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ON ANOTHER EDGE OF DEFOCUSING: HYPERBOLICITY OF
ASYMMETRIC LEMON BILLIARDS

LEONID BUNIMOVICH, HONG-KUN ZHANG, AND PENGFEI ZHANG

ABSTRACT. Defocusing mechanism provides a way to construct chaotic (hyperbolic) billiards with
focusing components by separating all regular components of the boundary of a billiard table
sufficiently far away from each focusing component. If all focusing components of the boundary
of the billiard table are circular arcs, then the above separation requirement reduces to that all
circles obtained by completion of focusing components are contained in the billiard table. In the
present paper we demonstrate that a class of convex tables—asymmetric lemons, whose boundary
consists of two circular arcs, generate hyperbolic billiards. This result is quite surprising because
the focusing components of the asymmetric lemon table are extremely close to each other, and
because these tables are perturbations of the first convex ergodic billiard constructed more than
forty years ago.

1. INTRODUCTION

Billiards are dynamical systems generated by the motion of a point particle along the geodesics
on a compact Riemannian manifold @) with boundary. Upon hitting the boundary of @, the particle
changes its velocity according to the law of elastic reflections. The studies of chaotic billiard systems
were pioneered by Sinal in his seminal paper [19] on dispersing billiards. A major feature of billiards
which makes them arguably the most visual dynamical systems is that all their dynamical and
statistical properties are completely determined by the shape of the billiard table @ and in fact by
the structure of the boundary 0Q.

Studies of convex billiards which started much earlier demonstrated that the convex billiards
have regular dynamics and are even integrable. Such examples are billiards in circles or in squares,
which everybody studied (without knowing that they study billiards) in a middle or in a high school.
Jacobi proved integrability of billiards in ellipses by introducing elliptical coordinates in which the
equations of motion are separated. Birkhoff conjectured that ellipses are the only integrable two
dimensional smooth convex tables which generate completely integrable billiards. Later Lazutkin [12]
proved that all two-dimensional convex billiards with sufficiently smooth boundary admit caustics
and hence they can not be ergodic (see also [9]).

The first examples of hyperbolic and ergodic billiards with dispersing as well as with focusing
components were constructed in [I]. A closer analysis of these examples allowed one to realize
that there is another mechanism of chaos (hyperbolicity) than the mechanism of dispersing which
generates hyperbolicity in dispersing billiards. This makes it possible to construct hyperbolic and
ergodic billiards which do not have dispersing components on the boundary [2 [3]. Some billiards
on convex tables also belong to this catergory. The first one was a table with boundary component
consisting of a major arc and a chord connecting its two end points. Observe that this billiard is
essentially equivalent to the one enclosed by two circular arcs symmetric with respect to the cutting
chord. This billiard belongs to the class of (chaotic) flower-like billiards. The boundaries of these
tables have the smoothness of order C°. The stadium billiard (which became strangely much more
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popular than the others) appeared as one of many examples of convex ergodic billiards with smoother
(C') boundary. Observe that in a flower-like billiard, all the circles generated by the corresponding
petals (circular arcs) completely lie within the billiard table (flower).

In the present paper we consider (not necessarily small) perturbations of the first class of chaotic
focusing billiards, i.e., with boundary made of a major arc and a chord. While keeping the major
arc, we replace the chord (a neutral or zero curvature component of the boundary) by a circular
arc with smaller curvature. This type of billiards were constructed in [5], with certain numerical
results. We prove rigourously that the corresponding billiard tables generate hyperbolic billiards
under the conditions that the chord is not too long, and the new circular arc has sufficiently small
curvature. More precisely, we assume that the length of the chord does not exceed the radius of the
circular component of the boundary, see Theorem [2I This condition is a purely technical one, and
we conjecture that the hyperbolicity holds without this restriction.

It is worthwhile to recall that defocusing mechanism of chaos was one of a few examples where
discoveries of new mechanisms/laws of nature were made in mathematics rather than in physics.
No wonder that physicists did not believe that, even though rigorous proofs were present, until
they check it numerically. After that, stadia and other focusing billiards were built in physics labs
over the world. However, intuitive “physical” understanding of this mechanism always was that
defocusing must occur after any reflection off the focusing part of the boundary. Indeed, there are
just a few very special classes of chaotic (hyperbolic) billiards where this condition was violated (see
e.g. [M]). However, these billiards were specially constructed to get hyperbolic billiards. To the
contrary, hyperbolicity of asymmetric lemons came as a complete surprise to everybody. This class
of chaotic billiards forces physicists as well as mathematicians to reconsider their understanding of
this fundamental mechanism of chaos.

Our billiards can also be viewed as far-reaching generalizations of classical lemon-type billiards.
The lemon billiards were introduced by Heller and Tomsovic [10] in 1993, by taking the intersection
of two unit disks, while varying the distance between their centers, say b. This family of billiards have
been extensively studied numerically in physics literature in relation with the problems of quantum
chaos (see [16, [18]). The coexistence of the elliptic islands and chaotic region has also been observed
numerically for all of the lemon tables as long as b # 1. Therefore, the lemon table with b = 1 is the
only possible billiard system with complete chaos in this family. See also [13] 14] for the studies of
classical and quantum chaos of lemon-type billiards with general quadric curves.

FIGURE 1. Basic construction of an asymmetric lemon table Q(b, R).

The lemon tables were embedded into a 3-parameter family—the asymmetric lemon billiards in [5],
among which the ergodicity is no longer an exceptional phenomenon. More precisely, let Q(r,b, R)
be the billiard table obtained as the intersection of a disk D,. of radius r with another disk Dg of
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radius R > r, where b > 0 measures the distance between the centers of these two disks (see Fig. [IJ).
Without loss of generality, we will assume r = 1 and denote the lemon table by Q(b, R) = Q(1,b, R).
Restrictions on b and R will be specified later on to ensure the hyperbolicity of the billiard systems
on these asymmetric lemon tables. On one hand, these billiard tables have extremely simple shape,
as the boundary of the billiard table Q(b, R) only consists of two circular arcs. Yet on the other
hand, these systems already exhibit rich dynamical behaviors, as it has been numerically observed
in [5] that there exists an infinite strip D C [1, 00) X [0, 00), such that for any (b, R) € D, the billiard
system on Q(b, R) is ergodic.

In this paper we give a rigorous proof of the hyperbolicity on a class of asymmetric lemon billiards
Q(b, R). Our approach is based on the analysis of continued fractions generated by the billiard orbits,
which were introduced by Sinai [19], see also [I]. Continued fractions are intrinsic objects for billiard
systems, and therefore they often provide sharper results than those one gets by the abstract cone
method, which deals with hyperbolic systems of any nature and does not explore directly some
special features of billiards. In fact, already in the fundamental paper [I9] invariant cones were
immediately derived from the structure of continued fractions generated by dispersing billiards. The
study of asymmetric lemon billiards demonstrates that defocusing mechanism can generate chaos in
much more general setting than it was thought before.

1.1. Main results. Let b > 0 and R > 1 be two positive numbers, @ = Q(b, R) be the asymmetric
lemon table obtained by intersecting the unit disc D; with Dg, where b > 0 measures the distance
between the two centers of D; and Dg. Let I' = 9Q be the boundary of @), and I'; be the circular
boundary component of @) on the disk Dy, and I'g be the circular boundary component of () on the
the disk Dg. Let A and B be the points of intersection of I'y and I'g, whom we will call the corner
points of Q. It is easy to see the following two extreme cases: Q(b, R) = Dy when b < R — 1, and
Q(b, R) =0 when b > 1+ R. So we will assume b € (R — 1, R+ 1) for the rest of this paper.

We first review some properties of periodic points of the billiard system on Q(b, R). It is easy to
see that there is no fixed point, and exactly one period 2 orbit colliding with both arcsﬁ, say Oaq,
which moves along the segment passing through both centers. The following result is well known,
see [20] for example.

Lemma 1. The orbit Oz is hyperbolic if 1 < b < R, is parabolic if b=1 or b= R, and is elliptic if
b<1orb>R.

It has been observed in [5] that under the condition b < 1 or b > R, O is actually nonlinearly
stable (see also [I7]). That is, the orbit Oz is surrounded by some islands. Therefore, the following
is a necessary condition such that the billiard system on Q(b, R) is hyperbolic.

(A0) The parameters (b, R) satisfy max{R — 1,1} < b < R.

In this paper we prove that the billiard system on Q(b, R) is completely hyperbolic under the
assumption (A0) and some general assumptions (A1)—(A3). As these assumptions are rather
technical, we will state them in Section (1]

Theorem 1. Let Q(b, R) be an asymmetric lemon table satisfying the assumptions (A0)-(A3).
Then the billiard system on Q(b, R) is hyperbolic.
The proof of Theorem [Ilis given in Section

To provide more intuitions for these conditions, we consider a special class of asymmetric lemon
billiards. We first cut the unit disk D; by a chord with end point A and B, and let I'; be the
major arc of the unit circle with end points A, B. Denoted by Qg the larger part of the disk whose
boundary contains I'y. By the classical defocusing mechanism, the billiard on Qg is hyperbolic and

IThere are some other period 2 orbits which only collide with I'1. These orbits are parabolic.
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ergodic. Now replace the chord with a circular arc on the circle Dg, for some large radius R. Note
that the distance between the two centers is given by b = (R? — |AB|?/4)Y/? — (1 — |AB|?/4)"/2.
The resulting table Q(R) := Q(b, R) can be viewed as a perturbation of Qy. The following theorem
shows that the billiard system on )y, while being nonuniformly hyperbolic, is robustly hyperbolic
under suitable perturbations.

Theorem 2. Let I'; be the major arc of the unit circle whose end points A, B satisfy |AB| < 1.
Then there exists Ry > 1 such that for each R > R, the billiard system on the table Q(R) with two
corners at A, B is hyperbolic.

The proof of Theorem Pl is given in Section 4.3l

Remark 1. The hyperbolicity of the billiard system guarantees that a typical (infinitesimal) wave
front in the phase space grows exponentially fast along the iterations of the billiard map. Therefore,
one can say that these billiards in Theorem [ still demonstrate the defocusing mechanism. However,
the circle completing each of the boundary arcs of the table Q(b, R) contains the entire table.
Therefore, the defocusing mechanism can generate hyperbolicity even in the case when the separation
condition is strongly violated.

The assumption |[AB| < 1 in Theorem 2] is a purely technical one, and it is used only once in
the proof of Theorem [2 to ensure n* > 6 (see the definition of n* in §4.3]). Clearly this assumption
|AB| < 1 is stronger than the assumption that 'y is a major arc. We conjecture that as long as T’y
is a major arc, the billiard system on Q(R) is completely hyperbolic for any large enough R.

Conjecture 1. Fix two points A and B on dD; such that I'; is a major arc. Then the billiard
system on Q(b, R) is hyperbolic if the center of the disc Dg lies out side of the table.
To ease a task of reading we provide hereby a list of notations that we use in this paper.

The List of Notations

Q(r,b,R) = D, N Dr the asymmetric lemon table as the intersection of D, with Dg.
We usually set » = 1 and denote it by Q(b, R) = Q(b,1, R). We
also denote Q(R) = Q(b, R) if b is determined by R.

I'=9Q(,R) the boundary of Q(b, R), which consists of two arcs: T'; and T'g.

M =T x [-m/2,7/2] the phase space with coordinate 2 = (s, ), which consists of M
and Mg.

F the billiard map on the phase space M of Q(b, R).

S the set of points in M at where F is not well defined or not
smooth.

BE(V) the curvature of the orthogonal transversal of the beam of lines

generated by a tangent vector V &€ T, M before and after the
reflection at z, respectively.

d(z) =p-cosp
R(x) = —%

the half of the chord cut out by the trajectory of the billiard orbit
in the disk D,, where p € {1, R} is given by z € M,,.

the reflection parameter that measures the increment of the cur-
vature after reflection.

the distance between the current position of z with the next re-
flection with T'.

the Lyapunov exponents of F at the point z.
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n(x) the number of successive reflections of x on the arc I',, where o
is given by x € M,,.

My = MI\F M, the set of points that first enter M;. Similarly we define Mg.

M, = {z € My :n(z) =n} the set of points in M; having n reflections on I'; before hitting
Trg.

F(x) = Flotit2y the first return map of F on the subset M, where jo is the num-

ber of reflections of z on I'y, and j; is the number of reflections
of ¢y = Fiotlg on T'p.

=T — jkcik — jk+1czk+1 a notation for short, where 7, = 7(xy), dr, = d(xx), dy = jkdﬁ.
ﬁk = —é a notation for short.

M =U,>o Fn/21pr, a subset of M;. Compare with the set M; = Unso M.

F(z) = Flotirtiat2, the first return map of F on M, where iq is the number of reflec-

tions of z on Ty, 4; is the number of reflections of z; = Flotly
on I'g, and i is the number of reflections of o = F' 1z on Ty
before entering M.

T =T — ipdp — di+1 a notation for short. Only 77 is used in this paper.

2. PRELIMINARIES FOR GENERAL CONVEX BILLIARDS

Let Q@ C R? be a compact convex domain with piecewise smooth boundary, M be the space of
unit vectors based at the boundary I' := 9@ pointing inside of ). The set M is endowed with
the topology induced from the tangent space T'Q. A point x € M represents the initial status of
a particle, which moves along the ray generated by z and then makes an elastic reflection after
hitting I'. Denote by x1 € M the new status of the particle right after this reflection. The billiard
map, denoted by F, maps each point z € M to the point 1 € M. Note that each point z € M
has a natural coordinate z = (s, ), where s € [0,|T'|) is the arc-length parameter of I" (oriented
counterclockwise), and ¢ € [—7/2,7/2] is the angle formed by the vector x with the inner normal
direction of I' at the base point of x. In particular, the phase space M can be identified with a
cylinder T x [—7/2,7/2]. The billiard map preserves a smooth probability measure 1 on M, where
dp = (2|T))~t - cos p ds dp.

For our lemon table @ = Q(b, R), the boundary I = 9Q consists of two parts I'; and I'g. Collision
vector starting from a corner point at A or B has s-coordinate s = 0 or s = |I'1|, respectively. Then
we can view M as the union of two closed rectangles:

Mi={(s,p) e M :0<s<|I'1]} and Mpg:={(s,9) e M : |I1|<s<|[}.

For any point & = (s, ) € M, we define d(x) = cosp if x € My, and d(x) = Rcosy if € Mp.
Geometrically, the quantity 2d(x) is the length of the chord in the complete disk (D; or Dg) decided
by the trajectory of x.

Let So = {(s,¢) € M :s=0o0r s = |I'1|} be the set of post-reflection vectors x € M that pass
through one of the corners A or B. We define S; = Sy U F~ 1Sy as the set of points on which F
is not well-defined. Note that F~1Sy consists of 4 monotone curves ¢ = p;(s) (1 < i < 4) in M.
Moreover, we define S_; := SyUFSy. The set Sy is called the singular set of the billiard map F*+!.

A way to understand chaotic billiards lies in the study of infinitesimal families of trajectories.
More precisely, let £ € M\ S1, V € Ty M, v : (—eg,e0) = M, t — v(t) = (s(t), ¢(t)) be a smooth
curve for some g9 > 0, such that v(0) = z and 4/(0) = V. Clearly the choice of such a smooth
curve is not unique. Each point in the phase space M C T'Q is a unit vector on the billiard table
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FIGURE 2. A bundle of lines generated by -, and the cross-section o.

Q. Let L(t) be the line that passes through the vector v(¢), see Fig. 2 Putting these lines together,
we get a beam of post-reflection lines, say W7, generated by the path . Let o be the orthogonal
cross-section of this bundle passing through the point s(0) € I". Then the post-reflection curvature of
the tangent vector V', denoted by B¥(V), is defined as the curvature of o at the point s(0). Similarly
we define the pre-reflection curvature B~ (V) (using the beam of dashed lines in Fig. 2.

Note that B*(V) depend only on V, and are independent of the choices of curves tangent to V.
These two quantities are related by the equation

BT (V) =B~ (V) =R(z), (2.1)

where R(x) := —2/d(z) is the reflection parameter introduced in [19], see also [6, §3.8]. In fact,
@) is the well-known Mirror Equation in geometric optics. Note that R(z) > 0 on dispersing
components and R(z) < 0 on focusing components of the boundary 9Q. Since we mainly use
B~(V) in this paper, we drop the minus sign, simply denote it by B(V) = B~ (V).

Let 7(x) be the distance from the current position of x to the next reflection with I'. According

to (Z.1), one gets the evolution equation for the curvatures of the pre-reflection wavefronts of V' and
its image V3 = DF(V) at Fa:

1

By(V) := B(Vi) = (2.2)

T(x) + ’R;
() +B(V)

More generally, let € M \ S; be a point with F*z ¢ S; for all 1 <k <n, V € T, M be a nonzero

tangent vector, and V,, = DF™V be its forward iterations. Then by iterating the formula ([22]), we
get

B(V,) = (2.3)

with x, = F*x. See also [6, §3.8] for Eq. 2.2) and 2.3).
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For convenience, we introduce the standard notations for continued fractions [I1]. In the following,
we will denote [a] := % The reader should not be confused by the integral part of a, which is never
used in this papeIE.

Definition 1. Let a,, n > 0 be a sequence of real numbers. The finite continued fraction
[a1, a2, -+ ,a,] is defined inductively by:
1 [ | 1
— o ar, a0, A = ——————
ay + [az] " ar +[ag, - an)

Moreover, we denote [ag; a1, az, - ,an] = ag + [a1, a2, -, ap].

[a1] = —, [a1,a2] =
ay

Using this notation, we see that the evolution (2.3) of the curvatures of V,, = DF"™(V) can be
re-written as

B(V,.) = [m(@n-1), R(Tn-1), 7(xn-2), R(xpn—2), - ,7(x), R(z) + B(V)]. (2.4)
Note that Eq. [24]) is a recursive formula and hence can be extended formally to an infinite continued
fraction.

We will need the following basic properties of continued fractions to perform some reductions. Let
x = a1, - ,a,] be a finite continued fraction. Then we can combine two finite continued fractions
in the following ways:

[b1, - ybn+ 2] =[b1, - ,bn, a1, ,an], (2.5)
b1, ,bn,x] = [b1, -+ by + a1,a2, - ,an], (2.6)
b1, ,bn,0,a1, - ,an] = [b1, -+ ,bp +a1,a2, - ,an]. (2.7)
Proposition 1. Suppose a,b, c are real numbers such that B := a + ¢+ abc # 0. Then the relation
[-+,z,a,bcy,--]=[,2+ABC+y,- -] (2.8)
holds for any finite or infinite continued fractions, where A = b—BC and C' = %’.

Let @ be a bounded domain with piecewise smooth boundary, F be the billiard map on the phase
1
space M over . Then the limit x™(F,z) = lim — log | D,F"||, whenever it exists, is said to be a
n—oo M
Lyapunov exponent of the billiard map F at the point z. Since F preserves the smooth measure p,
the other Lyapunov exponent at x is given by x~(F,z) = —x*(F,z). Then the point z is said to
be hyperbolic, if xT(F,z) > 0. Moreover, the billiard map F is said to be (completely) hyperbolic, if
p-almost every point « € M is a hyperbolic point. By Oseledets Multiplicative Ergodic Theorem, we
know that x*(F, z) exists for y-a.e. © € M, and there exists a measurable splitting T, M = E¥® E?
over the set of hyperbolic points, see [0].

It is well known that the hyperbolicity of a billiard map is related to the convergence of the
continued fraction given in Eq. ([2.4]) as n — co. In particular, the following proposition reveals the
relations between them. See [11 [0, [19].

Proposition 2. Let © € M be a hyperbolic point of the billiard map F. Then the curvature
B(z) .= B(V}") of a unit vector V. € E¥ is given by the following infinite continued fraction:

Bu(x) = [T(‘T—l)vR(‘T—l)vT(x—?)vR(x—2)v T 7T($—n)7R($—n)v T ]

Finally we recall an invariant property for consecutive reflections on focusing boundary compo-
nents by comparing the curvatures of the iterates of different tangent vectors. Given two distinct
points a and b on the unit circle St, denote by (a, b) the interval from a to b counterclockwise. Given
three distinct points a,b,c on S, denote by a < b < ¢ if b € (a,c). Endow RU {oo} ~ S! with the
relative position notation < on S*.

2We use the ceiling function [¢] = min{n € Z : n > t} in §3.2 and the floor function [t| = max{n € Z: n < t} in

73
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Proposition 3 ([8]). Let X,Y,Z € T, M be three tangent vectors at x € M satisfying B(X) <
B(Y) < B(Z). Then for each n € Z, the iterates DF"X, DF"™Y and DF"Z satisfy

B(DF"X) < B(DF"Y) < B(DF"Z).

3. CONTINUED FRACTIONS FOR ASYMMETRIC LEMON BILLIARDS

In this section we construct two induced maps of the billiard system (M, F) on two different but
closely related subsets of the phase space M, and then study the evolutions of continued fractions of
the curvatures B(V') under these induced maps. Let Q(b, R) be an asymmetric lemon table obtained
as the intersection of a disk of radius 1 with a disk of radius R > 1,T' = 9Q, M =T x [—7/2,7/2] be
the phase space of the billiard map on @. Note that M consists of two parts: My := 'y X [—7/2, 7/2]
and Mg = T'r x [-7/2,7/2], the sets of points in M based on the arc I'; and T'g, respectively.
Assume that I'; is a major arc.

For o € {1, R}, x € M, \ &1, let () be the number of successive reflections of = on the arc I',.
That is,
n(x) =sup{n >0 : F*z € M, for all k =0,--- ,n}. (3.1)
For example, n(z) = 0 if Fo ¢ M,, and n(x) = oo if F¥z € M, for all k > 0. Let N = {x €
My : n(xz) = oo}. One can easily check that each point « € N is either periodic or belongs to the
boundary {(s,¢) € My : ¢ = £m/2}. In particular, N is a null set with u(N) = 0.

Let M, := {z € My : Flxz ¢ My} be the set of points first entering M;. Similarly we define
M. The restriction of 7 on M induces a measurable partition of Ml, whose cells are given by
M, :==n"Hn}nN M; for all n > 0. Each cell M,, contains all first reflection vectors on the arc I'y
that will experience exactly n reflections on I'; before hitting I'r. Then it is easy to check that

Mi=Nul]J |J FMm,. (3.2)

n>00<k<n

3.1. The first induced map of F on M. Let x¢ € Ml, and jo = n(zg) be the numbers of
successive reflections of 2¢ on I'y. Similarly, we denote z; = F7%°*lxg, and j; = n(x1). Then the
first return map F' of F on M is given by

Fg .= Flotint2y,

Note that the similar induced systems appeared in many references about billiards with convex
boundary components, see [6l [7, [I5]. In the systems considered in these references, the induced
systems were shown to be (uniformly) hyperbolic. However, for our billiard systems on Q(b, R), it
is rather difficult to prove the hyperbolicity for this type of the induced map. Thus we introduce a
new induced map in the next subsection. To make a comparison, we next investigate the properties
of the induced map (Mg, F).

To simplify the notations, we denote by 79 := 7(F/°xq) the length of the free path of Fiox,
and by 71 := 7(F7/1z1) the length of the free path of Fita;. Moreover, let di = d(zy), dj = %,
7%,]c = —2/&k, 7A'k = Tk —jkczk —ijcZkH, for k = 0, 1. Note that Czk = dk and 7%,]c = Rk if .]k = 0,
and 7A7C = Tk ifjk :jk-i-l =0.

Using the relations in Proposition[Il we can reduce the long continuous fraction to a shorter one:

Lemma 2. Let x € My, V € T,M and Vi = DF(V). Then B(V}) is given by the continued
fraction:

B(Vi) = [r1 — judy, Ra, 70, Ro, —jodo, B(V)]. (3.3)
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Remark 2. Note that in the case jo = 0 and j; = 0, Fz = F2z, and the relation B3) reduces to
the formula [24) with n = 2: B(V}) = [r1, R1, 70, Ro + B(V)].

Proof. Suplpose a point € M have m consecutive reflections on a circular arc T',, where o € {1, R}.
That is, F'z € M, for i =0, -+ ,m. In this case we always have
d(F'z) = d(z), R(F'z) = —2/d(z), 0 <i < m, and 7(F'z) = 2d(z), 0 < i < m.
Then for any V € T, M,,
B(DF™V) = [r(F™z), R(z),2d(z), R(z), - ,2d(z), R(z) + B(V)]

m times

= [r(F"x),R(x)/2,—2m - d(x),R(x)/2 + B(V)], (3.4)

see [0, §8.7]. Applying this reduction process for each of the two reflection series on I'y and T'g
respectively, we see that

B(Vi) = [Tl,R1/2, —2j1d1,R1/2,T0,R0/2, —2j0d0,R0/2 + B(V)] (35)
Now we rewrite the last segment in (B30) as -+, Ro/2+ B(V)] =[--,Ro/2,0,B(V)] by Eq. 27).
Then applying Eq. ([Z38) to the segment (a,b,c) = (Ro/2, —2jodo, Ro/2) in Eq. B.35]), we get
2425 2 -
By:=a+c+abc=TRy— (R0/2)2 - 2j0do = —M = —— =Ry,
dO do
be do .
Ap == = = —2jodo - Ro/2- (——=) = —Jo - d
0 By Jodo - Ro/2 - ( 5 ) Jo - Qo,
ab . d .3
Co i= 7 = =2jodo - Ro/2 - (—51) = —jo - do.
By 2

Putting them together with (1)), we have
B(V1) = [11, R1/2, —2j1d1, R1/2, 70, Ro /2, —2jodo, Ro /2,0, B(V)]
= [11,R1/2, —2j1d1,R1 /2,70 + Ao, Bo, 0 + Co, B(V)]
= [r1,R1/2, —2j1d1, R1/2,70 — jo - do, Ro, —jo - do, B(V)]. (3.6)

Similarly we can apply Eq. (Z38) to the segment (R1/2,—2j1d1,R1/2), and get By = Ry, Ay =
Cy = —j1 - d1. Then we can continue the computation from (B.6) and get

B(V1) = [11,R1/2, —2j1d1, R1 /2,70 — jo - do, Ro, —jo - do, B(V)]
= [r1 4+ A1, B, 70+ C1 — jo - do, Ro, —jo - do, B(V))]
= [r1 — jidy, Ra, 70, Ro, —jodo, B(V)],

where (fk = Ry = —2/Jk for k=0,1,and 7o = 79 —jodo - cil. This completes the proof. O

dy
Jr+10

It is clear that the formula in Eq. (33) is recursive. For example, let Vo = DE?(V), 15 = 1o(Fx)
and 73 = 71 (F'z) be the lengths of the free paths for Fz. Then we have

B(%) = [T?) - j3dA37 7%37 7A—27 7§'27 7217 7%17 7A—07 7§'07 _j0dA07 B(V)]
More generally, using the backward iterates z_, = Fmg of z, and the related notations (for
example, d_o, = do(x_,), and d1—2, = d1(z_,)), we get a formal continued fraction
[0 — jodo, Roy 71, R—1, 7=, -+, Ri—n, T—2n, Ron, T2n—1, | (3.7)

where CZ}C = 7%1C = —2/Czi, 7A'k = Tk _]kdk _jk+1dk+l7 for each k S —1.

dy,
Je+17?
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Remark 3. In the dispersing billiard case, each entry of the continued fraction ([24)) is positive.
Then Seidel-Stern Theorem (see [11]) implies that the limit of ([24) (as n — oo) always exists,
since the total time 79 + - -+ + 7, — 0. For the reduced continued fraction [B7), it is clear that
R_, < 0 for all n > 0. Moreover, R_op < R(x_,) < —2 for each n > 1, since the radius of the
small disk is set to r = 1. Therefore, ) 7%,"(17) always diverges. However, Seidel-Stern Theorem
is not applicable to determine the convergence of ([B.7), since the terms 7; have no definite sign.
This is the reason that we need to introduce a new return map (M, F) instead of using (Ml, F‘) to
investigate the hyperbolicity.

3.2. New induced map and its analysis. Denote by [¢] the smallest integer larger than or equal
to the real number t. We consider a new subset, which consists of “middle” sliding reflections on
T'y. More precisely, let

M= F"2IM, = MyUFMyUFMyU--- U FM2 M, U - (3.8)
n>0

Let F' be the first return map of F with respect to M. Clearly the induced map F : M — M
is measurable and preserves the conditional measure pps of p on M, which is given by pa(A) =
w(A)/ (M), for any Borel measurable set A C M.

For each x € M, we introduce the following notations:
(1) let ip = n(x) > 0 be the number of forward reflections of z on I'y, 19 := 7(Fz) be the

distance between the last reflection on I'; and the first reflection on I'g. Let dy := d(z) and
Ro := R(x), which stay the same along this series of reflections on I'y;

(2) let iy = n(z1) > 0 be the number of reflections of x; = Fo™lx on g, 71 := 7(F" 1) be the
distance between the last reflection on I'g and the next reflection on I'y. Let di = d(x1),
and Rq = R(x1), which stay the same along this series of reflections on I'g;

(3) let iy = [n(z2)/2] > 0 be the numberf] of reflections of 5 = F*+1z; on Iy till the return to
M. Let do = d(x2), Ra = R(x2), which stay the same along this series of reflections on T';.

Then the first return map F on M is given explicitly by Fa = Flotitiz+2, Note that 2o = Fa
and dy = d(Fx) (in above notations).

The following result is the analog of Lemma[2 on the reduction of continued fractions for the new
induced return map F":

Lemma 3. Letx € M,V € T, M and Vi = DF (V). Then B(V4) is given by the continued fraction:
%y .
B(V1) = [da, d_;7%17R17707R07 —iodo, B(V)], (3.9)

where d = %, Ri = —2/dk, To = To —iodo —ildl, and 71 = 11 — i1d1 — ds.

Note that (39) may not be as pretty as ([B3]). It involves three types of quantities: the original

type (io, i2 and da), the first variation (Rk, 7o and czo), and the second variation 7;. The quantity ds
appears only in the intermediate steps of the proof, and does not appear in the final formula (3.9).

Remark 4. Note that in the case iz = 0, (39) reduces to (B3):
B(V1) = [d2, 0,71, Ra, %o, Ro, —iodo, B(V)] = [d2 + 71, Ra, 0, Ro, —iodo, B(V)]
= 11 — i1dr, Ra, 0, Ro, —iodo, B(V)].

3 Our choice of iz = [n(z2)/2] in Item (3), instead of using n(z2), is due to the fact that M is the union of the
sets FI/21 M, n > 0.
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Proof. We first consider an intermediate step. That is, let V; = DFiot1+2(V) and V; = DF2(V;).
Applying the reduction process ([34]) for each of the series of reflection of lengths (ig,41) (as in the
proof of Lemma [2]), we get that

B(V1) = [n1 — irdy, R, 7o, Ro, —iodo, B(V)].

This completes the proof of [B.39) when iz = 0 (see Remark M]). In the following we assume iz > 1.
In this case we have B(V1) = [2d2, Ra, -+ ,2d2, R2 +B(V1)]. To apply the reduction ([B4), we need

1o times
to consider 1

—— —[Ry,2ds, -+ ,Ra,2ds, Ro + B(V1)]. 3.10
B+ 1% [Ra2,2ds 2,2d2, R2 + B(V1)] (3.10)

i2 times

Then we apply the reduction [B.4) to Eq. (3:I0) and get

1 ~ ~
—————— = [R9/2, —iads, Ro2/2+B(V;
B(V1) 4+ R [R2/2, —iada, Ra /24 B(V1)],

which is equivalent to
B(V1) = —R2/2 + [~i2d2, R2/2 + B(V1)] = [0, ~R2/2, —iad2, R2/2,0, B(V1)]. (3.11)
Applying the relation ([Z8)) to the segment (a,b,c) = (—R2/2, —2i2da, R2/2), we get

2
B:=a+c+abc:0+(R2/2)2-2i2d2:%,
2

be ds
A= — = —2isdy - Ro/2- — =d

B izdz - Ra/ %, — 0

ab ds
C:= —= =2isdy - Ro/2 - — = —d>.

B 1202 2/ iy 2

Putting them together with Eq. (B11]), we have

2i . %y o .
B(Vl) = [an d_;, _dQ;B(Vl)] = [d2a d_;5?15R17T07R05 _ZOdO;B(V)]a

where 7, = 71 — i1dy — ds follows from @56). This completes the proof of (3.9). O

4. HYPERBOLICITY OF ASYMMETRIC LEMON BILLIARDS

In this section we first list several general sufficient conditions that ensure the hyperbolicity of
the asymmetric lemon-type billiards (see the statement below and the proof of Theorem[Il), then we
verify these conditions for a set of asymmetric lemon tables. Let Q(b, R) be an asymmetric lemon
table satisfying (A0), that is, max{R — 1,1} < b < R. Let M be the subset introduced in §3.21 We
divide the set M into three disjoint regions X, k = 0, 1,2, which are given by

(a) Xo={x e M : i1(x) > 1}
(b) Xa ={z e M : i(z) =0, and iz(x) > 1};
(c) Xo={z e M : i1(x) = iz(x) =0}.

We first make a simple observation:

Lemma 4. For each x with i;(x) =0, one has 19 + 71 > dy + da.

Proof. Suppose i1(x) = 0, and p; be the reflection point of 1 on I'g. Then we take the union of
Q(b, R) with its mirror, say Q*(b, R), along the tangent line L of I'r at p1, and extend the pre-
collision path of 1 beyond the point p;, which will intersect 9Q* (b, R) at the mirror point of the
reflection point py of Fxy, say p5 (see Fig ). Clearly the distance |p; — p1| = |p2 — p1| = 71. By
the assumption that b > R — 1, one can see that the tangent line L cuts out a major arc on 9D,
(clearly larger than I'y), and the point p} lies outside of the unit disk D;. Therefore, 79 + 71 > 2dp.
Similarly, we have 19 + 7 > 2dy. Putting them together, we get 7o + 71 > do + da. O
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FIGURE 3. The case with i1(z) = 0: there is only one reflection on I'p.
4.1. Main Assumptions and their analysis. In the following we list the assumptions on X;’s.
(A].) Forx € Xp: ig>1,i0>1 and

11
d
)0+1+i1

1 i1
d 1——)d
1, 71 <( )2+1+i1

<(1-
7o < ( %y

1
2(1+ io) di (1)

(A2) For z € Xi: 19 < di and 70+ 71 < (1 — gy )do + di + (1 — 57)do;

(A3) For x € Xo: 79 < d1/2

To prove Theorem [l it suffices to verify hyperbolicity of the first return map F : M — M,
obtained by restricting F on M. For each x € M, V € T, M, we let B(V) = B~(V) be the pre-
reflection curvature of V. Note that B(V) determines V uniquely up to a scalar. Let V.4 € T, M be
the unit vector corresponding to the incoming beam with curvature B(V,?) = 1/d(z), and VP € T, M
be the unit vector corresponding to the parallel incoming beam B(V?) = 0, respectively.

Proposition 4. Let x € M, iy, di and czk, k=0,1,2 be the corresponding quantities of x given in
3.3, and Fx = Fiotuti2+2y be the first return map of F on M. Then we have

(I). 0 < B(DF (V) < 1/ds if one of the following conditions holds:
(D1) 71 —irdy — dy + [~ £, 70 — do —iada] > 0,
(F1) m —irdy — dp + [~ 2,70 —do —iadi] < —42.

(II). 0 < B(DF(VP)) < 1/dq if one of the following conditions holds:
(D2) 7 —i1dy — do + [—%,To —(1- m)do —iydy] > 0,

(F2) 7 —irdi — da + [~ 2,70 — (1 = gry)do — indi] < — 52

(IIT). 0 < B(DF(VP)) < B(DF(VY)) < 1/dy if one of the following conditions holds:
(P1) One of the paired conditiondl (that is, (D1)-(D2) or (F1)-(F2)) holds and

.5 2 1 .5 .5 2 .
[Tl —Zldl —dg,—dTl,To - (1 - m)do —Zldl] > [Tl —Zldl - d2,_dTl,7—0 - do —’lel]. (42)

(P2) (D1)-(F2) hold.

4In the following we will use the term (D1)-(ID2), which is short for “both conditions (D1) and (D2)”. Similarly,
we use the term (D1)-(D2)-(P1), which is short for “all three conditions (D1), (D2) and (P1)”
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The statements of Proposition M is rather technical, but the proof is quite straightforward. Geo-
metrically, it gives different criterions when the cone bounded by V? and V¢ is mapped under DF
to the cone bounded by V¥ and ng, see Proposition [l for more details.

Proof. Note that B(V4) = 1/do(z) and B(VP) = 0. So the curvatures of DF(V,%) and DF(VP) are
given by

21 2 2 L s 210 _ 2 -
B(DF (V%)) = [da, d—jaﬁa _d717T07 _d:’ —iodo + do] = [da, d_2277—17 _dT’TO — do]
21 2 .5
- [d27d_2277_—15_d71;7’0_d0_7/1d1];
2, 2 2 2 2 _ dy
( ( x)) [ 2, d2 y Tl dlaTOa do] [ 2, d2 y Tl dlaTO 2]
210 _ 2 LA 1
= |dy, — - —pdo — i1d h =1——.
[ 25 d2 yT1, dluTO bag 11 1]7 where p 2(1+ZO)
Here we use the facts that 7o = 7o — igdo — i1d; and [--,a,b,0] =[--,a] whenever b # 0. Then it
is easy to see that (I) 0 < B(DF (V%)) < 1/ds is equivalent to
21 2 A
[27?1,—7,T0—d0—i1d1]>0. (4.3)
d2 dl

Moreover, ([@3) holds if and only if one of the following conditions holds:

o [T, —dl, 70 — do — i1dy] > 0, which corresponds to (D1);
1
e 0> [7, —d&, To — do — i1d1] > —%, which corresponds to (F1).
1
We can derive (D2) and (F2) from (II) in the same way.

Condition (IIT) 0 < B(DF(VP)) < B(DF(V2)) < 1/ds is equivalent to
29 _ 2 . oa 29 _ 2 .o
— ——,70 — pdo — i1d — ——,70 —do — 11d . 4.4
[d277'1, dlﬂ'o pdo — i1 1]>[d2,7'1, dlﬂ'o o —i1d1] >0 (4.4)
Then (@4)) holds if and only if one of the following conditions holds:

e 0 < [7_'1, —dA—21,7’0 —pdo — ilcil] < [7_’1, —dAll,To — do — ilcil], which is (D1)—(D2)-(P1);

° [7_'1, —dA—21,7’0 —pdo — z'lcil] < [7_'1, _(721’7—0 —dy — ilcil] < _2(1722, which is (Fl)-(FZ)-(Pl);
o [r,—F.,m0—do - irdy] > 0 and [7, — 2,70 — pdo — i1dy] < —4, which is (D1)-(F2), or
equivalently, (P2).
This completes the proof of the proposition. O

Remark 5. It is worth pointing out the following observations:

(1). The conditions (F1) and (F2) are empty when i3 = 0.

(2). The arguments in the proof of Proposition [ apply to general billiards with several circular
boundary components. That is, for any consecutive circular components that a billiard orbit
passes, say 'y, & = 0,1,2, let i, be the number of reflections of the orbit on I'y. Then we
have the same characterizations for Fx = Fiotitiz+2y

(3). In the case when all arcs I'y, lie on the same circle, the left-hand sides of (D1) and (F1) are
zero, and (I) always fails. This is quite natural, since the circular billiard is well-known to
be not hyperbolic, but parabolic.
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The following is an application of Proposition [4] to asymmetric lemon tables satisfying Assump-
tions (A0)—(A3).

Proposition 5. Let Q(b, R) be an asymmetric lemon billiard satisfying the assumptions (AQ)-
(A3). Then for a.e. x € M,

0=B(VE,) < B(DF(VP)) < B(DF(VY) < B(VE,) = 1/d(Fx). (4.5)

In comparing to Proposition IZL the statement of Proposition [l is Very clear, but the proof is

assumption to guarantee do < pdy —|— One can check that (@5) may fall 1f do > pdy + 7. This is
(A2).

why we nee

Proof. 1t suffices to show that for a.e. point x € M, one of the following combinations holds:
(D1)-(D2)-(P1), or (F1)-(F2)-(P1), or (D1)-(F2).

Case 1. Let z € Xj. Then Eq. (£I) implies that

~ 1 o o do
—do — 11d — (1 - ————)do — 11d 0 —41dy — d -
70 o —i1di < 70— ( 201 io)) 0o — 101 < U, 71 —1101 —d2 < %y

Therefore, (F1)-(F2)-(P1) hold.

Case 2. Let z € X;. Note that i1 = 0 and ch =dy. We denote p =1 — m and ¢ =1 — %
and rewrite the the corresponding conditions using ¢; = 0:
1
(D1). 71 —da + [—d—21, 70 — do] > 0, or equivalently, 7 — dy + ————— > 0;
Tdy + To—do
1
(F1).  —da + [—d — do] d2 , or equivalently, 71 — qds + —5 < 0;
T dy To—do
(D2). 71 —do + [— d ,To — pdo] > 0, or equivalently, 7, — dy + —5——5— > 0;
dy To—pdo
1
(F2'). 7y —da+ [— d , To — pdo] gf , or equivalently, 71 — qds + — 7 < 0;

di To—do

(P1'). [m —da, =3, 70 — pdo] < [11 — da, =5, 70 — do).

Note that 0 < 79 < dp + d1. There are several subcases when 7y varies in (0, dy + d1), see Fig. [

o g @@ e ‘

0 pdy do pdo + % do + % do + dq T0
FIGURE 4. Subcases of Case 2 according to the values of 79. Note that dy < pdo—l-%,
which follows from the assumption that 11"1 <dj.

1

————- Then we claim that
pao—To

Subcase (a). Let 79 < pdy. Hence 11 > dy and 0 < Tlidz < doim <
(D1')-(D2')-(P1’) hold.

Proof of Claim. Note that 79 + 71 > dy + da, or equally 7'1 do > do — 19 > 0. So rlfb <g—= <
d% + which implies (D1’). Similarly, ﬁ < MO—TO < d1 + implies (D2’). If both
terms in (P1’) are positive, then (P1’) is equivalent to [— d1 , o — pdo] > [—d%, 7o — do]. Analogously,
if both terms in (P1’) are negative, then (P1’) is equivalent to [1p — pdo] < [10 — dp], or equivalently,
70 — pdo > To — dp, which holds trivially. This completes the proof of the claim.

1

1
do—To pdo—To
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Subcase (b). Let pdy < 79 < dp. The proof of (D1’) in the previous case is still valid. For (D2’),
we note that 7o < dop < pdg + % and hence —d—21 + m > 0. So (D2’) follows. Since both terms

are positive, (P1’) follows from [—d%,TO —pdp] >0 > [—d%,TO — do].

Subcase (c). Let dy < 79 < pdo + d1/2. There are two subcases:
e 71 > do. The proof is similar to Case (b), and (D1’)-(D2')-(P1’) follows.

e 71 < dp. Note that 0 < — pdo d—22 < Toido - d% < dz—iﬁ’ from which (D1)-(D2')-(P1’)
follows.
Subcase (d). Let pdo+d1/2 < 19 < dg+d1/2, which is equivalent to — do d <0< — do d%.

Using Assumption (A2) that 7o+ 71 > do + d2, we see that (D1’) always holds (as in Subcase 2(c)).
Using the condition 19 + 71 < pdy + di + qdz, we see that 71 — qds < 4 There are two subcases:

o 71 — qdy < 0. Then (F2') holds trivially.
o 71 —qdy > 0. Then - 1qd2 > d% implies (F2).

Subcase (e). Let 79 > do + d1 /2. There are also two subcases:
<0< A<z and (F1')-(F2')-(P1’) hold.
1

To—do di To— Pd ’

> 7 implies (F1')-(F2)-(P1’).

o 71 —qdy <0. Then —-

o 71 —qdy > 0. Then ———-

Case 3. Let ¢ € Xo. Then 79 < di/2 by assumption. The proof of Case 2 (a)-(c) also works this
case, and (D1')-(D2')-(P1’) hold. O

4.2. Proof of Theorem [Il Let Soo = (J,,cz F "S1. Note that u(Sw) = 0. Let x € M\Sw. The
push-forward VP(z) = DF™(VE_, ) and Vi(z) = DF”(V}? ) are well defined for all n > 1, and
together generate two sequences of tangent vectors in T, M. By Proposition[Bland Lemma[bl we get
the following relation inductively:

=B(Vy) <--- <B(V(x)) < B(V;;1(x))
< BVl (x) < BV,i(2)) < B(V)) = 1/d(z).
Therefore BY(z) := lim B(V,%(x)) exists, and 0 < B%(z) < 1/d(z). Let E* = (V*) be the corre-
n—00
sponding subspace in T, M for all x € M\ S

Let ® : M — M, (s,¢) — (s, —) be the time reversal map on M. Then we have Fo® = ®oF 1,
and Fo® = ®o F~1. In particular, V) = D®(VY ) satisfies —1/d(®x) < B(V?) = —B(VE,) < 0,
which corresponds to a stable vector for each x € M\Sw. Therefore, T, M = E¥ & E? for every
point x € M\S, and such a point x is a hyperbolic point of the induced billiard map F.

Next we show that the original billiard map F is hyperbolic. It suffices to show that the Lyapunov
exponent x1(F,z) > 0 for a.e. © € M, since (M, F, ) is a (discrete) suspension over (M, F, jups)
with respect to the first return time function, say £ys, which is given by &ar(x) = dg + i1 +1i2 + 2 (see
§B.2). Note that [, Eardun = m So the averaging return time &(z) = limy_ o0 Ekéx)
a.e. © € M, where & (z) = Epr(z) + -+ + Ep (FF~12) be the k-th return time of = to M. Moreover,
1 <&(z) < oo for a.e. @ € M. Then for a.e. € M, we have

exists for

1

1 k 1
H(F,x) = lim —log||D,F"|| = lim —— - —log||DaF*|| = — - xT(F,z) > 0.
X(F) = Jim g |D.FN = im s plog [DaFY| = o X (Fa)
This completes the proof. O

4.3. Proof of Theorem [2 Let I'; be a major arc of the unit circle with endpoints A, B satisfying
|AB| < 1. For R > 1, it is easy to see that b = (R? — |AB|?/4)'/?2 — (1 — |AB|?/4)"/2 > R -1
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Moreover, b > 1 as long as R > 2. In the following, we will assume R > 2. Therefore, (AO)
holds. Then it suffices to show that the assumptions (A1)—(A3) hold for the tables Q(R) = Q(b, R)
considered in Theorem

FIGURE 5. First restriction on R. The thickened pieces on I'y are related to U.

Let y; = /@ and yo = ﬂl be the two points in the phase space M moving along the chord AB,
see Fig. Bl Note that y; € Sp. Since |[AB| < 1, we have ZAOB < %, or equally, n* := L%J > 6,
where |¢] is the largest integer smaller than or equal to ¢. Then for each ¢ = 1,2, there is a small
neighborhood U; C M of y;, such that for any point x € U; N M;\F~*M;, one has

e Fux enters Mg and stays on Mp for another ¢; iterates, where i; = n(Fz),
o Fiut2p c M, for somen >n* —1=5.

See Section [ for the definitions of n(-) and M,,. Let U = (U; UUsz) N M;\F~'M;. See Fig. Bl
where the bold pieces on I'y indicate the bases of U. Note that the directions of vectors in U are
close to the vertical direction and are pointing to some points on I'g.

Before moving on to the verification of the assumptions (A1)—(A3), we need the following lemma.
Note that for each z € M, Foz is the last reflection of z € M on I'y before hitting I's. That is,
Flox = F~1lx;. See Fig. 6l and [ for two illustrations.

Lemma 5. For any ¢ > 0, there exists Ry = R(€) > 2 such that for any R > Ry, the following
hold for the induced map F : M — M of the billiard table Q(R). That is, for any point x € M with
dl S 47

(1) Frox e U and Fot ™2z e, o5 Mn;
(2) the reflection points of Fox and of Fot1+2z both on Ty, are e-close to the corners { A, B};
(3) the total length of the trajectory from Fiox to Foti1+2g is bounded from above by |AB| +e.

Note that the number 4 in ‘d; < 4’ is chosen to simplify the presentation of the proof of Theorem[2l
The above lemma holds for any number larger than 2| AB|. In the following we will use d(x) = p-sin#),
where § = 5 — ¢ is the angle from the direction of = to the tangent line of T, at z.

Proof of Lemmald. Let p; be the reflection point of 21 on I'g, and let §; be the angle between the
direction of 1 with the tangent line L of I'g at p;. Then sinf; < %, since d(x1) = d; < 4. Consider
the vertical line that passes through p;. Clearly the length of the chord on I'p cut out by this
vertical line is less than |AB|, and hence less than 1. Therefore, the angle 62 between the vertical

direction with the tangent direction of I'r at p; satisfies sin 6y < ﬁ.
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(1). Note that the angle 6 between Fz and the vertical direction is 6; =+ 65, which satisfies
|sing| < sin6; +sinf, < %. Then Fz € U if R is large enough. Moreover, Fiotit2z —
Firtlzgy € ,>5 My by our choice of U.

(2). Let P be a point on I'y, and §(A) be the angle between the vertical direction with the line
PA. Similarly we define 6(B). Let 6, be the minimal angle of §(A) and 6(B) among all possible
choices of P on I'y that is not e-close to either A or B. Then the angle between the vertical direction
with the line connecting P to any point on I'g is bounded from below by .. Let 1 € Mpg. The
angle 6(z1) between the direction of x; with the tangent direction of I'p at the base point of
satisfies 0(z1) > 0, — arcsin 5. Then di = R -sinf(z1) > Rsinf, — . So it suffices to assume

Ry = &

sin 0, °
(3). By enlarging Ry if necessary, the conclusion follows from (2), since the two reflections are
close to the corners and the arc I'g is almost flat. O

FIGURE 6. The case that FIGURE 7. The case that
there are multiple reflections there is a single reflection on
on ['g. Ig.

Now we continue the proof of Theorem

(1). To verify (A1), we assume x € Xy, which means ¢; > 1 (see Fig. [ for an illustration).

Then we have d; < |AB| < 1, which implies i9 > 2 and i2 > 3. Then we have 1 — m > %, and
1- i > 5. Therefore, a sufficient condition for (A1) is
5 1 5 1
do+ = 2dy + =d,. 4.
T0 < 6d0—|— 2d1, 1< 6d2+ 2d1 ( 6)

Since 79,71 < 2dy, we only need to show that %TQ < %do and %7'1 < %dg, or equivalently, 79 < %do
and 7 < %dz. To this end, we first set Ry = 100: then for each R > R;, the angle 6 of the
vertical direction (assume that AB is vertical) and the tangent line of any point on I'p satisfies
sinf < ﬁ < ﬁ. Then the angle 6y between the vertical direction and the free path corresponding
to 7o satisfy sinfy < sin6 + d—R1 < 155 (since 2dy < 1). This implies 2dg > (1 — 0.05) - |[AB|. On the
other hand, by making R; even larger if necessary, we can assume 7o + 71 + 2i1d; < (1+0.05) - |AB)|
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for x € X¢ (see Lemma[]). Then we have

7o + 24, 1 1.05 2dy 10
Tot 20 AB 2o 1,
5 <3 2 [AB) < 2 2 095 9%

T <

Similarly, we have 7 < %dg.

(2). To verify (A2), we assume x € X7, which means 41 = 0 and iz > 1 (see Fig. [1). Both
relations in (A2) are trivial if d; > 4. In the case di < 4, one must have ig > 2, i > 3 (by the
assumption R > Ry). Note that |AB| < 79 + 71 < 4d;. Pick R, large enough, such that for any
R > Ry, for any point 1 € Mp with d; < 4, the angle 6 of the direction corresponding to x; with
the vertical direction is bounded by 0.05 (recall that AB is vertical). Then we havd] 2d, < 3-1AB|.
This implies

do
< L4 <_ AB d d
1+ip — 39— [AB| < g < dh.

For the second inequality in (A2), by making R2 even 1arger if necessary (see Lemma [H]), we can
assume that 7o +7 < 1.04- |AB], 2dy,2dz > 0.95-|AB|. Combining with the fact that dy > |AB|/4,
we have

5 5 5 O 95 5 0. 95
6d0+d1+6d2 6 |AB|+— |AB|—|—— —_— |AB|>104 |AB|
Therefore, 7o + 11 < %do +di + %dg, and (A2) follows.
(3). The condition (A3) on X5 holds trivially, since io = 0 implies that d; > 4 > 279.

Then we set R, = max{R; :i=0,1,2}. This completes the proof of Theorem 2l O

APPENDIX A. A DETAILED CONDITION

Now we give an equivalent version of Propositiond] whose formulation is longer but easier to check
when proving the hyperbolicity of billiard systems. The statement of the proposition is technical,
but the proof is straightforward.

PI‘OpOSitiOI‘l 6. Denote GO =T0 — do — 1_1;_—11.1(11, Gl =71 — 1_1;_1i1 dl - d2. Then
(1) 0 < B(DF(V2)) <1 if one of the following holds:
(D1a) G >0 and L > 21“1 ;
(D1b) G; >0 and G + G1 21;_31’.
(D1c) G1 <0 and 10+c:1 <28 < &
Fla) G1 + £ <0 and 1 <2ﬂ'
27,2 d

(F1b) Gy + 4% <0 and 1 + 5 +1 > 214h;
212
d
(Flc) Gi+ 32 >0 and & Gl"ig > 21;'—1“ > GLD;
)

(I1) 0 < B(DF(VP)) < 1 if one of the following holds:

D2a) G; >0 and —L1— > 21t .
( ) 1 G0+2(1d+010) di ‘
(D2b) Gy >0 and —L— + & <2li;
o+ 30+ ! '
D2c G<0and7+i<2l+—“<+
( ) G Go+2(1ﬂm) Gi d1 Gotarl=)’
F2a) G L () gnd — 1 colth.
( ) 1+ 2is G0+2(1+10) di

(F2b) Gy + & <0 and 1 + L >olta,

do ’
2 G“+2<1+m> Git iy @

5This is a very rough estimate, but is sufficient for our need.
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(F2c) G+ 4 >0 and Ll >olths 1 .
Gotamyrgy  Cito 4 Gotaatigy

(II1) Eq. (E2) holds if and only if one of the following holds:

(Pla) T < (1 2(1+10))d0 +( - (1+11))d1’
(Plb) T0 > dO + ( 2(1_;,_1 ))dl

Proof. (1). To show (D1), we let ¥ = —— 21— — 21;—1“. Then (D1) can be rewritten as

To—do— 137 d1
G+ % > 0, which holds if and only if one of the following holds:
(1.1) G1 >0 and Y > 0;
(1.2) if Gy >0 and Y <0, then &= < —Y;
(1.3) if Gi <0 and Y >0, then ¥ < —&-.
The three conditions (D1a)—(D1c) are evidently equivalent to three items (1.1)—(1.3), respectively.

The verifications of (D2) and (F1)-(F2) are reduced to the similar calculations and hence are
omitted here.

(2). Let X = &- — 240 and

y = L __pltn (A1)
70 — (1 — 5= )do — —2—d; dy
0 2(1+i0) /0 7~ T+4,

Then Eq. (£2) can be rewritten as % < %, which is true if and only if one of the following holds:

(2.1) if X <0and Y <0, then X > Y
(22) if X >0and Y > 0, then X > Y
(23) X <0and Y > 0.

Then plugging in the formulas X = G% - 2% and Eq. (AJ) for Y, we get that

) T < (1 — (1-1Ho))d0 + #llldl;

) 7’0>do+( (1+l 7)d1;

" do + 1_“ di <719 < (1 2(1+10))d0 +(1- 2(14_Z ))dh

) (1— (1+10))d0 =+ 1_,,_1 —=d; < 79 < min{dy + 1+z dy, (1 - 2(1.;_Z ))do + (1 - 2(1.;_Z ))dl}

<

Note that Condition (2.2') is nonempty if and only if
(2.1.1)-(2.2)-(2.3) into one condition:

. However, we can always combine

l+z l+z

1 1
21t gy

Therefore we get (Pla)-(P1b). O

7'0<(1—

)dy.
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