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A uniqueness of periodic maps on surfaces
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Abstract

Kulkarni showed that, if ¢ is greater than 3, a periodic map on an ori-
ented surface X, of genus g with order more than or equal to 4g is uniquely
determined by its order, up to conjugation and power. In this paper, we show
that, if g is greater than 30, the same phenomenon happens for periodic maps
on the surfaces with orders more than 8¢/3 and, for any integer N, there is
g > N such that there are periodic maps of ¥, of order 8¢g/3 which are not
conjugate up to power each other. Moreover, as a byproduct of our argument,
we provide a short proof of Wiman’s classical theorem: the maximal order of
periodic maps of ¥, is 4g + 2.

1 Introduction

Let 3, be the oriented closed surface of genus g > 2. By the Nielsen-Thurston theory
[10], orientation preserving homeomorphisms of ¥, are classified into 3-types: (1)
periodic, (2) reducible, (3) pseudo-Anosov. For each type, there are important values
describing conjugacy classes, for example, the orders of periodic maps. Kulkarni [7]
showed that if the genus g is sufficiently large and the order is more than or equal to
4g then the order determines the conjugacy class of the periodic map up to power.
The first author [4] showed the same type of result when the order is more than or
equal to 3¢g. In this paper, we investigate on the minimum M satisfying the following
condition: if the genus g is sufficiently large and n > Mg (or n > Mg) then the

order determines the conjugacy class of the periodic map up to power.

Theorem 1.1. Let g > 30, and n > 8¢/3. If there is a periodic map of ¥, of order

n, then this map is unique up to conjugacy and power. On the other hand, let N
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be any positive integer. There is g > N such that there are periodic maps of ¥, of

order 8g/3 which are not conjugate up to power each other.

We explain the outline of the proof of Theorem [[Il By [6], the periodic map
which satisfies the condition of Theorem [[.1]is irreducible, that is, the orbit surface
of this periodic map is a 2-sphere with 3 branched points. Let n; be the minimum
of the branching indices. In §3, it is shown that the order is included in one of
certain disjoint ranges which is determined solely by the value of n; when the genus
is sufficiently large. By using this result, we observe that n; should be at most 4
under the condition in Theorem [Tl In §4, we discuss the uniqueness of periodic
map by the order up to conjugacy and power.

It seems that our argument in §3, especially Theorem [3.2] is also useful for several
known results on the distribution of periodic maps, in simplifying the subcases to be
considered in their proofs. As an example, in §5, we provide a short and complete
proof of Wiman’s classical theorem: the maximal order of periodic maps of X, is
4g + 2.

After we finished to write this paper, we were informed from Professor G. Gro-
madzki about their preprint [2] and that Theorem [Tl follows directly from their

result in [2].

2 Preliminaries

An orientation preserving homeomorphism f from a surface >, to itself is said to be
a periodic map, if there is a positive integer n such that " = idy,. The order of f is
the smallest positive integer which satisfies the above condition. Two periodic maps
[ and f" on X, are conjugate, if there is an orientation preserving homeomorphism
h from X, to itself such that f/ = ho foh~!. In this section, we will review the
classification of conjugacy classes of periodic maps on surfaces by Nielsen [§]. We
follow a description by Smith [9] and Yokoyama [12].

Let f be a periodic map on Y4, whose order is n. A point p on ¥, is a multiple
point of f, if there is a positive integer k less than n such that f*(p) = p. Let M; be
the set of multiple points of f. The orbit space ¥,/f of f is defined by identifying



x in ¥, with f(x). Let 7 : ¥, — 3,/ f be the quotient map. Then 7 is an n-fold
branched covering ramified at m¢(My). The set m¢(My) is denoted by By, and each
element of By is called a branch point of f. We choose a point = in ¥,/f — By,
and a point 7 in W;l(ZL‘). We define a homomorphism Q; : m(X,/f — Bf) = Z, as
follows: Let [ be a loop in ¥,/ f — By with the base point z, and [/| the element of
m1(X,/ f—By) represented by [. Let [ be the lift of [ on ¥, which begins from . There
is a positive integer r less than or equal to n such that the terminal point of [ is fr(z).
We define Q¢([l]) = mod n. Since Z, is an Abelian group, the homomorphism §2¢
induces a homomorphism wy from the abelianization of m(X,/f — By) to Z,. The
abelianization of 7y (Xy/f — By) is Hi(¥,/f — By), therefore wy is a homomorphism
from H,(2,/f — By) to Z,. For each point of By = {Q1,...,Qs}, let D; be a disk
in ¥,/ f, which contains (); in its interior and is sufficiently small so that no other

points of By are in D;. Let Sg, be the boundary of D; with clockwise orientation.

Theorem 2.1. [8, §11] Two periodic maps f and f' on ¥, are conjugate to each
other if and only if the following three conditions are satisfied.

(1) The order of f is equal to the order of f'.

(2) The number of elements in By is equal to that of By

(3) After renumbering the elements of By, we have wg(Sg,) = wp(Sq,) for each i.

Let 0; = w¢(Sg,) for each i. By the above Theorem, the data [g,n;0,..., 6]
determines a periodic map up to conjugacy. The following proposition shows a suffi-
cient and necessary condition for a data [g,n; 6y, ..., 0, to correspond to a periodic

map.

Proposition 2.2. There is a periodic map with the data [g,n; 01, ...,0] if and only
if the following conditions are satisfied.
(1) 61 +---+6, =0 mod n.

(2) Let n; =n/ ged{0;,n}, then there exists a non-negative integer g’ which satisfies

Zg—Q:n(Qg'—QJrZ(l—nii)),

where i runs through the branch points.

(3) If ¢ =0, then ged{6,...,0,} =1 mod n.
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The necessity of three conditions in the above Proposition are shown as follows.
(1) follows from the fact that w; is a homomorphism and Sg, + - - - + Sg, is null-
homologous, (2) is the Riemann-Hurwitz formula, and (3) follows from the fact that
wy is a surjection. The sufficiency of these conditions follows from the existence
theorem of a branched covering space by Hurwitz [5]. The number n; is called the
branching index of ;.

In the following, we will use the expression (n,6;/n + --- + 6,/n) in place of
lg,n;01,...,6,]. This data (n,60;/n+ -+ 6,/n) is called the total valency, which
is introduced by Ashikaga and Ishizaka [I]. In the above data, we call ;/n the
valency of ();, and often rewrite this by an irreducible fraction. We remark that the
denominator of the reduced 6;/n is equal to the branching index n; of @Q);, and the
numerator of the reduced 6;/n is well-defined modulo n;. If k is an integer prime to
nand f = (n,mi/n+ -+ mp/ny), then f¥ = (n, (k* - ma)/ni+- -+ (K -my) /)
where £* is an integer such that k- £* = 1 mod n, and k* - m; is the remainder of

k*m; modulo n,.

3 A discussion on branching indices

Let f be an order n periodic map of 3, whose orbit space ¥,/f = S*(ni, na, n3).

We assume that n; < ny < n3. By the Riemann-Hurwitz formula, we see

2(9—1):n<1—<ni1+%2+nig)>. (1)

The branching indices nq, ny, ng satisfy the Harvey’s lem condition [3], that is,
lem{ny,no} = lem{ng, ng} = lem{ns, n;} = n.

Lemma 3.1. Let ky = n/ng, ks = n/ns, then we see:
) n1 (29+(k32+k33—2)),
i) ko > k:g,

iv) ged{ks, k3} =

(i
(
(iil) ko, ks are divisors of nq,
(
(V) k2—|—]€3 <n1+1



Proof. (i) is valid by ([I).

(ii) is valid by ny < ngs.

(iii) Let ky = n/ny. Since kiny = kang = n = lem{ny, no}, ky and ky are prime each
other. By the equation kin; = kono, we see that ks is a divisor of ny. By the same
way, we see that ks is a divisor of n;.

(iv) Since kong = ksng = n = lem{ny, n3}, ko and k3 are prime each other.

(v) If ny = 2, then we see ko, ks < 2 by (iii). Since k3 =1 by (iv), we see ks + k3 <
ny + 1. We assume ny > 3. If ky = ny then k3 = 1 by (iii) (iv). Therefore
ko + ks = ny + 1. If ks # ny then ky < ny/2. Moreover k3 < ks by (ii), hence, we
see ko + k3 < 2ky <ny <ng + 1. O

277,1 277/1

Theorem 3.2. The inequality g<n<

— - 19 + nq is valid.

Proof. Since nq,ng < n,

2(g—1):n(1—<nil+%2+nis)) gn(l—(nil+%)):n(”1n:1>_2

by the equation (), hence,

277,1

n > g.
ny — 1
On the other hand, by (i) (v) of the previous Lemma, we see

ny 277,1

2 ko + ks —2)) <
n1_1(9+(2+ 3 >>_n1—

n = 1g+n1.

O

Theorem 3.3. For an integer N > 3, we assume g > (N — 1)N(N +1)/2. Then
2N 2N — 1)
=N — g < LS
m = IS < T
Remark 3.4. 1. Because (N — 1)N(N + 1)/2 is increasing for N > 3, we see that,

for any N’ such that 3 < N’ < N,

N’ 2(N'—=1)
!/
n=N <:>N’—1g§n<ﬁg
under the assumption of the above Theorem.
2. In the case where g = w, there is a periodic map of order %g =

N2(N + 1) such that n; = N + 1 and whose valency data is

N N -1 1
N?(N +1 .
( (N + )’N+1+ N2 +N2(N+1))




Proof. We assume n; = N. By Theorem B.2] + 1g <n < ﬂg + N. By the
assumptlong > (N=1)N(N+1)/2 > (N=2)(N—1)N/2, we see Z2-g+N < 2(N )g.

2(N-1)
Therefore + g <n<=5579-
On the reverse order, we assume g <n< ( )
n> 2g Ifng < N —1 then 215 > 2%\7 hence n > 2 21)9, which contradicts

g <n< (N 1)g Therefore ny > N.

Here, we show the following Lemma.

Lemma 3.5. When N > 2, if n > %g then ny <3N — 1.

Proof. By the equation ()

9-2_ | (1,1 1
n ny MmNy N3/

>2N

By the assumption that ny < ny < ng and n 79, We see
Co-2)(N-1) _, 3
2Ng - ny

By this inequality, we get an evaluation n; < %N < 3N. Therefore, we conclude

Here we assume that ny > N+1. By Theorem B.2]and the assumption n > ]3—1171 g,

we see
2N < 2’/’L1 i
ny.
N-17= 70— 19 !
By the above inequality and the mequahty T > 2”j obtained from the assump-

tion n; > N + 1, we see

9= W 2(2”1(?\}) 1)' (2)
By the above Lemma, n; < 3N — 1. When N > 3, by the inequality 3N — 1 < N2
and the assumption n; > N + 1, we see N +1 < n; < N2. From this inequality,
(ny — (N +1))(ny — N?) <0, that is, n? — (N*+ N + 1)n; + N*(N +1) < 0, hence
n? —ny < N(N + 1)(n; — N). By dividing the last inequality by n; — N > 0, we

obtain
nq (7’1,1 — 1)

< N(N +1).
SN+



By this inequality and the inequality (2), we see

(N — 1)N(N + 1)

<
9= 5 )

which contradicts the assumption. Therefore n; < N.

We get a conclusion n; = N. O

4 The uniqueness by the order

Theorem 1.1. Let g > 30 and n > 8¢/3. If there is a periodic map whose order is

n, then this periodic map is unique up to conjugacy and power.

Remark 4.1. In the sentence, if the genus g is sufficiently large and n > Mg (or
n > Mg) then the order determines the conjugacy class of the periodic map up to
power, the condition of the order n > 8¢/3 is best possible. In fact, when the genus
g = 3(2k + 1), there are two periodic map of order n = 8¢/3 whose total valencies
are

1 1 12k + 5 3 1 4k + 1

1 6k1s T16kes 4 16krs  16k+s

and any power of the first one is not conjugate to the second one.

Proof. By [6], the periodic map f satisfying the condition in this Theorem is irre-
ducible, that is 3,/ f = S*(n1,n2,n3). As in §3, we assume that n; < ny < ny. Since
we already discussed the case where n > 3¢ in [7] and [4], we assume that n < 3g.
Since g > 30 = @, %g =3g>n> %g = %g, ny = 4 by Theorem B.3] Let
ks = n/ne and k3 = n/n3. By Lemma B.] there are 3 cases (kq, k3) = (4,1), (2,1),
(1,1).

(1) (k2. ks) = (4,1) : By (i) of Lemma[.T] the order n = $g+4 > 2¢. Since n is an
integer, g should be a multiple of 3. Let g = 3[, then n = 8144, ny = n/ky = 21+ 1,

and n3 = n/ks = 81 + 4. We determine the numerators a, b, ¢ of the valency data

a b c

1Ty Tsa

Since the branch point corresponding to ¢/81 + 4 is the image of a fixed point of f
by 7, we fix ¢ = 1 by taking a proper power of the periodic map f. Since a/4 is an
irreducible fraction, a =1 or 3. If a = 3, then 2b =1[. If a = 1, then 2b = 3] + 1.
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When [ is even, we put [ = 2m. If a = 3, then b =m. If a = 1, then 2b = 6m+1.
Therefore, a = 3 and the total valency should be

3+ m . 1
4 4dm+1 16m+4

When [ is odd, we put I =2m + 1. If a = 3, then 2b = 2m + 1. If a = 1, then
b = 3m + 2. Therefore, a = 1 and the total valency should be

1 3m+2 1

4+4m+3+ 16m + 12

(2) (k2,k3) = (2,1) : By (i) of Lemma[3.1] the order n = @ > 8¢. Since n is

an integer, 2g + 1 should be a multiple of 3. Therefore g =1 mod 3. Let g = 31+1,
then n = 81 4+ 4, ny = 4l + 2, and n3 = 8/ + 4. We determine the numerators a, b, ¢

of the valency data
a . b N c
4 4l+2 8l+4

Since the branch point corresponding to ¢/81 + 4 is the image of a fixed point of f

by m¢, we fix ¢ = 1 by taking a proper power of the periodic map f. Since a/4 is

an irreducible fraction, a =1 or 3. If a =1, then b =3[+ 1. If a = 3, then b = [.

Since ﬁ is also an irreducible fraction, b should be an odd integer. If [ is an even

integer, b = 3l + 1 and a = 1. Hence, the total valency should be
1 3l+1 1

TRPTE R

If [ is an odd integer, b = [ and a = 3. Hence, the total valency should be

3+ l . 1
4 4l+2 8l+4

2, k3) = (1, : 1) of Lemma the order n = 5g, which contradicts
3) (ko, k 1,1 By (i) of LL B.1 th d gg hich di
the condition n > %g. O

By the proof of the above Theorem, [7] and [4] we see:

Corollary 4.2. Let g > 30 and n > 8¢/3. If there is a periodic map f of ¥, whose

order is n, then f is conjugate to a power of one of periodic maps listed on Table Il



Table 1:

genus ¢ total valency
bit dgto, LY !
arpitrar —
Y IT5 g 20+ 1  4g+2
I 29-1 1
arbitrary <4g, 3 + g4g @>
2k i
3k 3g+3, =
g+ ’3+g+1+3g+3)
T 2k +1 1
3k + 1 3g+3, -
i (g+’3+g—|—1 3g—|—3)
1 2¢—1 1
3k or 3k + 1 39, - —
or + <g, 3—1— 39 +3g)
2 g-1 1
3k + 2 39, 24+~ 4+ —
i (g’3+ 39 +39)
6 8 4 3+ m n 1
m —
39 4 4m+1 ' 16m + 4
P 8 +3m+2+ 1
m
4 Am+3 | 16m+ 12
4(2g+ 1 6m + 1 I
6m + 1 -
mr ( 3 1 8m+2+16m+4)
12g+1) 3 2m+1 1
6m + 4 ko A M
e < 3 ’4+8m+6+16m+12>

5 A proof of Wiman’s Theorem [11]

We provide a short proof of Wiman’s Theorem [11] using the argument in §3.
Theorem 5.1. When g > 2, the order of any periodic map of ¥4 is at most 4g + 2.

In the following, it is the subcase I1I)-iii) which is simplified by the argument
mentioned above and seems to have been most involved. While the treatment of the

other subcases is standard, we include them for completeness.

Proof. Let n be the order of a periodic map f of ¥, and ¥,/ f = ¥y (n,...,n; ),

where n; < ny <--- < n;. By the Riemann-Hurwitz formula,

2(g—1 , 1 1
M:2(g’—1)+j—(—+---+—). (3)

n 1 n;



I) When ¢’ > 2, the RHS of [B) > 2(¢' — 1) > 2. Therefore 2(g — 1)/n > 2, that is,
g — 1> n, then we see n < 4g + 2.

IT) We discuss the case where ¢’ = 1. If j = 0, then ¢ = 1, which contradicts the
assumption g > 2. Hence, j > 1. Since each n; > 2, we see 1/ny +---+1/n; < j/2.
Therefore, the RHS of [B) > j — j/2 = j/2, hence 2(g — 1)/n > j/2, and we see
n <4(g —1)/j. This shows that n < 4¢g + 2 in this case.

[IT) We discuss the case where ¢’ = 0. We first note that Proposition implies
J=3.

i) 7 > 5 : in this case, the RHS of (B) > —2 + j/2 > 1/2, hence n < 4(g — 1).
Therefore, n < 4g + 2.

ii) j = 4 : We multiply n on both sides of ([8) and change n/n; into k; for i # 1,

then we see,

ny

= 20— 2+ ko + ks + k

n 2n1_1(9 + ko + ks + ky)
ny

= 2qg — 2 k k k
2n1_1(9 )+2n1—1(n1 2 +niks +niky)
ny 3n

< 29 — 2 .

T LA wam

In the last inequality, we use nik; < n;k; = n. Since

S n(l 3 ):nw

T o -1 T oy — 1 oy —1°

in the case where n; > 3, we obtain

n
n <
n1—2

(g—1).

Because ny/(ny —2) < 3, we have n < 3(9 — 1) < 49+ 2. In the case where n; = 2,
we assume that n > 49 +2 > 4.2+ 2 = 10. By Harvey’s lem condition [3], we

remark
n = lem{ny, ng, ng} = lem{ny, ny, ny} = lem{ny, n3, ny} = lem{ny, ng,ny}.  (4)

If all n; are 2 or 3, then n < 6 by (@) which contradicts the assumption n > 10.
Therefore, there are some n;’s such that n; > 4. By (), there are at least 2 n;’s

such that n; > 4, hence nz,ny > 4. We see niks = Z—;ngkg = Z—;n < 3, and in the
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same way, we see niky < 4. Therefore,

- 29 — 2 ky + nuks + nok
=m0 D gy (ke ks k)
ny 1 n o n 4g—4 2
< 29 — 2 L - r
S T A G A e Lt Rl Y e 1

Hence we have n < 4g — 4 contradicting the assumption n > 4g + 2. We conclude
n <4g+ 2.

iii) j =3 : At first, we show the following Lemma:

Lemma 5.2. If the orbit space of a periodic map f of X, is a 2-sphere with 3 branch

points, and let nq be the minimal branching index, then ny < 2g + 1.

Proof. By (@), we see

2(9—1):n(1—(i+i+i)> =n— (ky + ko + ks).

ny N2 ns3

From the above equation, we have

On the other hand, by the assumption ny < ny < ng, we see 1/ng < 1/ny < 1/n;.
It follows that 1 — (1/ny + 1/ny + 1/n3) > 1 — 3/n4, and by the equation (3),

2(g—1):n(1—(nil+ni2+nig))zn<1—%).

3 3
If <1——) < 0, then n; < 3. Since g > 2, we see 2g +1 > ny. If <1——) > 0,
n n

by the equation (Hl), we have

Therefore 2g + 1 > n;. O

By Theorem [3.2] we have

11



By this inequality, we see

2n, 2n,
4g+2)—n > (49 +2) — =(4-— 92
g+2) - (g2 - (g ) = (1- 22 ) g 2w
2n, —4 2
S22 = (-2 (e 1),

n1—1 ny —

Since the branching index is at least 2, n;—2 > 0. By Lemma[5.2l we have n; < 2g-+1,
that is, %g — 1 > 0. By the above inequality, we conclude that 4g + 2 > n.
O
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