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EXTERIOR AND SYMMETRIC SQUARE -FACTORS
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To the memory of Joe Shalika

ABSTRACT. Let F' be a p-adic field, i.e., a finite extension of @@, for some prime p. The
local Langlands correspondence attaches to each continuous n—dimensional ®-semisimple
representation p of W}, the Weil-Deligne group for F//F, an irreducible admissible repre-
sentation 7(p) of GL, (F) such that, among other things, the local L- and e-factors of pairs
are preserved. This correspondence should be robust and preserve various parallel opera-
tions on the arithmetic and analytic sides, such as taking the exterior square or symmetric
square. In this paper, we show that this is the case for the local arithmetic and analytic
symmetric square and exterior square e-factors, that is, that (s, A%p,¥) = e(s, 7(p), A2, )
and e(s, Sym?p, ) = (s, w(p), Sym*, ¥). The agreement of the L-functions also follows by
our methods, but this was already known by Henniart. The proof is a robust deformation
argument, combined with local/global techniques, which reduces the problem to the stability
of the analytic y-factor (s, m, A2, 1) under highly ramified twists when 7 is supercuspidal.
This last step is achieved by relating the ~y-factor to a Mellin transform of a partial Bessel
function attached to the representation and then analyzing the asymptotics of the partial
Bessel function, inspired in part by the theory of Shalika germs for Bessel integrals. The
stability for every irreducible admissible representation 7 then follows from those of the
corresponding arithmetic y—factors as a corollary.

1. INTRODUCTION

Artin L-functions were introduced by Artin [2, 3] to generalize Weber’s factorization of the
Dedekind zeta function of an abelian extension of a number field, and as part of his general
musings on a non-abelian class field theory. When he then compared this with the abelian
case it led him to formulate the Artin reciprocity law [2]. For an arbitrary finite dimensional
representation of the Galois group or Weil group they are expected to equal automorphic
L-functions. In fact, so far this equality has been the only general way to prove Artin’s
conjecture that the L-functions attached to non-trivial irreducible representations are entire.
Specifically this is the strategy proposed by Langlands in order to prove the Artin conjecture
with considerable success in the case of two dimensional representations [26, 43, 7, 41].

The Artin L-functions satisfy a functional equation. Artin’s attempts to understand this
functional equation led to his definition of the Artin conductor f(p) and the Artin root
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number W (p) which enter into the e-factor that appears in the functional equation

(s,p) = W(p)ldesal" Ny (o))~

where p is an n-dimensional representation of Gal(k/k) . Note that the Artin conductor
f(p) factors as a product of local conductors f(p,) where p, is the restriction of p to the
decomposition group at v and f(p,) depends on the further restriction of p, to the higher
ramification groups [4].

The Artin root number W (p) withstood a local factorization until the work of Dwork
[13], Langlands [24, 25] and finally Deligne [11] gave a factorization of the e-factor into local
factors

E(S,p) = H€(S,Pv>¢v)-

Consequently the factor (s, p) appearing in the functional equation was now related to
intrinsic local data attached to p rather than to the global factors coming from abelian
e-factors through the factorization given by Brauer’s theorem [6], which is essentially how
Artin defined the root number W(p).

Deligne’s proof of the factorization, and in particular his definition of the local factors,
itself comes about indirectly as an existence and uniqueness result for his local factors. He
postulates a number of desired properties of these local factors and then show that factors
satisfying these conditions exist and are unique. It is of interest that his proof used both
local and global techniques and the global functional equation. Among Deligne’s axioms is
that of stability: if p; and py are a pair of local Galois representations with det(p;) = det(ps)
then for every sufficiently ramified characters (one-dimensional representations of the Weil

group)
5(87 P1 & X w) = 5(37 P2 & X5 w)

These e-factors play a crucial role in the local Langlands correspondence (LLC) for GL,
[15, 16]. In fact if p; and po are two Frobenius semisimple representations of the Weil-Deligne
group Wy, for F' a non-archimedean local field of characteristic zero, of dimension n; and
ny which correspond under the LLC to representations 7(p;) and m(ps) of GL,, (F) and
GL,,(F) then

5(87 pP1 & pa2, ’QD) = E(Sa W(pl) X ﬂ-(pQ)a ’QD)
where the factors on the right are the local Rankin-Selberg e-factors [20, 28].

While the LLC is uniquely determined by a number of conditions, including the equality
of twisted e-factors as above, one expects that the correspondence is very robust with respect
to all Langlands e-factors associated to representations R of GL,(C), i.e., we should have

5(57 R-p, ¢) = 5(37 W(p)a R, ¢)

whenever the factors on the right hand side can be defined. When R = A% or R = Sym?
these factors were attached to irreducible admissible representations 7 of GL, in [31]. As
in Deligne, these factors are proved to satisfy a number of axioms that determine them
uniquely.
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The main result of this paper can be precisely stated as follows. Let F' be a p-adic
field, by which we mean a non-archimedean local field of characteristic zero, i.e., a finite
extension of Q, for some prime p, with a fixed algebraic closure F. Fix a non-trivial additive
character ¢ of F'. Fix a positive integer n. Let p be a continuous n—dimensional ®-semisimple
representation of Wp., the Weil-Deligne group for F//F. Let = = 7(p) be the irreducible
admissible representation of G L, (F') associated to p by the local Langlands correspondence.

Theorem 1.1. Let A? and Sym? denote the exterior and symmetric square representations
of GL,(C). Let e(s,m, A% 1)) and (s, 7, Sym? 1) be the e-factors attached to w, 1 and A?
and Sym?, as in [31]. Denote by £(s,A’p,v) and (s, Sym>p, ) the corresponding Artin
factors as in [11]. Then

(1) e(s, A%p,9p) = e(s, w(p), A%, ¢)

and
(2) e(s,Sym?®p,¢) = (s, (p), Sym®, ¢)).

A similar identity holds for the L-functions.

Our proof is based on three basic techniques. The first is additivity of the local factors
(usually called multiplicativity in the analytic context). The next is the stability of the local
factors on both sides under highly ramified twists. Finally we embed the local situation into
a global context and use the global functional equation on both sides. More specifically, we
begin with three reductions. Using structure theory we can reduce to proving the equality
of local factors when p is an irreducible representation of the Weil group and thus the
corresponding representation m(p) is supercuspidal. We then use the LLC to reduce the
theorem to the statement about the exterior square e-factors. Finally we replace the e-
factors by the related ~-factors, since this is more convenient for our analytic ingredients.
After these reductions, we first prove a stable equality of the local factors under highly
ramified twists. The proof of this is inductive on the dimension of p. The first step is to
establish the equality at a base point, i.e., for one specific py and its twists. This is established
by our first globalization, the global functional equation and additivity. The second step is
a deformation argument applied to these factors; once we have equality at a base point we
can use stability of the individual local factors under highly ramified twists to obtain the
stable equality. Once we have this, we use our second globalization, along with the global
functional equation, additivity and now our stable equality, to prove the equality of local
factors for monomial representations. Then we obtain equality in general by using Brauer’s
theorem as in [16] and additivity once again. As a consequence of the equality of y-factors,
we can recover the equality of L-functions, which was originally proved in [18] using a base
change argument

Embedded in the proof above is the use of the stability of both the arithmetic and analytic
local factors. The arithmetic stability is due to Deligne as mentioned above. However the
crucial analytic stability for the exterior square vy-factors is newly established in this paper.
Let us give a precise statement here.
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Analytic stability for supercuspidals (Proposition 3.4) Let m; and 7o be two irreducible
supercuspidal representations of GL,(F') with the same central characters. Then for all the
suitably highly ramified characters x of F*, identified as characters of GL,(F') through the

determinant, we have

V(Svﬂ-l X X A27¢) = 7(8777-2 X X A27¢)'

The required degree of ramification depends only on m and .

The proof of this result is rather lengthy and occupies the last two sections of this paper.
The inverse of the local coefficient Cy(s,7), by means of which (s, 7, A%, ¢~!) is defined
through equation (4.4), has an integral representation as a Mellin transform of a “partial”
Bessel function. This partial Bessel function can be expressed as a partial Bessel integral
BS(g, f) on G = GL,(F) defined by a matrix coefficient f € C*(G,wy) of 7 and a suitable
cutoff function ¢, giving the “partial” nature of the integral, as dictated by the main result of
[33]. To prove the stability for supercuspidals one needs to determine the asymptotic behavior
of Bg (g, f), much as we did in [9, 10|, and here is where the bulk of the paper lies. Inspired
by the germ expansion of Jacquet and Ye [22, 19] for certain orbital integrals, which are in
fact Bessel integrals when 7 is supercuspidal, we establish the asymptotics in Proposition
5.7. Our arguments for establishing the uniform smoothness of the asymptotics given in
Proposition 5.7 are modeled on those of [19]. Unfortunately, our integral representation for
v(s, 7, A%, 471 involves not the full Bessel integrals as analyzed in [19] but rather partial
versions forced on us by [33]. We are not able to get a germ expansion for our Bg (g9,f), and
as far as we can tell none exists, but we are able to retain sufficient uniform smoothness of
the expansion to establish the needed stability.

Attempts have been made to show that the factors defined in [31, 35] are stable with success
in a number of cases [10, 42]. In this paper we prove the analytic stability for supercuspidal
representations for the exterior square y-factor “by hand”, but as a consequence of Theorem
1.1, we can then deduce the stability of (s, 7, R, v) for R = A? or Sym? for arbitrary 7 from
the equality

5(59 Rp, ’QD) = 5(59 7T(p), R, 'l/))

from Theorem 1.1 and the general arithmetic stability of Deligne [11]. We can similarly
deduce the general analytic stability of v(s,m, R, 1) for R = A% or Sym? and arbitrary .

The fact that local Artin e-factors appear as the local factors in the functional equations
satisfied by all the cusp forms on GL,, [31] is quite significant, since most cusp forms are not
of Galois type, coming from an irreducible representation of the global Weil group, where
one can use Artin’s global functional equation.

We would like to note that our proof of Theorem 1.1 is a robust argument. It can be
applied to any local factor e(s, 7, R, 1) as long as they satisfy the local and global conditions
of those defined in [31, 35, 36]. The problem is reduced to proving the stability of v(s, 7, R, 1)
in the supercuspidal case which will then need to be treated separately, as we do here. As
for higher exterior powers for GL,, it may be possible to tackle the equality for the cases
R = A3 for n = 6, 7,8, which are among the cases appearing in our method [23, 35]. In view
of our general approach here, one will mainly need to prove the stability for supercuspidals.
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This would require analysis on the simply connected exceptional groups FE, for n = 6,7,8,
along the lines explored in [12, 34].
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2. REDUCTION TO EXTERIOR SQUARE v-FACTORS

While the e-factors are the most arithmetically interesting factors, on the analytic side, the
factor that one can analyze directly is the «-factor, since these arise in various local functional
equations. Key for us is the relation of the y-factor with the theory of local coefficients as
in [31], which requires that m be generic. However, using the Langlands classification, the
definition of the local factors, the L—, v—, and e—factors, can be extended to all irreducible
admissible representations of GL,(F') (see page 322 in [31]). For any representation R of
GL,(C), the L-group of GL,, the relation between the e factors of Theorem 1.1 and the
local y-factor is

(s, m, R,)L(s, 7, R)

L(l—s,mR)
On the arithmetic side, for p an n-dimensional representation of W7, as above, we can simply
define a v-factor by a

e(s,m R,) =

R L(1—s,RpY
1(s, Bp,v) = 20 f;s (Rp) 1),

where we have adopted the convention that juxtaposition of maps indicates composition
Rp = R o p, so that we have the analogous relation on the arithmetic side

v(s, Rp,¢)L(s, Rp)
L(1—s,RpY)

e(s, Rp, ) =

In the context of Theorem 1.1, so for R = A% or R = Sym?, Theorem 1.1 would imply the
equality of y-factors as well, i.e.,

7(59 Rp, ’QD) = 7('9’ W(p)a R, ’gb)
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However, as Henniart shows in Sections 3.4 and 3.5 of [18], if one has the equality of y-factors,
even only up to a root of unity, then one can deduce the equality of L-factors

L(S> Rp) = L(S> W(p)a R)

and in fact he utilized this technique in establishing the equality of the exterior and symmetric
square L-factors in [18]. So if one has the exact equality of ~-factors then one can deduce
first the equality of the L-functions and then the equality of the e-factors. Hence Theorem
1.1 is equivalent to the following theorem.

Theorem 2.1. Let A? and Sym? denote the exterior and symmetric square representation
of GL,(C), respectively. Let (s, m, A?,1)) and (s, T, Sym? ) be the y—factors attached to
a 7, ¥ and A*> and Sym?, as in [31, 35]. Denote by v(s,A%p,v) and ~(s,Sym?p,v) the
corresponding Artin factors. Then

(1) (s, A%p, ) = (s, m(p), A%, )

and
(2) 7(s,Sym®p, ) = (s, w(p), Sym*,1)).

In view of the equalities
(s, p® p,)) = (s, Ap,90)v(s, Sym®p, ¢b)

since the local Langlands correspondence as established in [15] and [16] preserves the L-
factors and e—factors of pairs, we see that if we establish Theorem 2.1 for the exterior square
~-factor, namely statement (1) of the theorem, then the result for the symmetric square,
namely statement (2), will follow.

Remark on the choice of an additive character: For a € F* and 1 a non-trivial additive
character of F', we let ¢* denote the character given by ¥*(x) = ¢(az). Through the
relation with the theory of local coefficients mentioned above, the work in [31] allows one to
investigate how the ~-factors v(s, 7, r, 1¥*) vary as a function of a, for those representations of
the L-group r that arise in this method. This variation was made quite explicit in the work
of Henniart [18], Section 2. On the other hand, the variation of the arithmetic (s, rp, )
in a can be derived from Delgine [11]. As was observed by Henniart [18], these variations
are compatible with local class field theory, in the sense that the arithmetic and analytic
~v-factors vary the same way under the substitution ¢ +— ¢)*. Therefore it suffices to prove
Theorem 2.1 for any fixed ¥ to conclude the statement for all ¢. In particular, if F is a
global field and vy a place of F such that F,, >~ F', then we may always assume that the local
additive character ¥ of F' is the local component at vy of a global additive character ¥ of
F\Ar. We will do this in what follows without further mention.

3. PROOF OF THE THEOREM FOR THE EXTERIOR SQUARE

3.1. Stable equality. We will begin by proving the following stable version of the Theorem
2.1 (1).
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Proposition 3.1 (Stable Equality). Let p be a n—dimensional continuous irreducible repre-
sentation of Wg. Then for every suitably highly ramified character x of F™*

(s, A (p @ x), ¥) = 7(s,7(p) ® x, A, ).

We will prove Proposition 3.1 by induction on n. For n = 1 the statement is 1 = 1, since
the exterior square of a one dimensional representation is zero. For n = 2 we know that
A?p = det(p) and (s, 7(p), A%, ) = (s, wr(p), ¥). Since det(p) and wy(,) correspond under
the local Langlands correspondence, and the local Langlands correspondence is compatible
with twists by characters, we see that Proposition 3.1 is true for n = 2 even without the
highly ramified assumption.

To proceed, we will make the following induction hypothesis:

Induction Hypothesis: For every p-adic local field F of characteristic zero and every
irreducible m-dimensional continuous representation p of Wg with m < n, and for every
suitably highly ramified character x of F*, with the necessary degree of ramification depending
on p, we have

(s, N(p® X)) = v(s,7(p) ® x, A*, ).

Under this induction hypothesis we will prove Proposition 3.1 for n—dimensional irreducible
continuous representations p of Wr for any p-adic local field F'.

Note that for p irreducible as in the proposition, 7(p) will be supercuspidal and hence
generic, so we may use the full strength of the methods of [31, 35] including the functional
equation. We will prove this proposition in several steps. In the next section we will establish
such an equality for a fixed representation py and for any character y. This will be a global-
to-local argument and will make crucial use of the Induction Hypothesis. We will then use
an argument based on the stability of the y-factors on the two sides to deform the equality
at the base point to obtain the stable equality for all n-dimensional p.

3.2. Equality at a base point. To produce the equality between the analytic and arith-
metic exterior square ~y-factors for a single representation, we will employ a global-to-local
argument. It is based on the following lemma whose proof was communicated to us by
Henniart.

Lemma 3.1. Let F' be a p-adic field and wy a character of F*. There exist a number field
F and an irreducible continuous n—dimensional complex representation ¥ of Wg such that if
Y, = X|Wkg,, then:

(1) There exists a place vy of F such that F,, = F, det ¥,, = wo, and %, is irreducible.
(2) For every v < oo with v # vy , the local component ¥, is reducible.
(3) I=7(X): =®,m(3,) is a cuspidal automorphic representation of GLy(Ar).
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Proof: Let E be the unramified extension of I’ of degree n, necessarily cyclic, contained in
F. There exists a character ) of E* which restricts to wy on the units o} of F', and which
is moreover regular with respect to the action of Gal(E/F), in the sense that all its Galois
conjugates are distinct. Choosing the value of n correctly on a uniformizer of F', we can
assume that the determinant of the degree n representation py of Wr induced from 7 is wy.
By the regularity condition pq is an irreducible representation of Wg. So the corresponding
representation my = 7(pg) of GL,(F') is irreducible and supercuspidal.

Let us now globalize the situation. We can choose an extension E/F of number fields,
cyclic of degree n, giving E/F at some finite place vy of F. We now look for a unitary
character a of the idele class group of E which restricts to 7 on the units of £ = E,,,, where
wy is the unique place of E above vy, and is trivial on the units of E, when w is a finite
place not above vy. Such a character a certainly exists. Indeed we start with a finite order
character of the product Ugy = [], oz, of the unit groups of E,, over finite places w of E;
as E* intersects Ug, s trivially we can extend that character to a group homomomorphism of
E*Ug s into C!, complex numbers of modulus 1, by extending it trivially on E*. In this way
we get a finite order character of E* Uy s, where E* Uy  has the idele topology. As E*Uy s is
closed in the idele group Aj of E, we can extend further to a character of Ay, which, being
trivial on E*, descends to the desired character a of the idele class group E*\Aj.

From « we obtain, by induction, a degree n representation ¥’ of the Weil group Wy of
F, which at the place vy gives py up to an unramified twist. By automorphic induction [1]
we also obtain a cuspidal automorphic representation II" of GL,(Af). At each place v of
F, I corresponds to X! under the Langlands correspondence, because the local Langlands
correspondence is compatible with (cyclic) automorphic induction (or base change) [15, 17].
So Il' = (YY) = ®,m(X]). At a finite place w of E other than wy, the local character of EX
obtained by restriction of « is trivial on the local units, so at a finite place v of F other than
vo, the local representation X! is reducible.

Finally, to get py and 7y with the proper determinant and central character from X, and
IT;, , we only have to twist X', and hence II, by a suitable power of the absolute value to obtain
Y. and II. Since the resulting automorphic representation I1 = 7(X) is the supercuspidal pg

at the place vy, it is itself cuspidal. O

If we combine this lemma with our induction hypothesis, we can obtain the equality of
local factors at a base point.

Proposition 3.2 (Equality at a Base Point). Let F' be a p-adic field and wy a character
of F*. Then there exists an irreducible n-dimensional representation py of Wr with det pg
corresponding to woy by local class field theory, such that for all characters x of F* we have

Y(s, A% (po @ X)) = (s, m(po) © x, A%, 9)).

Proof: Let F and wy be as in the statement of Lemma 3.1 and fix a character y of F'*. By
Lemma 3.1 we can find a global field F and a representation > of Wy such that F,, = F' for
some place vy of F and py = X, = Z|WFUO is irreducible, but X, = X|Wg, is reducible for all
v < 00, U # vy. Moreover, again by Lemma 3.1, we may take py so that det py corresponds
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to wy by local class field theory. Then 1T = #(3) = ®,7(%,) is a cuspidal automorphic
representation of GL, (Ar), and so all of its local components II, = m(3,) are generic. Let
U = ®V, be a non-trivial additive character of F\ A such that ¥,, = .

Let S be a finite set of places of F containing vy such that for v ¢ S we have that v is non-
archimedean and >, and ¥, are unramified. Then II, = 7(%,) will also be unramified. Let
Ss be the archimedean places of F and let T'= S\ (Seo U{vp}). At the places v € T we have
that ¥, is reducible. Let ¥5° denote its semi-simplification and write ¥3° =¥, &+ - B X, ,, .
Then for each such place II, = 7(%,) will be a constituteent of =, = Ind(Il,; ® - -- ® 11, ., )
with II, ; = w(%, ;). For each place v € T' choose a sufficiently highly ramified character y,
so that our induction hypothesis holds for each pair (¥, ;, 7(2, ;)) and the character x,.

Now take n = ®n, to be an idele class character of F such that n,, = x and for each
v e T, n, = X, Since the local Langlands correspondence is compatible with twisting by
characters, we know that for each place v of F we have n(%, ® n,) = m(2,) ® n, = I, ® .
Hence globally T®@n = 7(X ® 7).

We now employ the global functional equations for the exterior square L-functions, as
given in [11] and [31, 35],

L(s,A* (X ®n))
L(s,II®n, A?)

e(s, (X @n)L(1 -5, A (XY @n7"))
e(s,T®@n, A>)L(1 — s, TT@ 5", A?).

For an unramified place v ¢ S, we know that the unramified ¥, is a direct sum of unrami-
fied characters and the corresponding II, is full induced from the corresponding unramified
characters. So if we write X, = v, B - - BV, then I, = Ind(v4, ® - - - @ 1y,,) and we have

L(S, A2(Zv X nv)) = H L(Sa Vi,vyj,vn?)) = L(S, Hv X nv>A2)

i<j
L — s A2 @, ") = [[ L0 = s.vi)vjan,®) = L(1 - s, 1L, @ n, ', A?)
i<j
e(s, A* (2, ®@n,),¥,) = Ha(s, Vi,vl/jmng, U,) = e(s, 11, @n,, A2, 0,) =1
i<j

so that
L%(s,A*(S ®n)) = L(s, 1@ n, ?)

LS(1—s, A2 @n ) = L1 —s,llon ")
€S(S,A2(Z X 77), \II) = 55(59 H®n, Aza \II)

Thus, from the global functional equations we have

[T 22 @n), ©) = []v(s, I, @, A%, ).

veS vES

For v € S, the set of archimedean places of IF, we know that

'7(5>A2(Zv ® M), VUy) = (s, 11, ® A2> v,)
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by the results of [29], since we know that the arithmetic factors and the analytic factors
defined by the Langlands-Shahidi method always agree at archimedean places.

Consider now a place v € T'. Then ¥, is reducible as above and we have
V(s A2 (S0 @ 1), W) = (s, A*(E5° @), W)
= (5, A (Son @ - D Bu,) @m0), ).
Similarly, for IT, = 7(3,) we have
V(5,1 ® 1y, A%, W) = (5,2, @10, A%, W)
=(s,Ind((Il,; ® -+~ @ ) ® ), A%, ).
Now by induction on the number of factors one shows that
V(5 A (B @ -+ ® Buy,) @), W) = (s, nd((Iyy @ - - @ I, ) @ 1), A%, )
with the base case being r, = 2, in which case we have
V(8,0 ((Zo1 @ Bu2) @10), Uy)
=9(s, AZ(ELU ® 1), Vo) (s, A2(00,2 @ 1); W) V(8, (0v1 @1My) @ (Zp2 @1m0), ¥y
= (s, 111, @ 1y, A% W)y (s, e @y, A% U )v(s, (I @n,) @ (M2 @my), W)
= (s, Ind(I1;, 1 ® 1, 2) @y, ¥y)

where the first equality follows from the additivity of the arithmetic ~-factor [11], the second
equality is a consequence of the induction hypothesis and the fact that the local Langands
correspondence preserves local factors of pairs [15, 16], and the final equality is the multi-
plicativity of the analytic v-factor [30, 35].

Thus we are left with
v(s, A2(Zvo ® Mg )y Yarp) = V(85 Loy @ Ny A2> Wy,)
which by our construction is precisely

(s, A%(po ® X), ) = (s, m0 @ X, A%, 9)
as desired. m

3.3. Deformations: stability of ~-factors. To pass from the equality of v-factors at a
base point for all characters to equality of v for all representations, but only for suitably
highly ramified characters, we must be able to stably deform both sides of our equality.

In the arithmetic context, it was one of the basic ingredients of Deligne’s proof of the
existence of the local e—factors that if V' is any finite dimensional complex representation
of Wg then for every sufficiently highly ramified character y of F'*, where the degree of
ramification depends on p, there is a y = y(x,9) € F, depending on x and v, such that

e(5,V @ x,9) = det(V) " (y)e(s, x, )™V,
that is, for sufficiently ramified characters y, the arithmetic e—factor only depends on the
determinant det(V') and the dimension dim(V') of V. (See Lemma 4.16 of [11] or the intro-
duction to [12].) If we apply this to V' = A?p for p an irreducible representation of W, and
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use the fact that for sufficiently ramified x we always have L(s,V ® x) = 1 then we arrive
at the following proposition.

Proposition 3.3 (Arithmetic Stability). Let p; and ps be two continuous n-dimensional
representations of Wr with det(p;) = det(pe). Then for all the suitably highly ramified
characters x of F* we have

V(s A% (p1 @ X), 1) = (s, A% (p2 @ X), ).
The required degree of ramification depends only on p; and ps.

The analogous result on the analytic side is the following.

Proposition 3.4 (Analytic Stability for Supercuspidals). Let m and w5 be two irreducible
supercuspidal representations of GL,(F') with the same central characters. Then for all the
suitably highly ramified characters x of F*, identified as characters of GL,(F) through the
determinant, we have

7(57 m & X A2> 'l/)) = 7(57 Ty & X A2> Q/))
The required degree of ramification depends only on m and o

The proof of this is completely local. It uses the relation between the local y—factor and the
local coefficient as in [31], combined with the integral representation for the local coefficient
n [33], and the Jacquet-Ye germ expansion for GL,, [22] as used in [42]. It will be given
below in the lengthy Section 4.

3.4. Proof of stable equality and some corollaries. We are now in a position to com-
plete the proof of Proposition 3.1, the stable version of the equality of the arithmetic and
analytic exterior square y—factors. Let p be an irreducible n-dimensional representation of
Wr and let m = 7(p) be the corresponding supercuspidal representation of G L, (F'). Taking
wo = w, in Proposition 3.2 we have an irreducible n-dimensional representation of Wy and
corresponding supercuspidal representation my = 7(pg) of GL,(F') such that

—~
—_
~—

ww_wo_ww

(2) det(p) = det(po)
(3) (s, A% (po ® x), %) = v(s,m ® x, A%, 1) for all characters x of F™*.

Now take y sufficiently ramified so that both Proposition 3.3 holds for the pair (p, pg) and
Proposition 3.4 holds for the pair (7, 7). Then for such suitably ramified x we have

(s, A%(p @ x),¥) = (s, A%(po @ X), ¥) = (s, m0 ® X, A%, 90) = (s, ™ @ x, A*).
This completes the induction step and the proof of Proposition 3.1. U

Note that the degree of ramification necessary depends not just on the representations p
and m, but also on the choice of the pair (pg, ) from Proposition 3.2. So one must fix such
a pair for every character wg, but can easily reduce to a character wy in each inertial class
since deformations by unramified characters can be absorbed into the complex parameter of
the y—factors.
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Before we continue with the proof of Theorem 2.1 (1), let us give two corollaries of our
stable version of the theorem.

Corollary 1 (Extension to the Weil-Deligne Group). Let p be a continuous n—dimensional
O-semisimple complex representation of the Weil-Deligne group Wi.. Then for all suitably
highly ramified characters x of F*

(s, N (p® x),¥) = (s, 7(p) @ x, A, )

Proof: This follows from Proposition 3.1 and the following facts:

(1) the compatibility of the construction of ®-semisimple representations of W} from
irreducible representations of Wr and the Zelevinsky construction of irreducible rep-
resentations of G L, (F') from supercuspidals [45],

(2) for a representation of the Weil-Deligne group, the e-factor (s, p,v) = &(s, p**, )
depends only on the simplification of p as a representation of Wg [11],

(3) the local Langlands correspondence preserves L-factors of pairs and of exterior square
L-factors, and for highly ramified twists these stabilize to 1 [16, 18, 11, 32],

(4) the resulting additivity of the arithmetic 7-factor and the multiplicativity of the
analytic y-factor [11, 30].

0

Corollary 2 (General Analytic Stability). Let m; and m be two irreducible admissible rep-
resentations of GL,(F) with the same central character. Then for any suitably ramified
character of F* we have

7(5777-1 X X A2>?/)) = 7(5777-2 X X A2>w)'

Proof: Let p; and ps be continuous n-dimensional ®-semisimple representations of the Weil-
Deligne group Wp. so that m; = m(p;). Then by Colollary 1 for every sufficiently ramified
character xy we have
7($> A2(pl ® X)> 'l/)) = 7(57 T X X A2> Q/))

So, just as in the final step of the proof of Proposition 3.1 above, our result would follow if we
knew the analogue of arithmetic stability, Proposition 3.3, for representations of W. But, as
in Corollary 1 this follows from Proposition 3.3 and the fact that for a representation of the
Weil-Deligne group, the e-factor (s, p,1) = (s, p**, 1) depends only on the simplification of
p as a representation of Wy and that the semi simplification does not change the determinant
of the representation, thus giving the arithmetic stability of the y—factors for Weil-Deligne
representations. O

3.5. Proof of Theorem 2.1 (1). We begin by proving Theorem 2.1 (1) for a special class
of representations of Wx, namely those induced from finite order characters of Wy, for L/F
a finite Galois extension. Here we need to use ideas of Harris [14] and Henniart [16]. It is
established by another global-to-local argument combined with stability.
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Lemma 3.2 (Equality for Monomial Representations). Let E//F be a finite Galois extension
of degree n contained in F and set G = Gal(E/F). Let FF C L C E be an intermediate
extension. Let x be a finite order character of H = Gal(E/L) Let p = Ind%(x). Then

v(s, N%p, ) = (s, 7(p), A%, 0).

Proof: As in Henniart’s proof of the Local Langlands Correspondence in [16], utilizing a
theorem of Harris [14] , we know there exists a global extension of number fields F C L C E
and a character X : L*\A" — C* satistying

(i) there is a place vy of F, having a unique place wy of E above it, such that F,, = F,
E,, = E and Gal(E/F) = Gal(E/F);
(ii) if vg is the unique place of L. over vy then L, = L and X,; = ¥,

such that, if we let ¥ = Indgziggg(%), then there is a cuspidal automorphic representation

IT of GL,,(Ag), where m = (L : IF), satisfying condition

(iii) ¥ and II are associate in the sense that for all finite places where ¥ and II are
unramified, [T, = 7(%,).

Moreover, as Henniart later shows in [16] and/or [17], we also know

(iv) for all places II, = 7(%,),
(v) at the place vy we have 3, = Ind%f(x) =pand 7(p) =1l,, =m1 BB, is a
full induced representation from supercuspidal representations.

Let ¥ = @V, be a non-trivial additive character of F\Ap such that ¥, = ¢ from the
statement. Let S be the set of places of F such that for v ¢ S we have that v is non-
archimedean and %, II, and ¥, are all unramified and let S" = S\ {vg}. Take n = ®n, to
be a idele class character for F such that n,, is trivial, and for all v € S’, 7, is sufficiently
highly ramified that Proposition 3.1 holds for the pairs (X,,11,). Since the local Langlands
correspondence is compatible with twists by characters, we know that > ® n and II ® n are
still associated and in fact 7(2, ® n,) = II, ® n, for all places v of F.

We employ the global functional equations for the exterior square L-functions from [11]
and [31, 35], namely
L(s, *(Z®n)) = e(s, A*(2 @ 1)) L(1 — 5, A*(Z" @ n7"))
L(s,@n,A?) = e(s,lI®n, A)L(1 — 5, lT@ n ", A?),

as in the proof of Proposition 3.2. The unramified local Langlands correspondence again
implies

L®(s, A*(S ®n))
Lo(1—s, AV @n™"))
(s, A2 (X ®n), )

L%(s, T ®n, A?)
Ls(l -5 ﬁ ® 77_17 A2)
e%(s, Il ®@n,A*, )
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and so from the global functional equations we we have

[ 22 @n,), ©,) = []v(s. I, @y, A%, ).

vES vES

For v € S, the set of archimedean places of F, we know that
v(s, Az(zv ®ny), Vo) = (s, I, @ 1, A2> v,)

by the results of [29], since we know that the arithmetic factors and the analytic factors
defined by the Langlands-Shahidi method always agree at archimedean places. For the
places v € S” we also know

v(s, A2(Zv ®@ 1), Vo) = (s, I, @y, A%, v,)
by our choice of 1, and Proposition 3.1. Thus we are left with
/7(87 A2(Ev0 ® nUO)7 \I]UO) = 7(87 ]'_‘[UO ® 771}07 A27 \II'UO)

which by our construction, and since 7,, is trivial, is precisely

Vs, A%p,1p) = (s, m(p), A%, )
as desired. m

Still following the lead of Henniart, we next extend this to irreducible continuous repre-
sentations p of Wr having determinant of finite order.

Lemma 3.3 (Equality for Galois Representations). Let p be an irreducible continuous rep-
resentation of Wr of degree n with finite order determinant. Then

v(s, N2p, ) = (s, 7(p), A%, ).

Proof: We will work in the Grothendieck groups of representations. Following Henniart, we
let G%(m) denote the set of isomorphism classes of irreducible continuous complex represen-
tations of Wy of degree m, G% the disjoint union of the G%(m) and Rg(F') the Grothendieck
group of Wg, the free abelian group with basis G%. Similarly, we let A%(m) be the set of
isomorphism classes of irreducible admissible supercuspidal representations of GL,,(F), A%
the disjoint union of the A%(m), and R4(F) the Grothendieck group of GL(F), the free
abelain group with basis A%.

Now let p be an irreducible continuous representation of W of degree n with finite order
determinant. As in Henniart’s proof of the local Langlands correspondence in [16], there is
a finite Galois extension F/F and a n dimensional representation of Gal(E/F') which gives
p by inflation to Wpg; call it again p. Then by Brauer’s Theorem, in the group Rg(F) we

can write
p=_ nindf, (x:)

where H; C G corresponds to a finite extension F' C L; C E with H; = Gal(E/L;) and y;
a character of H;. If we let p; = Indgi(xi), then we know by Henniart, quoted in (v) in the
proof of Lemma 3.2, that 7(p;) = m; is a full induced from supercuspidal representations,
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m; = mia B Bm,,. Then by Henniart’s proof of the local Langlands correspondence we
know that
w(p) = mi(m)*

where (m;)* indicates the supercuspidal support, so in our case (m;)** = >, m ; in Ra(F).

We now want to compare the exterior square y-factors for p and 7(p). For this it is easiest
to work with representations of Wg or GL,,(F') rather than virtual representations. If p;
and py are representations of Wg, then their sum in Rg(F') corresponds to the direct sum
p1 @ pa of representations. Under the local Langlands correspondence, if m(p;) = m and
7(p2) = o, then p; @ py corresponds to the induced representation m; By and so in R4 (F')
the sum corresponds to parabolic induction and this is consistent with the local Langlands
correspondence. By additivity of the arithmetic y-factors and the multipliciaivity of the
analytic y-factors of Shahidi, we know

(s, A (p1 + p2), 0 = (sA(p1 @ pa), 1) = (s, Ap1, )y (s, A2, 1)y (5, p1 @ pa, s)
7(87 1 + T2, A2a ’QD) = 7(87 1 B T2, A2> w) = 7(57 T1, A2> w)V(S, T2, A%D)y(s, T X T, S)'

So the exterior square ~ factors satisfy the same formalism on the arithmetic and analytic
side for sums of representations. In particular, on the analytic side, this means that multi-
plicativity gives

7(57 (ﬂ-i)ssv A27 w) = 7(87 T, A27 w>
Coming back to our expression

p = Z nZInd XZ Z N Pi

renumbering the term if necessary, we can assume that n; > 0 fori=1,...,r and n; <0 for
t=r+1,...7r+s. Then we can rewrite this relation as

r+s
55 nini= Y
i=r+1
Now both sides are sums of true representations. Let us write m; = —n,; fori =r+1,...,r+s.

Applying the formalism of the exterior square y-function, from the expression we obtain

r+s
(s, A2( anpz Vs, N(p+ D mipi), ¥)
i=r+1
= (s, A*p, )y (s, A*( Zmipi v(s,p® Zmipi

= (s, A2, )y (s, N2> mapy), ¢ Hv (s p®pz,¢)m’

and so
A%, ) = (s, A2(Zz 1 1ipi), ¥)
7(8 p w) 7(57 A2(22+:+1 mzpz) w> H:+7“8+1 V(S’ P ® Pis ¢)ml
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On the analytic side we have

m(p)=m= an’(ﬂi)ss

or
r+s r

T+ Z mi(m;)* = Zni(m)ss.
i=r+1 i=1

Performing the same steps on the analytic side, and using the fact that the formalism of the
exterior square y-factors is the same for the arithmetic and analytic ~-factors, we arrive at

5 ,A2> = W(S’Az(zz;l ni(ﬂ-i)ss)/w) .
(s, A%, ) (s, N2(E () ™), ) TL sy (5, % (), h)me

By the multiplicativity of the analytic local Rankin-Selberg ~-factors, for each i = r +
1,...,7+ s we have
v(s,m x (m;)%%,0) = (s, X Wi, )
and since the local Langlands correspondence preserves local factors of pairs we can further
conclude
7(87 T X T, w> = 7(87 P& pi, w>
Hence we have

r+s r+s
H 7(8777- X (ﬂ-i)ssa,lvb)mi = H V(Sap®pza¢)mz
i=r+4+1 i=r+1

Then, by an induction on the number of factors, and utilizing that the formalism of the
exterior square y-factors is the same on the analytic and arithmetic side, we have

7(87 Z ni(ﬂ-i)ssv A27 w) = 7(87 A2(Z nlpl)? w>
i=1 i=1
with the base case being one summand where we know
7(87 (7Ti>ssa A27 ¢) = 7(57 Tis A27 ¢) = 7(57 Azpiv w)
with the first equality coming from the multiplicativity of the analytic y-factor, as noted
above, and the second equality by Lemma 3.2. Similarly we have

r+s r+s
7(87 Z mi(ﬂi)88> A2a ,lvb) = 7(87 A2( Z mipl)? ,lvb)
i=r+1 i=r+1

Hence we can conclude
v(s, Np, ) = ~(s,7(p), A*, 1))

and our lemma is proven. Il

To complete the proof of Theorem 2.1 (1), we begin with Lemma 3.3. We can extend this
to arbitrary irreducible continuous n-dimensional representations of W by tensoring with an
unramified character. Both the local Langlands correspondence and the formalism of the ex-
terior square y-factors are compatible with twisting by characters. We then can extend to ar-
bitrary continuous n-dimensional representations of W since the local Langlands correspon-
dence extends over direct sums and then again applying additivity /multiplicativity of the
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exterior square ~y-factors. Finally, we extend to all continuous ®-semisimple n-dimensional
representations of the Weil-Deligne group W;. by the compatibility of the reduction of the
local Langlands correspondence to the irreducible case on the Weil-Deligne side and the
Bernstein-Zelelvinsky reduction to the supercuspidal case on the analytic side, again com-
bined with additivity/multiplicativity of the exterior square vy-factors. O

4. ANALYTIC STABILITY FOR SUPERCUSPIDAL REPRESENTATIONS I: REDUCTION TO
PARTIAL BESSEL INTEGRALS

The purpose of this section and the next is to provide the proof of Proposition 3.4. We
will follow the general theory of [10] and [33], specialized to G Sps,, combined with the ideas
from [22, 19, 42]. To ease the notational burden, we will use bold face letters H to denote
algebraic groups, all defined over F', and then H = H(F') to denote their F-points.

4.1. Preliminaries. Let us recall that F' is a non-archimedean local field of characteristic
zero with o the ring of integers of F', and p its unique maximal ideal with uniformizer w.
We set ¢ = [0 : p|, and fix a valuation | - | = | - |p normalized by || = ¢~

Let G = GL,, as an algebraic group over F. Let B = AU be a Borel subgroup of G
over F', where A is a maximal split torus of G and U the unipotent radical of B. We
take the standard matrix realization of G = GL,(F), in which B becomes the standard
upper triangular Borel subgroup, A the diagonal torus and U the upper triangular unipotent
matrices. Let & = ®(A, G) be the roots of A in G, ®* to be the set of positive roots in G,
and A = A(A, G) the simple roots. If we define rational characters e; of A by e;(a) = a; for
a = diag(ay,...,a,) € A. Then A = {ay,...,a,_1} where a; = e; — €;41 in the (additive)
group X (A)p of F-rational characters of A.

Let W = W(A,G) denote the Weyl group of G. If we use the standard splitting
which gives the usual matrix representation of GL,, and let x,,(t) be the one parameter
subgroup x,,(t) = I, + tE; ;41 with E;; the standard elementary matrix with a 1 in the
(i, j)-position and 0 everywhere else, and similarly x_,,(t) = I, + tE;;1,, then, following
Chevalley/Steinberg/Bruhat—Tits, we choose as our representative for the simple reflection
s; associated to «; the matrix

Si = T, (1)2-q,(=1)7a, (1).

-1 0
the (¢,i4 1) block. For the general Weyl group element w we choose a reduced expression for
w in terms of the simple reflections and take w to be the corresponding product of matrix
representatives s;. This representative is independent of the choice of reduced decomposition
by Proposition 8.3.3 of Springer [38] or Lemma 56 of Steinberg [39]. This choice has the
advantage that for all w € W we have det(w) = 1, i.e., we take representatives that live in
the derived group, in our case SL,. If we let w, denote the longest element, then as the

This is a matrix §; with 1’s on the diagonal other than a 2 x 2 block of the form 0 1) in



18 J.W. COGDELL, F. SHAHIDI, AND T-L. TSAI

representative of the long element in our matrix realization we have

1
. -1
Wy =
(~1)-1
Moreover, if M C GL, is a standard Levi subgroup in block form, so M ~ GL,,, X---xGL,,
then the long Weyl element of M will be of the form
We,1
We,2

wévt
with each wy; the representative of the long Weyl element of GL,,, as above.

We will let H = G Sps,, be the symplectic similitude group over F' for a positive integer n.
If we set

J=J, = and J':J;nz(_tj J)

then we can take a matrix realization of H as
H = GSpon(F) ={h € GLy(F) | 'hJ'h = n(h)J" for some n(h) € F*}.

n : H — F* is the similitude character of H. Note that 'J = J=! = (=1)""1J. The
center Zy of H is isomorphic to G,, and is thus cohomologically trivial. The cohomological
triviality of the center is necessary for the use of [33] and is responsible for our chioce of
H = G Spy, rather than (the seemingly simpler) Spa,.

Let By = AgUg be the standard (upper triangular) Borel subgroup of H over F', where
Ay is a maximal split torus and Uy is the unipotent radical of Bg. In the matrix realization,
we can represent the elements of Ay by

a1
/

a : | -1 . _ )
a = ( aOJa_lj_l) = diag(as,...,an;a0a, ,...,a0a; ) with a= . €A
G,

which has similitude character n(a’) = ay.

Denote by Py = MgNg the standard Siegel parabolic subgroup of H. This is the self-
associate maximal parabolic subgroup of H over I’ with the Levi factor Mg ~ G x G,,, =
GL, x GLy containing Ag, and let Ng be its unipotent radical. The matrices in My are of
the form

m=migao) = (g1 (@)
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with g € G and ayp € GL(F') while those in Ny are of the form

w=nt=(" 1) (42)

with y € Mat,(F) with y = J'yJ. We will use the isomorphism g — m(g,e) to identify G
with a subgroup of My throughout this section. Then U ~ Ugz N My, which in the matrix
realization corresponds to the standard upper triangular maximal unipotent subgroup of G.

Let oy = ®(Ag,H) and Ag = A(Ag,H) be the roots and simple roots of Ay in
H. Notice here Ag = {ay,...,a,} in numbering from Bourbaki [5]. If we define rational
characters e; of Ag by e;(a’) = a;, including i = 0, then

a=€e—e1 €A fori=1...,n—1 and a, = 2¢, — ¢

in the (additive) group X(Ag)r of F-rational characters of Ag. Denote by ®3; the set of
positive roots in H.

Let {z,|a € A} be an F-splitting of H as defined in [9, 10] extending our splitting of
G. To do this, let E; ; represent the elementary matrix in Maty, (F') having a single 1 in the
(1, 7) position and zeroes elsewhere. Then we can set

" (u) _ Iy, + U(Ei,i—i-l - E2n—i,2n—i+1) 1=1,...,n—1
“ ]2n + UEn,n—l—l t=n ‘

The simple root subgroups U, = U, (F) = {z4(us) | ua € F'} correspond to the one parame-
ter subgroups of Uy lying just above the diagonal. Note that «,, is the unique simple root in
Ay whose root subgroup sits in Ng. In fact, Ny is spanned by the following root subgroups

Ny=(U,|a=e+ej withl <i<j<nora=2e withl<i<n).

For any n € Ny, we can use the splitting to write n = [ [ z,(u,) where a runs over the roots
occurring in Ny as above. Since Np is abelian, this is independent of the order taken in the
product. In particular, for a,,, the coordinate u,, will be independent of the order we take.
We will denote this by u,, (n). If we use the matrix realization of our group, u,, (n) will be
the (n,n + 1)-entry of n. We let

n—+1 n(n+1
2 (614_..._'_6”)_%

denote half the sum of the positive roots occurring in Ng.

P = PpPy = €o

Let Wy = W(Ag, H) denote the Weyl group of Ag in H. Note that we have Wg =

Wity € Wa via w — m(w,e) and we will use this identification. Let w/ denote the long

Weyl element in Wg. Let wy = wf - w, ! As a representative for these elements we have

wf:(_tj J), wgzm(wg,1)=<°7 J), and wo:((—nm I”). (4.3)

Then wo(A) = A, and wy(a,) < 0. Since Py is self-associate, then Ny = wlNg(wl)™! =
Ny, where N is the opposite subgroup to Ny with respect to My.
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Given a non-trivial character ¥ of F', we define a generic character of Uy by

n

U(u) = ¢( Z Ua) = Z(UHH)

a€EAg =1
The condition of compatibility of ¢ and wy within H necessary for the use of [33] is that
Y(wouwy ') = Y (u) for u € Uy N My ~ U and one checks that this holds for our 1 and wy.
For i =1,...,n, we define cocharacters
ef(t) = diag(1,...,1,¢,1,...,1;1,..., 1,7 1,..., 1),

which means €}(t) has ¢ on the i-th component, ¢t~ on the (2n + 1 — 7)-th component, and
1’s elsewhere. Additionally, we define

en(t) = diag(l,...,1;¢,...,t).

In terms of these cocharacters, we see that the element a’ € Ay above is given by

n
a = H e;(a;)
i=0

so that JJer : (F*)"! — Ay gives a splitting of Ay. Another convenient splitting of Ay is

given by the co-characters that are duals to the simple roots. To this end, fori =1,...,n—1,
we define .
ar =]e
j=1
so that
t1;
O‘;'k (t) = Ion—
1,

with ¢ in the first ¢ entries, and for i = n we set

n

* *

an - Hei
=0

a0 = (")

t o=
1 i#j

so that

Then we see that a;(aj(t)) = { We can also use these to split the torus via
es[Tag: (F*)" — Ay.
In terms of the second splitting, we have
zu = e ey = { (" Y 1ee
and
Zuy = i) e Py ={ ("0 ) e,
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We have a short exact sequence
1—=Zy—Zy, - F*— 1

which we can split using ;. We let Z](QH denote the image of o then we get a factorization
Zny = ZuZyy,- In keeping with the notation in [33, 10] we will also use o to denote as,
particularly when thinking about this splitting of the center of My, to wit

0¥ (t) = (”” ]n> .

Let X (My)r be the group of F-rational characters of My. Since Mg ~ G X G,,, this is
the free rank two Z-module spanned by the determinant and the similitude character. Let
ay = Hom(X (Mp)r,R), ajy = X(Mu)r ®z R as in [31], and aj; ¢ = a}; @ C. Also, define
HPH :HMH My — ag by

g M) = |y (m)|p forall  y € X(Mp)p.

(We hope the standard use of H for the Harish-Chandra “logarithm” and our use of H =
G Spa,(F') will not cause confusion. The distinction should be clear from context.)

4.2. Reduction to local coefficients. Let m be an irreducible admissible -generic repre-
sentation of G. Since G = GL,(F'), this is independent of the choice of the character and
the splitting chosen. We extend this to a representation of My ~ G x GL1(F') by making
it trivial on the G L, factor, i.e., as m ® 1. The choice of the extension does not matter,
since any extension will lead to the same local coefficient. We will continue to denote this
representation by 7 and hope that there is no confusion. We note that in particular, with
the notation of (4.1), wy(Mm) = wrg1(mMm) = wx(g).

Given v € ay ¢, let
I(v,m) = Indj, v, (1 ®¢" M) @ 1)

be the induced representation, and denote its space by V (v, 7). Let

~ _ 1 n
a={pa,) p==>(er+ - +e) — —e

2 4
as in [10]. Now for s € C, we define I(s,7) = I(sa, m) and let V (s, ) be its space. Note that
¢y (M) — | det(g)|*/?|ao|~™*/*. The standard intertwining operator A(s,r) : I(s,m) —

I(—s,wp(m)), as defined in equation (2.6) of [33], is given by

A(s,m)f(h) = f (g 'nh)dn

Ny

forall h € H, and f € V (s, ).

Let A be a Whittaker functional for 7. If Ay (s, ) is the Whittaker functional (see [27, 31])
for I(s, ) canonically attached to A\ defined by

Ao, m)(f) = /N (flig 'n), A) - & (m)dn,
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which is the equation (2.6) of [33], then the local coefficient Cy(s, ) is defined by
Ap(s,m) = Cy(s,m) - Ay(—s,wo(m)) - A(s, ).

Next, we denote by Fng, the Lie algebra of the L-group of Ng. Let 7 be the adjoint action
of My on Ing. For H = GSpy,, “H can be taken to be GSping,1(C), LPy the Siegel
parabolic subgroup of G'Sping,,1(C) fixing a maximal isotropic subspace, Ny its unipotent
radical, and My ~ GL,(C) x GL,(C). The representation r of GL,(C) x GL;(C) on Fny
then decomposes as r = 1 @ r9 where r; = St is the standard n-dimensional representation
of GL,(C) and ro = A? is the exterior square representation of GL,(C). The copy of GL(C)
lies in the center, and so acts trivially on “ng. Then by [31, 35] we have

Cy(s,m) = (s, 7,07 )y (28,7, A%, 971 (4.4)
where (s, 7,9 ™1) = (s, 7, St,p71) is the standard v-factor for 7, the contragredient of ,
and v(2s, 7, A%, 171) is the factor we want to prove stability for.

The standard ~-factor for GL,, is known to be stable under highly ramified twists, with
the stable form depending only on the central character, by a result of Jacquet and Shalika
[21]. So the above equality reduces Proposition 3.4 to proving stability for the associated
local coefficients for supercuspidal representations of G.

4.3. An integral representation for local coeficients. We now specialize the results
in [33] and [9] to our situation. As in [33, 9], we start with a Bruhat decomposition. The
big Bruhat cell in H relative to Py, My NgwoNg, can be translated to MHNHwONHwO_l =
MyNgNy. Then for n in an open set in N we have wo_ln € MyNyN g and we can write

1

wy ' =mn'n, (4.5)

where m € My, n' € Ny, and m € Ny. Indeed if we write

(1)

as in (4.2), then under the open condition det(y) # 0 we have

e ) (T)()() w

and one can check from the condition y = J'yJ that the components of this decomposition
indeed live in G C My, Ny, and Ny as claimed.

Let u be the densely defined map from Ny to G C My sending n to its m component in

_1\n—1,—1
(4.5); in the notation of (4.6), when det(y) # 0 u (I" ( 1)[ J ) = <y (—1)"‘1y‘1>'

For m occurring in the decomposition (4.5) we may apply the Bruhat decomposition in G
relative to its Borel subgroup B to write
m = uaus (4.7)

where uy,uy € U, a € A and w represents an element in the Weyl group of G.
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If we let B}, = woBgiy' = AgNyU then there is a unique B}, Bruhat cell C'(w) =
Bl wB}; which intersects Ny in an open set Ny (w) = Ny N C'(w), and for n € Ny (w) will
have such a decomposition. For n € Ny (w) we have m = p(n) lies in a unique B-Bruhat
cell in G C My, call it C(w) = BwB and this is the Bruhat cell in G that intersects Im(pu)
in a subset of highest possible dimension. From Proposition 3.2 in [10] (see also Remark
1.11 in [34]) we have the relation W = wyw. In our situation W. Kuo, in the case 2(b) in his
appendix to [34], has used the analysis of [40] to compute @ and W in our case. We have
W = wy and then W = wl! as in (4.3).

Note that in order to use Theorem 6.2 of [33] to establish the stability, the w appearing
here must support a Bessel function on G in the sense of Section 2.2 in [9], recalled in Section
5.1 below. For us @ = w, and this supports a Bessel function by the criterion in [9]. Also,
Assumption 3.6 in [9] holds by the work of Sundaravaradhan [40].

The Bessel function associated to 7 and wy is a function on the Bruhat cell Cyy,, (wy) =
Uw,AgU of the form

Jraw, (M) = ; W (ma)y = (u)du (4.8)

with W € W(m,¢) with W(e) = 1. In our setting, we have taken the representation 7 of
G and extended it to My ~ G x GL{(F) by making it trivial on the GL;(F) factor. The
Whittaker function, which goes into the definition of the Bessel function, is then a Whittaker
function on G multiplied by the trivial character on GL;(F'). So we can write the Bessel
function as a function on the Bruhat cell C'(wy) = Uw,AU of G, namely

Jr(im) = / W (gu)d™ ()it = i, (9)

with the notation in (4.1). We will delay the discussion of the convergence of this integral,
which can be delicate in general, to Section 5.1.

The function that appears in the integral representation for the local coefficient in [33] is
not this Bessel function itself, but rather a partial Bessel function. To define this, we take a
cutoff function ¢z on Ng, which is the characteristic function of a sufficiently large open

compact subgroup Ny of Ny. We can make this very explicit in our case. Fix x € N and let
¢, be the characteristic function of a neighborhood of 0 in Mat,, (F') defined by the condition
that the (4, 7)-entry of the matrix are bounded in absolute value by ¢(*+7=1% e,

1 X, | < qliti—Dr
pu(x) = b Pl = .
0 otherwise

The group Ny is given by
nNT — . [n 7t
NH—{n(y)— <y In) Iy—JyJ}-
We set

No = Now = {10) | en(@™iiny) = 1} = () | lpaicrs| < ¢OH D@D},
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where d is the conductor of ¢ and f is the conductor of w;!(wowx), and let g, be the

characteristic function of Ny ,.. As r grows, these subgroups exhaust Ng. Then the partial
Bessel function jr ., »(m, z) associated to m, w, and the cutoff parameter x (or equivalently
No,) is the function on My x Z3,  given by

Fraoon (1, 2) = Gy o, (1, 2) = / Wa(gu)ey,  (utaue ) (u) du
U

(compare with (6.21) of [33]) where m and n are related to n through (4.5) or (4.6). We
finally let z = oV (@ fu,, (iontig')), where d is the conductor of ¢ and f is the conductor
of w ! (wowy), and set

jn,we,n(g) = jﬂ,wbﬁo,,@ (m7 aV(wd-l-fuan (woﬁwo_l)))

(compare with (6.24) and (6.39) of [33]).

We let 7, denote the representation 7 ® ¢%*®mu(=) This will have central character
wr. (M) = wr(g)| det(g)|*?|ag|™™*/*. With this notation we can restate Theorem 6.2 of [33]
in our case.

Proposition 4.1. Let m be an irreducible admissible generic representation of G. Suppose
wr(wowY) is ramified as a character of F*. Then for all sufficiently large

Cols, ™)™ = 4(2(, a¥)s, welwowy?) 0a”, )~

/ o () (@ (un)) (thorm, ) (@ (1)) g o0 otz ) gy (49)
79, U\Ng

where, off a set of measure zero, we decompose 1wy, 'n = mn'n as in (4.5) with m = u(n),
g related to m as in (4.1), u, = ug, (Wit '), and the integration is over the set of Z3, U
orbits in Ng.

The factor v(2(&, a")s, wy(wow 1) oaY, 1) is a simple abelian y-factor depending only
on the central character of 7.

We can simplify this in our situation as follows. First, from the formulas above for & and
¥ we have

Ly = _n_n
Next,
wr(wowy )oY =w, and w;(wows,)oa’ =w |- |72
as a characters of F'*. Finally
q<sd+ﬁ,HMH(m)> _ \det(g)\(S+"+1)/2|a0\_(”(s+”+1))/4.

Then we can restate Proposition 4.1 as follows.
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Proposition 4.2. Let m be an irreducible admissible generic representation of G. Suppose
wy 1s ramified as a character of F*. Then for all sufficiently large K

Cy(s,m) ™ = (%, wr, )7

: — —-ns s+n —n(s+n 4.10
- / ()0 ()2 det (g) | D12 g ~s+n /gy, (410)
Z?VI U\NH

where, off a set of measure zero, we decompose 1y 'n = mn'n as in (4.5) with m = p(n) and

U, = ug, (Wonty'); g and ag are related to m as in (4.1), and the integration is over the set
of Z3;,,U orbits in Ng.

For our proof of stability, we will need to consider this integral representation for local
coefficients Cy(s, 7 ® x)~! for sufficiently ramified characters y of F*. It will be important
for us to be able to choose &, or equivalently Ny C N, to be independent of .

To establish this uniformity, we must recall how the subgroup N, comes about in the
proof of Theorem 6.2 of [33]. If we fix an irreducible generic representation 7’ such that w,
is ramified, then the subgroup Ny in in Theorem 6.2 of [33] is chosen to satisfy the following
two conditions:

(1) There exists a section f € V(s,n') of the induced representation such that f is
supported in Py No. o
(2) Ny is sufficiently large so that aV(t)Noa" (t)~! depends only on |¢| for all t € F'*.

The second condition is independent of #’. As for the first condition, it is known (see the
proof of Theorem 6.2 of [33]) that there exist sections f in V(s,n") compactly supported in
Py N modulo Py. We fix such a section f and then choose N large enough to contain the
support, that is, so that f is supported in PyN,.

So let us fix a xg such that w, ® x{, which is the central character of ™ ® xo, is ramified.
Then let us choose kg such that (1) and (2) hold for Ny, and an appropriate section f,, in
V(s,m® xo). If & > kg then Ny, D N, so that (1) and (2) also hold for any x > kg. So
the formula of Proposition 4.2 holds for 7 ® xo and any k > K.

Now let x be any other character of F* such that w,x" is ramified. Then, as noted
above, there is a section f, € V (s, 7 ® x) of the type needed in Theorem 6.2 of [33] which is
supported in PHNO,X for some compact open NO»( C N.If NQX C Wom, then Proposition
4.2 will hold for 7 ® x and any x > K.

On the other hand, if No, & Ny, then we note that if we right translate f, by ej(t) € My
then R(e}(t))f, will be supported in Pylef(t)Noeh(t)~]. Note that for i € Ny we have

emnes = (" ) (50 ) (" )= (1)
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thus, for [¢| < 1 this action contracts on Ng. So for |¢| sufficiently small, ef(t)Ng e5(t) ™ C
Nox- Hence, fixing such a t, if we use f; = R(ej(t))fy in place of f,, then f has support
contained in PHNO,HO and Proposition 4.2 holds for 7 ® x and any k > Kg.

Taken together, this establishes the following strengthening of Proposition 4.2.

Proposition 4.3. Let m be an irreducible generic representation of G. Then there exists a
ko such that for all k > ko and all x such that w,x™ is ramified we have

Cy(s,m@X) " =7(%, wex", ¥)7"
: / Jroawn(9) (WaX™) " (tn) [un] 7" det(g)| T2 |ag| T Adp,
z9, U\Ng

(4.11)
where, off a set of measure zero, we decompose Wy n =mn'n as in (4.5) with m = p(n) and
U, = ug, (Wontiy'); g and ag are related to m as in (4.1), and the integration is over the set
of Z3;, U orbits in Ny.

1

Now we have the reciprocal of the local coefficient, up to abelian ~v-factors, as an integral
transform of a partial Bessel function. We will identify this as a multi-variable Mellin
transform in the next section.

4.4. Change of variables. By Propositions 4.1 and 4.2, we have an integral representation
for the inverse of the local coefficient Cy(s,7)~*. In this section, we will replace the domain
ZJ(\]/[H U\Npy by a suitable torus inside Z\ A and will show that the integral representation
given above can be written as a Mellin transform of a Bessel function. This is similar to
Proposition 2.1 in [8] and Theorem 4.22 in [10].

We begin with the following description of U\ Ny.
Proposition 4.4. Set

R = {(In a}”) | a = diag(aq, ..., a,) EA}.

Then, on a open dense subset of Ny, R is a set of representatives of U\Ny .

We begin by recalling the following elementary lemma on symmetric matrices.

Lemma 4.1. There exists an open dense subset Sym/ (F') of the space of symmetric n X n
matrices with the property that for each matrix S in this subset one has an upper triangular
unipotent matriz u and a non-singular diagonal matriz t such that S = ut'u.

The Zariski open subset Sym/ (F') is characterized by the non-vanishing of the principal
minors, beginning from the lower right corner. It is now easy to prove the proposition.

I, vy
I,

J = wp. If we let S = yw,, then S is symmetric and, by the lemma, on the open dense

Proof: Suppose n = ( € Np. Then y satisfies y = JlyJ. Note that as matrices
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set Sym/,(F) we can write S = ua'u with @ € A and w € U. Then, on this open set,
y = Sty = uariy(w; " (*u)iiy). Asthe action of U on Ny translates into this twisted conjugacy
on y, we see that on the open dense set of those n such that yw, € Sym! (F), R gives a
complete set of representatives for U\ Ny. U

In au')g
I

== (T ) = (U i)

so that g = wea™! and ag = (—1)""1. Soin (4.10) we have | det(g)| = | det(a)|~! and |ag| = 1.

Then
_ I, _ n —Wea~
= <(—1)”_1w4a_1 I ) and  worwy ' = < Z

so that in (4.10) we have u,, is the lower left entry of —wa™" which is ( 1)"a;*. Thus, as a
first step, we can write the integral in Proposition 4.2 as

If we take r = ( ) € R and apply the decomposition (4.6) then we see

dn

wﬂ(—l)"/ e (Wa N wr(@1)]ag || det(a)|~Fst1/2 . dr (4.12)
oy \B "

and we are left with computing the Jacobian ‘ ‘
Under the isomorphism R ~ A = {diag(ai,...,a,) | a; € F*} we take the invariant

measure dr on R to be dr =[], d*a; =[], d‘“ Then we can easily compute this Jacobian.

la;|
H |a;|".

Proposition 4.5.

Proof: As we have noted in the proof of Proposition 4.4, the action of Uy; on N by conjugation
is equivalent, under a multiplication by w, to the standard action of Uy on Sym,(F). So
we can compute this Jacobian there.

We will prove the formula by induction on n, utilizing Lemma 4.1. The case n = 1 is
immediate.

In general, for S = (s;;) € Sym;,(F) we let dS =[], ds;;[];.; dsi;. Utilizing Lemma 4.1

we write
S = In—l z S’ In—l _ S'+ anxt:c anT
1 ap tx 1 ant:p anp,

with S € Sym/,_;(F) and x € F"~'. We then compute

dS = | Nidsii Niej dsij| = |(d(S" + a,z'z)) A (Ai(andr; + xiday)) A day,)|
= |(dS’ + d(an2'2)) A (Ni(andz;)) A day| = |a,|" dS" A (Aidz;) A day,|
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and
= |a,|"dS’ [ [ (dz:)d" an.
By induction, we have dS’ = H;:ll(|ai|idxa,-)dun_1 where we have used du,,_; to denote the

invariant measure on the upper triangular subgroup U, 1 C GL,_1(F). Substituting into
the result of the previous computation then gives

dS = [[(la;'d*a;)du,.
=1

As dn = %‘i and dr = []; d*a; we arrive at |%| =[], ]a;|" as claimed. O

Observe that R ~ A ~ Zy\ Ay is a n-dimensional torus as desired. Furthermore, it is easy
to see that under this isomorphism of R with A, the action of Z]?/[H on R by left translation
becomes the action of Z on A, again by left translation. Thus Z](\JA,H\R ~ Z\ A. If we combine
this with the Jacobian calculation, then the integral in (4.12) becomes

wr(=1)" /\ Fravpr(Wea™wr(ar)]ay ["*/?| det(a)|~Hst1/2 H la;|* da (4.13)
Z\A i

and if we then send a + a~! and simplify, we arrive at the following proposition, which
identifies the local coefficient as a Mellin transform of the partial Bessel function.

Proposition 4.6. Let m be an irreducible admissible generic representation of G. Suppose
wy s ramified as a character of F*. Then for all sufficiently large k,

Cy(s,m) ™ =7(%, wr, ¥) 'we(=1)"
i . 4.14
/ i (0e@)wor (a1) My [TV T fay| 7172072 da, 19
Z\A i=2

Moreover, for m any irreducible generic representation of G, there exists a ko such that for
all k > kg and all x for which w,x" is ramified we have

Cy(s,m@x) ™" =9(%, wax"s ) Twax"(—1)"

n . 4.15
[ ron(ia)enan) o 202 T a0 g, 4
Z\A

1=2

Let us revisit our partial Bessel function jy 4, (1sa) in terms of these change of variables.
By definition we have

i (00) = / W, (eau) oy, (zu~ iz Yoy~ (u) du
U

where z = oY (@ u,, (wonwy ')). There is a relation between g = wya and 7 mediated by
(4.6). Taking y~! = wya in (4.6) gives

() =T ) () ()

(4.16)
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so we see that in the above formula 7 is given by

(1,
"=\ wa I,) "

If we write
u = (uo Jtuo_lj_l) and 2z = (ZOI" [n) =a"(z)
then
2u Tt = ( 1y I"_l . ) .
2o Jug Tweauy I,
Thus

P, (20 Uz ) = (@™ ibpzy T ug S iy,

As matrices, J,, = 1y, 50 25 ' Jtug libgaug = 2y Miltugaug. Next, for 7i as above, ug, (wonwg ')
is the lower left entry of tya, which is (—1)"ta;. So 2o = @™ u,, (wonwy ) = @/ (—1)"a;.

If we write a = ta’ with ¢t = diag(ay,...,a1) and ¢’ = diag(1,d, ..., al) then
(@ ingzgt TugJ Mipang) = @, (et ua’ug) = @, (“upa’ug)
and hence
T g (We@) = Jor g e (Weta’) = ww(t)/ W, (e uo ) o (“uga o)™ (ug) dug (4.17)
U

where we now view all the variables wy, t, a’, ug as matrices in G.

4.5. Bessel functions and Bessel integrals. Conceptually, a Bessel function on G is a
function satisfying j(u1gus) = ¥ (u1)j(g)¥ (ug) for uy, us € U. If we decompose G into Bruhat
cells, so G = [[ C(w) with C(w) = UwAU and restrict a Bessel function to a Bruhat cell
C'(w), the compatibility of the right and left transformation laws under U put restrictions
on which cells C'(w) can support Bessel functions and within such cells which parts of A are
allowed.

Let B(G) C W consist of those Weyl group elements that support Bessel functions in the
sense of [9], that is, w € W such that for every simple root @ € A we have that wa > 0
implies wa € A, or equivalently, wyw is the long element of a standard Levi subgroup of G.
In particular, from Section 2.2 of [9], to a w € B(G) we associate the set of simple roots

0f ={ae A|lwa>0} CA

which then determines a standard parabolic subgroup P, with Levi M = M,, and long Weyl
element w)! € M, such that w)! = wyw. Then we also have

0 = H;év, = Ay C A
We have a torus associated to w
Ay,={a€A|la(a)=1forallaefi} C A
which is the center Zy;, of M,,.

(This notation differs slightly from that in Section 2.2 of [9]. First, there is a conjugation
by w. The reason for this can be found in (4.14). The Bessel function is evaluated at wa
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and is considered as a function on the Bruhat cell C'(w) written as C(w) = UwAU, while
in [9] we evaluated the Bessel functions at aw and viewed them on the cell C'(w) written
as C(w) = UAwWU. Also note that in [19] Jacquet indexes these tori by the corresponding
element @ = w) of his R(G).)

We now collect some more useful facts about B(G). We first recall from [9] the following
lemma.

Lemma 4.2. Let w,w' € B(G). Then w' < w iff M,y C Myy.

Thus the Bruhat order on B(G) reverses the containment order on the Levi subgroups.
Since the containment on the centers is also reversed, we have that if w,w’ € B(G) then
w <wiff M, c M, if A, C A,.

For w € W, we have the decomposition U = U U, , where

Ul=Unw 0w, and U, =UNw U w

with U~ being the opposite of U with respect to the diagonal torus A. Let w € B(G). By
definition

U, ={uecUwuww ' ecU™} and U ={uecU|wuw ' eU}

Since w € B(G) we have an associated Levi subgroup M = M,, C G such that w = w,w}?.
Let Uy; = M NU denote the standard maximal unipotent subgroup of M and N = N, the

unipotent radical of the associated standard parabolic P. So U = Uy, - N. For w = w)! we

have
U, =Uy and U™, = Ny,
4

we w
while for w = w, we have
U, =U and U, ={e}.

’LU(:

Hence, if w = wyw)’ we have

U; :U:}—M :NM and Uu-t :UM
1)

An important observation is the following. Because of the alternating signs on wy,, an
elementary computation gives that for any simple root o we have

W (), = Tuya(—1) (4.18)

where if z,(t) = I + tE; ;11 then xy,o(—t) =1 —tE,_;+1,,—;. Note that the same is true for
w, !

W, 70 (1)) = Ty (—1)
Also, using the block form for W}’ given above, the same formulas hold for W} and simple
roots a that occur in M. This then yields compatibility in the following sense.

Proposition 4.7. Let w = waw) € B(G). Then for any u € U} = Uy we have
Pbub™) = (u).
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Since a Bessel function on G is a function satisfying j(uigus) = ¥ (u1)j(g)¢(us2) for uy, uy €
U, if we decompose G into Bruhat cells, so G = [[C(w) with C(w) = UwAU, then it
is now an easy matter of checking compatibility to see that j(g) # 0 would imply that
g € Cr(w) =UwA,U = UwA,U, for w € B(G) [9].

In order to construct Bessel functions, let C2°(G) be the space of smooth functions of
compact support on GG and, for any continuous character w of the center Z, we let C°(G;w)
be the space of functions on G that are smooth and of compact support modulo the center
Z and satisfy f(zg) = w(2)f(g) for all g € G and z € Z. We have a projection from C°(G)
to C2°(G;w) given by

6 14(9) = [ oo )i (4.19)

The integral converges since for fixed g the orbit Zg is closed in G and ¢ is locally constant
of compact support. This map is known to be surjective (see Lemma 5.1.1.4 of [44] for
example).

Let m be an irreducible supercuspidal representation of G with ramified central character
wy so that Proposition 4.6 holds. Let M(7) C C°(G;w,) be its space of matrix coefficients.
For every f € M(m) there exists ¢y € C°(G) which projects to f by (4.19). For each
f € M(n) we may define a Whittaker function W/ in the associated Whittaker model
W(m, ) of m by

W/ (g) = / F(urg)d (wr)duy = / / b5 (w29 ws ()0~ (wr) dzduy

which again converges since the orbit UZg is closed in GG. For an appropriate choice of
f € M(r) we will have W/ (e) = 1.

For w € B(G) we can define the Bessel function j, ., on C,(w) = UwA,U, by

Jrw(9) = B (g, F) = | W/ (gua)p™" (us)dus
(4.20)

/Z/U/Z%(Ulzguﬁww(z)w1(U1)¢1(U2) dzduydus

as long as W/ (e) = 1. Again, since for fixed g the orbit UZgU, is closed in G, the integral
converges absolutely. We refer to BY(g, f) as a Bessel integral. As the convergence of these
Bessel functions can be delicate in general, we state this convergence formally for future
reference.

Proposition 4.8. Let m be an irreducible supercuspidal representation of G. Then for f €
M(7) with W'(e) =1 and w € B(G) the Bessel integral B%(g, f) converges absolutely for
fized g € C.(w).

The definition of the Bessel function above is consistent with [9] since the Bessel function
is independent of the Whittaker function used to define it as long as W(e) = 1.

For our analysis of stability of the local coefficients, and hence our y-factors, we will need
the analogue of our partial Bessel function, namely partial Bessel integrals. To define them,
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we first need the definition of twisted centralizer. For g € G we define the twisted centralizer
of g in U by

U, ={ueU | wi, gu=1,"g}.
Note that the condition that u € U, is equivalent to the twisted centralizer condition
welu; 'gu = g and to the commutation relation gu = w,fut, 'g.

We now define the partial Bessel integral Bg (g, f) as follows. Let g € G. Then g € C'(w)
for some w € W. Write C(w) = UwAU,, with uniqueness of expression. We decompose
A = ZA as above and so write C(w) = ZUWwA'U, = ZC'(w), again with uniqueness of
expression. We can then decompose g accordingly, that is, write g = z¢’ with ¢’ € UwA'U,, .
Then the partial Bessel integral is defined by

BS(g,f) = . W (gu)o("wiy g'u) ™" (u) du

= / / flzgu)o(tuiy g'u)™ ()¢~ (u) dedu (4.21)
U\U JU

= wr(2) BG (4, f)-
If we change u by left translating by an element u' of U, on the left, then by the defini-
tion of the twisted centralizer we have 'u'i, 'gu’ = 1, 'g and gu’ = W'’ _lwz_lg ; since
Yl " iyt = (") = (u!) we see that the integral is well defined. Since UgU is
closed in GG and f is compactly supported mod Z, we see that the integral converges for any
geaqG.

To see that this really behaves partially like a Bessel function, we need the following
lemma. Let ¢ = ¢y be as in Section 4.3. Then ¢ is the characteristic function of matrices

of the form N . .
P P P

p—2N p—3N p—4N
p—3N p—4N p—SN

We can characterize this set as
X(N) = {2 = (z;,) € Mat,(F) | 2;; € p~ =N,
Note that if we consider the large compact open subgroup U(N) of U defined by
U(N) ={u=(u;) €U |u;; €p N fori,j > 1},

then X (V) is stable under the action of U(N) on the right and ‘U(N) on the left. Hence
we have the following.

Lemma 4.3. If ¢ = oy then p(*fugu) = p(g) for allu € U(N).

In the arguments that follow, we will need the invariance of Lemma 4.3 to hold for in-
creasingly large compact open subgroups of the type U(NN). We will use the phrase “for
sufficiently large ¢” to mean “for ¢ = ¢y for sufficiently large N”.

Now, a simple change of variables gives the following proposition.
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Proposition 4.9. Let ¢ = py. Then BS(uigus, f) = 1(u1)BG (g, f)v(us) for all uy € U
and uy € U(N).

If we now take g = wpa with a € A,,, = A then Uy,, = Uy, = {e}. Then
Bg(wga, f)= /(]Wf(wgau)go(tua'u)w_l(u) du.

This then gives our partial Bessel function in (4.17) as one of our family of partial Bessel
integrals.

Proposition 4.10. Let f € M(7) such that W/ (e) =1 and let ¢ = p,.. Then

G (0a) = B (tiga, f).

5. ANALYTIC STABILITY FOR SUPERCUSPIDAL REPRESENTATIONS II: ANALYSIS OF
PARTIAL BESSEL INTEGRALS

5.1. Bessel integrals and orbital integrals. We will now introduce a class of orbital
integrals as defined in [22, 19]. For U x U acting on the right of G by ¢ - (u1, us) = ‘uigus,
we define the stabilizer UY of g in U x U by the equation ‘u;gus = g. Then for any function
¢ € CF(G), we define the orbital integral I(g, ¢) by

1(g,6) = / g )™ )y )y (5.1)

For this to be well defined we must have that ¥ (ujus) = 1 if *ujgus = g and following
Jacquet we call these g relevant.

By the Bruhat decomposition, the elements of the form wa with w € W, a € A form a set
of representatives for the orbits of U x U on G. Following the terminology in [19], we say an
element w € W is relevant if w? = e, and, for all & € A with w(a) < 0 we have w(a) € —A.
Let R(G) denote the set of relevant elements in W. From [19] we know that w € R(G) if
and only if there exists a standard Levi M of G such that w = w}. Thus

R(G) ={w € W | w = w}" for some standard Levi M C G}.

Note that from their definitions, and since w? = e, we have that R(G) = w,B(G) and
B(G) = weR(G), so w € B(G) iff w = wyw € R(G). Note that with our choice of represen-
tatives we find that if w = ww)! € B(G), then since ¢(w;) = ((w) + ¢(w)') we have that
if we concatinate minimal expressions for w and wé‘” we get a minimal expression for w, so
that 1y = ww}! or w = we(w))~1 = w§,. (See Steinberg [39], page 262.)

By [19], for ¢ € C*(G) and w € W, and a € A, we have the orbital integral I(wa, ¢) in
(5.1) is non-vanishing if and only if w is relevant and a is relevant for w, that is to say, wa
supports an orbital integral if and only if w = w} € R(G) and a € Zy,.
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Now we take f € M(m) to be a matrix coefficient of 7. Then we may similarly define

I(wa, f) = /UM\U Uf(tulwauQ)@b_l(ul)@b_l(uQ)dulduQ.

If we take ¢y € C2°(M) which projects to f by (4.19) we have
I(wa, f) = / _ (/ ¢f(tu1wzau2)w;1(z)dz) U (uy) Y (ug) duy dusy
Uba\UxU \J 2
:/ (/ ¢f(tu1wzau2)w_1(ul)w_l(m)dulduz) w;(2)dz
z \Juwa\Uxu

_ /Z T(wza, ép)w(2)d-=.

Since ¢ € C°(G), there is no convergence issue for I(wa, f), and hence we may switch the
order of the integrations.

Proposition 5.1. If we take f € M(m) with Wi(e) =1, then for w € B(G), w = waw €
R(G), and f(g) = f(ieg) we have

B(iba, f) = I((iy")a, f)
foralla € A, = Zy.

Proof. We begin with the expression for BY(wa, f) in (4.20)
BC(wa, f) :/ /f(ulwauQ)@b_l(ul)du1¢_1(u2)du2.
vs Ju

If we make the change of variables u; = 1,'uti; !, then by the compatibility of our character
and choice of Weyl group representatives ¢ (u;) = ¥ (u), and we can rewrite our integral as

Boia )= [ Fu(d) aun)o @i ) dudus
Let w = (w)')~L.

The orbital integral is given by

I(wa, f) = / f (Cubaus)p = ()~ (ug) dudus.
UBa\UxU
Since a € A, = Zy, U = U? = {(u,uy) € U x U | twibuyg = w}. Using @ = b, "1 we
see (u,uy) € U iff ujbuy = w iff uy = wuy =" Since u; and uy € U, this is possible
iff up € U} and then (uy,us) = (uy ™t up) or equivalently (u,us) = (wluy !, us).
Therefore we have U} ~ U® through the map uy — (@'uy "0, uy). Hence UP\U x U ~
Ux (UN\U)~UxU,.

Thus the integrals for B¢ (wa, f) and I(wa, f) are the same for all a € Ay, O
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If we combined Proposition 5.1 with the analysis of Jacquet and Ye [22, 19] we could
develop a theory of Shalika germs for our Bessel integrals. If these Bessel integrals appeared
in our integral representation for the local coefficients, the desired supercuspidal stability
would quickly follow from the germ expansion. Unfortunately, the functions in the integral
representations are only partial Bessel integrals. In this section we will adapt the techniques
of Jacquet and Ye [22], and particularly Jacquet’s paper [19], to our partial Bessel integrals.
This will not yield a full theory of Shalika germs for the partial Bessel integrals, but it will
allow us to establish “uniform smoothness” results which will be sufficient for stability.

5.2. Preliminaries. Before we begin our adaptation of [19] we need a few more preliminar-
ies. We retain the notation for G = GL,(F) as in Section 4.1.

5.2.1. Basic Weyl elements. For the convenience of the reader, we collect here the various
Weyl elements that will play a role in what follows. Let L C M C G be standard Levi
subgroups of G. We let w, = w{ be the longest Weyl group element of G and w}! the
longest Weyl group element of M. Their representatives in G, set in Section 4.1, are w, and

w). The elements of B(G) are thus of the form w = waw} = w§, with representative w§, =

we(wp) ™t We similarly set w)! = w}w} € B(M) with representative w} = w} (w}f)=.
For convenience we also set wy, = (w})=1.

5.2.2. The basic open sets. For each w € W we let C(w) = UwAU be the associated Bruhat

cell, so w < w' iff C(w) C C(w’) defines the Bruhat order. For w € B(G) we will let
Cr(w) = UwA,U C C(w) denote the relevant part of the Bruhat cell. We define

Q, = H C(w').

w<w’

Since the individual Bruhat cells are invariant under the two sided action of U x U, so is (1,,,.

The following is a simple consequence of the topology of Bruhat cells.

Lemma 5.1. Q, is an open subset of G and C(w) is closed in (.

5.2.3. Bessel distance. If w,w' € B(G) with w > w’ we set (following Jacquet)
dp(w,w") = max{m | there exist w; € B(G) with w = w,, > wp,_1 > - > wg = w'}

This counts the number of Weyl elements (or Bruhat cells) that support Bessel functions
between w and w’ (or C'(w) and C(w')). dg(w,w’) = 1 if w and w’ support Bessel functions
but no Weyl elements in between do. [The cases where we have proved stability in the past
have involved Bessel functions for w such that dg(w,e) = 1. Now we are dealing with w,
which is as far away from e as possible.]

5.2.4. Twisted centralizers. We next collect some useful facts about twisted centralizers. We
let w € B(G), so that w = wew)! = w¥ for some Levi subgroup M = M,, C G.

Lemma 5.2. Let w € B(G). Then U, C U}.
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MY~ = 4i§;. Then 1, ' = (M)~ = Wy So

= ty~!. Therefore u € U, = Uy = U;}. g
Wy

Proof: Since w = wgwé‘/[ we have w = w,(w

u € Uy, iff uidyyu = 1wy iff dpruidy)

Lemma 5.3. Let w € B(G) and a € A. Then Uy C U

Proof: If u € Uy, then ‘uiyau = wya or ‘u = wyauta " w;,. Now u € U implies
u™' € U and au™'a™" € U. Since 'u € U~ this gives au™'a™" € U_,, = Uy. Thus
A

ut € a ' Upya = Uy and so u € Uy = U O
Lemma 5.4. Let w € B(G) and a € A,,. Then Uy, = Uy,

Proof: We have seen that Uy C Uy;. Since A, = Zy, for u € U, we have aua™! = u for
a € A,. SoforuelU;anda€ A,

buyau = tubypauara = tudyua = Wya

SO Uw C Uu',a.
Similarly, since Uy, C Uiy, if u € Uy, then ‘uiyau = wya so that fubpraua™ = way.
But v € Uy and a € Zy; implies aua™' = u. So 'uwyu = Wy and u € Uy, O

Note that if the blocks in M are of size 3 or larger then Uag, will be strictly smaller than
U+G .

Whr

5.2.5. B(M). Let M C G be a Levi subgroup. Then there is a partition (n4,...,n:) of n so
that M ~ GL,,(F) X --- x GL,,(F) embeds in G as a block diagonal subgroup.

We define B(M) in the same way we defined B(G), that is

w € B(M) C W)y iff for all @ € Ay, wa > 0 implies wa € Ayy.

Then B(M) ~ B(GL,,) x --- x B(GL,,) in the block diagonal representation. Once again
we have that w € B(M) iff there exists a levi subgroup L = L,, C M such that w = w)w}
where w} is the long Weyl element of the Weyl group of L.

Given w € B(M) we set

Ay ={a € Ay | a(a) =1 for all simple o € Ay such that wa > 0}.

If w=w)w} then A, = Z is the center of L.

Let R(G) be the relevant Weyl elements of Jacquet. Then w € R(G) iff w = w)! for some

Levi subgroup M C G. Similarly, w € R(M) iff w = w} for some Levi subgroup L C M.
Since M is a Levi of G, L will also be a Levi subgroup of G, so R(M) C R(G).

We have B(G) = wR(G), or R(G) = w,'B(G), and similarly B(M) = w}MR(M), or
R(M) = (w})"1B(M), so we(w})*B(M) = w,R(M) C w,R(G) = B(G).
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Given L C M C G let w¢ = ww} € B(G) and w¥ = wMwf € B(M) be the associated

Weyl group elements that support Bessel functions on GG and M, respectively. Note that we

have w¢ = w§wM and

Aye = Ay = 71,

The results of the previous sections transfer mutatis mutandis to M.

5.2.6. Parametrizing tori. For each 2 =10,...,n — 1, set

H; = {hi(t) = (Ii t_[n_i) ‘t € FX} ~ F*.

Then Hy = Z is the center of G and Hg_l H; = A gives another splitting of the maximal
(diagonal) torus of G. We set A’ =[]/, H; so that A = HyA' = ZA'.

- i=1

If o; is the i** simple root of Ain G,i=1,...,n — 1, then

(s (1)) = {i ;j

forall 7 =0,...,n — 1. It will be convenient to index the H; for ¢ = 1,...,n — 1 by the
corresponding simple root as well, so H,, = H,.

Now let M C G be a Levi subgroup. So M ~ GL,, X ---x GL,, for some partition
(nq,...,n;) of n, realized as block diagonal matrices in G
GL,,(F)
M=
GL,,(F)

Let Aj; denote the simple roots occurring in M. Then the center of M is parametrized as

Zy=Hy |[ Ha,
a; EA M

and we set Zj; = [[,,¢n,, Ha:- Let us set T}, to be a complement in A to Zy given by

Ty =[] He

a; €A

so A=TyZy =Ty, 2, Z.

5.2.7. Transverse tori. For M any Levi subgroup of G we let M? be the derived group
of M, so M4 ~ SL,, x ---x SL,,. Let w',w € B(G) with associated Levi subgroups
M, = M and M, = M. Suppose w' < w. Then M, C M, and A, C A,. Let
Atw“/ = A, NM% = Zyn(M)? C A,. Note that A = Zy; N M? is finite, consisting of
appropriate roots of unity on the blocks of M. Similarly AY' N A, = Alw”f is finite and
the subgroup AY A,, C A, is open and of finite index. This decomposition essentially
decomposes the relevant torus A,, for w into the relevant torus for the smaller cell A, and a
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transverse torus A% . In the germ analysis of [19], the germ functions live along the transverse
tori AY',

Note that our notion of transverse tori is independent of GG in the sense that if w,w’ €
B(M) for some Levi subgroup M of G with w = w)Mw} and w' = w}Mw}l and w' < w, so
that L ¢ L' ¢ M C G, then AY = A, N L' = Z;, N (L)%, which is the same as if we took

/
w = wyw}l and w' = wwf’ above.

5.3. Basic properties of partial Bessel integrals. Now let ¢ = wa with w € B(G)
and a € A,. Let M = M, be the Levi subgroup of G such tht w = wgwé”. Then we have
Uipa = Uy C UL = Uy Write U = UF U, which is the same as U = Uy Ny;. Since Uy, C UF
we have Uy \U = (U,\U; )U,, . Note that U, = N, is normal in U.

In the integral for BG (wa, f) in (4.21), write u = u*u~. Then
B (wa, f) = / / / f(zwau™u ) p('u~ uT by v e )Y (@)Y (utu”) dedu” dut
Ua\Us JUg JU

Since ut € U} = Uy and a € A, = Zy; we have a’'ut = uta’. We can then conjugate past
w in the argument of f to obtain

BGwaf /U\Uw/w/f wut i ) wau”)

o('u™ uTwyd v e )Y (@) (ute ) dedu” dut

Now do the change of variables z + x(wuTw ™)', Then ¢! (z) becomes ¢! (z)1 (wuTw™1).
Since w € B(G) then by Proposition 4.7 we have ¢ (wutw™") = ¢(u™). Then we are left
with

B (a, f) = /U'\U+/ / f(ziau )o(tu™ 'uTwyautu )y 2)y ™ (u™) dedu”du™.

We can state this as the following lemma.

Lemma 5.5. Let w € B(G) with w = wew}! and a € A,,. Then we can write

G T t w tutonduTu ) o ) 1 dut.
B (wa, f) = /U\U+ [/ /f wau~ Ma YW ()™ (u”) dedu™ | d

Suppose now that f € C(Q,;w,). Since C(w) is closed in 2, the support of f inter-
sected with C'(w) will be compact mod Z. There will be open compact subgroups U; C U
and Uy C U, such that the support of (z,u~) — f(zwau~) lies in U; x Uy independent
of a € A,. Take ¢ = py with N large enough depending on f such that for all g € G,
o('usgus) = @(g) for uy € Uy as in Lemma 4.3. Then BS(wa, f) is really an integral over
U, x Uy and for u= € U, we have

t + +

o(tu~ (fuTwyduu™) = e(tuTwyau™)
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is independent of x and u~. Then this can come out of the inner two integrals. If we now let
) = [ et dut
Ua\Uis
we obtain the following lemma.
Lemma 5.6. Let w = wow}! € B(G) and f € C>°(Qu;wx). Then for a suitable ¢, depending

on f as above, we have

B, 1) = $5(&) [ flaban ) (o)o ) dadu” = 35 () B i, )

UxUpy

fora e A, = Zy.

We next investigate the coefficient of proportionality ¢$;(a’) that occurs.

Lemma 5.7. Let w = wew} € B(G). Then for a € Zy, ¢§(a') = 0 iff p(iwpa’) = 0.

Proof. By definition
5 (a) = / o(tutwya'u™) dut.
Ua\U

If we let Oy = {m € M | "'mipym = Wy} then we have U} = Uy and, by the proof of
Lemma 5.2, Uy, = Oy NU .

Consider the map T : (Oy N Uy)\Uy — Mat,(F) given by u + 'uwpu. This is a
polynomial map and hence continuous. If we then consider ¢ = @y so that ¢y is the
characteristic function of X (N), then X (NNV) is open and

6]?/[(6) = VOl(OMﬂUM)\UM (T_l(X(N))) # 0.

The effect of multiplying by o’ € Al = Z};, where we write o’ = diag(l,,,, asln,, ..., atly,),
is to scale the entries of T'(u) by an appropriate a;. If we let ¢,/ (x) = ¢(a'z) for z € Mat,(F)
then ¢, is the characteristic function of

Xu(N)={x € Mat,(F) | d'z € X(N)}.

Since X,/ (N) is still open, we have T~ (X,/(N)) is open in (Opr N Upr)\Uyps. Finally, T'(u)
is of block form
Ty (uq) 0
T(u) = with T} (u;) = .
T (uy) +1 %

so that

a’tj—‘t(ut) j:ai k
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and a; = 1. So we see that ¢y (a'T(u)) # 0 places conditions on a’ coming from the bounds
on the |a;| from the diagonal entries of the a;T;(u;). In fact we see that this condition is
equivalent to @y (wya’) # 0. Combined this gives the computation

Gﬁ(a,) = @(wMa,)VOZ(OMﬂUM)\UM (T_l(Xa/(N))
so that
Fir(d) #0 = p(iya) # 0.

This now gives the following result that will be important for what follows.

Lemma 5.8. Let w = wow})! € B(G). Given f € C®(Qy;wx) and ¢ = oy so that Lemma
5.6 holds, then (enlarging N if necessary)

Bg(wa, f) #0 <= B%(ua, f) #0.

Proof. We first choose ¢ = ¢y so that Lemma 5.6 holds, i.e.,
B¢ (wa, f) = 5 (a') B (wa, f)
for a € A,. Then by Lemma 5.7 we have $%,(a’) # 0 iff p(wya’) # 0.
Since f € C°(Qy;w,) and
Clw)=UAU, =UwZAU, ~Ux Zx A x U,
is closed in §2,,, we see that there are compact sets Uy C U, Uy C U, and K’ C A’ such that
f(zwau) # 0 implies © € Uy, u € Uy and a = za’ with z € Z and o’ € K.

By the proof of Lemma 5.7 we know @(wysa’) # 0 if o’ satisfies a system of inequalities
of the form |a}| < ¢"i depending on . Since @’ € K’, the absolute values entries |a}| are
bounded above and below, and for N sufficiently large we will have |a}| < ¢"i. Then we will
have p(wya’) # 0 for all o’ € K’ and thus $$;(a’) # 0. Thus BE(wa, f) # 0 implies

Bg (wa, f) = ¢§y(a') B (wa, f) # 0.

Since the other implication is elementary, we are done. O

5.4. Partial Bessel Integrals for M. In what follows we will also need partial Bessel
integrals on Levi subgroups M C G. We let C°(M; w,) be the smooth functions of compact
support on M which satisfy h(zm) = wy(2)h(m) for 2 € Z = Zg; note that this is a
transformation under the center of GG, not M. For m € M the twisted centralizer in U, is

UM,m = {u e Uy ‘ tuu?Mmu = ’(IJMm}

The partial Bessel integral on M is then
B (m, h) :/ / h(zmu)(tudym/u)y ™ (vu) drdu
Unm,m\Unm YU

where m’ is obtained from m by “stripping off the center Z of G” as in Section 4.5,
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We wish to compare these integrals with the Bessel integrals on G. In what follows we let
w' = wwM = w§; € B(G). We begin with the following Lemma.

Lemma 5.9. f € C°(Qy;w,). Set
h(m) = hg(m) = / / fz™w'mu™) do”du™.
v, Ju,

w/)fl

Then h € C*(M;w,) and every such h can be obtained this way.

Proof. We have the decomposition §2,, = U(:U,),l x w'M x U,,. Since f is compactly sup-
ported on €2, mod center, then there are compact subsets U; C U(:U,),l, U, C U, such that

f(z=w'mu~) # 0 implies x~ € U; and u~ € U,. Thus the integral converges. Since f is com-
pactly supported mod Z then there is also a compact set K C M such that f(x"wmu~) # 0
implies m € ZK. Hence h(m) # 0 only if m € ZK, i.e, h is compactly supported mod Z.
The transformation under Z is preserved. Hence h € C°(M;w,). The surjectivity follows
as in Jacquet [19]. O

The main result of this section is the following relation between the Bessel integrals for f
and A which are related in this way.

Proposition 5.2. Let f € C°(Qy;wy) and let h = hy € C°(M;w,). Then for all ¢ = N
with N sufficiently large and for every Levi L C M C G we have

BZ(ifa, f) = By (wy'a, h)

foralla € Zy.

We first need to compare the twisted centralizers that appear in the two Bessel integrals.

Lemma 5.10. Suppose we have a chain of Levi subgroups L C M C G with associated
Weyl elements w¥ € B(G) and wM € B(M). Then the twisted centralizers agree, i.e.
UM,u‘ﬂL”a = Uwga foralla € Zy,.

Proof. From Lemma 5.4 we know that for a € Awg, UiGa = Uye C U:Urc =UL. So
L
Uyea ={u e U | fubpu = wr}.
Since Uy, C Uy, the same calculation will give

UM,wﬁfa = {U e U ‘ tu’(IJLU = ’(IJL}

Hence Uy i, = Uyg, for all a € Zp. O

Proof of the Proposition. By definition, for a € Z,

ij(wfa, f) :/U \U/Uf(:vwfau)gp(tqua’u)@b_l(zu) dxdu
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and

B (w}'a, h) / / (2" au)p(tu'wpa' ' W (2 da'du.
U, M\UM Um
Note that we have Uy = Uynr C U C Uy C U.

In BS(wfa, f), let us decompose the dz integration as © = z~z% € U = Uy U(J;, -

)
where w' = w§, and the du mtegratlon as u = u+u celU = U:Ur U, - Recall that Ul =Uu
and U_, = Ny;. Further write w§ = w§w}! = w'w}’. Then

fziCau) = fz"z T oY auTu™) = f(z™d' (2w au')u™)

with 2’ € U = Uy and o/ =u™ € U' = Uy,.
Decomposing Uyc\U = Uyu\U as (Uys \Un )Ny = (U \Un)U,,,, we can now write
Bg (wfa, f) =
/ [/ fz=! ("0 auYu ) o(tu™ ("u'wpa v )u™ )y (@7 u™) do”du”
Ugar\UnxUns [ VU, XU,

(@' dadu.

As we noted above, we have the decomposition €, = U(;,),l x w'M x U, Since f
is compactly supported on €2, mod center, then there are compact subsets U; C U(ZU -1

Uy C U,, such that f(z~w'mu~) # 0 implies = € Uy and u~ € U,. If we then increase N
so that ¢ = ¢y is invariant under sufficiently large open compact subgroups of U, ,, then we
will have

p(tu (u™M B yu) = p(tuday).
Then
BS (iea, f) =
/ [/ ST (@i auyuT)p(fu” (fu e’ T )T (@ TuT) d:c_du_]
Ut \U' U | JU 1 XU,
(2" dadu

:/ [/ f(:v_w'(:v'wyau')u_)w_l(x_u_)dx_du_] o(*u'wpa'u’)
U \U xU’ XU,
wy (w’)— w
(2" dadu’
:/ h(z' i au')o("u'wpa' v ) (/') da’du’
U. py\U XU’
= B (i, a, h').

which indeed establishes the desired equality. U
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5.5. Removing non-relevant cells. We return to consideration of Bessel integrals on G.
Whether analyzing the asymptotics of Bessel functions to establish the stability of v-factors
or analyzing Shalika germs for orbital integrals, one proceeds Bruhat cell by Bruhat cell. We
expect non-zero contributions only from the relevant parts of the Bruhat cells that support
Bessel functions. Other cells should contribute nothing. We refer to this as “removing non-
relevant cells”. In this section we present a number of lemmas analyzing the contributions
of non-relevant cells.

5.5.1. Basic Lemma. We begin with our basic lemma:

Lemma 5.11 (Basic Lemma). Let f € C2°(G;w,). Let Uy and Uy be compact open subsets
of U. Set

f'(g) = m /leUg furgua)y™ (u) ™" (uz) duydus.

Then for for appropriate ¢, depending on Uy, we have
G _ pa
ng(gaf) - ng(gaf/)
forallge G

Proof: By definition

BY(g, f') = /U » /U F(gu)p iy g u)p~ @y (u) drdu

1 § ;
- Vol(Uy x U) /Ug\U/U {/ley2 flunzguus)d™ (ua)d™ (uz) dU1du2}
x p(tuiy  g'u)y T (@)Y (1) dadu

We interchange integrations, justifiable since U; and U, are compact, to have

/ 1 b1 pN -
Bg(g,f) = m/mxw [/Ug\U/Uf(UlfngW)SD( uw, 'g u)ip 1(I)¢ 1(“) d:)sdu]

x ™ Hu) Y (ug) duydus.

Now make the change of variables z +— u; 2 and u + uu, . Note that this last change of
variables just permutes the cosets of the domain of integration U,\U. Then ¢~!(z) becomes
Y(ui)Y~(z) and ! (u) becomes ¥~ (u))(uz). The characters on the u; then cancel and
we are left with

/ 1 t —1l¢g .1 _ _ _
Bg(9>f) = m /leUg [/UQ\U/UJC(ZEQU)SO( uzl uw, 'g Uuzl)@b 1(I)¢ 1(“) da:du]
X duldu2.

Since U, is compact, by increasing the support of ¢ if necessary, we can assume that
o(tugtin, ' g'uy) = (i g’) for all ug € Uy and g € G by Lemma 4.3. In this case, the
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integrand is independent of u; and wus, so that

€ 1 _
B (g, f") = m/mxm [/UQ\U/f zgu)p(uiy  gu) ™ (z)p T (u) dedu | duydus

/U \U/ Flzgu)e uwe gu)¢ 1(:6)¢_1(u) dzdu

= BS(9, /).
0

Remark. Since our sets €2, for w € B(G), are open, we have C°(Qy;w,) C CX(G;wy),
so the Basic Lemma 5.11 holds in this context as well.

5.5.2. Relevant torus to full torus. We fix an element w = wyw}! € B(G), so a Weyl element
that supports a Bessel function. We have

Q, = H C(w'

w<w’

an open set in G. Then C'(w) = UwAU is closed in €),,. Since any two choices of representa-
tives of w differ by an element of A, C'(w) is independent of the choice of representative. Let
C(w) = UwA,U be the relevant part of the cell C'(w). Since two choices of representatives
for w may not differ by an element of A,,, this now depends on a choice of representative.
C,(w) is closed in C(w), being defined by the closed conditions of a;(a) = 1 for certain
simple roots «;, and hence in €,. Let Q. = Q, — C,(w), the complement in Q, of the
relevant part of the cell. The following is the analogue of Jacquet’s Lemma 2.2 in [19] for
our partial Bessel integrals.

Lemma 5.12. Let [ € C(Qu;wy). Suppose BS (wa, f) = 0 for all a € A,. Then there
exists fo € C(Q;wy) such that, for all sufficiently large ¢ depending only on f, we have
BS(g, f) = BS(g, fo) for all g € G.

Proof. We have

0 — CF(Q;wr) — CF(Qy; wr) — CX(Cr(0); we) — 0.

The Bessel integral is given by
B (wa, f) = / . /U f(ziau)p(tubyra’ )y (z)~ (u) dedu.

Let us write C(w) = UwAU as C(w) = UwZA'U,,, where U, = {u € U | wuw™ € U~ }. In
this decomposition we have uniqueness of expression, and in fact U x Z x A’ x U, — C(w)
is a homeomorphism. Since f € C(Q,;w,) and C(w) is closed in ,, there are compact
subgroups U; C U and U, C U, such that for every a € A the map (z,u) — f(zwau) is
supported in Uy x Uy .
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Now let us apply Lemma 5.6. Then we have, for a € A,
BS(ita. f) = $5(«) [ flaban ) (w)o ) dedu
UxUy
Then from our hypotheses and Lemma 5.8, we can conclude that

/ ) f(zwau )y~ ()™ Hu™) dedu™ = / ) f(zau™ )~ (2)p ™ (u™) dedu™ =0
Uy xU. UxU

Let Uy C U} be an open compact subgroup such that wU, w™ C Uy. Let Uy = Uy Uy C
U. Let
1

1l9) = o < )

/ furgug)y ™ (uy)Y ™ (ug) duydus.
Ui xUsz

Then fy € C°(Qy; wy). Suppose g = wa with a € A,,. Then setting uy = uj u; , conjugating
ug past wa, and doing a change of variable in u; we obtain

1
i) = g L et o oeg) dudizaug

__ ] N A _
~ Vol(Uy x Uy /m/ " f(uwauy )™ (ug ) (wud w1 (uFuy) dugdug dud .

Since w supports a Bessel function, then as in Proposition 4.7, ¥ (wusw™") = ¢(uj ). Hence
the characters cancel and the integrand is independent of u3. Thus we have

Vol( U2

folta) = Vol (U x Uy)

/ furauy )~ (u)Y ™ (uy) duyduy = 0.
Uy

As in Jacquet [19], one can extend this to show that f, vanishes on all of C,(w), so in
fact fo € C°(§2,) by the above exact sequence. The method Jacquet uses is to assume
that say v € U. Then if fo(u'wa) # 0 then for some u; € Uy and u; € U, we must
have f(uju'wau,) # 0 in the integrand of fy. But from our assumption on the support
of f this implies that uu’ € U; and since U; was a subgroup of U, v’ € U;. Hence we
can perform a change of variables to obtain fo(uw'wa) = ¥ (u)f(aw) = 0, contradiction.
Hence fy(u'a) = 0. One does the same argument for any u~" € U, on the right. Hence
fo(uvau™") =0 for allu € U, u~' € U, and a € A,

Finally we can apply the Basic Lemma 5.11 to conclude BS (g, f) = BS (g, fo)- O

We now want to extend from C,.(w) to C'(w), that is, from the relevant torus to the full
torus. This is the analogue of Jacquet’s Lemma 2.3 in [19]. We now consider C'(w) as a
closed set in 2, and take Q0 = Q,, — C(w).

Lemma 5.13. Let [ € C°(Qu;wy). Suppose BS (wa, f) = 0 for all a € A,. Then there
exists fo € C(Q0 ;wy) such that, for all sufficiently large ¢ depending only on f, we have
Bg(ga f) = Bg(ga fO) fOT all g€ Qw-
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Proof: By Lemma 5.12 we can assume that f vanishes on C,.(w), i.e., f € C®(Q; wx).

Since f is compactly supported (mod Z) on Q,, and C(w) is closed in ©,, f will be com-
pactly supported on C'(w) mod Z. Since we can write C'(w) = UwZA'U,, with uniqueness
of expression, then there are compact subgroups U; C U, U, C U, and K’ C A’ such that
if f(uwzaiu™) = we(2)f(uwaiu™) # 0 then w € Uy, u~ € U, and @’ € K'. Moreover, since
we can (and have) assume f vanishes on C,.(w), then there is ¢ > 0 such that for all o’ € K’
there exists at least one simple root o in M such that |a(a’) — 1| > ¢ (since A, = Zy, the
center of M).

Take U C U} a large enough compact open subgroup such that the character
uy > Pwa'uz (@) o™ (ug) )

is non-trivial on U, for all @’ € K, so that

i Y(wa'ug(a) o uyt) dud = 0.
2

Note that since w supports a Bessel function, then every simple root space in U remains
simple upon conjugation by w, and since a’ € K’ there is a simple root of M such that
|a(a’) — 1] > ¢. Hence the character above is non-trivial for large enough U, . Enlarge Uy
if necessary so that it is normalized by U, and take Uy = U, Uy

Let us take U; to be decomposable, that is, of the form U; = U; U;" with U] a compact
subgroup of U, and U;" a compact subgroup of U such that U;" normalizes U; . Enlarge
U to be a large enough compact open subgroup that (a')"'Uj a’ C Ut for all @’ € K’. Then

enlarge U; if necessary to be normalized by U;" so that U; = U; Uy is an enlarged compact
open subgroup of U.

Define f; on Q,, by

filg) = / flurgua)™" (wrug) duidus.
U, JU,
We now claim that
fl(wa) = / f(ulwau2)1/1_1(u1u2) duldu2 =0
Us J U,

for all a € A. If we first write a = za’ with z € Z and ¢’ € A" we have f,(wa) = fi(wzd') =
wx(2) f1(wa’). So it is enough to consider f;(wa’). Decompose Uy = U, U, as above. Then

fi(wa) = / / fuyva'ud uy )™ (uguduy ) dugduy du™
vt Juy Jun

— / / fuy(a'ui ()"t wa'uy ) (urug vy ) duyduy du™.
vt Juy Jun
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If f(ui(wa'uy (o) i~ 1)wau ) # 0, then w(wa'uj (a/)'w™) € U; and ¢’ € K’. Once
a' € K' we have wa'ug (a') 1wt € UJr C Ujy. So we can change variables to obtain

fi(a) = /U | [ iy (g o' ()™ duady

Uyt U,

= [ wtiaug @) o ) dd [ [ i) ) dudus.

Since @’ must be in K’, as we have seen, then the first integral vanishes by our choice of U..

We now need to extend this vanishing to all of C(w). As above we can reduce to o’ € A’.
Suppose fi(uwa’) # 0 for some u € U and o’ € A’. Then as above

fi(uiba') = /+/ fluruia'ug uy )~ (urug uy ) duyduy du™
U. > JUp
= / / fuu(a’ug (o)t wa'uy ) (uyug vy ) duyduy du™.
vt Juy Jtn
The integrand is identically zero unless a’ € K’ by our choice of K’. Then wa'uy (a') '™ €
U C Uy. If fi(wwa’) # 0 then there must be a choice of u; € Uy and uy € Uy so that
fuywiva'uy) = f(wywiaduiuy) = f(uiu(ia’uy (a') "t~ )wa'uy ) # 0.

This implies that o’ € K’ and uju(wa'uy (a')"*~") € U;. But as U; is a subgroup and u,
and now wa'ug (a’)""w~! € U then uw € U;. Then returning to the basic definition of f
we see fi(uwa') = ¢¥(u)fi(wa’) = 0, a contradiction. Hence fi(uwa’) = 0 for all u € U and
aeA.

Next consider v' € U, and suppose there are v € U and ' € A’ so that f;(uwwa'u") # 0.
Since U, normalizes U, , we can write f;(uwa'u’) as

fi(wwa'u') = / / furuiba’v'ug uy )~ (ugugd uy ) duyduy du™
vl Juy Jun
= / / furu(wa'ug (@)t~ ba' ((ug) ™ u'ud Juy ) (wyug uy ) durduy dut.
v Juy Jn

For the integrand to be non-vanishing we must have ' € K’ and ((ug) 'w/u)u; € U .

Since U, is a subgroup, this implies that (ud ) 'w/uy € U, , and since this is normalized by

Uy, this forces v’ € Uy". Regardless, once (uj )~ 'u'usy € U, , we can do a change of variables

in the U, integral to obtain
(uwa'u') / / furu(va’ug (a') Mo~ Ywa'uy ) (wyug ug ) ((ud) " u'ug) duydus du™.
U+ Uy

o) f1(wwa) = 0

This is a contradiction. Hence fi(uwa'v') =0 for all u € U, o’ € A’, and v’ € U, , that is,
fi(g) =0 for all g € C(w).
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Now we let
1 1
19) = Vo < oy = Voo, < v /U o
for g € Q. Then fy € C*(Qy; w,) and fp vanishes on C'(w), which is closed in €2,,. Hence by
the usual exact sequence, fy € C°(€2; w,). By our Basic Lemma 5.11, Bg(g, f)= Bg(g, fo)
for all g € Q,,. Hence we are done. O

fi(g) furgua)y™" (wyug) dusdus

5.5.3. Removing non-relevant cells. This is the analogue of Jacquet’s Lemma 2.4 in [19] for
our partial Bessel integrals.

Lemma 5.14. Let w = wow)! € B(G). Let Quo and Q1 be U x U and A-invariant open
sets of Q, such that Qo0 C Q1 and Q1 — Qy o is a union of Bruhat cells C(w') such that
w' does not support a Bessel function, i.e., w' ¢ B(G). Then for any fi € C°(Qy1;wsr)
there exists fo € C°(Qyo;wx) such that, for all sufficiently large ¢ depending only on fi,
we have BS (g, fo) = BS (g, f1) for allg € G.

Proof: Since €, is a finite union of Bruhat cells, we can find an increasing union
Quo=Q, CQy C---CQyp =y

such that each €, ., — €, is a single Bruhat cell C(w;) with w; ¢ B(G) and C(w;) closed
in €2, ;,,. So, by induction, we can reduce to proving the assertion for a single pair, that is,
we can assume

le — pr = C(w')
with w’ ¢ B(G) and C(w’) closed in €y, ;.

Since C(w') is closed in Q,; and f; has compact support mod Z there, then f; has
compact support mod Z on C(w’). Since U x U, x Z x A’ is homeomorphic to C'(w’), there
is a compact subset K’ C A" and compact open subgroups U; C U and U, C U, such that
fi(u'u~za’) # 0 implies u € Uy, u= € U, and o’ € K'. Let U, be the stabilizer of «/a in
U x U, that is, Upra = {(u1,u2) € U x U | ugw'auy = w'a}. Note that U acts on U x U on
the left by left multiplication in the first factor and on the right by right multiplication in
the second factor.

Suppose fi(upti'usa’) # 0 with u; € U and o’ € A, Write uyg = uju, with uy € UZ,.
Then fi(uyti'uqsa’) = fi(uy(w'ud w' = )i'uy a’). If this is non-zero, then
u(W'uf’ ) e Uy, wu; €Uy, and d € K
If we write u; = wj(w'uyw'™")~!, then uy(i'uzw'™') = ujy € Up. Note that the pair
(Ww'ugw' ") ug) € Uy. So we have that fi(ujti'uga’) # 0 implies that
(ug,ug) € Uy - Uy - Uy and d €K'

Let us thicken U; to a subgroup of U as follows. Let Uy = {ut € U/, | w'utw'~! € Uy} =
Uf, Nw'~'U;w’. This is a compact open subgroup of U/,. Enlarge U; if necessary so that
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U; normalizes Uy and let Uy = U, U, , a compact open subgroup of U. We still have that
fl(ulw’uza') 7é 0 implies (ul, Ug) el - ﬁw/ -Uy and a e K'.

Then if we consider f;(uyt'a’us) = fi(uyw’(a’uz(a’)™1)a’), then we see that this being non-
zero implies

(ug, (us(a’) ™)) €Uy - Uy - Us and o € K'.
Now, (ur,uz) € Ugra iff (uq, (dus(a’)™Y)) € Uyr. So we have
fi(upi'a’us) # 0  implies  (uy,ug) € Uy - Ugrar - (@) 'Wyd and o € K'.

Since K’ is compact, we can enlarge Us to a compact open and decomposable U} = Uy U}~
such that for all a’ € K’ we have (a/)"'Usa’ C U}. Then we have

filupw'a'ug) #0 implies  (ug,up) € Uy - Uyry - Uy and  d’ € K’
with both U; and Uj compact and open in U.

We now come to the construction of fy. Since w’ does not support a Bessel function, there
is a positive root a such that w'a is positive but not simple. If U, is the unipotent root
subgroup associated to «, then necessarily U, C U, and v is non-trivial on U,, but not on
w'U,w' ™", Enlarge Ul if necessary, still keeping it decomposable, so that 1 is non-trivial on
Uy, NU, =U,NUS" . Then enlarge U; to U] if necessary so that if for some a’ € K’ we have
(u1,us) € ﬁw/a/ and us € U) then uy € Uj.

Now consider f defined on ,,; by
folg) = / filurgu) ™ (ugug) dusdus.

Uy JU;

Consider fl(uw'a’) for ' € A’. We have

i) = [ [ e )i ) dudu

/
2U1

Note that if ' ¢ K’, the integrand vanishes identically. So we may assume a’ € K’. Now let
ubh, € U, N U, such that ¢ (ul) # 0. Then

P(uy) fo(w'a') = w(u;)/ Si(u'a'ug) ™ (ug) Y™ (us) durdus
vy Juy
= /U . fi(ura'ug) ™ (un )~ ((uh) " ug) dugdusy
= /U, . fr (i’ a"ubug )~ (uy ) (ug) duydusg

:/ fi(uy (W' a’uby (@)~ ") @' ug ) (un ) (ug) dugdus.
vy Jui
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Since uy € Ul, we have that w'a’uj(a’) ™ i'~" € U]. So we can again change variables and

obtain

P (us) fo ( // » fi(uy (W'a’uy(a') ™ " )i @' ug ) (ug )b (ug) duydusg
= /, . fi(ugta'ug) ™ (ug )b (' vy (a') i (ug) dugdusg

= (w'a'uy(a’)” 111'/_1)/U ’ fi(upiaug )™ (g )~ (ug) duydus.

2

By our choice of a, we know that since u} € U, that w'a’uy(a’) "/~ € w'Usw'™" which is
a positive but non—&mple root subgroup. Thus ¢ (w'a’ub(a’)1i'~t) = 1. Thus

Y (uy) fo(w'a’) = /U/ . fr(uptia'ug) ™ (u )~ (ug) duydus.

= fé(w'al).
Since (uy) # 1 we conclude that fj(w'a’) = 0, as desired.
Now consider f§ on the full cell C(w'). Let g = ujw'za’uy with u} € U, uy, € U, and
a € A'. Suppose fi(g9) = wg(2)fj(u)w'a’uy) # 0. Then, from the definition of f) there

exist uy; € U{ and ug € U} such that fo(ujujw'a’ulus) # 0. From our previous analysis, this
implies that

a e K' and (uyul,ubus) € Uy - Uyro - Us.

Since U] and U, are groups, this last condition is equivalent to
(s, 1) € Ul - Uprar - U,

So we can write (u},u)) = (udvy, vaul) where (vi,vq) € Uyrer and uf € U!. Thus we have

foluyi'a'uy) = fo(ufvii'a'vouy) = fo(uji'a’uy).

Since now u! € U/ we can perform a change of variables and arrive at

foluh'a'uy) = o (ufuy) fo(w'a’).
But as we showed above, f](w'a") = 0 for all «’ € A’. This is a contradiction. Thus fi(g) =0
for all g € C(w').
Now let
folg) = Vol(Uy x U)™" fo(g)
for g € G (actually g € Q,1 C 2, C G since f; is only supported in §2,). By the above

analysis, we have f € C°(Qy,1;w,) and fy vanishes on C'(w'). Since C'(w') is closed in €2, 4
and Q1 — C(w') = Q0 we have that fo € C°(Qy 05wy ).

By our Basic Lemma 5.11, for appropriate choice of ¢ depending only on f; through UJ |
we have Bg(g, fo) = Bg(g, f1) for all g € G. This finishes Lemma 5.14. O
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5.6. Supecuspidal stability for GL,, I: Small cell analysis. As noted above, to analyze
the asymptotics of Bessel integrals or orbital integrals, one analyses the contributions from
each relevant cell inductively, beginning with the smallest cell. In this section we analyze
the small cell contributions to these asymptotics both on G and, for induction purposes, on
M. Since our functions f always transform by a character of the center Z of GG, the small
cells for G and M will behave a bit differently and require separate analysis.

We begin with f € M(w) C C%°(G;w,) such that W/ (e) =

5.6.1. The contribution of the small cell of G. Considering e was a Weyl group element, we
have M, = G, A = Zg = Z, and U = U. Also Q. = [[,., C(w') = G. If we view e
as a Weyl group element then our choice of representative is simply é = I,. Since our f
transforms under Z = A, by the central character of 7, the small cell is special and must be
dealt with separately first.

Proposition 5.3. Let fo € C®(Gw,) with W/ (e) = 1. For each f € C*(G;w,) with
Wi(e) = 1 and for each w' € B(G) with dg(e,w') = 1 there exists a function f, €
CX(Qyr; wa) such that for any w € B(G) we have

BG (wa, f) = ZBG wa, fur) + wa lUb fo)

a=bc

for all a € A,. Here a = bc runs over the possible decompositions of a with b € A, and
ce A. = Z.

Proof. By definition, for a € A, = Z, we have a’ = e and

Bg(éa, f)= BG (a, f) = /\U/ f(zu)o(tubgu)y ™ (z)y " (u) dedu

— () / Pl d / @)\ (@) d
— ()BT (¢) = wala) 3 (e).

We have defined
BC(ia, f) = / /Uf(:cwau_)w_l(x)w_l(u_) dxdu~

fora € A, and f € C°(Qy;w;). This is a pure Bessel integral, not a partial one. For w = e
we have U = {e} and the integral becomes

(éa, f) = / f(za)y™H(x) dz = we(a)W(e) = wy(a).

We have fixed an auxiliary function fy € C%°(G;w,) with W/o(e) = 1. From f, we will
construct a second auxiliary function f; € C°(G;w,) having the same Bessel integrals as f
on the small cell following Jacquet [19]. To define f; we need to decompose G into G and
A.. By definition G¢ = SL,(F). By an elementary observation, given g € GL,(F) there
are only finitely many decompositions ¢ = gic with ¢; € G% and ¢ € Z and they differ by
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elements in AS. We observe that A¢ is finite, and in fact consists of the diagonal matrices
whose entries are n'"— roots of unity. There will be no such decompositions if det(g) ¢ F>*".

We now set
=Y folg)B (e, f) = Y folgr)wa(c).

g=gic g=g1c
Note that if det(g) is not a n*-power in F* then fi(g) = 0. Then f; € C®(G;w,), the
subgroup of elements whose determinant is a n**-power being open in G.

Lemma 5.15. B (éa, f1) = BS(éa, f) for alla € A, = Z.

Proof. Since f; € C°(G;w,) then we know that as above
Bg(éa, fi) = gbg(e)wﬂ(a)Wfl(e).

Wh(e / file

To compute this we must decompose x € U into x = g;c with g; € G and ¢ € Z. But now

we have a unique such decomposition, namely g; = x and ¢ = e. So fi(x) = fo(x) and since
Wi (e) =1, we have BS(éa, f1) = ¢¢ (e)wr(a) = BS(éa, f) for all a € Z. O

But we have

We now have Bg (éa, f — f1) =0 for all @ € A.. We can begin to apply our non-relevant
cell lemmas. We have C,.(é) = ZU C C(e) = AU and Q2 = Q. — C(e) = G — AU. Then by
Lemma 5.13 there is f; € C2°(Q¢; w,) such that BS (g, f f1) = BS(g, f3) for all g € G.

We next want to apply Lemma 5.14 to move up to the next cells that support Bessel
functions. To that end, in the notation of Lemma 5.14, we let

U Q= | Qv and Q=0=G-C(e).

weB(G) w’ € B(G)
w#e dp(w’,e)=1

Then by Lemma 5.14 there exists fo € C2°(€);; w,) such that for an appropriate ¢ we have
for all ¢ € G. This can also then be written as

for all g € G. Following Jacquet [19], we then use a partition of unity argument to write

= fu with fu € C2(Qur;wn).
Therefore, for any w € B(G) we will have
Bf(ia, f) = BE(wa, fi) + Y Bf(a, fu)
dp(w’,e)=1

for a € A,,.

So we are left with analyzing B (wa, f1). Since w € B(G) we can write w = wywy for
some Levi subgroup L C G. Then w = w¥ and a € A, = 7.



EXTERIOR AND SYMMETRIC SQUARE e-FACTORS 53

By definition
BS (wa, fi) = /U . /U fi(zwau)p(tubpau)y (z)YH (u) dedu.
Since a € A,, we have U, = Uy, so
BlGiaf)= [ [ filwben)elutndn)e ) w) dodu
Us\U JU
and by Lemma 5.5 we can write this as

BS (wa; f1) = /U‘\U+ {//Ufl(:)swau_)cp(tu_ butwpa' vt u ) (@)Y (uT) dedu” | dut

To insert our definition of f; we must decompose
rTwau = gic
with ¢; € G¢ and ¢ € A, = Z. Following Jacquet, write this as
g1 = rau” ¢ = zwacu”
using that ¢ € Z. Since g, € G we have
1 = det(g;) = det(zvac  u~) = det(ac™t).

By definition, this says b = ac™' € A% = SL,(F)NZ;. So g1 = mbu with b € A¢, such that
a = bc. Thus
fi(zwau™) = Z fo(zwbu™ )w,(c).

a=bc

For the following computation, note that since ¢ € Z, if we decompose A,, = ZA!, so that
the first entry of the elements of A/ is 1 then o’ = (be)' =10'.

If we insert this expression for f; into our formula for BS (wa, f1) we obtain

BGin )= [ [ fienatunianye p ) ded
= / {/ fi(ziau™)p(tu” utwpdutuT )Y (@)Y uT) d:)sdu_} du™
Up\Ud LJUxUG

= /[‘]'\UJr [/U Zf (wau_)wn(c)w(tu— tu+1I)La’u+u_)¢—1(x)¢—l(u—) dxdu_] dut

XUy

w g=bc
- ;bcw“(c)/a i UUU folwibu Yo(u™ u bt e Yo (@) ) dxdu‘] dut
_azbcww /U\U/ folxwbu)p(tuwpbu)y = (z)y ™ (u) dedu
=" we(e)BS (b, fo).
a=bc

This completes the proof of Proposition 5.3. U
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The last term in the expression in Proposition 5.3 depends only on 7 through w, and
otherwise depends only on the auxiliary function fy. So, in the proof of stability, these terms
will always be the same for m; and 7 as long as w,, = w,, and we take the same auxiliary
function fj.

5.6.2. The contribution of the small cell of M. Take M the Levi of a proper parabolic
subgroup Py = M Ny of G = GL, corresponding to the partition (nq,...,n;) of n. So
M ~ GL,, x---xGL,, and can be viewed as block diagonal matrices

my
M=<{m= ~ GL,, X xXGLy,.

my
Let w' = wyw)! be the corresponding element of B(G). Then

allnl
Aw/:ZM: EGLi
a’tInt

We have Uy = U},

We begin with h € C2°(M;w,) where the w, is a character of the center Z of G, not that
of M.

We begin with the small cell of M. We have M? = SL,, (F) x --- x SL,,(F) and A%, =
Zy N M?. AY, is finite and consists of nf" roots of unity in the zth block of M.

We take hg € C2°(M;wy) such that BM (éar, ho) = B (é, ho) = ==, where ks = [ZN A%,
and BM (b, hy) = 0 for b€ A%, and b ¢ Z N A%, Note that

e = [ ) / ol @) ) dad” = / o)) de = W)

and in fact, for any b € Z N AY,
BM(b, hg) = W (b) = we(b)IW"(e).

To define h; we (partially) decompose M into M9 and A, = Zy. M0 Zy = AY, is

finite. We define
= Y ho(m)BY(c, h)

m=m'c

with m’ € M?¢ and ¢ € Zy; = A,. Note that if det(m;) is not a n® power on each block,
then hy(m) = 0.

Proposition 5.4. B} (a,h1) = B} (a,h) for alla € Zy = Aw
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Proof. Note that Uy = Upre,, C Uy. Now we have, for a € Zyy,
B (éna,hi) = BY(a,hy) = / / hy(zau)(“ubya'w)y ™ (zu) dedu.
Unép \Unt Y Un
Since the small cell is closed in M, the M-version of Lemma 5.6 applies and we can write
BY (exaut) = G3(a) [ mnlaa)i (@) de = i) B (0. )
M
for all sufficiently large ¢ depending on h;.

We now substitute the definition of h;. We must decompose za = m/c with m' € M?
and ¢ € Zy. Since Uy € M? if we decompose a = be with b € M?N Zy = Agi and
¢ € Zy = Ay then there are only a finitely many possible b. We can write za = xbc with
xb € M.. We must also decompose a' = (bc)’ = b'¢ where I and ¢ are the components of b
and ¢ in A/, = Z),, that is, having first coordinate 1. We then arrive at

B (éra, ) = @31(d) /U > ho(zb)BM (¢, )y~ (z) da

M g=pbc
=3 B [ [ tolao ) do
a=bc Unm
=Y @M U'd)BY (¢, h) B (b, hy).
a=bc
Now, by construction, BM (b, hg) = 0 unless b € Z N A%, and in this case BM (b, hy) =
wr(b)BM (e, hy) = —( Then the above becomes
: 1 .
B (énma, hy) = o Z a0 )BY (¢, h)wx(b)
be(;?::}j;
1
=— > end)B (be,h)
K'M a=bc
bEZNAY,
S >~ BY(a,h)
K;M a=bc v ’
bEZNAY,

where we now need to take ¢ such that the analogue of Lemma 5.6 holds for h and h;. Since
in the decomposition a = bc both a and ¢ are in Z,; = A, for any choice of b € Z N Agi
there is a decomposition. So there are xj; terms in the sum. Thus we conclude

B, (a,h) = B}'(a,h)

as desired. m

We next want to understand BL (w}"a, hy) for a € Ayp = Ay, = A as this is what will
occur in expression for the local coefficient. We are looking for uniform smoothness in certain
directions.
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ir 1 = MW Vi v, = U um ={eyt si we are worki
First, since a € A sz e have Uy, = Uy CU;’M e } since we are working on
4

M and so we compute U;’eM in Uy;. Therefore

B (i)' a, hy) = / hy(x) aw)p(tua'u)p ™ (zu) dedu.
UnmxUn

If we decompose a as a = za’' in accord with the decomposition A = ZA’, so the first
coordinate of @’ is 1, then

®p

BY (i a, hy) = / b (M 20w (tua'u)r= (zu) dadu = wo(2)BM (0Md, hy)
Up xUpg

We next insert the definition of hy
Z ho(m')BM (¢, h)

with m’ € M? and ¢ € Z);. Thus in our integral we must write
v av=mic or zwMdclue M

For M = GL,, x -+ X GLm we have M? = SL,, x -+ x SL,, and x,u,w} € M, thus it is
enough to decompose a' =bc with b € ANM? and ¢ € Z);. The intersection is finite, so we
have at most a finite number of such decompositions (and for some a there may be no such
decomposition). We therefore have

hy (zi)! a'u) Z ho(xi) bu) BM (c, h).
a’=bc
If we now decompose b = zb/, with z, € Z and b/ € A’, and ¢ = z.¢, with z. € Z and

d e Zy,, then a’ = zz.b'¢ implies o/ = V¢’ and zz. = 1. Since h, hy € C°(M;w,) we have

ho(x) bu) BM (¢, h) = wr(2)wr(2e) ho () bu) BM (', h) = ho(xi) o'u)BM (', h).

Therefore we have

BY (iy'd  hy) = / Z ho (2w b'w) BM (¢, h)p(*ub du)y = (2u) dedu
UXU 1 —pe

= Z BM(C’,h)/ ho(x) b'w) o (fubuc ) (zu) dadu
o =be UxU

=Y BY(c,h)BY, "V, ho)
a’=bc

where, as before, ¢ (m) = p(md) for ¢ € Z},.

Proposition 5.5. Fora € Ag;Aw, C Ay, =Aleta=bc be a fivred decomposition. All such
decompositions are of the form a = (b(~1)(Cc) with ¢ € AY,, which is a finite set of matrices
with appropriate roots of unity on the diagonal. Further write ¢ = 'z with ¢ € Z), = A},
and z € Z. Then BY (W} a, hy) = wr(2) BY (w"b', hy) is uniformly smooth as a function of

c.
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Proof: We have the expression

BY (', hy) =Y BM(c,h)BY (iy"b, ho)

a=bc

where we sum over all decompositions of a = be. If we fix one such decomposition and
o . ! .
replace the sum over the decompositions as a sum over ¢ € AY, this becomes

B (w}'a, hy) ZBM Ce, ) BY (i b ho).

As ¢ is a characteristic function depending on the absolute value of the entries and then
entries of ¢ are roots of unity, ¢¢. = .. So this is

BY (w)'a, hy) ZBM Ce, h) BY (i} b¢ ™, ho).

Now
Yige) = [ hatow ) do = wr(Go) [ a¢e)s ) da

where ¢ = diag((il,,,...,Cl,,) and ¢ = diag(1,,, ¢ y, - - -, ¢ ). Since we have
h € C*(M;w,) and the small cell CM(ey) = AU = ZA'U is closed in M we see that
there are compact subsets U; C U and K’ C A’ such that h(z('c’) # 0 implies € U; and
¢('d € K'. In fact, since Z), C A’ is closed, there is a further subset K" C Z}, such that
h(xz¢'c") # 0 implies z € U; and (' € K” or ¢ € ({')"'K". Therefore, writing a = bc = bc’z
as above, we see

BMiMa, hy) = we(z ZBM ¢ h)BY (i b¢ ™, ho).

p

is zero unless ¢’ € [J.,(¢')"'K”. Thus we have compact support on Z}, depending only on %
through K” and Ty N Zy;, hence independent of a or b.

The dependence on ¢ is in the argument of i and in the scaling of ¢. As h is smooth and
its support is compact in ¢ there will be a uniform open compact subgroup C; C Z}, such
that h(x(cc;) = h(z(c) for ¢; € Cy and all x € Uy and ¢ € Z),. Shrinking if necessary, we
can take C| C Z),(0), that is, so that the entries of ¢; are all units. But then in the scaling
©Yee, this will not effect the absolute values of the entries and hence the value of ..

So there exists a compact open subgroup C; C Z), such that
BY (ip"bzd ey, hy) = BY (" bzc, hy)

for all @ = bc € Ay and ¢; € Cy. Since BM (1w} a, hy) vanishes off of Ajp1, this holds for all
a € A. O
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5.6.3. Lifting to G. Let M C G be the (proper) Levi subgroup from the previous section.
Let hy € C°(M;w,) be as above with w' = ww}! € B(G).

Let fu € C°(Quiwr), and b = hy € CP(M;w,) as in Lemma 5.9. Construct hy as in
the previous section such that B (a,hi) = B (a,h) for all a € Zy = Ayr. As in Lemma
5.9 choose f; € C2°(y; wy) such that

/ fi(z™w'mu ) o u™) de”du” = hi(m).
U(ZU,)71><U1;,

with hy € C2°(M;w,). This is possible by the surjectivity of the map f ~— h; of Lemma 5.9.
Then from Proposition 5.2 we know that for all L with A C L C M we have

Bg(wg’a, fi) = Bjy (M a, hy)
fora € A, = A,m = Z1.
L L

If we apply this with L = M we have
BS (i'a, fi) = By (éma, hi) = B (a, h) = BS (i'a, fu).

Therefore f,,—f1 € C°(Qy; wy) such that Bg(w’a, fw—f]) =0foralla € A,,. We can now
apply Lemma 5.12, Lemma 5.13 and finally Lemma 5.14, plus a partition of unity argument,
to find a family {f,~} parametrized by w” € B(G) such that w” > w’ and dp(w”,w") =1 so
that f,» € C°(Qyr;w,) and that for any w € B(G) we have

BS (wa, fur) = BS(a, fi) + Y BS (ia, fur)

for all a € A,. Now for each f,» we have w” = wf/[,, and we will be able to perform an
induction.

If we apply the above equality with L = A corresponding to the big cells, we have
B (iea, f1) = BY (w}"a, hy)

for all @ € A. By Proposition 5.5, if we decompose Ag;Aw/ (with finite intersection), as
a = be, then

Bg(wfaafl) = BM

b (wa, hy) = Bf (wpbe, hy) = wy(2)BY (w)'bc | hy)

©p

is compactly supported in ¢ € Z}, and thus Bg (webc, f1) is uniformly smooth as a function
of ¢ € Z);, = A, . This gives us the “uniform smoothness” on A, that we will need for
stability:.

5.6.4. Summary. For use below, let us state the results in this subsection formally.

Proposition 5.6. Let w' = wow) € B(G) and fo € C®(Qu;ws). Then there evists
frw € C2(Qy;wr) such that
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(i) There exists a family {fur} parametrized by w” € B(G) such that w" > w' and
dp(w”,w") =1 so that f,» € CX(Qyur;ws) and for any w € B(G) we have

Bg(wﬁ% fw’) = Bg(w% fl,w’) + ZBS(U’% fw”)
for all a € A,.

(i) BG (wa, frar) = wa(2)BG (wibd, frur) is uniformly smooth as a function of ¢ €
Z]/w — Aiﬂ"

This is analogue of Jacquet’s Proposition 2.1 of [19] for our partial Bessel integrals. In
place of our uniform smoothness statement for Bg (wea, f14) he has the beginning of his
germ expansion. The presence of our cutoff function ¢ keeps us from decomposing this Bessel
integral into two pieces, one along the cell and one transverse to the cell, as Jacquet does.

5.7. Supercuspidal stability for GL,, II: Uniform smoothness. We can now establish
the “uniform smoothness” result we will need for our proof of stability.

5.7.1. Setting up the induction. We consider the Bruhat order on W (G) restricted to B(G).
We recall that in the Bruhat order, v’ < w if w # w’ and C'(w") C C(w), so the Bruhat
cell for w’ is contained in the closure of the Bruhat cell for w. As we have noted, B(G)
is in bijection with the set of standard Levi subgroups £(G) = {M | A C M C G} since
w € B(Q) iff w = waw}! with M € £(G). Then the Bruhat order on B(G) corresponds to

the reverse containment order on L(G).

We will induct on dg(w,e).

5.7.2. The induction. Let us make explicit the first two steps of the induction. The first step
is essentially Proposition 5.3. Fix an auxiliary fo € C%°(G;w,) with W/o(e) = 1.

Let f € M(7) C C>°(G,w,) also with W/ (e) = 1. ; Step 1. There exists f, . € C(G;wy)
and for each w' € B(G) with dg(w',e) = 1 there exist a function f, € CX(Qyu;wy) such
that for sufficiently large ¢

(i) for any w € B(G) we have
BS(ia, f) = BS(wa, fe) + Y BS(wa, fur)

dp(w’,e)=1

foralla € Ay;

(ii) for each w € B(G), Bg(wa, fie) depends only upon the auziliary function fo and wy
forall a € A,.

This is simply a restatement of Proposition 5.3 in the previous section.
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For the second step, essentially the induction step, we apply Proposition 5.6 to each f,-
above.

Step 2'. For each fy, there exists fi. € C2°(Qy;wy) such that for sufficiently large ¢

(i) there exists a family { fu v} parametrized by w” € B(G) withw” > w' and dg(w",w'") =
1 so that furw € C°(Qyr;wr) and for any w € B(G) we have

BS(iba, fur) = BE(a, fruw) + D> BE(a, furur)
dp(w" w)=1

foralla € Ay;
(it) BG (wa, frur) = we(2)BS (Webd, f1ur) is uniformly smooth as a function of ¢ € Zj;.

If we combine Step 1 and Step 2’ we have that for any w € B(G) we have
Bg(w&, .f) = Bg(waa fl,e) + Z Bg(wa, fl,w’) + Z Bg(wa, fw’,w”)
dp(w’,e)=1 dp(w” w)=dpg(w’,e)=1

for all a € A,. We note that dg(w”,w’) =1 and dg(w’, ) = 1 is equivalent to dg(w”, e) = 2.
So if we set

fw// _= Z fw/7w// E CSO(QU)//; wﬂ.)
dp(w"” w)=1
then we can combine Step 1 and Step 2" as follows.

Step 2. For f € M(w) with W/ (e) = 1 there exists fi. € C%°(G;wx) and for eachw' € B(G)
with dg(w', e) = 1 there exist fur1 € CX°(Qyr;wx) and for each w” € B(G) with dg(w”,e) = 2
an element fur € C°(Qun; we) such that for sufficiently large ¢

(i) for any w € B(G) we have
BS(ia, f) = BS(ia, fie) + Y BS(ia, frw)+ Y. BS(ia, fur)

dp (w’7e):1 dp (w/l76):2

foralla € Ay;

(ii) for each w € B(G), Bg(wa, fie) depends only upon the auziliary function fo and wy
for all a € A,.

(i) BS (wea, fru) = wr(2)BG (ebc, fiu) is uniformly smooth as a function of ¢ € A,
Inductively we can now show the following.

General Step. Let f € M(rw) with W/(e) = 1. Let m be an integer with 1 < m <
dp(we,e) + 1. Then

(a) there exits f1. € C°(G;wy)
(b) for each w' € B(G) with 1 < dg(w',e) < m there exist fi ., € CZ(Qy;wy)
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(c) for each w" € B(G) with dg(w”,e) = m there is an element f,n € C°(Qyr; wy)
such that for appropriate

(i) for any w € B(G) we have
BS(ia, f) = BS(a, fre)+ Y BS(ia, frw)+ Y. BS(ia, fur)

1<dp(w’,e)<m dp(w",e)=m

foralla € Ay;

(ii) for each w € B(G), BS(wa, fi.) depends only on the auziliary function f, and w,
foralla € Ay,;

(iii) for each w' € B(G) with 1 < dg(w',e) < m, Bg(wga, fiw) = ww(z)Bg(wgbc’, fiw)
is uniformly smooth as a function of ¢ € Al ,.

Proof: The first step in the induction is Step 2 above. The induction step is done by applying
Proposition 5.6 to each w” with dg(w”,e) = m to attain the analogue of Step 2" and then
argue as above in passing from Step 2’ to Step 2. U

This is our analogue of Jacquet’s Proposition 3.1 of [19].

5.7.3. Uniform smoothness. If we take the case of m = dg(wy,e) + 1 we arrive at the propo-
sition that we need to prove stability. This is our analogue of the main theorem of Jacquet
[19], his germ expansion for his Kloosterman orbital integrals. Recall that we have fixed an
auxiliary fo € C°(G;w,) with W/o(e) = 1.

Proposition 5.7. Let f € M(n) with W/(e) =1. Then

(a) there exits f1. € C°(G;wy)

(b) for each w' € B(G) with 1 < dg(w',e) there exist fi . € CZ(Qyr;wy)
such that for sufficiently large ¢

(i) we have

Bg(u}ga, f) = Bg(wga, f17e) + Z Bg(wga, fLw')

1SdB(w,76)

foralla € A;
(ii) Bg(wga, fie) depends only upon the auziliary function fo and w, for all a € A;

(iii) for eachw’ € B(G) with 1 < dp(w', e) we have BS (wya, f1u) = we(2)BS (ebc, f1 )
is uniformly smooth as a function of ¢ € Al ,.
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We have stated this proposition for the long Weyl element w, since this is what we need
for stability. Statements (i) — (iii) hold for any w € B(G) and a € A,,. In this case, if w < v’
the terms Bg(u}a, fiw) = 0since f v € CX(Qy;w,) and hence vanishes on C(w).

5.8. Supercuspidal stability for GL,,, III: Stability. Since the stability involves twisting
by a highly ramified character, we need to know how the partial Bessel function varies under
twisting. This is elementary and follows from the formula (4.20).

Lemma 5.16. Let x be a character of F*, viewed as a character of G = GL,(F) through
composition with the determinant.

(1) Let w € B(G) support a Bessel function. Then for all g € C(w) we have

Jrexw(9) = x(det(g))jrw(g)-
(2) For the partial Bessel function of Proposition 4.6
.j7r®x7u')z7f€(w5a> = X(det(a))jmwzﬂ(wfa)
foralla € A.

Now we prove the stability of local coefficients under twisting by a sufficiently highly
ramified character, and hence the stability of local y-factors in the supercuspidal case.

Proof. We begin with m; and 7y two supercuspidal representations of G = GL,(F') having
the same central character w = w,, = w,,. Note that if y is a character of F'*, then the
central character of m; ® x is wx™.

We consider the difference Cy(s, 11 ® x)~! — Cy(s,m ® x)~*. For x sufficiently ramified,
wx"” will be ramified; this is necessary for Proposition 4.6. Then applying Proposition 4.6
to both local coefficients, we have a kg so that for all k > kg the representation (4.11) holds
for all 7 ® x and 7 ® x, and we can expresses the difference as

Cy(s,m @ X) ™" = Cyls,m @ x) ™" =%, wx", ¥)w(—1)x(—1)"Dy(s),
where

Dy(s) = /Z\A(jﬂl®x,wg,n(w£a) - jwz@x,ml,n(wea))WXn(al)_l‘al‘_(n_l)(s_lw H ‘ai|(n+s+1_2i)/2 da

1=2
n

_ / Uﬂ@}(mﬂ(u]ga/) . j7r2®x,w,n(w€a/)) H ‘ai|(n+s+1—2i)/2 dd’.

=2

Consider now the difference in Bessel functions. By Lemma 5.16 we have
jﬂ1®x,wz,ﬁ(w€a,) - sz@x,ibz,H(w@a,) = X(det(a,))(jmﬂbeﬁ(wéa/) - jﬂz,wz,ﬁ(wea,))'
Now choose f; € M(m;) and f, € M(m,) such that W/i(e) = W72 (e) = 1 and such that

Jrivene(Wed’) = BS, (d, f7).
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We may assume that « is large enough that Proposition 5.7 holds for both f; and f, with
the same auxiliary f, and drop x from the notation. Then applying Proposition 5.7 we have

jm,wz,n(wﬁa/) - j7r2,u'}e,n(wéa'/) = Bg(wﬁa/> .fl) - Bg(wﬁa/> .f2)
= (BG(wea, fl 1 e) - BG(wéa/ f2 1,5))
+ Z BG (wed, Jiiw) — Bg(wea/ale,w'))

1<dp(w’,e)

Since both Bg(u')ga’, fi1.e) and Bg(u')ga’, fa1.e) only depend on the common fy and w,, =
Wr,, these will cancel and we are left with

jﬂl,u'ig,/i(wéa,) - jwz,wg,n(wﬁa'/) = Z (Bg(wéa'/a fl,l,w’) - Bg(wéa/a f2,1,w’))-

1<dp(w’,e)

Substituting this in the formula for D, (s) we find

Dy(s)= > / (BS (ed, f11,00) — BE (ted, fo,1,0))x(det(a H|a\"+s+1 2002 44,

1<dp(w’,e) =2

If we now utilize part (iii) of Proposition 5.7 we can write this as

DX(S) = Z /w /, BG(wgbC fllw) BG(wgbC fglw ))

x(det(c)) H || (+s+1-20/2 dc’] x(det (b)) H b | (s 120072 g,

=2 1=2

Again appealing to part (iii) of Proposition 5.7, we have that the piece of the inner
integrand

n

(Bf(webd, fitw) — Bg(u}gbc’, forw)) H |C;|(n+s+1—2i)/2

1=2

is uniformly smooth as a function of ¢ € A!,. Thus for x sufficiently highly ramified we
have

/ (Bf(webd, fitw) — Bg(wzbd, fo1w)) H || (M0 () de = 0.

i=2
Taking x sufficiently highly ramified that all inner integrals vanish, we may conclude that
D, (s) = 0. Hence
Cy(s,m @ x) = Cy(s, m2 ® X).
which establishes Proposition 3.4. U



64

[1]

J.W. COGDELL, F. SHAHIDI, AND T-L. TSAI

REFERENCES

J. Arthur and L. Clozel, Simple Algebras, Base Change and the Advanced Theory of the Trace Formula.
Annals of Math. Studies 120 Princeton University Press, Princeton, 1989.

E. Artin, Uber eine neue Art von L-Reihen. Abh. Math. Sem. Hamburg 3 (1923), 89-108.

E. Artin, Zur Theorie L-Reihen mit allgemeinen Gruppencharakteren. Abh. Math. Sem. Hamburg 8
(1930), 292-306.

E. Artin, Die gruppentheoretische Struktur der Diskriminanten algebraischer Zahlkdrper. J. reine angew.
Math. 164 (1931), 1-11.

N. Bourbaki, Groupes et algebres de Lie, IV-VI. Elements de mathématique, Fasc. XXXIV. Actua;ités
Scientifiques et Industrielles No. 1337, Hermann, Paris, 1968.

R. Brauer, On Artin’s L-series with general group characters. Ann. Math. 48 (1947), 502-514.

K. Buzzard, M. Dickenson, N. Shepherd-Barron, and R. Taylor, On icosahedral Galois representations.
Duke Math. J. 109 (2001), 283-318.

J.W. Cogdell and LI. Piatetski-Shapiro, Stability of gamma factors for SO(2n + 1), manuscripta math.
95 (1998), no. 4, 437-461.

J.W. Cogdell, I.I. Piatetski-Shapiro, and F. Shahidi, Partial Bessel functions for quasi-split groups, Au-
tomorphic Representations, L-functions and Applications: Progress and Prospects. Walter de Gruyter,
Berlin, 2005, 95-128.

J.W. Cogdell, I.I. Piatetski-Shapiro, and F. Shahidi, Stability of ~v-factors for quasi-split groups, J. Inst.
Math. Jussieu 7 (2008), no. 1, 27-66.

P. Deligne, Les constantes des équations fonctionnelles des fonctions L. Modular functions of one vari-
able, IT (Proc. Internat. Summer School, Univ. Antwerp, Antwerp, 1972), pp. 501 — 597. Lecture Notes
in Math., Vol. 349, Springer, Berlin, 1973.

P.Deligne and G. Henniart, Sur la variation, par torsion, des constantes locales d’équations fonction-
nelles de fonctions L. Tvent. Math. 64 (1981), 89-118.

B. Dwork, On the Artin root number. Amer J. Math. 78 (1956), 444-472.

M. Harris, The local Langlands conjecture for GL(n) over a p-adic field, n < p . Invent. Math. 134
(1998), 177-210.

M. Harris and R. Taylor, The Geometry and Cohomology of Some Simple Shimura Varieties. Annals of
Mathematics Studies 151, Princeton University Press, Princeton, 2001.

G. Henniart, Une preuve simple des conjectures de Langlands pour GL(n) sur un corps p-adique. Invent.
Math. 139 (2000), 439-455.

G. Henniart, Sur la conjecture de Langlands locale pour GL,,. J. Théor. Nombres Bordeaux 13 (2001),
167-187.

G. Henniart, Correspondance de Langlands et fonctions L des carrés extérieur et symétrique. Int. Math.
Res. Not. IMRN 2010, no. 4, 633-673.

H. Jacquet, Germs for Kloosterman integrals, a review. Contemporary Math. volume in honor of J.
Cogdell, to appear.

H. Jacquet, I.I. Piatetski-Shapiro and J. Shalika, Rankin-Selberg Convolutions. Amer. J. Math. 105
(1983), 367464

H. Jacquet and J. Shalika, A lemma on highly ramified e-factors, Math. Ann. 271 (1985), 319-332.

H. Jacquet and Y. Ye, Distinguished representations and quadratic base change for GL(3), Trans. Amer.
Math. Soc. 348 (1996), no. 3, 913-939.

R.P. Langlands, Euler Products. Yale Mathematical Monographs 1, Yale University Press, New Haven,
1971.

R.P. Langlands, On the fundtional equation of the Artin L-functions. Manuscript from 1970, available
at hitp://publications.ias.edu/sites/default /files/a-ps.pdf

R.P. Langlands, On Artin L-functions. Rice University Studies 56 (1970), 23—-28.

R.P. Langlands, Base Change for GL(2). Annals of Math. Studies 96, Princeton University Press,
Princeton, 1980.

F. Shahidi, On certain L-functions. Amer. J. Math. 103 (1981), 297-355.

F. Shahidi. Fourier transforms of intertwining operators and Plancherel measures for GL(n). Amer. J.
Math., 106 (1984), 67-111.



EXTERIOR AND SYMMETRIC SQUARE e-FACTORS 65

[29] F. Shahidi, Local coefficients as Artin factors for real groups, Duke Math. J. 52 (1985), 973-1007.

[30] F. Shahidi, On multiplicativity of local factors. Festschrift in honor of I.I. Piatetski-Shapiro on the
occasion of his sixtieth birthday, Part II (Ramat Aviv 1989), Isreal math. Conf. Proc. 3, Weizmann,
Jerusalem, 1990, 279-289.

[31] F. Shahidi,A proof of Langlands’ conjecture on Plancherel measures; Complementary series for p-adic
groups, Annals of Math. 132 (1990), 273-330.

[32] F. Shahidi, Twists of a general class of L-functions by highly ramified characters. Canad. Math. Bull.
43 (2000), 380-384.

[33] F. Shahidi,Local coefficients as Mellin transforms of Bessel functions: Towards a general stability, IMRN
2002, No. 39, (2002), 2075-2119.

[34] F. Shahidi, Complezity of Group Actions and Stability of Root Numbers (With an Appendiz by Wentang
Kuo), Contemp. Math., Vol. 489, (2009), 259-283.

[35] F. Shahidi, Eisenstein Series and Automorphic L-Functions. A.M.S, Col. Pub., 58, AMS, Providence,
2010.

[36] F. Shahidi, On equality of arithmetic and analytic factors through the local Langlands correspondence,

Pacific J. Math. 260 (2) (2012), 695-715.

] J. A. Shalika, A theorem on semi-simple P-adic groups, Ann. of Math. (2) 95 (1972), 226-242.

| T.A. Springer, Linear Algebraic Groups, Birkhauser Boston, Inc., Boston, MA, Second edition, 1998.

| R. Steinberg, Lectures on Chevalley Groups. Yale University, New Haven, 1968.

| R. Sundaravaradhan, Some structural results for the stability of root numbers, Int. Math. Res. Not.

IMRN 2007, No. 2, 1-22.

[41] R. Taylor, On icosahedral Galois representations 1I. American Journal of Mathematics 125 (2003),
549-566.

[42] T. Tsai, Stability of v-factors for GL, x GL,, Purdue Thesis.

[43] J.B. Tunnell, Artin’s conjecture for representations of octahedral type. Bull. AMS 5 (1981), 173-175.

[44] G. Warner, Harmonic Analysis on Semi-Simple Lie Groups I, Grundlehren der math. Wissenschaft, Bd
188, Springer-Verlag, Berlin, Heidelberg, New York, 1972.

[45] A. Zelevinsky, Induced representations of reductive p-adic groups, II. On irreducible representations of
GL(n). Ann scient. E. N. S. 4¢ série, 13 (1980), 165-210.

DEPARTMENT OF MATHEMATICS, THE OHIO STATE UNIVERSITY, COoLUMBUS, OH 43210, USA

E-mail address: cogdell@math.ohio-state.edu

DEPARTMENT OF MATHEMATICS, PURDUE UNIVERSITY, WEST LAFAYETTE,IN 47907, USA

E-mail address: shahidi@math.purdue.edu

TAIDA INSTITUTE FOR MATHEMATICAL SCIENCE, NATIONAL TAIWAN UNIVERSITY, NO.1, SEC. 4,
RoOOSEVELT RoAD, TAIPEI, TATWAN 106

E-mail address: ttsai20040gmail.com



