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ON THE KAHLER RICCI FLOW ON PROJECTIVE MANIFOLDS OF
GENERAL TYPE

BIN GUO

ABSTRACT. We consider the K&hler Ricci flow on a smooth minimal model of general type,
we show that if the Ricci curvature is uniformly bounded below along the Kéahler-Ricci
flow, then the diameter is uniformly bounded. As a corollary we show that under the Ricci
curvature lower bound assumption, the Gromov-Hausdorff limit of the flow is homeomorphic
to the canonical model. Moreover, we can give a purely analytic proof of a recent result of
Tosatti-Zhang ([29]) that if the canonical line bundle Kx is big and nef, but not ample, then
the flow is of Type IIb.

1. INTRODUCTION

The Ricci flow ([10]) has been one of the most powerful tools in geometric analysis with
remarkable applications to the study of 3-manifolds. The complex analogue, the Kahler-
Ricci flow, has been used by Cao ([2]) to give an alternative proof of the existence of Kéhler
Einstein metrics on manifolds with negative or vanishing first Chern class ([31, [1]). Tsuji
[30] applied the Kéhler-Ricci flow to construct a singular Kéhler Einstein metrics on smooth
minimal manifolds of general type. The analytic Minimal Model program, introduced in
[19, 20], aims to find the minimal model of an algebraic variety, by running the Ké&hler-Ricci
flow. It is conjectured ([20]) that the Kahler-Ricci flow will deform a given projective variety
to its minimal model and eventually to its canonical model coupled with a canonical metric
of Einstein type, in the sense of Gromov-Hausdorff.

Let X be a projective n-dimensional manifold, with the canonical bundle Kx big and nef.
We consider the Kéhler-Ricci flow

(1.1) %—j = —Ric(w) —w, w(0) = wy,

where wy is a Kéhler metric on X. It’s well-known that the equation (1)) is equivalent to
the following complex Monge-Ampere equation

Do (x + e H(wo — x) +i00p)"
(1.2) or 8 0 °
©(0) =0,

where Q is a smooth volume form, xy = i00logQ € ¢;(Kx) = —c1(X), and w(t) = x +
e Hwo — x) + i00¢p. It’s also well-known ([30, 27]) that the equation (L2)) has long time
existence, if Kx is nef. We will prove the following result:

Theorem 1.1. Let X be a projective manifold with Kx big and nef. If along the Kdhler
Ricci flow ([ILT), the Ricci curvature is uniformly bounded below for any t > 0, i.e.,

Ric(w(t)) > ~Kuw(t),
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for some K > 0, then there is a constant C' > 0 such that the diameter of (X,w(t)) remain
bounded, i.e.,
diam(X, w(t)) < C.

Remark 1.1. If we use Kawamata’s theorem ([11]) that the nef and big canonical line bundle
Kx is semi-ample, by [32, 21] the scalar curvature along the Kdhler Ricci flow (L) is uni-
formly bounded, hence Ricci curvature lower bound implies that Ricci curvature is uniformly
bounded on both sides. Then in the proof of Theorem[1.1, we can use Cheeger-Colding-Tian
([4]) theory to identify the reqular sets. Moreover, if Kx is semi-ample and big, then the L™
bound of ¢ in (L) will simplify the proof. However, following Song’s ([18]) recent analytic
proof of base point freeness for nef and big Kx, our proof of Theorem [I.1 does not rely on
Kawamata’s theorem.

It is conjectured by Song-Tian in [20] that the Kéhler Ricci flow (ILI]) will converge to the
the canonical model of X coupled with the unique Kahler Einstein current with bounded
potential, in the Gromov-Hausdorff sense. Under the assumption that the Ricci curvature is
uniformly bounded below, we can partially confirm this conjecture.

Corollary 1.1. Under the same assumptions as Theorem [, then ast — oo,
(X, w(t)) “ (Xoo, dov),

the limit space X, is homeomorphic to the canonical model X o, of X. Moreover, (Xoo, dso)
is isometric to the metric completion of (X2, gk ), where gk g is the unique Kdhler-Einstein
current with bounded local potentials and X;,, s the reqular part of X an.

Consider the unnormalized Kéahler Ricci flow
0

(1.3) proke —Ric(w), w(0) = wo,

with long time existence. The flow (L3]) is called to be of Type III, if

sup t|Rml(x,t) < oo,
X x[0,00)
otherwise it is of Type IIb, here |Rm|(w(t)) denotes the Riemann curvature of w(t). It’s well-
known that Type III condition is equivalent to the curvature is uniformly bounded along the
normalized Ké&hler Ricci flow (IL1). As a by-product of our proof of Theorem [[.T] we obtain
a purely analytic proof of a recent result of Tosatti-Zhang ([29]), namely,

Theorem 1.2. [29] Let X be a projective manifold with Kx big and nef, if the Kdihler Ricci
flow (L) is of type III, then the canonical line bundle Kx is ample.

Throughout this paper, the constants C' may be different from lines to lines, but they are
all uniform. We also use g as the associated Riemannian metric of a Kéahler form w, for
example the metric space (X, w(t)) means the space (X, g(t)).
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2. PRELIMINARIES
In this section, we will recall some definitions and theorems we will use in this note.

Definition 2.1. Let L — X be a holomorphic line bundle over a projective manifold X. L is
said to be semi-ample if the linear system |kL| is base point free for some k € Z*. L is said
to be big if the Iitaka dimension of L is equal to the dimension of X. L is called numerically
effective (nef) if L-C > 0 for any irreducible curve C C X.

We can define a semi-group
F(X,L)={k € Z*|kL is base point free}.
For any k € F(X, L), the linear system |kL| induces a morphism
Py, = Pppp: X = X, = &4 (X) C PN

where N, + 1 = dimH°(X,kL). It’s well-known that ([I3]) that for large enough k,I €
F(X, L), ((I)k)*OX = OXk, (I)k = (I)l and Xk = Xl.
We will need the following version of L? estimates due to Demailly ([7])

Theorem 2.1. Suppose X is an n-dimensional projective manifold equipped with a smooth
Kahler metric w. Let L be a holomorphic line bundle over X equipped with a possibly singular
hermitian metric h such that Ric(h) + Ric(w) > dw in the current sense for some § > 0.
Then for any L-valued (0,1)-form 7 satisfying

or =0, / |7]7 W™ < 00,
X

there exists a smooth section u of L such that Ou =T and

1
2 n 2 n
uly W< —— Ty W'
/ | |h,w 2 5/ | |h,w

3. IDENTIFY THE REGULAR SETS

Since Kx is big and nef, by Kodaira lemma, there exists an effective divisor D C X, such
that Kx —eD is ample, hence there exists a hermitian metric on [D] such that

X — €Ric(hp) > 0.

Let’s recall a few known estimates of the flow, (see [15 B30] or [17, (18] without assuming
that Ky is semi-ample)

Lemma 3.1. (i) There is a constant C' > 0 such that for any t > 0,
0
supp(t) < C, supp(t) =sup - < C.
X X x Ot
(ii) For any § € (0,1), there is a constant Cs > 0 such that

o > dlog |O’D‘;2LD — Cs,

where ap is a holomorphic section of the line bundle [D] associated to the divisor D.
(i1i) Along the Kdhler Ricci flow, there exist constants C' > 0, A > 0 such that

try,w(t) < C|0D|,_LE2)’\



4 BIN GUO

(iv) For any compact subset K C X\D, any ¢ € Z*, there exists a constant Cyp > 0 such
that

lellcery < Cok.

Hence we can conclude that
Cie (X\D)
w(t) —=— weo,

for some smooth Kéhler metric wy on X\D. On the other hand, it can be shown that
o(t) = 0 on any K C X\D as t — oo, hence w,, satisfies the equation

W = (x +100ps)" = €7>Q, on X\D,
and wy, is a Kéhler-Einstein metric on X\ D, i.e.,
Ric(weo) = —Weo-

Proposition 3.1. [I8] For any holomorphic section o € H*(X, mKx), there is a constant
C' = C(o) such that for any t > 0, we have

2 2
e < O sg{p Vio|ipm < C

sup |o

X
where hy = ﬁ is the hermtian metric on Ky induced by the Kdihler metric w(t) and V, is
the covariant derivative with respect to hj*.

Letting t — oo, we have hy = hoo = hxp = hye 9> on X\D (here h, = %), and

(3.1) sup |o)2. <O, sup |Veol|tn < C.
X\D *~ X\D =~

Definition 3.1. We define a set Rx C X to be the points p € X such that the p-jets at p

are generated by global sections of mKx for some m € Z*, for any pu € N™ with |u] < 2.

Proposition 3.2. [I8] Rx is an open dense set of X and on Rx we have locally smooth
convergence of w(t) to wee.

By the smooth convergence of w(t) on X\ D, we can choose a point p € X\ D and a small
ro > 0 such that (we write the associated Riemannian metric of w(t) as g())

Bg(t) (p, 7”0) CcC X\D, VOlg(t)(Bg(t) (p, 7‘0)) > Vo, Vi >0

for some vy > 0. For any sequence t; — oo, (X, g(t;),p) is a sequence of almost Kéhler-
Einstein manifolds (see the Appendix), in the sense of Tian-Wang ([24]). By the structure
theorem in Tian-Wang ([24]), we have

(3.2) (X, 9(t:),p) 2% (Xoe, dog Poc).

Moreover, X, has a regular-singular decomposition, X,, = R U S; the singular § is closed
and of Hausdroff dimension < 2n — 4; the regular set R is an open smooth Kéahler manifold,
and d |z is induced by some smooth Kéhler-Einstein metric ¢/, i.e. on R, Ric(g.,) = —gL.
We define a subset Sx C X to be a set consisting of the points ¢ € X, such that
there exist a sequence of points g, € X \Ryx such that ¢ — ¢ along the Gromov-Hausdroff
convergence.
By a theorem of Rong-Zhang (see Theorem 4.1 in [16]), there exists a surjective map

(Rx, 00) = (Xoosdoo),
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where (Rx, go) denotes the metric completion of the metric space (Rx, g ), and a homeo-
morphism (Rx, gs) = (Xoo\Sx, doo) which is a local isometry.

It’s not hard to see that Sy is closed in X, and any tangent cone at ¢ € Sx is R?", hence
Xoo\SX C 7—\),, i.e., S C Sx.

Proposition 3.3. We have
SxCS
hence S = Sx.

Proof. Suppose not, there exists ¢ € Sx N'R, then there exist g, € (X\Rx, g(tx)) converging
to ¢ along the Gromov-Hausdroff convergence ([3.2]). Since R is open and tangent cones at
points in R is the Euclidean space R?", for any small § > 0, there exists a sufficiently small
ro > 0 such that

Ba_(q,3r9) CC R, Volg_(Ba,.(q,3r0)) > (1 =0/2)Vol,, (B(0,3ry)),

where gg is the standard Euclidean metric on R?" and B(0, 3rp) is the Euclidean ball. Since
Ricci curvatures are bounded below, by volume continuity for the Gromov-Hausdorff conver-
gence ([6]) we have for k large enough,

VOlg(tk)(Bg(tk)(qky 37“0)) > (1 — 5)VOZQE(B(0, 37’0)).

By assumption that the Ricci curvature is uniformly bounded below along the Kahler Ricci
flow, hence Perelman’s pseudo-locality ([14), 24]) implies that if § is small enough, there exists
a small but uniform constant g > 0 such that

2
sup  |[Rm(g(tk +€0))| < —.
By(t,,) (ax,2r0) €o

Moreover, by Theorem 4.2 in [24],

(33) (Bg(tk) (qk> 2T0), g(tk + 8O)a Qk) dG_H) (Bdoo (Q> 2T0), dooa Q)

By Shi’s derivative estimate, we have

sup  |[V'Rm(ty, + £0)| < Cleo, 1),
By(t,,)(ax:3r0/2)

for any [ € N and some constant C'(eg,l). Thus we have smooth convergence of g(t; + &)
to a Kéhler metric o, on (By(q,70), Jo) along the Gromov-Hausdorff convergence (B.3)),
where J, is the limit complex structure.

Without loss of generality we can assume the injectivity radii of g(tx + €9) at g are
bounded below by 7o ([3]), since the Riemann curvatures and volumes of By, )(qk, 7o) are
uniformly bounded. For k large enough, there exists (see [25]) a local holomorphic coordinates

system {z7}7_ on the ball (Byu,) (g, 70), g(tk + o)) such that [z0)]2 = 327 282 < 42,

a=1

|28)]%(gx,) = 0 and under these coordinates g,; = gtkﬁO(Vz&k), ?zgg)) satisfies
1
C

This implies that the Euclidean metric under these coordinates

(3.4) > V=1dzE) A dzP
a=1

00 < Gap < Coap,  ||9apllcrr < €, for some v € (0,1).
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is uniformly equivalent to g(t; + o) on the ball By, (qx, 7o)
Recall that along Kéahler-Ricci flow

Ric(w(t)) = —x —i00(p + ¢).
Take a cut-off function n on R such that n(x) = 1 for € (—o00,1/2) and vanishes for
x € [1,00). Choose a function
)2
ra3/2
Note that & is a globally defined function on X (with a log-pole at ¢x) when k is large

enough.
Since the metrics (3.4]) and g(tx + o) are uniformly equivalent for & large enough on the

O = (|p| + 1+ n)n( ) log \z(k)|2 + oty + €0) + H(tx + €0)-

support of i&é((n +1+ |u\)n<%> log \z(k)|2>, we see that there is a uniform constant A
0
independent of & such that
3 Bl k)2
00 (n+ 1+ |l ( =7 )10g |20 = —Aw(ty + &)
0

We will fix an integer m > 10A.
Define a (singular) hermitian metric on Kx by
hk _ hxe_ w(tk;so) —<log |0-D|%LD7

for some small € > 0. Then we have for k large enough (we denote below wy = w(ty + o),
and [D] the current of integration over the divisor D.)

_ 1 -
Ric(hf') 4+ Ric(wy) + i00P), =my + 52’8&0 — eRic(hp) + €[D] — x

05 \Z(k)|2 (k)12
+188<(n+ 1+ |,u\)n< oy >log|z | )
m m , mo_, .
=5 Wk + TX — eRic(hp) — -e =20 (g — x)
05 |Z(k)‘ k
D 1 log |22
+ € ]+z@8<(n+ +\,u|)7]< 7’8/2) og |27 )
m
zzw/m

in the current sense, for k£ large enough. The above inequality follows since %y — eRic(hp)
is a fixed Kéhler metric, which is greater than Zre="%0(wy — x) for k large enough.
Define an mK x-valued (0, 1) form

Mo — a<n<‘iék/)5> (Z(m)u),

= TIGEE ™ n=(m,.. ) €N,

a=1

where

It’s not hard to see (noting that the pole order along D is < ¢)

[ sl < o
X
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Then we can apply the Hormander’s L? estimate (see Theorem 2T with L = mKx) to solve
the following 0-equation

5“’@# = Nk
with uy ,, a smooth section of mKx satisfying

_ 4 _
/ |kl e Pt < E/ |nk7u|}2l;r€ne Pr < o0,
be be

By checking the pole order of e™®* at g, we can see that uy , vanishes at g up to order |y,

and hence ©
Els k
Ok o= Uy — 7}( 7«8/2 )(Z( ))H
is a nontrivial global holomorphic section of mK x. Hence we see the global sections of mKx
generates the p-jets at g, for k£ large enough. This gives the contradiction. Hence Sy ¢ S. O

Thus we have a local isometry homeomorphism
(Rx, goo) = (Xoo\Sx,do) = (R, ds).

Hence we can identify Rx and R, and d |z is induced by the Ké&hler-Einstein metric goo|ry -

4. ESTIMATES NEAR THE SINGULAR SET

Throughout this section, we fix an effective divisor D C X such that
Kx — E[D] >0

for sufficiently small ¢ > 0. By the previous section, we see X\D C Rx. Choose a log-
resolution of (X, D),
m 4 —X

such that 7 (D) is a smooth divisor with simple normal crossings. Fix a point O in a
smooth component of 7;1(D) and blow up Z at the point O, we get a map

T X = Z,
for some smooth projective manifold X. Denote r =m oMy : X — X.

By Adjunction formula, we have

K¢ =m"Ky+(n-1)E+F,  F=> akF,
k

where F is the exceptional locus of the blow up s, and F}, is a prime divisor in the exceptional
locus of m. We also note that a; > 0 for any k.

Since y = 7*x € 7" Kx is big and nef, Kodaira’s lemma implies there exists an effective
divisor D whose support coincide with the exceptional locus E, F' and

X — €[D] is Kihler,
hence there exists a hermitian metric hp on the line bundle associated to D such that

X — €Ric(hp) > 0.
We write D = D' +~D”, where suppD” = E, and E ¢ D'. Let op, op, op be the defining
section of E, F' and D, respectively. Here these sections are multi-valued holomorphic sections
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which become global after taking some power. There also exist hermtian metrics hg, hr, and
hj such that

Q= |op["Vowl?,

for some smooth volume form € on X. 5
We fix a Kahler metric @ on X. The Kahler Ricci flow on X is pulled back to X by the
map 7, and it safeties the equation

(X + e "(mwo — X) +id0m )"
- T Y,

0
(4.1) —7"p = log ST —
ot |0E|h(E )|0F|%FQ

with the initial 7%¢(0) = 0. By the previous estimates, we see that 7*p satisfies the estimates
dlog |al~)\i]j —Cs <7mp(t) <C,Vt >0and Vd € (0,1).
We will consider a family of perturbed parabolic Monge-Ampere equations for € € (0,1)
d . (X + e Hm*wy — X) + €0 + 1007 )™ _
(1.2 o e T ool R
Pe(0) =0

where () € PSH(X,X + e *(7*wo — X) + €@). The equation (&2) has long time existence
[27], and we will show that solutions to (A2l converge to that of (£I]) in some sense.

It’s easy to check that the Kéhler metrics @, = ¥ + e (7*wo — X) + €@ + 100@, satisfies
the following evolution equation

€

0 - . .
(4.3) =36 = ~Ric(@) — @+ X + @ — 109 log ((|0—E|2<E Vg e)(|orlZ, + e)Q).
By direct calculations, for any smooth nonnegative function f, we have
e id0f  Of NOf
001 = —
i00log(e + f) T F (Fro?
[0 € 5
= 001 ——0f N0
Fre Bl et o
> I Ezﬁélog fs

in the smooth sense on X\{f = 0} and globally as currents. So
i091og ((los;0 ™" +e)lorli, +0)
n—1)|op/?"
> _( 2)(‘nj)|hE Ric(hp) — 2
logl,,  +e oy, +€
> —Cw,

lorl, ~

Ric(hz) — Ric(Q)

for some uniform constant C' independent of e. Thus away from suppD = suppE U suppF,
we have

(4.4) %@E < —Ric(@e) — @e + Ci.
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Lemma 4.1. Let ¢. be the solution to ([A2)), then there exists a constant C' > 0 such that
foranyt >0, €€ (0,1), we have
0P
sup @e(t, ) < C, sup Ld (t,) <C.

Proof. Let
2(n—1 ~
Vo [ oslis™ + llor, + 09
be the volume with respect to the volume form (|<7E|i(g_l) +€)(lorl;, + €)Q. We see that

X

hence V, is uniformly bounded. We consider (for simplicity we denote Q. = (| E\2(" b

&)(|orlf, +€))

(7, 79)

1/ x+e 7rw0 X)+ew+z@8gpg B /ap
X )—l—e)(\ap\h +¢)Q ‘

=V
(/ X+e ﬂwo—x)+ew+188goﬁ)>——/goﬁ§2€

<C__ ~EQG7
<c- [

where for the first inequality we use Jensen’s inequality. From the above we see that

1 -
17 NGQE SC
v;/)z*o

Since ¢, € PSH(X, X + e ' (m*wy — X) + €¥), the mean value inequality implies the uniform
upper bound of @,

+

sup p.(t) < C.
X

Direct calculations show that (we will denote ¢, = 25.)

0 2 2 — * ~ P
a‘pe = Aaje(pe - trd)ee t(Tr Wo — X) — Pe

= A@EQZG —n-+ t’f’gjs)z + etr@j) + Aastﬁe — ()56.

Hence
a t ~ ~ * ~.
(4.5) (5~ AJJE)((e )G — g05> = —tro,mwo +n — etro,d < n,
then maximum principle implies
c t
(4.6) bult) < ﬂ“i <C, V>0
e —_
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Lemma 4.2. For any § € (0, 1), there is a constant C = Cs such that for any t > 0, we have
De(t) > dlog |UD|%LD — Cs.
Proof. We will apply the maximum principle. For any small § > 0 such that
X — 6Ric(hp) > 0,
where we may also assume |al~)|}2lﬁ < 1 by rescaling the metric h. We consider the function
H:=p.—dlog |UD|%LD. On X\D, H satisfies the equation

H X +e H(mrwy — X o — ORic(hp 00 H )"
0 :log(X+e (mwo — X) + €@ Ric(hp) + 100H) —H—510g\ab|if}.

4.7 —_— _
( ) ot (|O.E|2(n—1)hE + 6)(|0’F|}2ZF + e)Q

By choosing § even smaller, we may obtain w! := x — dRic(hp) + e "(m*wy — X) + € is a
Kahler metric on X for all £ > 0, and these metrics are uniformly equivalent to @, i.e., there
exists Cp > 0 such that

Ciltoe < wl < Cyi.
Consider the Monge-Ampere equations
(4.8) (¥ — 0Ric(hp) + e “(T*wy — X) + €@ + i00)" = e¥(

where ¢ € PSH (X, w!). By the Aubin-Yau theorem, (4.8]) admits a unique smooth solution
Y, for any € € (0,1) and ¢ > 0. It can be seen that

1 - 1
— veQ), < — < O,
1/;/)26 G—VE/X(“’G) =

Hence mean value inequality implies supg ¢ < C. Then by [9], we have inf ¢, > —C,
hence

1)

opli Y &) (Jorl?, + e,

[ell e < C

for some C' independent of € € (0,1) and ¢ > 0.
Denote w!(t) = w! 4 i00v¢.. Taking derivative with respective to ¢t on both sides of (4.g)),
we get

(49) Awé(t),lvbs - trwé(t)e_t(ﬂ-*wo - X) = 'ng.

Ay yhe = n — trys ()Z — ORic(hp) + e H(m*wo — X) + 6@,)’

Hence

Awé(t)(@ﬁg — ) = % — N+ 1y ()2 — ORic(hp) + 2e(m*wo — X) + e@)
Noting that x — dRic(hp) + 2e 7 *(m*wo — X) + ew > 0 is 0 is chosen appropriately, hence at
the maximum point of ¥, — 1., we have 1. < n, thus

Let G=H — . = ¢, — dlog |UD|%LD —1b.. On X\D it satisfies the equation
(4.10) ) )
0G (X — 6Ric(hp) + e (m*wy — X) + ew + 100y, + iDOG )"

log

ot - — G —bloglop? — v
ot (X — 0Ric(hp) + e H(m*wy — X) + €@ + 1009, )" ogloply, —v
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The minimum of G cannot be at D for any ¢ > 0, since it tends to +oo when approaching
D. For any T > 0, suppose (po,to) € X\D x [0,T] is the minimum point of &, then we have
at this point %—f < 0 and 100G > 0, hence maximum principle implies at this point

12 ) _
G > —dlog |aD\h]5 e > —Cs,
combining with L* bound of v, we have

pe > dloglopld .

Lemma 4.3. There exist two constants C' > 0, A > 0 such that for all t > 0,
~ =22~
(4.11) We < Clopl, @

Proof. By the classical C? estimate for Monge-Ampere equations, there is a constant C|
depending on the lower bound of bisectional curvature of @, such that

troRic(@.
(412) A@é IOg t’f’w&]e Z —Clt’f’a}e(:) — Cl — w
troWe
By the inequality ([@4), we have on X\D
) trodd.  —tryRic(@,) C
4.13 —logtrg@, = —2L° < -~ “ 1 :
(4.13) ot B T e T trom Ry

So we have on X\D,

0 . N
(5~ A@€)<logtmwe — Age + Adlog |0'f>\ib>
+ Ctra.o — Alog g— + AP+ C

€

<—
_tr@we
— Atrs (x — 0Ric(hp) + e (7 wo — X) + @)

<— —2tr5,€d)—AlogLf—e—Alogcf—+C
11 o We wn Qe

<——
tmwe

— t’f’@e@ + C,

if we choose A sufficiently large and ¢ suitably small, and in the last inequality we use the
facts that

log =— < C,

m{Qz‘ E:f

and

~n

tra.@— Alog 2 < —try &+ Anlogtre, @ < C,
wn

since the function z(€ R") — —z + Anlogx is bounded above.
Using the inequality

traw. < (tr@j))"_lfn < (tmecb)"_le%ﬂoﬂ—; < Oftrg,@)"

wr w
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The maximum of logtrgw. — Ap. + Ad log |0D|%LD cannot be at D, then maximum principle
implies that at the maximum of logtrzw. — Ap. + Ad log |<7D|%LD, we have

O<C

1
— C(trgwe) 1 —I—C,
t’f’dzae (TW)

that is, at the maximum point,
tr @(.:Je S C.
Thus we get the desired estimate. O

By standard Schauder estimate ([15]) for parabolic equations, we have

Lemma 4.4. For any integer { € Z., on any compact subset K CC X\[), there is a constant
Cy k such that for anyt > 0
|@ell ey < Crk
From Lemma B4, we see that ¢.(t) converge to a smooth function s on X\D as t — oo
and ¢ — 0, which satisfies the estimates

510g|al~)\,2% — C5 < oo < C, on X\D, for any § € (0,1)
Do 1= X + 1000 < C\ab|;§’\.
Moreover, from (4.0 we see that
0
— (@ +Ce ') < 0.
gl P e <

Hence on any compact subset K C X\D, the function ¢.(t) + Ce~"? decreases to a function
Yoo as t — 00. Hence ¢.(t)|x approaches zero as t — oo and € — 0. Thus the metric @y
satisfies the equation

(:)go = ()Z + 1853000)" = eww‘O'Eﬁ(;_l)‘O'Fb%FQ, on X\D

Let € — 0, p(t) tends to a function @o(t) € PSH(X,X + e Ym*wy — X)) N C®(X\D) in
C(X\D x [0, 00))-topology, which satisfies the degenerate parabolic Monge-Ampere equa-
tion

0o . (X+e M (m'wy — X) +i00pg)"
W - ]'Og 2(n—1) 5 A — Po,
(4.14) 0l loFl; S
¢0(0) =0
with the estimates
(4.15) dloglopli. —Cs <o < C, on X\D, Vs € (0,1),
(4.16) Do(t) := X + e (m*wo — X) + 0939 < Clopl;2*, on X\D.

When the solutions @ to EId) are in PSH(X, ¥ + e~ (m*wy — X)) N L®(X), the uniqueness
of such solutions has been proved in [20]. In the following, we will adapt their method to
prove the uniqueness when solutions satisfy (£I5]), instead of global L*>°-bound.

Proposition 4.1. Let ' € PSH(X, ¥ + e~ (m*wo — X)) N C®(X\D x [0,00)) be a solution
to the equation (A1) with the estimate ([ALIH), then

¢ = Po.
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Proof. We consider the following perturbed equation
d e = log (X + e H(m*wo — X) + €& + i00p, )"
ey = — &
o (oely ™+ (orl, + 79
906,7(0) =0,

for any € € (0,1), v € (0,1). By similar arguments as in Lemmas [T £2 3], we can get
the following estimates for ¢, ,

— Pey

(4.17) SUP ey < O, sup e, < C.
X X
For any § € (0,1), there is a constant Cs such that
_12
(4.18) Pey = Ologlopl, — Cs.
(4.19) Wer(t) ==X+ e (mwy — X) + €@ + 100, ,, < C\UD|,_L;’\JJ.
(4.20) |@erllcty < Co, for any compact K CC X\D.

Moreover, by maximum principle, we have the following monotonicity properties
Pem > Peyar for any 7 < 727V€ S (07 1)7
Gery < Peyy, for any e < e, Vy € (0,1).
We can define a function

Ye 1= (’lyl—% @e,'\/) )

where f*(z) = lim, 0 SUP,,ep(.on (2} f (W) is the upper regularization of a function. Then ¢,
satisfies the equation

(X + e Hm*wy — X) + e + i00p )"

awe = log |UE‘Z(;L_1)|UF|%LFQ — e, on X\D
pe(0) =0,
And we have the monotonicity
Ve < ey, for any € < €9, on X\[D
So we can define g := lim._,g ¢, which satisfies the equation
2900 ~log (X + e‘t(ﬂ*wg - X) + z'?égoo)” o, on X\D
(4.21) ot ol owl2,Q
©o(0) =0,
The estimates ([@17), (AI8), ([EI9) and ([A20) implies that

C>=(K)
Pe — g, as € = 0,

for any compact K CcC X\D, and ¢, satisfies similar estimates as in @I7), EIS), @EI9)
and (£.20).

For any ¢’ as in Proposition 1], define a function

b= e — ¢’ —epeloglop i
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on X\D, where g is a small number such that & — goRic(hp) > 0. For any e,
¥ > dlog |a[~,|ib —Cs — C —gpelog |0D|2D — 400,
as the point approachipgj), if 4 is small enough, say, 0 < £0€/2. Hence the minimum of
(-, t) can only be at X\D. And on X\D, 9 satisfies the equation
o o (X + e H(m*wo — X) +i00¢" + e(@ — woRic(hp)) + i00¢)"
or ~ 8 (Y + e (mwo — X) + 100"
Maximum principle argument implies that ¢y = infg p (-, t) > 0. (Recall we assume
lopli, < 1.) Hence

— 1) — gopelog |‘7D|if,-

e > ¢ + gpelog |0D|ib, on X\D.
On any compact K CC X\D, letting € — 0, we get
wo > ¢', on K,
then let K — X\ D, we see that
(4.22) o > .
To show the uniqueness, we only need to show ¢y < ¢’, and this will be done by another

perturbed equation, as Song-Tian do in [20].

™M _1 (X + e (1 —r)m*wo — X) + € + i00p, )" B

(r)
o Pey — 10 2(n—1 ~ Pey
ot ozl +3)(jorl2, +7)0
e (0) =0,

It’s not hard to see that ") — e as 7 — 0. Denote w = x + e *((1 — r)m*wy — X) + €0 +

i@égom.
Lemma 4.5. For some constant C' > 0, we have

suppl”) < C, Cloglopli —C <
X

Proof. The upper bound of gpg follows similarly as the proof in Lemma .11

0 (0pa _ \ 00t L .oy dph Ol
— = A, — e tromiwy — < A, — )
ot\ or or or or or
(r)
Maximum principle argument implies a“g% < 0.

(r)
Let H := ag—;’” + A@ET«), — Aegglog \abﬁﬁ, where ¢y > 0 is a small number such that
X+ e (1 —r)m*wy — X) + €& — goRic(hp) > @,

for all £ > 0 and ¢y > 0 is a uniform constant.
On X\ D, if we choose A sufficiently large, we have

0 O w" .
(a — A)H = — e tromw — 87"7 + Alog a A<p£7)y — An
Y

+ Atrg(x + e (1 — r)7m*wo — X) + €& — oRic(hp))
>— H — Agplog |UD‘i2115 - C
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>—-H-C.

Since the minimum of H cannot occur at D, maximum principle argument implies that
H > —C, combing with the uniform upper bound of gogy), we conclude that

59l > Cloglopli, — C.
O
Let
™) — (Tn o)
SOE : (»lylif(l] gpe;y) )
then it satisfies the equation
0 Y +e (1 —7r)m*wy — X 5+ i00p" < =
0 ) —1og (U = D+ 0By o 0
o o5y lor [0
0 (0) = 0.

We have the monotonicity o < o) for any €; < €. Define

0™ = lim (.
e—0
From Lemma L3 it’s not hard to see that
|t — U2 < C(1 = loglopli )lrt = ral, on X\D,
hence on any compact subset X CC X \D, ") — @y in the C™ sense as r — 0, where ¢ is
the solution constructed in (A.2T]).
Now we are ready to finish the proof of Proposition @Il Define G = ¢’ — o —
e 'reglog ‘UD|;21E~,- By the assumption on ¢', for any fixed ¢t > 0, r € (0,1)
2ot 12
G = dloglopl, — Cs—C — e 'regloglopl, — 400,
as approaching D, if 9 is smaller than e~*r¢g, hence the minimum of G cannot be at D. On
the other hand, on X'\ D, we have
QG o (X + e (1 = r)m*wo = X) + 099" + re”!(m*wy — oRic(hp)) +i0IG)"
o~ (R + e (T =)o — X) + 000"
(X + e (1 = r)m*wy — X) + 100p™ +id0G)"
(X + e (1 — r)m*wy — X) + i00pr))n

by maximum principle, we have G > 0, i.e.,

G

> log

Y

¢ > +etregloglopli .
On any compact subset K CC X\D, letting » — 0, we get

¢ >y, onK.

Then let K — X\D, we see that ¢’ > ¢, on X\D, combing with [@23), we show that
¢’ = ¢o. Hence we finish the proof of uniqueness of solutions.
O
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From the uniqueness of solutions to (AI4) and estimates of 7*p, we see that
(4.23) o, (1) St
where w(t) is the solution to the Kéhler Ricci flow (IL]) on X.

We will come back to equation (4.2). ) ) )

Let O € Bo C Z be a small Euclidean ball, Bo = 7, (Bo) € X. The divisors D’ and
7~1(D) — E (the proper transform of D) lie in the zero set of of a local holomorphic function
w in Bp. By Lemma (4.3 we have

mw(t), as e — 0,

Lemma 4.6.
(:)E(t) < W&), on 830
Let w := miwpye, where wgy,q is the Euclidean metric on By, then local calculation shows
that (see [22, [17])
Co

losl},

~

(4.24) Cylo << @, in Bo,

and )
)~( - €0RiC(hE) > 0, in Bo.

Proposition 4.2. There ezist a small § € (0,1) and A > 0 such that for any t > 0,e > 0,
we have

C -

< G
|08, Tw]*

Proof. We will do the calculation in Bo\F U {w = 0}. Since & has flat curvature in Bo\F U
{w = 0}, we have
. tryRic(we(t))
A,y logtrow (t) > ————=,
1 ()
and by (4.4)

D gt () < reCRICEAD) ~ 50) + OB)

ot trw‘be(t)
> 0 trad c
Tl
—— A logt LD~E t S -1 iJ = ~ )
(g ~ Ao lostradelt) < =1+ Op 2Ty < 1o e o)
where we have used (£24)).
So we have (r is a sufficiently small number)
d 20141)), 120, ~ ¢ ‘
(g7~ B ol ol 0) S [y 4 (14 P o i)

8 2(14r ~ ~
(55 = Bao) (log oslry ™ fw[Ptrad. () — A5.)
()™ C '
< —
<C — Alog T oo trato (7 + (1 +r)Ric(hg)

— Atrg, X — Ae_ttme(t) (T wo — X) — Ae€trg, i@
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C
0B}, tra®e(t)
if A is sufficiently large, and in the last inequality we have used the fact that x — eRic(hg)
is a Kahler metric on Bo when ¢ is small.

On the other hand, similar calculation shows that

0 Ch

— —Ag logtraw.(t) < Citrg. nww + C —

(815 (1) logtra@e(t) < Citrg, o + Cy + 0

where (' depends on the lower bound of the bisectional curvature of @.
Define

S C - t'l“a,e(t)a) +

Y

G = log o]0 [w|PMro@e(t) — A@e + o log [w|* 2o (t),

26’

by the calculations above, we have

0 1 C 1
(& - A )G <C trwe(t)

|UE|%Etmdze(t) tra@c(t)
C

|O'E|%LEt’l“@aJ€(t) ’

1
<C; — the(t)@

where in the last inequality we use (Z£.24]).

2(1+4r)

For any small positive r, |og|, " |w|[**tre@c(t) tends to 0 as approaching E and {w = 0},

so for any ¢t > 0, G' cannot obtam its maximum at Bo N E N {w = 0}. Moreover, we know
¢ > dlog |w| — Cs, on 9B,

for any small § > 0. Hence by Lemma [£.6] we have

supG < C.

8Bo
For any T' > 0, assume (po, t) € B_O\E U{w = 0} x [0,T] is the maximum point of G. If
po € 0Bp, then we are done. Otherwise, we have at this maximum point

losl}, trow(t) (tro.mw — 2C2) < C.

By the inequality

El‘ @z

~E Hn .

= S Cg(t?“;,e(t)a))n_l.

So
0|} tro@ () ((tro@ (t)Y "D — Cy) < C,  at (po,to)-
If tra@e(t)(po, to) < 2"LCY ™, then |op|?, tro@e(t)(po, to) < 2"~ 'CCy. Noting that in Bo,
B > 8loglopl?, + 8log [uwl® — Cs,
hence G is bounded above by a uniform constant, if we choose ¢ small enough in the above
inequality.
If tra@(t)(po, to) > 2 1CF !, then we have
|0’E|,2LEtT’@cDE(t)(p0, t()) S C.
Then for ¢ small enough,

G(po,to) < rloglogly, — dloglogli, — dlog|wl> + (A + 1)log |w|* + C < C.
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In sum, in all cases, we have supp o7y G < C. Then
log ([ 2t (1) w9000 (43, (1)) 00 ) < g+ C <

noting that try,@.(t) > C; tra@c(t), we have
> 1+(2C1) 1 C

— 2(1 .
o] w2

(tmaje(t)

If we choose r sufficiently small, say, r < (10C;)~!, then % = 1—¢ for some 0 € (0, 1),
and hence

- C N
trawe(t) < S Bo\E U {w = 0}.
0B, W]
O
Corollary 4.1. By letting e — 0 in ([L258) and the convergence ([A23)), we have for anyt > 0
* C ~
0Bl vl
Letting t — oo, we have
* C ~ D
T Weo S Ww, m BO\(E U {'UJ = O})
|08, w]

Lemma 4.7. For any ¢ € D C X, there exists a smooth curve v(s) :€ [0,1] — X such that

(1) v(0,1)) € X\D, and (1) = ¢;
(2) v is transversal to D;
(8) for any e > 0, there exists an sy > 0, such that for all s € [sg, 1)

dg)(q,7(s)) <e, VE>0.

Proof. We take the resolution m; : Z — X and choose a point O in a smooth component of
77 H(D) with 7 (0) = ¢, and blow up O, 7 : X — Z, and 7 = m omy : X — X. We choose
an appropriate smooth path 4([0,1)) € Bo\E U {w = 0} which keeps away from {w = 0}
and ¥(1) C E. Then v = w(7) is the desired path, and last item follows from the uniform

estimate (£.20). O

Corollary 4.2. For a fized p € X\D, any q € D, there exists a constant C = C,, such that
foranyt >0
dg(t) (p7 q) S C'q-

Hence along the convergent sequence (X, g(t;), p) dan, (Xooy doos Do) s 4 € (X, g(t;)) converges
(up to a subsequence) to some ¢ € Xoo in the Gromov-Hausdorff sense.

Since we aim to give a purely analytic proof of our main results, without using of Kawa-
mata’s base point free theorem, we need the local freeness of some power of the canonical
line bundle Kx as proved in [I8], for completeness we give a sketched proof.

Proposition 4.3. [18] For any q € D, there exists 0 € H*(X, mKx) for some m € Z, such
that

o(q) # 0.
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Proof. By Corollary 2] we can take ¢, as the limit point of ¢. By [18], there exists a
o € H(X,mKx) such that

‘0- i}gE(qoo) > 17

where |a\%%E is a Lipschitz continuous function on X,.

By Lemma (7] there exists a sequence of points {gx} C Rx which transversely tend to ¢
and

dg(ti)(%Qk) < k_l, V1.
We may assume g, € Ry converge to the same point g, € R = Rx. Hence

oo (Goos qr) = lim dyr) (g, gr) < k=t

By the continuity of \a|,2L7KnE, for k large enough,

)

N —

e o2 (ar) = Loy, (@) =

ie.
pre(ar) < C+ Cloglolfim(ar)-
On the other hand, for any 6 € (0, 1), we have

dlog ‘UD|}2LD(Qk> —Cs < ore(q),
hence
o0l (a1) < Clof2y ().
Since g approaches D transversely, and ¢ is any arbitrarily small number, we see that o
cannot vanish at g. Thus complete the proof. O

By a compactness argument and the previous proposition, we have:

Proposition 4.4. There exists an integer m € Z, such that for any q € X, there exists a
holomorphic section o € H(X, mKx) such that o(q) # 0, i.e., mKx is base point free. Thus
a basis {og,...,on,, } of H*(X,mKx) gives a morphism

B0 X = Xegn € CPV™,
where Xeqn 15 the image of X under ®,,.

Remark 4.1. Proposition is well-known from Kawamata’s base point free theorem. It
follows from algebraic geometry [13] that when mKx is base point free the maps ®,, stabilize
when m s sufficiently large, i.e., ®,, is independent of m when m s large enough and we
will denote this map by P.

For the given basis {0y, ...,on} of H*(X, mKx), we have

N N N
Z ‘0i|f2z;n = Z ‘Uz’|f2z;<n€_¢_@ > COZ |0ilpm > 1 > 0.
i=0 i=0 i=0

Moreover, by Proposition B.1l we know

N
sg{pz |ai\iyb <, sg{p |Vw(t)0-i‘i;n < C,Vi, vt >0,
i=1
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thus the map
O, (X, w(ty) = (Xean,wrs), x> [og(x):...:0n(2)] € CPY

has uniformly bounded derivatives (see e.g. [§]). Since the target space (Xeun,wrs) is com-
pact, by Arzela-Ascoli theorem, the map extends to the Gromov-Hausdorff limit space

q>oo . (Xooadoo) — (XcanawFS)a

which is Lipschitz continuous.

Under our assumption that the Ricci curvature is uniformly bounded below, Tian-Wang’s
theory ([24]) on the structure of limit of almost Kéhler Einstein manifolds implies that the
singular set is closed and of Hausdorff codimension at least 4, which also implies that any
tangent cone in the limit space is good (see [§]), in the sense that there exists a tangent
cone C(Y), such that for any n > 0 there exists a cut-off function S which is 1 on a small
neighborhood of the singular set Sy C Y, and vanishes outside the n-neighborhood of Sy,
and ||V B3| r2yvy < 7, then following Donaldson-Sun’s idea ([8]) on partial C” estimates (see
also [23]), by similar arguments as in [17], for any two distinct points p,q € X, one can
construct two holomorphic sections o1, 09 € H°( X, mKx_) which separate p, ¢, hence we
have

Proposition 4.5. [17] &, is injective.

5. PROOF OF THEOREMS

Proof of Theorem[1.1. To prove Theorem [I.1l we will argue by contradiction. Following the
ideas in [18], we need the following lemma:

Lemma 5.1. Suppose diam(X, g(t;)) — oo, then we have diam (X, d) = 00,
(1) Poo : (Xoo,doo) = (Xean, Wrs) 18 not surjective;
(2) Forp € Xean\Poo(Xeo) and any sequence of points q; € Xoo with dy,s(Poo(gj),p) — 0
as j — oo, we have
doo(Poos q5) — 00.

Proof. (1) Suppose @, is surjective. Since diam(X,ds) = 00, there exists a sequence of
points ¢; € R C Xoo With deo(Poc, ¢j) = 00. (Xean,wrs) is a compact metric space, hence
there exists a convergent subsequence of {®,(¢g;)} which converge to some ¢’ € X4, with
respect to the metric wpg. Then there is a point ¢ € X such that @ (¢) = ¢, We
claim that the ball By_ (¢, 1) contains all but finitely many ¢;’s. Assuming this claim, we
get that the distance of ¢; and po is bounded by de(Peo; ¢oo) + 1 contradicting the choice of
g; which converge to oo under dy as j — o0o. To see the claim, suppose not, there exists a
subsequence ¢;, C {g;} such that do(zj,, ;) > 1, where z; is a sequence of points contained
in R which converge to ¢, under the metric do. Since ®(gj,) and P (xj,) are both in
X!¢ which is connected and these points both converge to ¢.,, so we can choose a curve

vj, C XI¢ whose length under wpg tend to 0 as j; — oo. Then @ }(v;,) C R C X is
a connected curve connecting x;, and ¢; which has d..-length greater than 1, so we can
take a point y; € P () such that 1/2 < d(zj,,y;) < 1. Then by compactness we
may assume that up to a subsequence y;, converge to a point y., € X, which satisfies
1/2 < doo(goos Yoo) < 1. It’s not hard to see by triangle inequality that d,,.s (Poo(y5,), ¢4 ) — O,
hence dyp o (Poo(Yoo), o) = 0 and Poo(yoo) = ¢, and this contradicts the property that @

is injective. Hence we prove the claim.
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(2) Suppose du(Poo, qj) < A for some constant A > 0. By compactness we can assume a
subsequence of ¢; converges to a point ¢, With deo(Poo, ¢oo) < A.

Then we have dy,.o (P, Poo(qj)) = duwps(P; Poo(doo)) = 0 as j — oo, thus p = Poo(g) and
this contradicts the choice of p. O

Since ®, is not surjective, there exists a ¢ € Xoun \Poo(Xoo). Consider a point g € D C X
with ®(q) = ¢/, for a sequence of points {¢;} C Rx = R in the path constructed in Lemma
A7 with ¢; — ¢, i-e. dups(¢'s Polg;)) = 0, we have

SUP Ao (Pos, 4j) < 00
J

This contradicts item (2) in Lemma [5.Il Hence the diameter of (X, g(¢;)) is uniformly
bounded. And we finish the proof of Theorem [l O

Proof of Corollary[L1. We will show &, : X, — X4, is surjective. Suppose not, there is
P & Poo(Xs). Since o (R) is dense in X4, there exists a sequence of points ¢; € R such
that dy,.(p, Poo(q;)) — 0 as j — oco. We have shown diam (X, ds) is bounded, hence g¢;
would converge to some point ¢, € X, under d.,. Hence

Qoo (P Poo(goe)) = 10 dosps (p; P (g5)) = 0,

and we conclude that p = ®,(¢x), and thus a contradiction. Hence @, is surjective.
Combining with Song’s result that ®., is also injective, we see that ®., is a Lipschitz contin-
uous homeomorphism of (X, doo) and Xegy,, since (Xo, do) is a compact space. Moreover,
D|r : (R,ds) = (Rx,goo) is an isometry so @, induces an isometry between (X, dwo)
and (Rx,9o0) = (Xean,goo). Hence the Gromov-Hausdroff limit of the Ké&hler Ricci flow
(L)) is the canonical model of X, with the limit metric of the flow, under the assumption of
bounded Ricci curvature along the flow. 0

Proof of Theorem[1.4. Suppose the flow (L)) is of Type III, i.e. |Rm|(g(t)) is uniformly
bounded, by Shi’s derivative estimates all derivatives of Rm are bounded. Fix a point p €
X\D, for any sequence t; — oo, by the smooth convergence of w(t;) on X\ D (Lemma B.T]),
the volumes of unit balls By,)(p, 1) C (X, g(;),p) are bounded below by a uniform positive
constant, the limit space (Xoo, doo, Poo) 18 smooth. Hence X, = R and § = Sy = (). Then
Rx = X, otherwise, if there exists ¢ € X\Rx, then by Corollary .2l we have dg,)(p,q) < Cq
for any ¢; and a uniform constant C; depending only on ¢, hence ¢ must converge to some point
(oo € Xo along the Gromov-Hausdorff convergence, by the definition of Sy, ¢ € Sx # 0,
thus a contradiction. So we have X is a compact Kéahler manifold admitting a smooth Kahler
Einstein metric wx g with Ric(wgg) = —wikp, hence Ky is ample. O

APPENDIX

In this appendix, we will show that along the Kéhler-Ricci flow (L), assume Ricci cur-
vature is uniformly bounded below for all £ > 0, then for any sequence t; — oo, (X, w(t;),p)
is a sequence of almost Kéhler-Einstein manifolds in the sense of Tian-Wang ([24]), where
p € X\D is a fixed point. Recall a sequence of Kéahler manifolds (X;,w;, p;) is called almost
Kahler Einstein if the following conditions are satisfied.

(1) R,IC(WZ> Z —W;
(2) Voly,(B(pi,r0)) > v > 0, for two fixed constants ro > 0 and vy.
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(3) The flow 2w = —Ric(w)+ Aw has a solution w(t) with w(0) = w; on X; x [0, 1], where
A\ € [—1,1] is a constant. Moreover, fol Jx, IR(w(t)) = nXilw(t)"dt — 0 as i — oo.

We may assume Ric(w(t)) > —K for a constant K > 0 (we may assume K > 1) and any
t > 0. Let @; = Kw(t;), then Ric(w;) > —1. Since (X, w(t;)) is non-collapsed at the point
p € X\D due to the smooth convergence, we have (X,®;) is also non-collapsed at p, i.e.,
there exists vy > 0 such that Vol (Bg,(p,70)) > v for some small ry > 0.
@;(t) := Kw(t;+ K~) with t € [0, 1] satisfies the (normalized) Kéhler Ricci flow equation
() = —Ric(@i(t) - K~'ay(t),
with the initial @;(0) = @;. From the evolution equation for the scalar curvature R(w(t))
(w(t) is the solution to (I.TI))
0

5= AR+ |Ric]> + R,

by maximum principle, at the minimum point of R(w(t)) for each ¢, Ry, = miny R(w(t)),
we have

d

Rmin t 2
ERmin(t) Z |R,1C|2 —+ Rmin(t) Z n( ) -+ Rmin(t)
Standard comparison theorem of ODE implies that
. 2
Ruin(t) > — Buin(O)n + > n—O(e™).

" Ruin(0)e! — Rypin(0) — 7
Hence for ¢t € [0, 1], we have

R(@(t)) = K" R(w(ti + K~'1)) 2 =K 'n = O(e™").
Then

/01A|R(@i(t + K n|o(t "dt<// D)+ Kn) + 0(e™)) @) dt

n(Ric(@i(1) + K'@,(t)) A ()" 1dt + O(e™")

e KT (wo — ) A @ (1) dt 4+ O(eH)

I
/ / (wo = x) = i009) N &(1)"dt + O(e™)
/ |

e_tl — 0, ast; = o0.
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