0. We notice that, for w < A2, A > 1,
2y
(i (2))

ATHT

and that, for all v € L?(M’) we have

2 2 __ 2y 2y
AL 4+ AT D GFD o 29+

2 i_#_l’_‘ki"f 2 2 2
ATHT 4 A FTT @ FDGFD T AFT = AT 4+ AT < 20

IN

[0l 72(arry < CallvllZzary = Call(xo + x1)0l 20y < 2Callx0v 172 (arry + 2Callx10 1172 (arry-
This, together with (4.9) then yields

C5<||P/\,WUH%2(M/) + ||UH%2(M’)) > A7 f(Aw)l[(xo + x1)ull72(ary = AT @) ullZ2arrys

where f(\, w) is defined in (3.4) with a fixed positive constant c¢g. According to Lemma 3.3, there
exists A\p > 0 and

§=cg @t >0, (4.10)
such that for all A > g and w € [0,5\%], we have f(\,w) > 1. As a consequence, (4.2) is satisfied
in this régime. Finally, suppose that dA? < w < A?, where ¢ is given by (4.10). In this régime, the
estimate (4.2) is a direct consequence of the usual (stronger) 1-microlocal estimate (see Lemma 4.2
below). O

Lemma 4.2. Let § > 0, y' € M’ and suppose that b(y') =0 and b > 0 on M’ \ {y'}. Then, there
exists Ao > 0 and C > 0 such that for all X > \g, for all w € [0A?, \?], we have

[Prwull2arry 2 Allwllzzarry-

This lemma states the classical estimate associated to a “one-microlocal” propagation result in
the presence of geometric control. We do not provide a proof here since it is simpler than the proof
of Lemma 5.1 below and would follow exactly the same lines. The only additional difficulty with
respect to the proof of Lemma 5.1 is that the constants are uniform with respect to the parameter
w € [6A2,\?] (whereas Lemma 5.1 only tackles the case w = A?). It only requires a simple change of
definition of the compact K in the geometric definitions in the first part of the proof of Lemma 5.1.
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5 Proof of Theorem 1.8: the non-invariant case

5.1 Proof of a geometric control lemma

In this section, we prove the following lemma. All definitions and tools of geometry and pseudodif-
ferential calculus used in the proof are introduced in Appendices A and B respectively.

Lemma 5.1. Assume that b € L>®(M;R") and recall that wy is defined in (1.3). Take a non-
negative function o € S o(T*M). Assume that for all p € supp(a) N S*M there exists t € R such
that ¢(p) € T*wy. Then, there exist C,\g > 0 such that for all X > Ao, we have

3 3
A Op(a(z, X))UHLZ(M) < C||Pr Op(a(z, X))UJHL"’(M) + Cllull 2 (ar)-

This Lemma states a “one-microlocal” estimate in the presence of a partial geometric control,
which is adapted to our needs. We give a proof here to check that no smoothness is required on b.
Moreover, the proof below uses multiplier estimates and is hence of constructive type. Note that if
wp satisfies (GCC), then the assumption of the lemma is satisfied by a = 1 and the lemma yields the
optimal estimate

Mullz2ary < Cl|Pyull 2 (ary -

This estimate is equivalent to the uniform (and hence exponential) decay of the associated prob-
lem (1.1) (see for instance | ] and the references therein).

Proof. The proof is divided in several steps.

Some geometric facts. Set K := supp(a) N.S*M C T*M and, for p € K denote t, € R a time
such that ¢;,(p) € T*wy. The compact set K is hence such that for all p € K, p € ¢_; (T*wy), i.e

Kc|JouT
teR

Moreover, for ¢ € N* we let w’ be a family of open sets such that @ C wp, @w¢ C w!, and

Upen: w* = wp. For any t € R, we have ¢_(T*wp) = Uyey ¢—+(T*w"), where ¢_(T*w") are open
subsets of 7* M. This reads
Kc|J | o1

teR £eN*

Since K is compact, we may hence extract a finite open cover of K, that is a finite number of times
ti,j€{1l,---,J} and of w¥, £ € {1,---, L} such that

J L
C U U T* Z
j=1¢=1
We then remark that w’ C w**!, so that, for all ¢t € R, Ule é_(T*w") = ¢_(T*wr). This finally

yields

K C U b, (T*wh),  with w’ open such that @~ C wy.

As U;.le ¢_s, (T*w") is open, we also have

J
Ky = supp(a) N{(2,£) € T"M,1 =y < [¢s <147} C | ¢, (T70F)
j=1

for v € (0,1) sufficiently small (fixed from now on).
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Note that, at this point, we have in particular proved that the assumption of the Lemma, satisfied
by the set w;, in arbitrarily large time (depending on the point p), is actually satisfied by the smaller
set wl in a uniform time (namely maxi<; j<s |t; — t;]).

Since W’ is a compact subset of M such that

ol Cwy = U {U C M, U open,essinfy (b) > 0},
we can extract a finite cover of w¥:
@t c U {Ur C M, Uy, open, essinfy, (b) > 0}.

k=1

Hence, we have
b > min{essinfy, (b),1 <k < x} >0, ae. onw”.

Now we define b = ey with x € € (wy; [0,1]) such that xy = 1 on w” and & = min{essinfy, (b),1 <
k < k} so that we have

be € (M), wtc{b>0}, 0<b<h
This yields in particular

)\<BU>U>L2(M) S A(bu,u)Lz(M) = Irn(PAu, u>L2(M) S ||P)\UHL2(M)||UI|L2(]W)~ (51)

Definition of the multipliers. Denoting by O; = ¢_;, (T*w"), the sets (O;);e(1,...,s1 form a
finite open cover of K., such that ¢, (0;) C T*w™. We denote (X;)jeq1,...,s} a partition of unity of
K, subordinated to (O;);eq1,... 3. We set

tj
(@, €) = — /0 xj 0 br (2, €)dr

Taking x € €°(R;[0,1]) such that xy =1 a neighbourhood of 1 and supp x C (1 —+,1+ ), we now
define the multipliers

3 €12

my(r, $) = xS, £, ey

To m;, we associate an operator Op(m;), bounded on L?(M) (see Appendix B).

Estimate in the propagative region. We have, with Py defined in (1.4),
2Re(Pau,i Op(m;)u) 2y = (([(—A — A?),i Op(m;)] u,u) reany T 2Re (Abu, Op(m;)u) 2 (pp

=Re(Op ({|¢12 — A%, m;}) u, u> ay HO0 MwllZ2
+ 2ARe (bu, Op(m;)u) p2 5y » (5.2)

according to symbolic calculus. Moreover, we have
£ §
{|§|i_)‘27mj}:Hpmj_ (|>\|2) 1/]]( JX)
2ty
— 5 [, (oo ) ) ar
0

N ¢
= X(|)\|2)/0 )\% (Xj o ¢, (z, /\)> dr

2
~nil55) (vie. ) - v 00,
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as 92)7' = Hp(d)'r)

Coming back to (5.2), and using the boundedness of Op(m;), we obtain
[ Paullzzcan llull L2 ar) + ||U||%2(M) + Alowl| L2 (ary 1wl L2 (ar)

2a(or0Enatr D) (o0 (oo D) w63

Next, by construction, the function (z,&) = x(|¢|2)x; © ¢+, (x, &) is supported in T*w™ where b > 0,
so that we have )
(g 3

X(52 ) 0 ¢ )<5(x)
uniformly on T* M. According to the sharp Garding inequality, this yields

|£|2 5 7 2
A )\ (z, = SA(b 2
(o (xSgroeane ) wu)  Sa(buw),,,, + Il

S IPaull L2 an l[ull 22 (ary + 1l 2 (g,

when using (5.1). Combined with (5.3) and
MbullZ2ary S Abu,u) 2 ary < I1Pxull 2o lull L2 (a),

this implies, for all j € {1,---,J},
1 1 3
1Pxull 2 any el 2 ary + Nl Zaqary + A2 IPA@l 2oy el 22y
€2 §
(o (W@ H)ue) s
L2(M)

Estimate in the elliptic region. Next, we estimate

2
Op(1 — (5

Take 6 € €°>°(R*;[—1,1]) such that § = 0 in a neighbourhood of 1, # = —1 in a neighbourhood of 0
and 6 = 1 ouside of a neighbourhood of [0, 1], so that |f] =1 — x. We compute

Re <Pw, Op ( ('if )) U>L2(M) — Re <(—Ag ~ A%)u, Op ( (|§|22 )) u>L2(M)

4 Re <z)\bu Op( (5|2)> u>L2(M). (5.5)

Then, using symbolic calculus, we have
(O < (€|2)>)*(—A _)\2)
p AQ g
= Op (¢ ( (€12 = X)) + Orr2(an)) (A) + O (g2 (1)

)| (1612 + A%)) 4+ Og(rz2(an) (A) + O (a2 (ary) (1),
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so that the sharp Garding inequality yields

€12 [9F:
o (-8, =¥ 0p (055 ) ) 2 {op (CSNER + ) ui)  —Oulaan
L2(M) L2 (M)
=0l ) = Ol o lulzzcan
€12
2 (0p (1= x(EEpu) - ol
L2(M)

— O()|lull g (anyllwll 2 ar) (5.6)

since ||u||2 < ullgranllull L2 (ar). To estimate ||ull g1 oanllullL2(ar), we simply write

HE (M)
[ Paull2(anyllullL2(ar) = Re (Pau, U>L2(M) = <(*Ag —A\)u, U>L2(M)
= IVqullZa(an = XllullZzan,

so that
[l e (a2 ary S AllwllZzcary + HPAuHLZ(M IIUHLz(M)

Coming back to (5.6), this yields
Ay —A)u, O €12 Allul? P
(=89 = A%)u, Op { 0(55) | u + Ml zeary + 1Pxull 2o lull 2 ar
L2(M)

> \2 _ |£|i
2 A (0p(1—x( 2 ))u, u .
L2(M)

Moreover, as above, we have

€2 Lo
]Re<mbu Op(< £)) | < Mol zean sz S NPl agan Il 2 o
S IPvull g2 anyllull L2 (ary + Alull7z ary-

Coming back to (5.5), this implies
2 2 €13
1Pxull 2o [l L2 ar) + AllulZ2an) 2 X% (OP (1= x(557))u, u
Dividing this estimate by A, we finally obtain

)\_1||P/\U||L2(M)||u||L2(M) + HUH%"‘(M) Z A <OP (1 - X(/\;))U7U> . (5.7)
L2(M)

Patching estimates together. Finally, according to the construction of x;, x and denoting

J

0= {9 M, (1-x(€R) + (e D3t (06> 0},

we have supp(«) C Q. Let 5 € €°°(T*M) be a function which is homogeneous of degree zero in each
fiber for ||, large, such that supp(f) C © and 8 = 1 on a neighbourhood of supp(«). We have

<

(1= x(€l) +x(glz Z (z,€) = B(x,€),
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uniformly on T*M. As a consequence, according to the sharp Garding inequality, we have

Using inequalities (5.4) and (5.7) yields

2
1 1 3
S Il llullzzn + o + APl a6l o an

S lm

A HOp(ﬂ(x, £

L2(M)

Applying this estimate to u replaced by

Au = Op (a(z, %))u

and using that
Op (B, $)) Op(ar, $)) = Op(ate, $)) + Ocuaay (A,

according to proposition B.4, we obtain
MIAullZaary S 1P A g2 | Aul 2 (ary + [[Aul|72 a0y
1 1 E _
N[ PyA Ea Al gy + OO [l

S (L+ e DIPAu 2o | Aull L2 ar) + (14 M) [[AulF 2 ary + OO ullZ2(ar)
for all € > 0. Choosing ¢ sufficiently small, yields

2 _

M Aullzzary S IPAAull2an 1Al 22 ary + [ AullZzar) + OO llullZzar)
S NP AU L2 gy + L+ N Aul T2y + O [l T2 2y

for all € > 0. Taking e sufficiently small, and then A > )y for \g large enough provides the proof of
the lemma. O

5.2 End of the proof of Theorem 1.8

Next, we want to patch estimates together to complete the proof of Theorem 1.8.

Proof of Theorem 1.8. Let U., = B(y/,e0) x T" < M and xo € €°(B(y',20);[0,1]) such that
Xo = 1 in the neighbourhood of y’. We shall also write yo instead of xo ® 1 € €>°(U,,), and
instead of xo ® 1 € ¥°°(M) where this function has been extended by 0 in M \ U,,. We denote by
x1=1—x0 € €>°(M).

On the one hand, as a consequence of Lemma 5.1 and Assumption (1.17), we have for A > A,

O YlullL2ary + IPaxaullczary 2 Allxaull zean- (5.8)

On the other hand, we have
I1PxxoullZzary = IPaxoulza ., )-

. . . . ’
Notation: in U.,, we note the coordinates (z',2”) with 2/ = (2f,---,2/,) € R™ and 2" =
"
(l‘/l/, ,33;;”) e R™ .
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According to Assumption (1.16), we extend (for instance by homogeneity in the variable a’ — 3/
outside Bgn (y',€0)) the function b = b(z’) from Bg./(y',€0) to the whole R™ as a measurable
function W satisfying

Cille —y/ P < W) <Cila’ —¢/|*, 2/ €R™, and b=W on B(y/,e0).
Hence, we have
Paxo = (=Aga — Aqur = X2+ iAW (2')) © xo

As a consequence, we have
[PaxoullZ2ary = I(=Apw = Apar = X+ iAW (@) (xow) 172 g sopnrry

= 3B + K2 = N iAW (&) (o)) 22 g
kEZ

where we have denoted by iy (z') = W Jpnrr w(a!,z")e~ """ dz"  k € Z"" the partial Fourier
transform in the periodic directions.
Next, we apply Lemma 3.1 to the operator —Ag.s — (A2 —|k|?) + iAW (2') in R"™ for any k € Z™ .

This yields, for some C' > 0,

_2 ~
ClPaxoulizan 2 AT Y Ihxo(a )ikl o)

AZ—|k[2<0
2y
2 A2 — k|2 2+ R
4+ AFHT Z <1 + (1||> ) ||X0(x/)uk||i2(Rn’)' (5.9)
A2 [k[2>0 AT
We now want to estimate the remainder term
I[P, xalull 22 ary = [[Pxs xolull L2 ary = I[=Agars Xo(2)]u]l 2 g pnr)

< ||(A]Rn’XO)U||L2(Rn’x1rn”) +2[Varxo - vac'uHL?(]R"'xT"”) (5.10)

To estimate this remainder, we take now ¢ = ¢¥(z') = v ® 1 € €°(U,,) such that » = 1 on
supp(Vax). We compute
Re(Pau, ¥°u) r2(ary = Re((—A — A)u, ¥%u) p2(ar) + Re(iMp?bu, w) r2(an)
= Re(-Agnu, ¢2U>L2(Rn’x1r"”) + (U Vo, Vantt) 2o xpa’)
— N (W, u) 2 (g oy

Moreover, we have

Re(— Aot 420) s g e
= (Vz/w ’l/JQVz/’U/>L2(]Rn’ X’En”) + Re<vz’u7 uv1’¢2>L2(R", XT",/)

/

n
— <vl-/fl,t7 wQVJ;/u>L2(Rn’ XT”’”) + Z Re<iDJ}jU‘7 ualj ¢2>L2(Rn, XT””)
Jj=1

’

N
= (Varth, $* Vo) 12 (g sepnrry + Z §<[D1jﬂazjw2]u7 U) L2 (R T
=

1
= (Varu, zbzvﬂﬁ’fu»Li’(]R"' xTn'") + 9 <(AR"’ 1/)2)“" U>L2(R"' xTn'")>

when using that the two operators D, and 0, ? are selfadjoint. Now, we write

<wsz”u, Vm”u>L2 (R"I XT””) — A2 <¢2U, 'U,>L2(]R"/ XT"”) = Z(|k’|2 - )\2) ||w(xl)ﬁk||i2 (R”/)7
kezZ
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and come back to (4.6) to obtain

||1/)Vx/u||ig(Rn/ ><,]:[‘n//)

< Paullzzanllullzan + CllullZzn + Y- O = )b 7o g -
A2—|k|2>0

As a consequence, we estimate the commutator of (4.5) by

ITPx, xolullZ2ar) < 00(IIPAUIILZ’(M)IIUIIL%M) +llullZ2a)

Y R A #] R gy) . (511)

A2—|k|2>0
Now, we have
1PxullZzcary 2 1PAxoullZear + 1PAX1ullZ2(ar) — ClIIPA, Xolull72ary s (5.12)

which, combined with the estimates, (5.8) (5.9) and (4.7), yields

2 ~
I PxullZan + 0l2aary 2 A2l 377 S0 o)l 2a ey

22 [K[2<0
2 A2 — |k|? T e 2
ATy |1 (S 0@ 122
A2—|k[2>0 AT

D SR C S L0 [ L

A2—|k[2>0
Next, we remark that the cutoff functions are chosen so that, for all v € L?(M’) we have
lolZzen S 100 + x0vlZ2 e < IxovllZe oy + X0l 72 (a0 -

We hence obtain

2 N .
HP/\UH%Q(M) + ||U||:£2(M) z >‘2||X1u||2L2(M) + A7+ Z HXOuk”i%M/) + HXluk”iQ(M/)
22 [kj2<0

AT ST AR — R0 + x0) 8 Zaar,
A2 |k[2>0

where f(A,w) is defined in (3.4). According to Lemma 3.3, there exists § > 0 such that for all A >0
and w € [0,5)\?], we have f()\,w) > 1. Moreover, we always have )\%f()\,w) > —cow > —coA3. As
a consequence, we have

2 ~ ~
1PsullZzan) + lullizan 2 AT Y l@lZaam — coX? > k72 arry (5:13)
A2 |k|2<5A2 SA2<A2—|k[2<A2

Next, we study the last term in this estimate. The range 6\ < A\? — |k|? < A2 may be rewritten as
|§’2 < (1-9). Take x € €°(R) such that x = 1 in a neighbourhood of [—(1 —6),(1 —d)] and x =0
in a neighbourhood of (—oo, —1] U [1, +00). We then have

> likl|32ary < D XCURP /A kllF 2y = (= Agnr /A ullF2 a1y, (5.14)
SA2<A2—[k[2< A2 kez

where the last identity is a consequence of Lemma B.9. Using (B.7), we moreover have

IX(=Agur /X2)ulZaary = 10 (X(E"2/N%)) ullZa(ary + ON)ullZz(ar)- (5.15)
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As supp(x) C (—1,1), Assumption (1.17) implies that for all p € supp(l ® x) N S*M there exists
t > 0 such that ¢:(p) € T*wp. We may hence apply Lemma 5.1 with & = 1 ® x to obtain

N[ Op (x(I€712/X%) ullZ2ary < ClIPAOp (X(IE"2/A?)) ull72 (ary + O [ull72(ary- (5.16)
We now have

Py Op (x(I€"?/A%)) = (=Anr — Aqar — A +ib) Op (x(1"]*/A%)

= Op (x(I€"[?/A)) Px + [=Agar, Op (x(I€"]?/A))] + iA[b, Op (x(l&”lQ/)\(?)l]%)

as (D377, Op (x([€" /X)) = 0. Next, we have [~ Agur, Op (x(I€"[2/A%))] € WE,(M) as its principal
symbol is {|€”|%, x(|¢”]?/A?)} = 0. Finally, we have

116,00 (x(€” /AN gezzamy < C Bl (ar) + Va2 (o)) (5.18)

uniformly with respect to A according to | , Chapter IV, Proposition 7]. Combining all esti-
mates (5.14)-(5.18), we now obtain

\° > lakll72ary S IPAullZecary + Nl Feany:
SA2<A2—|k[2<A2

Together with (5.13), this now implies

2 ~ ~
”PAUH%Z(M) + ||u|\2L2(M) 2 AT Z ”uk”%Q(M’) +A° Z ||“k||%2(Mf)
A2—|k[2<6A2 SAZCAZ—[k[2<A2

2
2 AT ||UH%2(M)’

which concludes the proof of the theorem when taking A > \g for Ay large enough. O

6 Proof of Theorem 1.6: the lower bound

In this section, we prove Theorem 1.6, i.e. we construct a sequence of quasimode that saturates
Inequality (1.9). Let x € €2°(B(0,&0)) be a real-valued function such that x = 1 in a neighbourhood
of 0. Take v = (1,0,---,0) € Z" , A=k for k € N and set

. a(n—1) , ikv-z’ a(n—1) , eikm/l/
ug(2’,2") = k™ 7 x(k%2) o =ak 7 x(k%) AR
(2m) "z (2m)"z
where cg = ”X”Z;(B(O o)) is chosen so that for any k € N, we have |lug|/z2(ar) = 1, and a > 0 is to

be fixed later on (in terms of ). Now, we have

. "
ikx
an’ € 1

(Pkuk)(a:) = Cok 2

— (—K** (A x) (k*2') + ikb(2")x (k*2"))

(2m) 5

and

— k2 (Anrx) (k2') + ikb(a')x (k%) |* da’

1Pealay = [k
M/
— Cg/ , kan’ ‘kZQ(AM/X)(kax/)IQdI/ +Cg/ / kan’ |kb(z/)x(kaxl)|2 dl’l
R™ R”
since Yy is real-valued and compactly supported. After a change of variables, this yields

2
dz’.

J)/

2
1Pl = [ @)+ [ (s

kb(—)x(z")

7L/
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Using then Assumption (1.8) on the vanishing rate of b on supp(y), we obtain

72y

((Apx) (@) da’ + 2 / kCy ,;% x(@)| da’

R"’

| Pe]2ap) < 2h1 /

R"’

< e / |(Arr) (@) da’ + BCRR1 / 12’ P (") da".

n’/ R»

Minimizing the exponent w.r.t. o gives a = and hence

_1

2(1+7)?
2

1 Prrll3zany < K776 (A0 Baary + CENIZ P X2 arr) ) -

Finally, we have || Pyug | z2(ar) < Cokﬁ for some Cjy > 0, which concludes the proof of Theorem 1.6.

7 Second microlocalization, a key tool for the proof

The proofs above contain several steps of microlocalizations, i.e. of cutting the phase space into
pieces, proving the key estimates for symbols supported in these pieces and finally patching together
the whole set of inequalities. We are willing in this section to (hopefully) illuminate these tech-
nicalities by resorting to various concepts related to the so-called second microlocalization. These
notions were first developed in the analytic category in M. Kashiwara & T. Kawai’s article [ I,
followed by G. Lebeau’s paper | ]. J.-M. Bony’s article | ] and J.-M. Delort’s book | ]
displayed striking applications to propagation of weak singularities for non-linear equations, the
J.-M. Bony & N. Lerner’s paper [ ] provided a metrics point of view. More recently, N. Anan-
tharaman & M. Léautaud’s work on the damped wave equation | ] showed, using techniques
of N. Anantharaman & F. Macia | , ], that the second micolocalization could be useful
to tackle estimates related to some non-selfadjoint operators. The key tools in the last three pa-
pers are the 2-microlocal measures, introduced by L. Miller | ], C. Fermanian-Kammerer and
P. Gérard | , , ], which allow to perform (at the level of defect measures) a second
microlocalization for bounded sequences in L2.

In the present article, we have used a multiplier method, instead of resorting to 2-microlocal
measures: it means that have computed

(Pyu, Mu),

with a carefully chosen multiplier M. That multiplier operator M is in fact a second microlocaliza-
tion operator and cannot be chosen as a standard semi-classical operator. It is constructed rather
explicitly in the various regions of the phase space.

7.1 First microlocalization arguments and their limitations

Taking advantage of the fact that the damping term b in (1.1) does not depend on time®, a Fourier-
Laplace transform yields the operator Py

Py =—A, — A +ib(x)\, (7.1)

where A can be considered as a large positive parameter. This is thus a semi-classical problem where
the Planck constant is h = 1/X. P, is a real principal type operator whose principal symbol is
p = |£]2 — A? so that the characteristic manifold is

Char Py = {(z,£) € T*M, [£]2 = \?}. (7.2)

We ask the following regularity question: assuming that Pyu belongs to the (semi-classical) Sobolev
space H?,, could we have u € HSH! at a point vy of the cotangent bundle? Of course when 7, is

sc)

31t would be interesting to explore the case where b depends on time and to show that a direct energy method
should provide essentially the same results, at least when the time-dependence is smooth.
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non-characteristic, we have the better result u € H5f 2. If 4o belongs to the characteristic set, we
may combine three pieces of information:

[1] The point vy belongs to a bicharacteristic curve of p whose endpoint ; belongs to the set
where the imaginary part of the subprincipal symbol is elliptic.

[2] At 1, we have a regularity result, due to the ellipticity of the imaginary part of the subprincipal
symbol.

[3] The propagation-of-singularities theorem for real-principal type operators shows that the reg-
ularity at v, propagates down to ~q.

For condition [1] to be fulfilled, we need the hypothesis that the point 7o is connected by the
bicharacteristic flow to the set where b is positive. The so-called Geometric Control Condition requires
that this should be true for any point vy in the characteristic set, providing then a (semi-classical)
regularity result. We may thus introduce the singular set

Sy = {(x,€) € Char Py, Vi € R, b(¢y(z,€)) = 0}, (7.3)

(here ¢ is the bicharacteristic flow) and try to understand what will happen if S is not empty. Let
us describe the model situation in which we are interested: the manifold and the operator are simply
M =R"=R" x R" and

Py = Op(|€']* + [€"7 = A2 + a2/ [*7). (7.4)

The characteristic manifold has the equation
€7 +1€"]* = N2

and on the characteristic curves o/ = 2¢/, @ = 2¢”, ¢ = constant, ¢” = constant. We get that
(2, 2",8,£") € Sx iff ¢ = 0, 1€")? = A2 :33/’ = 0. We see that Sy is a (2n”’ —1)-dimensional submanifold
of the symplectic R7, x R, x RE, x R, given by

Sy = {0gar } X R™, X {Opar } x {&” € R, |¢"| = A}.
To be 1-microlocally away from S\ would mean that for some ¢y € (0,1)

€7+ 1P =02 €72 < (1—e)A?, €] 2 e)?,
so that the (GCC) condition holds even if 2’ = 0. Of course if |2'| > €, the (GCC) condition holds.

We are left with a neighbourhood of the set Sy and we shall not be able to take advantage of the

particular behavior of b if we do not make further localization in the phase space.

7.2 Reviewing our estimates

Let us quickly review our arguments for the various estimates proven for Py given by (7.4). We set
|£/|2 + |§//|2 — /\2.

[1] |€? Z |€")? or |2| 2 1: this is the (GCC) region since the first condition implies that the
characteristic curve starting at z’ = 0 enters at once the damping set, and the second condition
requires to start within the damping set.

[2] |¢)? < |€”|? and |2/| < 1: this is where we need further localization.
[2.1] |¢')> <« AT and |7')? < AT a tiny piece of the phase space, with volume 1 though,
thus compatible with the uncertainty principle. We use a pseudo-spectral estimate for the

operator |D’'|* + iA|z/|*7, that is an estimate of type

11D 1w+ A2 [T 2 [ful| AT

24



[2.2] [¢/|> < |¢”])? and AT < |2'|? < 1: there we have A|z/|?Y > AT, we calculate

Re(Pyu, iu) = (A|a'|Pu, u) > AT ||ul|%.

[2.3] AT < I€']? < |€"]? and |2']? < A~ : this is the most difficult region, in which we use
a propagation estimate. We study the model

1

|ID'|? —w? + i)z, ABE <w

IA

60)\.

I€”1% Second microlocalization region
A
Conical localization
0 A €]

Figure 1: Classical conical localization and second microlocalization on the singular set.

The above picture illustrates the transition from region [1] to region [2] in the frequency variables
for small z’ and shows that localization in region [2] is no longer conical.

7.3 Second microlocalization with respect to the singular set

* The first microlocalization metric on R x RY is

_ldaf | Jagp

ot = e

with A(§)* = (€)* =1+ [¢[*. (7.5)

It means that the standard symbols of order 0 used for this first microlocalization are functions
a € C*(R?") such that

(950 a) (2,€)| < Caph(&)™11 = Cap(e) 7.
The “large parameter” of this calculus is the product of the conjugate axes, A = A(¢).

* We want to provide a finer localization when we are getting close to the singular set Sy. For this
purpose, we define the metric

L S 5 G . o 5
MOTTTHOT  A©FTu T L AOY

Gz = (7.6)

where pu(€) = 1+ (|¢/PA§) " 57) F¥7 (7.7)
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The notation for g above means that for each (z,&) € R?", g, ¢ is a positive definite quadratic form
on R2" so that for (2/,2",¢',¢") € R x R"" x R" x R"", we have
2|2 ' [2"* 1€
9ue(2,0) = + + + .
’ MO IO A@TFue T 1 A2

We note first that
1< p(§) <1+ A(€) < 2A(9). (7.8)

This inequality implies that
Al <2, AT < A2 2557 and hence g > ¢(7)G,

where ¢(7y) is a positive constant depending only on ~. This inequality induces of course that the
localization given by the metric g is finer than the one provided by G. Calculating the square of the
product of conjugate axes of g, we get respectively

2++1

(A© T u© ) x (MOTTuO T ) = w2 1x A()?

so that the “large parameter” of the metric g is (equivalent to) u, and ¢ satisfies the Uncertainty
Principle.

Lemma 7.1. The metric g given by (7.6) is slowly varying, i.e. such that there exist r,C positive

so that
_ 2 2n -1 M
gy,n((y,n) (x,f)) <r*=VIeR™"™ (C < <C. (7.9)
Gy (T)
Moreover, the metric g is also uniformly temperate on the balls of the metric G, i.e. there exists

C, N,r positive such that VX = (z,£) € R** VY = (y,n) € R?",
ze(T
Gx(Y - X) <r? = VT € R*", M§0(1+g55(Y7X))N, (7.10)
Gym(T) ’
where the quadratic form gg (which is the “symplectic inverse” of g, ¢) is given by

2v+1

92.¢(2,¢) = A(E) T u(€) 377 |2/ |2 + (€)™ p(€) T |C'[2 + A (€)% 2 + |¢"]2.
Proof. We have

y+1 ot
Yu.€ A(n) p(m)>  A(E) p(n)
( ) : AE) p©PF T A(n) plE)’ (7.11)

and if gy, ((y,n) — (x,€)) < r?, this implies Gy, ((y,n) — (z,£)) < r?/c(v). Since G is slowly varying,
we may choose 7 small enough to get A(§)/A(n) ~ 1. Then, with fixed constants C;, we find

1\ t1
pOp* 11+|17’|2”+2A—1 <Ot G Iy’ — &|2PA" 7+
pl€FFT = T gPeAT LA )

Jy.n

2v+1
and since from the assumption (7.9), we know that |&' — /|2 < r2u(n) 571 A7T, we obtain

)2'y+1 )2'y+1 2v+1

1(n (0 (n)
wgmt S Gt G W(©)F

if C3r?7+2 < 1/2, providing the inequality gx < Cygy in (7.9) for 7 < ro. Now if gy (X —=Y) < 73 /Cy,
we get gx (X —Y) <12 and thus gy < Cygx, completing the proof of (7.9).

To prove (7.10), we may choose r such that Gx(Y — X) < r? implies A(¢) ~ A(n) and from
(7.11), it suffices to prove

which implies < 205,

€ = o PATTT < | = PAT T (€

which is true since p > 1. O
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Remark 7.2. Lemma 7.1 may look outrageously complicated and unintuitive, but these properties,
essentially introduced by L. Hérmander (see Chapter 18, in | ]), are linked to some “admissibil-
ity” of the cutting of the phase space provided by this metric. The uncertainty principle (here 1 > 1)
is the most natural condition, but Conditions (7.9) and (7.10) are important for a pseudodifferential
calculus to make sense. In other words, we need some conditions to patch together the estimates
that we are able to prove in each specific region described in Section 7.2. A cutting procedure will
generate commutators and we have to make sure that these commutators do not destroy or spoil the
basic local estimates that we are able to prove.

A Some geometric facts

In this section, we recall some elementary geometric definitions and facts. The metric g furnishes in
each tangent space T, M (as well as in each cotangent space T); M) an inner product denoted (-, -)4(x)
(with the same notation on T M). In local coordinates, we write g;; for the metric g on the tangent
bundle TM. As a metric on the cotangent bundle T*M, g is given by g% in local coordinates, i.e.

(1, €)g@) = 2297 (@)n:&s,  where g (z) = (g(x) ")
3

For x € M and { € TxM, we denote by |¢|, = (f,f)g%(x) the associated norm. We also use the
notation p(x,&) = |¢|2. For all v € T, M, we can define v* € T;M uniquely determined by the
identity

(v, w)g(a) = <v*,w>T;(M)’Tx(M) , for all w € T, M,

which reads in local coordinates v; =3, g;j(z)v;. Note that |v|, = [v*],.

We now give a definition of geodesics on M associated with the metric g, as used in Theorem 1.8.
We denote by s — ¢s(z,£) € T*M \ 0 the Hamiltonian flow associated to p, that is, the (maximal)
solutions of J

%Qﬁs(xag) :Hp(d)s(xaf))a ¢0(x7§) -
where the Hamilton vector field H,, is given by H,, = (V¢p,
we have fx;(s) = 2>, g (x(s))€;(s), that is £(s) = 1(&Lx(s))". Note that the value of p is
preserved along this integral curve as

2,6) € T*M\ 0, (A1)

d
%po ¢S|8280 = ( (¢So) {p p}(d)So =

As a consequence, ¢, is a global flow preserving the norm.
Let now S?M = {(z,v) € TM, |v|, = (v,v)j(w) = 2}. For (z,v) € S?M, we consider the curve
(z(s),v(s)) given by
(I(S)7U(S)*) = ¢s(z,0").

Note that we have “£z(s) = v(s). In particular, £2(0) = v and moreover

[0(8)|o(s) = [0(8)* i) = 21€(8)]ags) = P(2(5), 0(8)*) = p(x,v*)? = |v], = 2.

We call the curve s — x(s) on M the geodesic originating from (z,&) € S*M at time s = 0. The
above remarks show that (2(t), % (¢)) € S>M: the traveling speed of the geodesic is constant (and
equal to 2).

Finally, the covariant gradient and the divergence operators are given in local coordinates by

=%"¢Y0,,, di 0z, (v/det(g)v;),
2990, divgw det()z (Vdet(gjui)

The usual (negative) Laplace-Beltrami operator on M is defined by A, = div, V, that is,

Z@ml (97 \/det(9)0s,),

97 det( ) i
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in local coordinates. It is selfadjoint on L?(M) endowed with the Riemannian dot-product (f, 9) L2 (M)

given by [ fg4/det(g)dz in local charts.
Finally, under the additional structure assumption (M, g) = (M’ x T, ¢’ 4 |da//|2 +- - -+ |dz",,|?)
(where ¢ is a metric on M'), we obtain

Q/)s(xl’g/’xl/,g//) — (¢;(x/7§l)’xl/ + Sé—/l’gﬂ)7

(where we changed the order of the variables for readability) with ¢/ the flow on T* M’ associated
with the Hamilton vector field H, with p’(z/,£") = |¢/|2,. Similarly, we have

1 ..
Ag=Ayr +Apr = ———= > On (g'”x/det(g’)(?w;,) + >

85// .
det(g’) i.j<n’ i<nr t

B Toolbox of pseudodifferential calculus

B.1 Pseudodifferential operators on R
Notations. We recall that the Weyl quantization of a symbol a(z,¢) on R2?, the operator denoted
by a", is given by

(@u)(e) = [ [ a2 utu)dyds(2m) (B.1)

which is a small variation with respect to the more standard quantization

(ale, Dyu)(a) = [ e Sala,a(e)de(2m)
One of the (many) assets of Weyl quantization is the formula for taking adjoints,
(a¥)" = (a)",
a convenient feature for our computations with non-selfadjoint operators. The symplectic invariance
of the Weyl quantization is an important property, useful for the proof that our estimate (2.3) is
optimal, can be expressed as follows (see e.g. | , Theorem 2.1.2]): let a be a tempered distribution
on R?? and let y be an affine symplectic mapping of R??. Then there exists a unitary transformation

U of L?(R%) such that
(aox)” =U"a"U. (B.2)

This implies for instance that, for g > 0, (0, &) € R?9, the operator with Weyl symbol b given by
b(z,€) = a(aoz + w0, ag € + &)
is unitarily equivalent to a". In the main part of the article, we also use the notation
dof? 1deP?
T, )2 (x,6)?

for the space of smooth functions a on R?? such that for each multi-indices «, 3, there exists Cog >0
such that

S(M ) (B.3)

V(z,€) e R, (0997 a)(x,€)| < CapM(x,&)p(x,&) 10 (2, )17,

where the positive functions ¢, ®, M are such that the metric @l(fg? + ¢|(C;§\;)2 and the weight M are
admissible (see | , Section 18.5] or | , Section 2.2] for precise definitions). In Section 5.1

(where we only use “one-microlocal” calculus), the following semiclassical class is used (see below for
its definition on a manifold):

m d¢|?
SRS = S(O2 4 (62 Jdaf? + 15

vk Azl
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Note that |¢|2 — A2 € S2,(R?"), and for any a € ¥°°(R?") which is homogeneous of degree m, we
have \™a(z, $) € ST+ (R?"). We also denote by

So.0(R*™) := S(1, |dz|* + |dg]?), (B.4)
and
m(m2n m 2 |d£|2
SRR = SO, ldaf? + 150), A 1,
We notice that if a(z,€) € S,(R?"), then A\™a(z, ) € Sy*(R?"). Moreover, we have S7(R?") C
S{H(R™)

We shall use also the following identities, for a,b real valued symbols, say smooth functions on
R2? bounded with all derivatives bounded:

2Re(a"u,ib"u) = ([a®,ib"|u, u),
which follows from

2Re(a"u, ib"u) = (au,ib"u) + (ib“u,a"u) = (Cu,u),

with C' = —i(b¥)*a™ + (a™)*ib* = [a™,b"]. Moreover the “principal” symbol of [a™,ib"] is the
Poisson bracket 5a b 5a b
a a
{a,b} = —_— (B.5)
1§JZ:Sd 8§] 8$j 8.13]' 6£J

B.2 Pseudodifferential operators on a manifold

In this section, we briefly explain the semiclassical calculus used in Section 5.1 on any n-dimensional
compact manifold M. More details can be found in | , pp 81-87] for classical operators or
[ , Appendix B and Appendices C9-C13] in the semiclassical setting.

Let us first recall that, given a diffeomorphism ¢ between two open sets ¢ : Uy — Us, the
associated pullback (here stated for continuous functions) is

¢": €(Uz) = € (W),
U > U0 P.
For a function a defined on phase-space, e.g. a symbol, the pullback is given by
¢*a(z,€) = a(¢(x),'d'(x)71€), e U, T;(Uh), aecC(T V). (B.6)
Note that this transformation is symplectic.

The compact manifold M is of dimension n and is furnished with a finite atlas (U;, ¢;), j € J.
The maps ¢; : U; = U; C R™ are smooth diffeomorphisms.
Definition B.1. We say that

e acST(T*M) ifa € €°°(T*M) and for any j € J, for any x € €:°(U;), we have (¢;1)*(Xa) €
S™(R27),

e ac SY(T*M)ifa € €°(T*M) and for any j € J, for any x € €>°(U;), we have (gbj_l)*(xa) €
ST (R2™).

e a€S),(T"M)ifa e €>°(T*M) and for any j € J, for any x € €°(U;), we have (d)j_l)*(xa) €
58 o (B2).

450 o(R2™) is the space of smooth functions on R2" which are bounded as well as all their derivatives.
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Note that with this definition, we have |£|2 — A\? € S2,(T*M), and for any a € €°°(T*M) which
is homogeneous of degree m in the fibers, we have \™a(z, %) € SmEM(T*M).

Next, we explain how to quantize such symbols and recall some of the properties of the quanti-
zation. Let us first denote by (¢;); a partition of unity subordinated to the covering M = UjeJ Uj:

¥; € €(M), supp(y;) CU;, 0<¢; <1, 3 o =1
J

We also need functions zﬂj € €>(R?") such that supp(z/;j) C U; and @Z;j =1 in a neighbourhood of
supp((¢; 1) *;).

Definition B.2. Given a = a(\, z,§) € €°(T*M), we define the following operator

Op(a) = Op (a(Xx,8) = 3 4;,  Aju=¢j(¢;af (67 ") (Wju)), ueG>(M),

jeJ

where a; = (gbj_l)*a.

Basically, this amounts to apply the operator associated to a in local charts. This definition
applies in particular if a € STX(T*M) or a € S{*(T* M) Note that if a = a(\, ) does not depend on
the cotangent variable &, then (Op(a)u)(z) = a(X, z)u(z). An operator Op(a) for a € S(T*M) is
a semiclassical pseudodifferential operator in the following usual sense:

Definition B.3. We say that the operator A : €2°(M) — € (M) belongs to the class U7 (M) if:

1. Tts distribution kernel K (z,y) is smooth outside diag(M x M) = {(z,z),z € M} in the semi-
classical sense: K € €°°(M x M \ diag(M x M)) and for any semi-norm g on €>°(M x M),
for any x, X € €°(M) such that supp x Nsupp X = 0, we have q(x(z)X(y) K (z,y)) = O(A~).

2. For all j € J and all x € €>°(U;), X € €>°(U;), the application
wes (651)" (xAd; (Ru))
belongs to UM (R") = {a¥,a € ST(R*")}.

We could have defined as well the classes ¥Y* (M) to which would belong Op(a) for a € ST (T*M).
However, in the main part of the text, we shall only use two features of such operators. First, the
Calderén-Vaillancourt Theorem | ] entails that for a € SY(T*M), Op(a) defines an operator
bounded on L?(M) uniformly with respect to A (in fact, this theorem is stated that reference on R";
its counterpart on M follows easily when using local charts). Next, we need the following result, a
proof of which can be for instance adapted from [ , Appendix B and Appendices C9-C13].

Proposition B.4. Tuke a,a € SS(T*M) such that d(supp(a),supp(a)) > C > 0 uniformly with
respect to \. Then we have

[ Op(a) Op(@) | £(L2(ar)) = O(A™™).

Proposition B.4 implies in particular that for a,a € 5870(T*M) such that
supp(a) N supp(a) = 0,

we have || Op (a(e, €/A)) Op (a(x, €/N)) | 2(z2(a) = OA).

Next, we describe the pseudodifferential calculus for the class UT%(M). We define semiclassical
norms on M by

lull s, ary = 110P (€13 + X*) 2 )ull 2 (ary.-

For s > 0, this norm is (uniformly with respect to A > 1) equivalent to the norm |[u|gs(ar) +
N lull2(ary (where [[ul| s () may be defined in local charts). We have the following important
property for semiclassical pseudodifferential operators in the class W7 (M).
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Proposition B.5. For any s,m € R and any A € U7 (M), we have
Ae L(H,(M);H,-™(M)), uniformly with respect to X\ > 1.

The quantization formula defining Op(a) enjoys the following properties, used in the main part
of the article. We refer to [ ] or [ , Appendix B and Appendices C9-C13] for detailed
proofs.

Proposition B.6. For any m,m € R and any a € ST(T*M), a € ST(T*M), we have
e Op(a) € Vi (M);
e Op(a)* —Op(a) € Y=Y (M) (where the adjoint is taken in L*(M));
e Op(a) Op(a) — Op(aa) € WL+~ (M);
o [Op(a), Op(a)] — § Op({a,a}) € WILF™—2(M);

We have the following version of the sharp Garding inequality for the above quantization of sym-
bols in S™(T* M), which can be easily deduced from that adapted to symbols in S™(R?") (see [
Theorem 18.1.14] or | , Theorem 2.5.4]) by using local charts.

)

Theorem B.7. Let m € R and assume that a € S2"H(T*M) is real valued and satisfies a > 0 on
T*M. Then, there exist C, g > 0 such that for all u € €°(M) and all A > Ao we have

Re(Op(a)u, w)p2(ary = —C||U||§J;v;(M)-
This last inequality can be equivalently rewritten as
Re(Op(a)u,u)2(ary 2 —CllullFm ary — CN™ |22 (ar)-

Note finally that the quantization formula defining Op(a) depends on the set of charts and of the
partition of unity chosen. However, for a € ST2(T*M) one can show that its definition is intrinsic
modulo W7 ~1(T*M).

B.3 Pseudodifferential operators on M = M’ x T

The construction of pseudodifferential operators in the previous section is very general and does not
take into account the particular product structure of the manifold M = M’ x T". When taking into
account the structure of M = M’ x T in the definition of the quantization Op(a), it is natural to
choose product charts (and associated product partitions of unity): take Uy; = Wy x V; where {W}}
is an atlas of T"" and {V;} an atlas of M’. With such a choice of charts and partition of unity, we
note that if ap € € (T*T"") and apy € €°(T*M’), then a = ar ® app is quantified as

Op(a) = Op(ar) Op(an+) = Op(an-) Op(ar),

where Op(ar), Op(ay) denote the quantizations on T"" and M’ defined in local charts (relative to
the charts W}, and V; respectively, and associated partitions of unity). Similarly, it is convenient to

take product charts and partitions of unity on T, ie. take {W=*} an atlas of T! and choose each
W, of the form W= x - x W=,

B.4 Fourier multipliers on the torus T’

Given u € %OO(T"N), we define by u is the unique QWZ"”—periodic function on R coinciding with u
on (0,27|™ . We have in particular u € ./(R™ ). We denote by % (u) its Fourier Transform, where,
for v € S (R™ ) we use the following normalization of the Fourier transform:

F)(z) = / v(x)e” ™ Ede,  FH(v)(€) = ﬁ / V(€)™ de.
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Taking x € €°(R""), we may define the Fourier multiplier (D) on €>(T"") by

(x(D)u)(z) = F 7 (x (&) F (W)(€))(z), =T

Such Fourier multiplier are linked to the quantization Op(x) defined above on " by the following
proposition (for charts and partition of unity as in the previous section).

Proposition B.8. Take x € %OO(R"”) with uniformly bounded derivatives. Then, we have

X(D/A) = Op(x(/X) = Ogpa(pnryy (A7)

This implies that
1@ x(D/A) = Op (1@ x(£/X) = Or2(ary(A ) (B.7)

Finally, this definition of Fourier multipliers is linked to Fourier series as follows.

Lemma B.9. Take x € %"O(R””) with uniformly bounded derivatives. Then, for any u € <50‘)(11’"”),
we have

. " 1 1
(X(D)yu)(x) = D x(k)ape™™, zeT™, iy = @ )nu/ uy)e™*vdy.
., T Tn'
kezn

. ~ 1k " ~ vk -
Proof. We first write u(z) = Y, czn @re™” on T™ | so that u(z) = Y,z @re’™™” on R. Hence,
we obtain

FW)(€) =F( > are®™)(€) = Y an((2m)" ).

keZn// keZn//
This implies

FHXOZ W) (@) =F 7 (x(©) D an(@m)" e=i)(z) = F (D tuwx(k)(2m)" i) ()

kezn” kezn'

= Y x(kyare™,

kezn”

which concludes the proof of the lemma. O

C Sharpness of Estimate (2.3): converse of Theorem 2.1

In this appendix, we prove that our Estimate (2.3) on R? is optimal.

Lemma C.1. Let Qo be given by (2.1) with W satisfying (2.2). Let us assume that there exists a
positive constant ug such that

Vi > po, 38(p) > 0,Vu € G2(RY),  [[(Qo — mull Lz ey > B l[ull L2 (ra).-
Then limsup,,_, , . B(p) < +00.

Proof. We consider the following affine symplectic mapping (z,¢) + (y,n) of R24:

x = pty,
§o=p 4 pt? =y,

where x is a positive constant to be chosen later. The operator Q9 — p has the Weyl symbol
|€2 + iW (z) and is thus unitarily equivalent to the operator b* with

b(y,m) = ("1 + ') + 02 P+ W (p"y) —
ik —2K © 2K K —2K
=202 7 2P 4 W ()
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We choose now £ so that 1 —k = 2k, i.e. k = 1/(4y+2) (entailing 2k = v/(2v+1)) and we obtain

2 ol

v . s —2k
b(y,m) = pF e, (yn), culysn) =m+i W y)p > +n|"p=" 2.
—_—

bounded from above
and below by positive
constants

Let u € €>°(R?%) with L? norm 1. From our assumption in the lemma, we find with some unitary U,
U Ul p2may > B(p)|lullp2mey == e Upull 2 ray > B(1)-

Since the mapping U,, is also an isomorphism of €>°(R%) (from the particular form of the symplectic
mapping, the mapping U, is the composition of a multiplication by a factor e**** with a rescaling
v = v(Az)A¥? ), we may choose

u=Ujwy, wo€ €>°(R?) with L? norm 1,

and we obtain [|c/wol|2(re)y > B(p), which implies

limsup B(p) < limsup ||ejjwo | 2 (re)
p——+o00 p—>+00

. L1
< ||Dywol 2 ray + Cillwoll L2 (ray + hszrupu 2 |[Awo || 2 (ra)y
p—+00
= || Dywol| 2 (ray + C1llwo || 2 (ray < +00,

which gives the result. O
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