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Abstract

We discuss a discrete analogue of the Dirac-Kähler equation in which

chiral properties of the continual counterpart are captured. We pay special

attention to a discrete Hodge star operator. To build one a combinatorial

construction of double complex is used. We describe discrete exterior

calculus operations on a double comlex and obtain the discrete Dirac-

Kähler equation using these tools. Self-dual and anti-self-dual discrete

inhomogeneous forms are presented. The chiral invariance of the massless

discrete Dirac-Kähler equation is shown. Moreover, in the massive case

we prove that a discrete Dirac-Kähler operator flips the chirality.
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1 Introduction

This work is a direct continuation of the paper [17] in which we constructed
a new discrete analogue of the Dirac-Kähler equation. In [17] we proposed a
geometric discretisation scheme based on the formalism of differential forms and
showed that many of the algebraic relations amongst the Hodge star operator ∗,
the exterior product ∧, the differential d, and the adjoint δ of d that hold in the
smooth setting also hold in the discrete case. This approach was originated by
Dezin [6]. There are alternative geometric discretisation schemes which base on
the use of the differential form language [1, 3, 4, 7, 8, 14, 16, 19]. Difficulties of
the discretisation of the Hodge operators have been described by several authors
[3, 14, 16, 21, 22, 23].

In this paper we are going to discuss a decomposition of the discrete Dirac-
Kähler equation into its self-dual and anti-self-dual parts. The reason that
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we did not consider this problem in [17] is that the Hodge star operator ∗
and its discrete analogue are slightly differ. In the continual case the operator
(∗)2 is either an involution or antiinvolution while in the discrete model (∗)2 is
equivalent to a shift with corresponding sign. This is one of the main distinctive
features of the formalism [17] as compared to the continual case. Now we define
a discrete star operator using a combinatorial double complex construction. In
this way we obtain the operator which is more like its continual analogue since
(∗)2 = ±I, where I is the identity operator. At the same time in the double
complex we will use discrete analogues of differential forms, d, and ∧ defined in
[17]. The discrete star operator proposed here still preserves the Lorentz metric
structure in our discrete model. It make possible to define a discrete analogue
of δ by using an inner product of discrete forms (cochains) which imitate the
continual case.

From the physics point of view self-dual and anti-self-dual fields of Dirac
theory correlate with chiral fermions. It is well known that the chirality is
an important feature of the Dirac theory. However, in lattice formulations of
fermions the chirality problem is one of the most notorious. This problem deals
with breaking chiral symmetry on the lattice [5, 9, 12, 13, 20]. See also more
resent work [10]. For the Dirac-Kähler equation on the lattice this difficulty was
discussed first by Rabin [14]. In [2] a discretisation scheme in the Dirac-Kähler
setting was proposed in which the chirality is captured on the lattice. Chiral
fermions can be described by using the fifth gamma matrix: γ5 = iγ0γ1γ2γ3.

The projection operators PL = I−γ5

2 and PR = I+γ5

2 decompose any Dirac
field into its left-handed and right-handed parts. Rabin [14] pointed out that
in the language of differential forms the chiral symmetry is a rotation of mixing
forms with their duals and the Hodge star operator plays a central role here.
However, the operator ∗ is somewhat different from γ5. Therefore, we introduce
a modified star operator which plays a role of γ5 in our discrete model. Self-dual
and anti-self-dual discrete inhomogeneous forms with respect to this new star
operator are considered. From the viewpoint presented here this allows us to
deal with chirality. We show that, just as in the continuum case, a discrete
massless Dirac-Kähler equation admits the chiral invariance. We prove also
that in the massive case a discrete analog of the Dirac-Kähler operator flips the
chirality.

We first briefly review some definitions and basic notations on the Dirac-
Kähler equation [11, 14]. Let M = R

1,3 be Minkowski space with metric sig-
nature (+,−,−,−). Denote by Λr(M) the vector space of smooth differential
r-form, r = 0, 1, 2, 3, 4. We consider Λr(M) over C. Let ω and ϕ be complex-
valued r-forms on M . The inner product is defined by

(ω, ϕ) =

∫

M

ω ∧ ∗ϕ, (1.1)

where ∧ is the exterior product and ∗ is the Hodge star operator ∗ : Λr(M) →
Λ4−r(M) (with respect to the Lorentz metric). Let d : Λr(M) → Λr+1(M) be
the exterior differential and let δ : Λr(M) → Λr−1(M) be the formal adjoint of

2



d with respect to (1.1) (codifferential). We have δ = ∗d∗. Then the Laplacian
(Laplace-Beltrami operator) acting on r-forms is defined by

∆ ≡ −dδ − δd : Λr(M) → Λr(M). (1.2)

It is clear that
−dδ − δd = (d− δ)2 = −(d+ δ)2.

Hence, a square root of the Laplacian can be written in two ways, namely
either d − δ or i(d + δ), where i is the usual complex unit (i2 = −1). In this
paper we formulate the complex Dirac-Kähler equation by using the operator
i(d + δ). Denote by Λ(M) the set of all differential forms on M . We have
Λ(M) = Λ0(M) ⊕ Λ1(M) ⊕ Λ2(M) ⊕ Λ3(M) ⊕ Λ4(M). Let Ω ∈ Λ(M) be an
inhomogeneous differential form. This form can be expanded as

Ω =

4
∑

r=0

r
ω,

where
r
ω ∈ Λr(M). The Dirac-Kähler equation is given by

i(d+ δ)Ω = mΩ, (1.3)

where m is a mass parameter. It is easy to show that Eq. (1.3) is equivalent to
the set of equations

iδ
1
ω = m

0
ω,

i(d
0
ω + δ

2
ω) = m

1
ω,

i(d
1
ω + δ

3
ω) = m

2
ω,

i(d
2
ω + δ

4
ω) = m

3
ω,

id
3
ω = m

4
ω.

2 Double complex construction

In this section we introduce a double complex construction which bases on the
combinatorial model of Minkowski space described in [17]. For the convenience
of the reader we briefly repeat the relevant material from [17] without proofs,
thus making our presentation self-contained.

Let the tensor product C(4) = C ⊗ C ⊗ C ⊗ C of a 1-dimensional complex
be a combinatorial model of Euclidean space R4. The 1-dimensional complex
C is defined in the following way. Let C0 denotes the real linear space of
0-dimensional chains generated by basis elements xκ (points), κ ∈ Z. It is
convenient to introduce the shift operator τ in the set of indices by

τκ = κ+ 1. (2.1)
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We denote the open interval (xκ, xτκ) by eκ. One can regard the set {eκ} as a
set of basis elements of the real linear space C1. Suppose that C1 is the space
of 1-dimensional chains. Then the 1-dimensional complex (combinatorial real
line) is the direct sum of the introduced spaces C = C0 ⊕ C1. The boundary
operator ∂ in C is given by

∂xκ = 0, ∂eκ = xτκ − xκ.

The definition is extended to arbitrary chains by linearity.
Multiplying the basis elements xκ, eκ in various way we obtain basis ele-

ments of C(4). Let sk be an arbitrary basis element of C(4). Then we have
sk = sk0 ⊗ sk1 ⊗ sk2 ⊗ sk3 , where ski

is either xki
or eki

and ki ∈ Z. Here
k = (k0, k1, k2, k3) is a multi-index. Let

xk = xk0 ⊗ xk1 ⊗ xk2 ⊗ xk3 and ek = ek0 ⊗ ek1 ⊗ ek2 ⊗ ek3

be the 0- and 4-dimensional basis elements of C(4). The 1-dimensional basis
elements of C(4) can be written as

e0k = ek0 ⊗ xk1 ⊗ xk2 ⊗ xk3 , e1k = xk0 ⊗ ek1 ⊗ xk2 ⊗ xk3 ,

e2k = xk0 ⊗ xk1 ⊗ ek2 ⊗ xk3 , e3k = xk0 ⊗ xk1 ⊗ xk2 ⊗ ek3 , (2.2)

where the superscript i indicates a place of eki
in eik and i = 0, 1, 2, 3. In the

same way we will write the 2-dimensional basis elements of C(4) as

e01k = ek0 ⊗ ek1 ⊗ xk2 ⊗ xk3 , e12k = xk0 ⊗ ek1 ⊗ ek2 ⊗ xk3 ,

e02k = ek0 ⊗ xk1 ⊗ ek2 ⊗ xk3 , e13k = xk0 ⊗ ek1 ⊗ xk2 ⊗ ek3 ,

e03k = ek0 ⊗ xk1 ⊗ xk2 ⊗ ek3 , e23k = xk0 ⊗ xk1 ⊗ ek2 ⊗ ek3 . (2.3)

Finally, denote by e012k , e013k , e023k , e123k the 3-dimensional basis elements of C(4).
Let C(4) = C(p) ⊗ C(q), where p + q = 4. If a ∈ C(p) and b ∈ C(q) are

arbitrary chains, belonging to the complexes being multiplied, then we extend
the definition of ∂ to chains of C(4) by the rule

∂(a⊗ b) = ∂a⊗ b+ (−1)ra⊗ ∂b, (2.4)

where r is the dimension of the chain a. It is easy to check that ∂∂a = 0.
Let us introduce the construction of a double complex. This construction

generalizes that of [18]. Together with the complex C(4) we consider its double,
namely the complex C̃(4) of exactly the same structure. Define the one-to-one
correspondence

∗c : C(4) → C̃(4), ∗c : C̃(4) → C(4)

in the following way. Let s
(r)
k be an arbitrary r-dimensional basis element of

C(4), i.e., the product s
(r)
k = sk0 ⊗ sk1 ⊗ sk2 ⊗ sk3 contains exactly r of 1-

dimensional elements eki
and 4 − r of 0-dimensional elements xki

, and the
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superscript (r) indicates a position of eki
in s

(r)
k (see, for example, (2.2) and

(2.3)). Then

∗c s
(r)
k = ε(r)s̃

(4−r)
k , ∗cs̃

(r)
k = ε(r)s

(4−r)
k , (2.5)

where
s̃
(4−r)
k = ∗csk0 ⊗ ∗csk1 ⊗ ∗csk2 ⊗ ∗csk3

and ∗cski
= ẽki

if ski
= xki

and ∗cski
= x̃ki

if ski
= eki

. Here ε(r) is the
Levi-Civita symbol, i.e.,

ε(r) =

{

+1 if ((r), (4 − r)) is an even permutation of (0, 1, 2, 3)
−1 if ((r), (4 − r)) is an odd permutation of (0, 1, 2, 3).

For example, for the 1- and 2-dimensional basis elements we have

∗ce0k = ẽ123k , ∗ce1k = −ẽ023k , ∗ce2k = ẽ013k , ∗ce3k = −ẽ012k

and

∗ce01k = ẽ23k , ∗ce02k = −ẽ13k , ∗ce03k = ẽ12k ,

∗ce12k = ẽ03k , ∗ce13k = −ẽ02k , ∗ce23k = ẽ01k .

We will also use the symbol ε′(r) to denote the Levi-Civita symbol given by

ε′(r) =

{

+1 if ((4− r), (r)) is an even permutation of (0, 1, 2, 3)
−1 if ((4− r), (r)) is an odd permutation of (0, 1, 2, 3).

So we can write

∗cs
(4−r)
k = ε′(r)s̃

(r)
k and ∗c s̃

(4−r)
k = ε′(r)s

(r)
k .

It is easy to check that
ε(r)ε′(r) = (−1)r. (2.6)

Proposition 2.1. Let ar ∈ C(4) be an r-dimensional chain, i.e.,

ar =
∑

k

∑

r

ak(r)s
(r)
k , ak(r) ∈ R. (2.7)

Then we have
∗c ∗car = (−1)rar. (2.8)

Proof. The proof consists in applying the operation ∗c for basis elements and
using (2.6).

Suppose that the combinatorial model of Minkowski space has the same
structure as C(4). We will use the index k0 to denote the basis elements of
C which correspond to the time coordinate of M . Hence, the indicated basis
elements will be written as xk0 , ek0 .
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Let us now consider a dual complex to C(4). We define its as the complex
of cochains K(4) with complex coefficients. The complex K(4) has a similar
structure, namely K(4) = K ⊗K ⊗K ⊗K, where K is a dual complex to the
1-dimensional complex C. We will write the basis elements of K as xκ and eκ,
κ ∈ Z. Then an arbitrary r-dimensional basis element of K(4) can be written as
sk(r) = sk0⊗sk1⊗sk2⊗sk3 , where ski is either xki or eki . Note that the superscript

and the subscript change places, as compared sk(r) with the corresponding basis

element s
(r)
k of C(4). We will call cochains forms, emphasizing their relationship

with the corresponding continual objects, differential forms.
Denote by Kr(4) the set of forms of degree r. We can represent K(4) as

K(4) = K0(4)⊕K1(4)⊕K2(4)⊕K3(4)⊕K4(4).

Let
r
ω ∈ Kr(4). Then we have

0
ω =

∑

k

0
ωkx

k,
4
ω =

∑

k

4
ωke

k, (2.9)

1
ω =

∑

k

3
∑

i=0

ωi
ke

k
i ,

2
ω =

∑

k

∑

i<j

ω
ij
k e

k
ij ,

3
ω =

∑

k

∑

i<j<l

ω
ijl
k ekijl, (2.10)

where the components
0
ωk,

4
ωk, ω

i
k, ω

ij
k and ωijl

k are complex numbers.
As in [6] and [17], we define the pairing (chain-cochain) operation for any

basis elements εk ∈ C(4), sk ∈ K(4) by the rule

〈εk, s
k〉 =

{

0, εk 6= sk
1, εk = sk.

(2.11)

The operation (2.11) is linearly extended to arbitrary chains and cochains.
The coboundary operator dc : Kr(4) → Kr+1(4) is defined by

〈∂a,
r
ω〉 = 〈a, dc

r
ω〉, (2.12)

where a ∈ C(4) is an r + 1 dimensional chain. The operator dc is an analog of
the exterior differential. From the above it follows that

dc
4
ω = 0 and dcdc

r
ω = 0 for any r.

Let the difference operator ∆i is given by

∆iωk = ωτik − ωk

for any components ωk ∈ C of
r
ω ∈ Kr(4). For simplicity of notation we write

here ωk instead of ω
(r)
k and τi is the shift operator which acts as

τik = (k0, ...τki, ...k3), i = 0, 1, 2, 3,

6



where τ is defined by (2.1). Using (2.4) and (2.12) we can calculate

dc
0
ω =

∑

k

3
∑

i=0

(∆i
0
ωk)e

k
i , (2.13)

dc
1
ω =

∑

k

∑

i<j

(∆iω
j
k −∆jω

i
k)e

k
ij , (2.14)

dc
2
ω =

∑

k

[

(∆0ω
12
k −∆1ω

02
k +∆2ω

01
k )ek012

+(∆0ω
13
k −∆1ω

03
k +∆3ω

01
k )ek013

+(∆0ω
23
k −∆2ω

03
k +∆3ω

02
k )ek023

+(∆1ω
23
k −∆2ω

13
k +∆3ω

12
k )ek123

]

, (2.15)

dc
3
ω =

∑

k

(∆0ω
123
k −∆1ω

023
k +∆2ω

013
k −∆3ω

012
k )ek. (2.16)

We now consider a multiplication of discrete forms which is an analog of
the exterior multiplication for differential forms. Denote by ∪ this multiplica-
tion. For the basis elements of the one-dimensional complex K(1) = K the
∪-multiplication is defined as follows

xκ ∪ xκ = xκ, eκ ∪ xτκ = eκ, xκ ∪ eκ = eκ, κ ∈ Z,

supposing the product to be zero in all other case. To arbitrary basis element of
K(p) this definition is extended by induction on p, where p = 2, 3, 4. See [6, 17]
for details. The ∪-multiplication can be spread linearly to forms. This definition
leads to the following discrete version of the Leibniz rule for differential forms.

Proposition 2.2. Let ϕ and ψ be arbitrary forms of K(4). Then

dc(ϕ ∪ ψ) = dcϕ ∪ ψ + (−1)rϕ ∪ dcψ,

where r is the degree of a form ϕ.

Let K̃(4) be a complex of the cochains over the double complex C̃(4), with
the coboundary operator dc defined in it by (2.12). Hence, K̃(4) has the same
structure as K(4). The definitions of dc and ∪ do not depend on a metric.
At the same time, to define a discrete analog of the Hodge star operator ∗
we must take into account the Lorentz metric structure on K(4). This means
that Definition (2.5) is not suitable for a discrete version of the Hodge star
operator. Define the operation ∗ : Kr(4) → K̃4−r(4) for an arbitrary basis
element sk(r) = sk0 ⊗ sk1 ⊗ sk2 ⊗ sk3 by the rule

∗ sk(r) = Q(k0)ε(r)s̃
k
(4−r), (2.17)
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where

Q(k0) =

{

+1 if sk0 = xk0

−1 if sk0 = ek0 .

This definition makes sense because the formula (2.17) preserves the Lorentz
signature of metric in our discrete model. From (2.17) we obtain

∗ xk = ∗(xk0 ⊗ xk1 ⊗ xk2 ⊗ xk3) = ẽk, (2.18)

∗ ek = ∗(ek0 ⊗ ek1 ⊗ ek2 ⊗ ek3) = −x̃k, (2.19)

∗ ek0 = −ẽk123, ∗ek1 = −ẽk023, ∗ek2 = ẽk013, ∗ek3 = −ẽk012, (2.20)

∗ek01 = −ẽk23, ∗ek02 = ẽk13, ∗ek03 = −ẽk12,

∗ek12 = ẽk03, ∗ek13 = −ẽk02, ∗ek23 = ẽk01, (2.21)

∗ ek012 = −ẽk3 , ∗ek013 = ẽk2 , ∗ek023 = −ẽk1 , ∗ek123 = −ẽk0 . (2.22)

For any r-form we extend (2.17) by linearity.
It is easy to check that

∗ ∗ sk(r) = (−1)r(4−r)+1sk(r) = (−1)r+1sk(r).

Consequently, for each r-form
r
ω ∈ Kr(4) we have

∗ ∗
r
ω = (−1)r(4−r)+1 r

ω = (−1)r+1 r
ω. (2.23)

It means that the discrete ∗ operation imitates correctly the continual case.

Proposition 2.3. Let ar ∈ C(4) be an r-dimensional chain (2.7). Then we
have

〈ãr, ∗ω〉 = (−1)rQ(k0)〈∗
cãr, ω〉, (2.24)

where ω ∈ K4−r(4).

Proof. The operations ∗c and ∗ are linear. It suffices to prove (2.24) for basis
elements. Let sk(r) ∈ Kr(4) be an arbitrary r-dimensional basis element of K(4)

which corresponds to s
(r)
k ∈ C(4). By the definition of ∗c and by (2.11) we have

1 = 〈s
(4−r)
k , sk(4−r)〉 = ε(r)〈∗cs̃

(r)
k , sk(4−r)〉.

On the other hand:

1 = 〈s̃
(r)
k , s̃k(r)〉 = Q(k0)ε

′(r)〈s̃
(r)
k , ∗sk(4−r)〉

which yields

Q(k0)ε
′(r)〈s̃

(r)
k , ∗sk(4−r)〉 = ε(r)〈∗cs̃

(r)
k , sk(4−r)〉.

Multiplying by Q(k0)ε
′(r) both sides of the above we find

〈s̃
(r)
k , ∗sk(4−r)〉 = Q(k0)ε

′(r)ε(r)〈∗c s̃
(r)
k , sk(4−r)〉,

since Q2(k0) = (ε′(r))2 = 1. Thus, using (2.6) we obtain (2.24).
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Let V ⊂ C(4) be a finite set of 4-dimensional basis elements of the complex
C(4). Define V as follows

V =
∑

k

ek, k = (k0, k1, k2, k3), ki = 1, 2, ..., Ni, (2.25)

where Ni ∈ N is a fixed number and i = 0, 1, 2, 3. We agree that in what follows
the subscripts ki always run the set of values indicated in (2.25).

We set
Vr =

∑

k

∑

(r)

s
(r)
k ⊗ ∗cs

(r)
k .

For example,

V1 =
∑

k

3
∑

i=0

eik ⊗ ∗ceik =
∑

k

(e0k ⊗ ẽ123k − e1k ⊗ ẽ023k + e2k ⊗ ẽ013k − e3k ⊗ ẽ012k )

and

V2 =
∑

k

3
∑

i<j

e
ij
k ⊗∗ceijk =

∑

k

(e01k ⊗ẽ23k −e02k ⊗ẽ13k +e03k ⊗ẽ12k +e12k ⊗ẽ03k −e13k ⊗ẽ02k +e23k ⊗ẽ01k ),

where eik and eijk are given by (2.2) and (2.3).
Let

V =
4

∑

r=0

Vr.

For any r-forms ϕ, ω ∈ Kr(4) we define the inner product ( , )V by

(ϕ, ω)V = 〈V, ϕ⊗ ∗ω〉 = 〈Vr, ϕ⊗ ∗ω〉

=
∑

k

∑

(r)

〈s
(r)
k , ϕ〉〈∗cs

(r)
k , ∗ω〉, (2.26)

where ω denotes the complex conjugate of the form ω, i. e., ω =
∑

k

∑

(r) ω
(r)
k sk(r).

For the forms of different degrees the product (2.26) is set equal to zero. For

example, if
1
ϕ,

1
ω ∈ K1(4) then we obtain

(
1
ϕ,

1
ω)V =

∑

k

[

− ϕ0
kω

0
k + ϕ1

kω
1
k + ϕ2

kω
2
k + ϕ3

kω
3
k

]

.

It should be noted that in the definition of the inner product a role of ∪-
multiplication is now played by the tensor multiplication (cf. [17]). In (2.26)
the Lorentz matric structure is still captured. Using (2.11) and (2.18)–(2.22)
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we obtain

(
0
ω,

0
ω)V =

∑

k

|
0
ωk|

2,

(
1
ω,

1
ω)V =

∑

k

(

− |ω0
k|

2 + |ω1
k|

2 + |ω2
k|

2 + |ω3
k|

2
)

,

(
2
ω,

2
ω)V =

∑

k

(

− |ω01
k |2 − |ω02

k |2 − |ω03
k |2 + |ω12

k |2 + |ω13
k |2 + |ω23

k |2
)

,

(
3
ω,

3
ω)V =

∑

k

(

− |ω012
k |2 − |ω013

k |2 − |ω023
k |2 + |ω123

k |2
)

,

(
4
ω,

4
ω)V = −

∑

k

|
4
ωk|

2.

The inner product makes it possible to define the adjoint of dc, denoted δc.

Proposition 2.4. For any (r − 1)-form ϕ and r-form ω we have

(dcϕ, ω)V = 〈∂V, ϕ⊗ ∗ω〉+ (ϕ, δcω)V , (2.27)

where
δc = (−1)r ∗−1 dc∗ (2.28)

and ∗∗−1 = I.

Proof. The proof is a computation. From the definition (2.12) it follows that
(2.4) induces the similar relation for the coboundary operator dc on forms:

dc(ϕ⊗ ∗ω) = dcϕ⊗ ∗ω + (−1)r−1ϕ⊗ dc(∗ω).

Using this we compute

(dcϕ, ω)V = 〈V, dcϕ⊗ ∗ω〉 = 〈Vr , d
cϕ⊗ ∗ω〉

= 〈V, dc(ϕ⊗ ∗ω)〉 − (−1)r−1〈V, ϕ⊗ dc(∗ω)〉

= 〈∂V, ϕ⊗ ∗ω〉+ (−1)r〈V, ϕ⊗ ∗(∗−1dc ∗ ω)〉

= 〈∂V, ϕ⊗ ∗ω〉+ 〈Vr−1, ϕ⊗ ∗(δcω)〉.

It immediately follows (2.27).

Relation (2.27) is a discrete analog of the Green formula. From (2.23) we
infer

∗−1 = (−1)r(4−r)+1∗ = (−1)r+1 ∗ .

Putting this in (2.28) we obtain

δc = ∗dc ∗ . (2.29)

This makes it clear that the operator δc : Kr+1(4) → Kr(4) is a discrete analog

of the codifferential δ. For the 0-form (2.9) we have δc
0
ω = 0. Note that the

10



difference expression for δc is slightly different than that given in [17]. Using
(2.13)–(2.16) and (2.18)–(2.22) we can calculate

δc
1
ω =

∑

k

(∆0ω
0
k −∆1ω

1
k −∆2ω

2
k −∆3ω

3
k)x

k, (2.30)

δc
2
ω =

∑

k

[

(∆1ω
01
k +∆2ω

02
k +∆3ω

03
k )ek0

+(∆0ω
01
k +∆2ω

12
k +∆3ω

13
k )ek1

+(∆0ω
02
k −∆1ω

12
k +∆3ω

23
k )ek2

+(∆0ω
03
k −∆1ω

13
k −∆2ω

23
k )ek3

]

, (2.31)

δc
3
ω =

∑

k

[

(−∆2ω
012
k −∆3ω

013
k )ek01 + (∆1ω

012
k −∆3ω

023
k )ek02

+(∆1ω
013
k +∆2ω

023
k )ek03 + (∆0ω

012
k −∆3ω

123
k )ek12

+(∆0ω
013
k +∆2ω

123
k )ek13 + (∆0ω

023
k −∆1ω

123
k )ek23

]

, (2.32)

δc
4
ω =

∑

k

[

(∆3
4
ωk)e

k
012 − (∆2

4
ωk)e

k
013 (2.33)

+(∆1
4
ωk)e

k
023 + (∆0

4
ωk)e

k
123

]

.

It is obvious that δcδc
r
ω = 0 for any r = 1, 2, 3, 4. The linear map

∆c = −(dcδc + δcdc) : Kr(4) → Kr(4)

is called a discrete analogue of the Laplacian (1.2). It is clear that

− (dcδc + δcdc) = (dc − δc)2 = i(dc + δc)2. (2.34)

Finally, let us introduce the following operation

ι̃ : Kr(4) → K̃r(4), ι̃ : K̃r(4) → Kr(4)

by setting
ι̃sk(r) = s̃k(r), ι̃s̃k(r) = sk(r), (2.35)

where sk(r) and s̃
k
(r) are basis elements of Kr(4) and K̃r(4) respectively. Conse-

quently, for an r-form ϕ ∈ Kr(4) we have ι̃ϕ = ϕ̃. Recall that the components
of ϕ̃ ∈ K̃r(4) and ϕ ∈ Kr(4) are the same.

Proposition 2.5. The following hold

ι̃2 = I, ι̃∗ = ∗ι̃, ι̃dc = dcι̃, ι̃δc = δcι̃. (2.36)

Proof. The proof immediately follows from definitions of the corresponding op-
erations.
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3 Discrete Dirac-Kähler equation and chiral sym-

metry

Let us introduce a discrete inhomogeneous form as follows

Ω =
4

∑

r=0

r
ω, (3.1)

where
r
ω is given by (2.9) and (2.10). Due to (2.34) a discrete analog of the

Dirac-Kähler equation (1.3) can be defined as

i(dc + δc)Ω = mΩ. (3.2)

We can write this equation more explicitly by separating its homogeneous com-
ponents as

iδc
1
ω = m

0
ω,

i(dc
0
ω + δc

2
ω) = m

1
ω,

i(dc
1
ω + δc

3
ω) = m

2
ω, (3.3)

i(dc
2
ω + δc

4
ω) = m

3
ω,

idc
3
ω = m

4
ω.

12



This set of equations can be expressed in terms of difference equations. Substi-
tuting (2.13)–(2.16) and (2.30)–(2.33) into (3.3) we obtain

i(∆0ω
0
k −∆1ω

1
k −∆2ω

2
k −∆3ω

3
k) = m

0
ωk,

i(∆0
0
ωk +∆1ω

01
k +∆2ω

02
k +∆3ω

03
k ) = mω0

k,

i(∆1
0
ωk +∆0ω

01
k +∆2ω

12
k +∆3ω

13
k ) = mω1

k,

i(∆2
0
ωk +∆0ω

02
k −∆1ω

12
k +∆3ω

23
k ) = mω2

k,

i(∆3
0
ωk +∆0ω

03
k −∆1ω

13
k −∆2ω

23
k ) = mω3

k,

i(∆0ω
1
k −∆1ω

0
k −∆2ω

012
k −∆3ω

013
k ) = mω01

k ,

i(∆0ω
2
k −∆2ω

0
k +∆1ω

012
k −∆3ω

023
k ) = mω02

k ,

i(∆0ω
3
k −∆3ω

0
k +∆1ω

013
k +∆2ω

023
k ) = mω03

k ,

i(∆1ω
2
k −∆2ω

1
k +∆0ω

012
k −∆3ω

123
k ) = mω12

k ,

i(∆1ω
3
k −∆3ω

1
k +∆0ω

013
k +∆2ω

123
k ) = mω13

k ,

i(∆2ω
3
k −∆3ω

2
k +∆0ω

023
k −∆1ω

123
k ) = mω23

k ,

i(∆0ω
12
k −∆1ω

02
k +∆2ω

01
k +∆3

4
ωk) = mω012

k ,

i(∆0ω
13
k −∆1ω

03
k +∆3ω

01
k −∆2

4
ωk) = mω013

k ,

i(∆0ω
23
k −∆2ω

03
k +∆3ω

02
k +∆1

4
ωk) = mω023

k ,

i(∆1ω
23
k −∆2ω

13
k +∆3ω

12
k +∆0

4
ωk) = mω123

k ,

i(∆0ω
123
k −∆1ω

023
k +∆2ω

013
k −∆3ω

012
k ) = m

4
ωk.

Let us introduce the modified star operator ⋆ on inhomogeneous forms (3.1)
by the rule

⋆ Ω = i ∗BΩ, (3.4)

where B is the main antiautomorphism (see [15] for more details) which acts on
Ω according to

BΩ =

4
∑

r=0

(−1)
r(r−1)

2
r
ω. (3.5)

Proposition 3.1. The operator ⋆ is an involution, i.e.,

⋆ ⋆Ω = Ω. (3.6)

Proof. Acting twice with ∗B on an r-form and using (2.23) we obtain

∗B ∗B
r
ω = (−1)

r(r−1)
2 ∗B(∗

r
ω) = (−1)

r(r−1)
2 (−1)

(4−r)(4−r−1)
2 ∗ ∗

r
ω = −

r
ω.
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Proposition 3.2. Let Ω be an inhomogeneous form. Then we have

⋆ (dc + δc)Ω + (dc + δc) ⋆ Ω = 0. (3.7)

Proof. By (3.5) for a homogeneous component of Ω we have

⋆
r
ω = (−1)

r(r−1)
2 i ∗

r
ω. (3.8)

Let r = 1. Then

⋆(dc + δc)
1
ω = −i ∗ dc

1
ω + i ∗ δc

1
ω = −i ∗ dc ∗ ∗

1
ω + i ∗ ∗dc ∗

1
ω

= −δc(i ∗
1
ω)− dc(i ∗

1
ω) = −δc ⋆

1
ω − dc ⋆

1
ω = −(δc + dc) ⋆

1
ω.

In the same way we obtain

⋆(dc + δc)
2
ω = −i ∗ dc

2
ω + i ∗ δc

2
ω = i ∗ dc ∗ ∗

2
ω + i ∗ ∗dc ∗

2
ω

= δc(i ∗
2
ω) + dc(i ∗

2
ω) = −δc ⋆

2
ω − dc ⋆

2
ω = −(δc + dc) ⋆

2
ω

and
⋆(dc + δc)

3
ω = −(δc + dc) ⋆

3
ω.

Next
⋆(dc + δc)

0
ω = ⋆dc

0
ω = −i ∗ dc ∗ ∗

0
ω = −δc(i ∗

0
ω) = −δc ⋆

0
ω

and
⋆(dc + δc)

4
ω = ⋆δc

4
ω = −i ∗ ∗dc ∗

4
ω = −dc(i ∗

4
ω) = −dc ⋆

4
ω.

Hence

⋆(dc + δc)Ω =

4
∑

r=0

⋆(dc + δc)
r
ω = −

4
∑

r=0

(dc + δc) ⋆
r
ω = −(dc + δc) ⋆ Ω.

By virtue of (3.6) and (3.7) we can claim that the operator ⋆ plays the same
role as the fifth gamma matrix γ5 in continual Dirac theory. Therefore, we can
consider the chirality of our discrete model with respect to this operator.

We say that an inhomogeneous form Ω is self-dual or anti-self-dual if

ι̃ ⋆ Ω = Ω or ι̃ ⋆ Ω = −Ω, (3.9)

where ι̃ is defined by (2.35). The first equation of (3.9) is equivalent to the
following equations

ι̃ ⋆
r
ω =

4−r
ω ,

where r = 0, 1, 2, 3, 4. Hence, from (3.8) for a self-dual form we obtain

ι̃ ∗
0
ω = −i

4
ω, ι̃ ∗

1
ω = −i

3
ω, ι̃ ∗

2
ω = i

2
ω, ι̃ ∗

3
ω = i

1
ω, ι̃ ∗

4
ω = −i

0
ω. (3.10)

The same equations can be drawn for an anti-self-dual form.
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Proposition 3.3. If the self-dual or anti-self-dual form Ω is a solution of the
discrete Dirac-Kähler equation, then Ω is trivial, i. e., Ω = 0.

Proof. Let Ω be a self-dual form. By (3.10) from the first and fifth equations of
(3.3) we have

m
0
ω = iδc

1
ω = i ∗ dc ∗

1
ω = i ∗ dc(−ι̃i

3
ω) = ι̃ ∗ dc

3
ω

= ι̃ ∗ (−im
4
ω) = −im(ι̃ ∗

4
ω) = −m

0
ω.

Here we used (2.36). Since m > 0 we obtain
0
ω = 0. It follows immediately

that
4
ω = 0. Using this, from the second and fourth equations of (3.3) we obtain

again

m
1
ω = i(dc

0
ω + δc

2
ω) = i ∗ dc ∗

2
ω = i ∗ dc(ι̃i

2
ω) = −ι̃ ∗ dc

2
ω

= −ι̃ ∗ (−im
3
ω − δc

4
ω) = im(ι̃ ∗

3
ω) = i2m

1
ω = −m

1
ω.

Thus,
1
ω = 0 and this yields

3
ω = 0. Furthermore, according to the third equation

of (3.3) we have
2
ω = 0.

An inhomogeneous form Ω decomposes into its self-dual and anti-self-dual
parts with respect to the action of ⋆ as follows

Ω = Ω+ +Ω−,

where

Ω± =
1

2
(Ω± ι̃ ⋆ Ω).

It is clear that Ω+ is self-dual and Ω− is anti-self-dual. The self-dual and anti-
self-dual components of Ω correspond to the chiral right and chiral left parts of

a Dirac fermion. Denote by
r
ω
±

a homogeneous component of Ω±. Using (3.8)
we can write these components more explicitly as

0
ω
±

=
1

2
(
0
ω ± iι̃ ∗

4
ω),

1
ω
±

=
1

2
(
1
ω ∓ iι̃ ∗

3
ω),

2
ω
±

=
1

2
(
2
ω ∓ iι̃ ∗

2
ω),

3
ω
±

=
1

2
(
3
ω ± iι̃ ∗

1
ω),

4
ω
±

=
1

2
(
4
ω ± iι̃ ∗

0
ω). (3.11)

Proposition 3.4. If Ω is a solution of the massless discrete Dirac-Kähler equa-
tion

(dc + δc)Ω = 0, (3.12)

then so do both Ω+ and Ω−.

Proof. It suffices to prove the claim for one of Eqs. (3.3), say for the second
one. Let

i(dc
0
ω + δc

2
ω) = 0.
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Then, by (3.11), for the corresponding homogeneous components of Ω+ we
obtain

i(dc
0
ω
+

+ δc
2
ω
+

) =
1

2
i(dc(

0
ω + iι̃ ∗

4
ω) + δc(

2
ω − iι̃ ∗

2
ω))

=
1

2
i(dc

0
ω + δc

2
ω) +

1

2
ι̃(−dc(∗

4
ω) + δc(∗

2
ω))

=
1

2
ι̃(− ∗ ∗dc ∗

4
ω + ∗dc ∗ ∗

2
ω) = −

1

2
ι̃ ∗ (δc

4
ω + dc

2
ω) = 0.

Here we used (2.23), (2.29) and (2.36). The other cases are similar.

Proposition 3.4 gives rise to the chiral symmetry of our discrete model. This
means that equation (3.12) is invariant under the transformation

Ω −→ Ω± ι̃ ⋆ Ω.

This transformation is equivalent to

r
ω −→

r
ω ± ι̃ ⋆

4−r
ω (3.13)

and the equation

dc
r−1
ω + δc

r+1
ω = 0

is invariant under the transformation (3.13) for any r = 0, 1, 2, 3, 4.

Proposition 3.5. If Ω is a solution of the discrete Dirac-Kähler equation (3.2)
then we have

i(dc + δc)Ω+ = mΩ−, i(dc + δc)Ω− = mΩ+. (3.14)

Proof. Substituting (3.11) into the first and second equations of (3.3) we obtain

iδc
1
ω
+

=
1

2
i(δc

1
ω − iι̃δc ∗

3
ω) =

1

2
(m

0
ω + ι̃ ∗ dc ∗ ∗

3
ω) =

1

2
(m

0
ω + ι̃ ∗ dc

3
ω)

=
1

2
(m

0
ω + ι̃ ∗ (−im

4
ω)) =

1

2
m(

0
ω − iι̃ ∗

4
ω) =

1

2
m(

0
ω − ι̃ ⋆

4
ω) = m

0
ω
−

and

i(dc
0
ω
+

+ δc
2
ω
+

) =
1

2
idc(

0
ω + iι̃ ∗

4
ω) +

1

2
iδc(

2
ω − iι̃ ∗

2
ω)

=
1

2
(m

1
ω − ι̃dc ∗

4
ω + ι̃δc ∗

2
ω) =

1

2
(m

1
ω − ι̃ ∗ ∗dc ∗

4
ω + ι̃ ∗ dc ∗ ∗

2
ω)

=
1

2
(m

1
ω − ι̃ ∗ δc

4
ω − ι̃ ∗ dc

2
ω) =

1

2
(m

1
ω − ι̃ ∗ (δc

4
ω + dc

2
ω))

=
1

2
(m

1
ω − ι̃ ∗ (−im

3
ω)) =

1

2
m(

1
ω + iι̃ ∗

3
ω) =

1

2
m(

1
ω − ι̃ ⋆

3
ω) = m

1
ω
−

.

Here we used also (2.23), (2.29) and (3.8). Similar calculations give

i(dc
1
ω
+

+ δc
3
ω
+

) = m
2
ω
−

, i(dc
2
ω
+

+ δc
4
ω
+

) = m
3
ω
−

, idc
3
ω
+

= m
4
ω
−

.

Consequently, the first equation of (3.14) is true. The remaining case is similar.
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Proposition 3.5 claims that in the massive case the operator i(dc+δc) flips the
chirality. It is known that in the continual Dirac theory the left-hand fermions
turn into right-hand fermions after acting the Dirac operator and vice versa.
Thus we have the same result in the discrete case.
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