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ON THE KÄHLER RICCI FLOW ON PROJECTIVE MANIFOLDS OF

GENERAL TYPE

BIN GUO

Abstract. We consider the Kähler Ricci flow on a smooth minimal model of general type,
we show that if the Ricci curvature is uniformly bounded below along the Kähler-Ricci
flow, then the diameter is uniformly bounded. As a corollary we show that under the Ricci
curvature lower bound assumption, the Gromov-Hausdorff limit of the flow is homeomorphic
to the canonical model. Moreover, we can give a purely analytic proof of a recent result of
Tosatti-Zhang ([29]) that if the canonical line bundle KX is big and nef, but not ample, then
the flow is of Type IIb.

1. Introduction

The Ricci flow ([10]) has been one of the most powerful tools in geometric analysis with
remarkable applications to the study of 3-manifolds. The complex analogue, the Kähler-
Ricci flow, has been used by Cao ([2]) to give an alternative proof of the existence of Kähler
Einstein metrics on manifolds with negative or vanishing first Chern class ([31, 1]). Tsuji
[30] applied the Kähler-Ricci flow to construct a singular Kähler Einstein metrics on smooth
minimal manifolds of general type. The analytic Minimal Model program, introduced in
[19, 20], aims to find the minimal model of an algebraic variety, by running the Kähler-Ricci
flow. It is conjectured ([20]) that the Kähler-Ricci flow will deform a given projective variety
to its minimal model and eventually to its canonical model coupled with a canonical metric
of Einstein type, in the sense of Gromov-Hausdorff.
Let X be a projective n-dimensional manifold, with the canonical bundle KX big and nef.

We consider the Kähler-Ricci flow

(1.1)
∂ω

∂t
= −Ric(ω)− ω, ω(0) = ω0,

where ω0 is a Kähler metric on X . It’s well-known that the equation (1.1) is equivalent to
the following complex Monge-Ampere equation

(1.2)







∂ϕ

∂t
= log

(χ+ e−t(ω0 − χ) + i∂∂̄ϕ)n

Ω
− ϕ

ϕ(0) = 0,

where Ω is a smooth volume form, χ = i∂∂̄ log Ω ∈ c1(KX) = −c1(X), and ω(t) = χ +
e−t(ω0 − χ) + i∂∂̄ϕ. It’s also well-known ([30, 27]) that the equation (1.2) has long time
existence, if KX is nef. We will prove the following result:

Theorem 1.1. Let X be a projective manifold with KX big and nef. If along the Kähler
Ricci flow (1.1), the Ricci curvature is uniformly bounded below for any t ≥ 0, i.e.,

Ric(ω(t)) ≥ −Kω(t),
1
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2 BIN GUO

for some K > 0, then there is a constant C > 0 such that the diameter of (X,ω(t)) remain
bounded, i.e.,

diam(X,ω(t)) ≤ C.

Remark 1.1. If we use Kawamata’s theorem ([11]) that the nef and big canonical line bundle
KX is semi-ample, by [32, 21] the scalar curvature along the Kähler Ricci flow (1.1) is uni-
formly bounded, hence Ricci curvature lower bound implies that Ricci curvature is uniformly
bounded on both sides. Then in the proof of Theorem 1.1, we can use Cheeger-Colding-Tian
([4]) theory to identify the regular sets. Moreover, if KX is semi-ample and big, then the L∞

bound of ϕ in (1.2) will simplify the proof. However, following Song’s ([18]) recent analytic
proof of base point freeness for nef and big KX , our proof of Theorem 1.1 does not rely on
Kawamata’s theorem.

It is conjectured by Song-Tian in [20] that the Kähler Ricci flow (1.1) will converge to the
the canonical model of X coupled with the unique Kähler Einstein current with bounded
potential, in the Gromov-Hausdorff sense. Under the assumption that the Ricci curvature is
uniformly bounded below, we can partially confirm this conjecture.

Corollary 1.1. Under the same assumptions as Theorem 1.1, then as t→ ∞,

(X,ω(t))
dGH−−→ (X∞, d∞),

the limit space X∞ is homeomorphic to the canonical model Xcan of X. Moreover, (X∞, d∞)
is isometric to the metric completion of (X◦

can, gKE), where gKE is the unique Kähler-Einstein
current with bounded local potentials and X◦

can is the regular part of Xcan.

Consider the unnormalized Kähler Ricci flow

(1.3)
∂

∂t
ω = −Ric(ω), ω(0) = ω0,

with long time existence. The flow (1.3) is called to be of Type III, if

sup
X×[0,∞)

t|Rm|(x, t) <∞,

otherwise it is of Type IIb, here |Rm|(ω(t)) denotes the Riemann curvature of ω(t). It’s well-
known that Type III condition is equivalent to the curvature is uniformly bounded along the
normalized Kähler Ricci flow (1.1). As a by-product of our proof of Theorem 1.1, we obtain
a purely analytic proof of a recent result of Tosatti-Zhang ([29]), namely,

Theorem 1.2. [29] Let X be a projective manifold with KX big and nef, if the Kähler Ricci
flow (1.1) is of type III, then the canonical line bundle KX is ample.

Throughout this paper, the constants C may be different from lines to lines, but they are
all uniform. We also use g as the associated Riemannian metric of a Kähler form ω, for
example the metric space (X,ω(t)) means the space (X, g(t)).
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constant help, support and encouragement over the years. He also wants to thank the
members of the complex geometry and PDE seminar at Columbia University, from whom he
learns a lot. His thanks also goes to Prof. V. Tosatti for his careful reading of a preprint of
this paper and many helpful suggestions which made this paper clearer. Finally he likes to
thank Prof. X. Wang and V. Datar for their interest and helpful discussions.
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2. Preliminaries

In this section, we will recall some definitions and theorems we will use in this note.

Definition 2.1. Let L→ X be a holomorphic line bundle over a projective manifold X. L is
said to be semi-ample if the linear system |kL| is base point free for some k ∈ Z+. L is said
to be big if the Iitaka dimension of L is equal to the dimension of X. L is called numerically
effective (nef) if L · C ≥ 0 for any irreducible curve C ⊂ X.

We can define a semi-group

F(X,L) = {k ∈ Z
+|kL is base point free}.

For any k ∈ F(X,L), the linear system |kL| induces a morphism

Φk = Φ|kL| : X → Xk = Φk(X) ⊂ P
Nk

where Nk + 1 = dimH0(X, kL). It’s well-known that ([13]) that for large enough k, l ∈
F(X,L), (Φk)∗OX = OXk

, Φk = Φl and Xk = Xl.
We will need the following version of L2 estimates due to Demailly ([7])

Theorem 2.1. Suppose X is an n-dimensional projective manifold equipped with a smooth
Kähler metric ω. Let L be a holomorphic line bundle over X equipped with a possibly singular
hermitian metric h such that Ric(h) + Ric(ω) ≥ δω in the current sense for some δ > 0.
Then for any L-valued (0, 1)-form τ satisfying

∂̄τ = 0,

∫

X

|τ |2h,ωωn <∞,

there exists a smooth section u of L such that ∂̄u = τ and
∫

X

|u|2h,ωωn ≤ 1

2πδ

∫

X

|τ |2h,ωωn.

3. Identify the regular sets

Since KX is big and nef, by Kodaira lemma, there exists an effective divisor D ⊂ X , such
that KX − εD is ample, hence there exists a hermitian metric on [D] such that

χ− εRic(hD) > 0.

Let’s recall a few known estimates of the flow, (see [15, 30] or [17, 18] without assuming
that KX is semi-ample)

Lemma 3.1. (i) There is a constant C > 0 such that for any t ≥ 0,

sup
X
ϕ(t) ≤ C, sup

X
ϕ̇(t) = sup

X

∂

∂t
ϕ ≤ C.

(ii) For any δ ∈ (0, 1), there is a constant Cδ > 0 such that

ϕ ≥ δ log |σD|2hD − Cδ,

where σD is a holomorphic section of the line bundle [D] associated to the divisor D.
(iii) Along the Kähler Ricci flow, there exist constants C > 0, λ > 0 such that

trω0ω(t) ≤ C|σD|−2λ
hD
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(iv) For any compact subset K ⊂ X\D, any ℓ ∈ Z+, there exists a constant Cℓ,K > 0 such
that

‖ϕ‖Cℓ(K) ≤ Cℓ,K .

Hence we can conclude that

ω(t)
C∞

loc
(X\D)−−−−−−→ ω∞,

for some smooth Kähler metric ω∞ on X\D. On the other hand, it can be shown that
ϕ̇(t) → 0 on any K ⊂ X\D as t→ ∞, hence ω∞ satisfies the equation

ωn∞ = (χ+ i∂∂̄ϕ∞)n = eϕ∞Ω, on X\D,
and ω∞ is a Kähler-Einstein metric on X\D, i.e.,

Ric(ω∞) = −ω∞.

Proposition 3.1. [18] For any holomorphic section σ ∈ H0(X,mKX), there is a constant
C = C(σ) such that for any t ≥ 0, we have

sup
X

|σ|2hmt ≤ C, sup
X

|∇tσ|2hmt ≤ C

where ht =
1

ω(t)n
is the hermtian metric on KX induced by the Kähler metric ω(t) and ∇t is

the covariant derivative with respect to hmt .

Letting t→ ∞, we have ht → h∞ = hKE = hχe
−ϕ∞ on X\D (here hχ = 1

Ω
), and

(3.1) sup
X\D

|σ|2hm
∞

≤ C, sup
X\D

|∇∞σ|2hm
∞

≤ C.

Definition 3.1. We define a set RX ⊂ X to be the points p ∈ X such that the µ-jets at p
are generated by global sections of mKX for some m ∈ Z+, for any µ ∈ Nn with |µ| ≤ 2.

Proposition 3.2. [18] RX is an open dense set of X and on RX we have locally smooth
convergence of ω(t) to ω∞.

By the smooth convergence of ω(t) on X\D, we can choose a point p ∈ X\D and a small
r0 > 0 such that (we write the associated Riemannian metric of ω(t) as g(t))

Bg(t)(p, r0) ⊂⊂ X\D, V olg(t)(Bg(t)(p, r0)) ≥ v0, ∀t ≥ 0

for some v0 > 0. For any sequence ti → ∞, (X, g(ti), p) is a sequence of almost Kähler-
Einstein manifolds (see the Appendix), in the sense of Tian-Wang ([24]). By the structure
theorem in Tian-Wang ([24]), we have

(3.2) (X, g(ti), p)
dGH−−→ (X∞, d∞, p∞).

Moreover, X∞ has a regular-singular decomposition, X∞ = R ∪ S; the singular S is closed
and of Hausdroff dimension ≤ 2n− 4; the regular set R is an open smooth Kähler manifold,
and d∞|R is induced by some smooth Kähler-Einstein metric g′∞, i.e. on R, Ric(g′∞) = −g′∞.
We define a subset SX ⊂ X∞ to be a set consisting of the points q ∈ X∞ such that

there exist a sequence of points qk ∈ X\RX such that qk → q along the Gromov-Hausdroff
convergence.
By a theorem of Rong-Zhang (see Theorem 4.1 in [16]), there exists a surjective map

(RX , g∞) → (X∞, d∞),
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where (RX , g∞) denotes the metric completion of the metric space (RX , g∞), and a homeo-
morphism (RX , g∞) → (X∞\SX , d∞) which is a local isometry.
It’s not hard to see that SX is closed in X∞ and any tangent cone at q 6∈ SX is R2n, hence

X∞\SX ⊂ R, i.e., S ⊂ SX .
Proposition 3.3. We have

SX ⊂ S
hence S = SX .
Proof. Suppose not, there exists q ∈ SX ∩R, then there exist qk ∈ (X\RX , g(tk)) converging
to q along the Gromov-Hausdroff convergence (3.2). Since R is open and tangent cones at
points in R is the Euclidean space R

2n, for any small δ > 0, there exists a sufficiently small
r0 > 0 such that

Bd∞(q, 3r0) ⊂⊂ R, V olg′
∞
(Bd∞(q, 3r0)) > (1− δ/2)V olgE(B(0, 3r0)),

where gE is the standard Euclidean metric on R2n and B(0, 3r0) is the Euclidean ball. Since
Ricci curvatures are bounded below, by volume continuity for the Gromov-Hausdorff conver-
gence ([6]) we have for k large enough,

V olg(tk)(Bg(tk)(qk, 3r0)) > (1− δ)V olgE(B(0, 3r0)).

By assumption that the Ricci curvature is uniformly bounded below along the Kähler Ricci
flow, hence Perelman’s pseudo-locality ([14, 24]) implies that if δ is small enough, there exists
a small but uniform constant ε0 > 0 such that

sup
Bg(tk)(qk ,2r0)

|Rm(g(tk + ε0))| ≤
2

ε0
.

Moreover, by Theorem 4.2 in [24],

(3.3) (Bg(tk)(qk, 2r0), g(tk + ε0), qk)
dGH−−→ (Bd∞(q, 2r0), d∞, q).

By Shi’s derivative estimate, we have

sup
Bg(tk)(qk,3r0/2)

|∇lRm(tk + ε0)| ≤ C(ε0, l),

for any l ∈ N and some constant C(ε0, l). Thus we have smooth convergence of g(tk + ε0)
to a Kähler metric g̃∞ on (Bd∞(q, r0), J∞) along the Gromov-Hausdorff convergence (3.3),
where J∞ is the limit complex structure.
Without loss of generality we can assume the injectivity radii of g(tk + ε0) at qk are

bounded below by r0 ([5]), since the Riemann curvatures and volumes of Bg(tk)(qk, r0) are
uniformly bounded. For k large enough, there exists (see [25]) a local holomorphic coordinates

system {z(k)α }nα=1 on the ball (Bg(tk)(qk, r0), g(tk + ε0)) such that |z(k)|2 =
∑n

α=1 |z
(k)
α |2 ≤ r20,

|z(k)|2(qk) = 0 and under these coordinates gαβ̄ = gtk+ε0(∇z
(k)
α , ∇̄z(k)β ) satisfies

1

C
δαβ ≤ gαβ̄ ≤ Cδαβ, ‖gαβ̄‖C1,γ ≤ C, for some γ ∈ (0, 1).

This implies that the Euclidean metric under these coordinates

(3.4)

n
∑

α=1

√
−1dz(k)α ∧ dz̄(k)α
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is uniformly equivalent to g(tk + ε0) on the ball Bg(tk)(qk, r0).
Recall that along Kähler-Ricci flow

Ric(ω(t)) = −χ− i∂∂̄(ϕ+ ϕ̇).

Take a cut-off function η on R such that η(x) = 1 for x ∈ (−∞, 1/2) and vanishes for
x ∈ [1,∞). Choose a function

Φk = (|µ|+ 1 + n)η
( |z(k)|2
r20/2

)

log |z(k)|2 + ϕ(tk + ε0) + ϕ̇(tk + ε0).

Note that Φk is a globally defined function on X (with a log-pole at qk) when k is large
enough.
Since the metrics (3.4) and g(tk + ε0) are uniformly equivalent for k large enough on the

support of i∂∂̄
(

(n + 1 + |µ|)η
(

|z(k)|2

r20/2

)

log |z(k)|2
)

, we see that there is a uniform constant Λ

independent of k such that

i∂∂̄
(

(n+ 1 + |µ|)η
( |z(k)|2
r20/2

)

log |z(k)|2
)

≥ −Λω(tk + ε0).

We will fix an integer m ≥ 10Λ.
Define a (singular) hermitian metric on KX by

hk = hχe
−

ϕ(tk+ε0)

2
− ǫ

m
log |σD |2

hD ,

for some small ǫ > 0. Then we have for k large enough (we denote below ωk = ω(tk + ε0),
and [D] the current of integration over the divisor D.)

Ric(hmk ) + Ric(ωk) + i∂∂̄Φk =mχ+
1

2
i∂∂̄ϕ− ǫRic(hD) + ǫ[D]− χ

+ i∂∂̄
(

(n+ 1 + |µ|)η
( |z(k)|2
r20/2

)

log |z(k)|2
)

=
m

2
ωk +

mχ

2
− ǫRic(hD)−

m

2
e−tk−ε0(ω0 − χ)

+ ǫ[D] + i∂∂̄
(

(n+ 1 + |µ|)η
( |z(k)|2
r20/2

)

log |z(k)|2
)

≥m
4
ωk,

in the current sense, for k large enough. The above inequality follows since m
2
χ− ǫRic(hD)

is a fixed Kähler metric, which is greater than m
2
e−tk−ε0(ω0 − χ) for k large enough.

Define an mKX-valued (0, 1) form

ηk,µ = ∂̄
(

η
( |z(k)|2
r20/2

)

(z(k))µ
)

,

where

(z(k))µ =
n
∏

α=1

(z(k)α )µα , µ = (µ1, . . . , µn) ∈ N
n.

It’s not hard to see (noting that the pole order along D is ≤ ǫ)
∫

X

|ηk,µ|2hm
k
e−Φkωnk <∞.
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Then we can apply the Hormander’s L2 estimate (see Theorem 2.1 with L = mKX) to solve
the following ∂̄-equation

∂̄uk,µ = ηk,µ,

with uk,µ a smooth section of mKX satisfying
∫

X

|uk,µ|hm
k
e−Φkωnk ≤ 4

m

∫

X

|ηk,µ|2hm
k
e−Φkωnk <∞.

By checking the pole order of e−Φk at qk we can see that uk,µ vanishes at qk up to order |µ|,
and hence

σk,µ := uk,µ − η
( |z(k)|2
r20/2

)

(z(k))µ

is a nontrivial global holomorphic section of mKX . Hence we see the global sections of mKX

generates the µ-jets at qk for k large enough. This gives the contradiction. Hence SX ⊂ S. �

Thus we have a local isometry homeomorphism

(RX , g∞) → (X∞\SX , d∞) = (R, d∞).

Hence we can identify RX and R, and d∞|R is induced by the Kähler-Einstein metric g∞|RX
.

4. Estimates near the singular set

Throughout this section, we fix an effective divisor D ⊂ X such that

KX − ε[D] > 0

for sufficiently small ε > 0. By the previous section, we see X\D ⊂ RX . Choose a log-
resolution of (X,D),

π1 : Z → X

such that π−1
1 (D) is a smooth divisor with simple normal crossings. Fix a point O in a

smooth component of π−1
1 (D) and blow up Z at the point O, we get a map

π2 : X̃ → Z,

for some smooth projective manifold X̃ . Denote π = π1 ◦ π2 : X̃ → X .
By Adjunction formula, we have

KX̃ = π∗KX + (n− 1)E + F, F =
∑

k

akFk,

where E is the exceptional locus of the blow up π2, and Fk is a prime divisor in the exceptional
locus of π. We also note that ak > 0 for any k.
Since χ̃ = π∗χ ∈ π∗KX is big and nef, Kodaira’s lemma implies there exists an effective

divisor D̃ whose support coincide with the exceptional locus E, F and

χ̃− ε[D̃] is Kähler,

hence there exists a hermitian metric hD̃ on the line bundle associated to D such that

χ̃− εRic(hD̃) > 0.

We write D̃ = D̃′ + D̃′′, where suppD′′ = E, and E 6⊂ D̃′. Let σE , σF , σD̃ be the defining

section of E, F and D̃, respectively. Here these sections are multi-valued holomorphic sections
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which become global after taking some power. There also exist hermtian metrics hE , hF , and
hD̃ such that

π∗Ω = |σE |2(n−1)
hE

|σF |2hF Ω̃,
for some smooth volume form Ω̃ on X̃ .
We fix a Kähler metric ω̃ on X̃ . The Kähler Ricci flow on X is pulled back to X̃ by the

map π, and it safeties the equation

(4.1)
∂

∂t
π∗ϕ = log

(χ̃+ e−t(π∗ω0 − χ̃) + i∂∂̄π∗ϕ)n

|σE |2(n−1)
hE

|σF |2hF Ω̃
− π∗ϕ,

with the initial π∗ϕ(0) = 0. By the previous estimates, we see that π∗ϕ satisfies the estimates

δ log |σD̃|2hD̃ − Cδ ≤ π∗ϕ(t) ≤ C, ∀t ≥ 0 and ∀δ ∈ (0, 1).

We will consider a family of perturbed parabolic Monge-Ampere equations for ǫ ∈ (0, 1)

(4.2)











∂

∂t
ϕ̃ǫ = log

(χ̃ + e−t(π∗ω0 − χ̃) + ǫω̃ + i∂∂̄π∗ϕ)n

(|σE|2(n−1)
hE

+ ǫ)(|σF |2hF + ǫ)Ω̃
− ϕ̃ǫ,

ϕ̃ǫ(0) = 0

where ϕ̃ǫ(t) ∈ PSH(X̃, χ̃+ e−t(π∗ω0 − χ̃) + ǫω̃). The equation (4.2) has long time existence
[27], and we will show that solutions to (4.2) converge to that of (4.1) in some sense.
It’s easy to check that the Kähler metrics ω̃ǫ = χ̃ + e−t(π∗ω0 − χ̃) + ǫω̃ + i∂∂̄ϕ̃ǫ satisfies

the following evolution equation

(4.3)
∂

∂t
ω̃ǫ = −Ric(ω̃ǫ)− ω̃ǫ + χ̃+ ǫω̃ − i∂∂̄ log

(

(|σE|2(n−1)
hE

+ ǫ)(|σF |2hF + ǫ)Ω̃
)

.

By direct calculations, for any smooth nonnegative function f , we have

i∂∂̄ log(ǫ+ f) =
i∂∂̄f

ǫ+ f
− ∂f ∧ ∂̄f

(f + ǫ)2

=
f

f + ǫ
i∂∂̄ log f +

ǫ

f(f + ǫ)2
∂f ∧ ∂̄f

≥ f

f + ǫ
i∂∂̄ log f,

in the smooth sense on X̃\{f = 0} and globally as currents. So

i∂∂̄ log
(

(|σE|2(n−1)
hE

+ ǫ)(|σF |2hF + ǫ)Ω̃
)

≥ −
(n− 1)|σE |2(n−1)

hE

|σE |2(n−1)
hE

+ ǫ
Ric(hE)−

|σF |2hF
|σF |2hF + ǫ

Ric(hF )− Ric(Ω̃)

≥ −Cω̃,

for some uniform constant C independent of ǫ. Thus away from suppD̃ = suppE ∪ suppF ,
we have

(4.4)
∂

∂t
ω̃ǫ ≤ −Ric(ω̃ǫ)− ω̃ǫ + Cω̃.
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Lemma 4.1. Let ϕ̃ǫ be the solution to (4.2), then there exists a constant C > 0 such that
for any t ≥ 0, ǫ ∈ (0, 1), we have

sup
X̃

ϕ̃ǫ(t, ·) ≤ C, sup
X̃

∂ϕ̃ǫ
∂t

(t, ·) ≤ C.

Proof. Let

Vǫ =

∫

X̃

(|σE|2(n−1)
hE

+ ǫ)(|σF |2hF + ǫ)Ω̃

be the volume with respect to the volume form (|σE |2(n−1)
hE

+ ǫ)(|σF |2hF + ǫ)Ω̃. We see that

V1 ≥ Vǫ ≥ V0 =

∫

X

Ω,

hence Vǫ is uniformly bounded. We consider (for simplicity we denote Ω̃ǫ = (|σE |2(n−1)
hE

+

ǫ)(|σF |2hF + ǫ)Ω̃)

∂

∂t

( 1

Vǫ

∫

X̃

ϕ̃ǫΩ̃ǫ

)

=
1

Vǫ

∫

X̃

log
(χ̃ + e−t(π∗ω0 − χ̃) + ǫω̃ + i∂∂̄ϕ̃ǫ)

n

(|σE|2(n−1)
hE

+ ǫ)(|σF |2hF + ǫ)Ω̃
Ω̃ǫ −

1

Vǫ

∫

X̃

ϕ̃ǫΩ̃ǫ

≤ log
(

∫

X̃

(χ̃ + e−t(π∗ω0 − χ̃) + ǫω̃ + i∂∂̄ϕ̃ǫ)
n
)

− 1

Vǫ

∫

X̃

ϕ̃ǫΩ̃ǫ

≤C − 1

Vǫ

∫

X̃

ϕ̃ǫΩ̃ǫ,

where for the first inequality we use Jensen’s inequality. From the above we see that

1

Vǫ

∫

X̃

ϕ̃ǫΩ̃ǫ ≤ C.

Since ϕ̃ǫ ∈ PSH(X̃, χ̃+ e−t(π∗ω0 − χ̃) + ǫω̃), the mean value inequality implies the uniform
upper bound of ϕ̃ǫ

sup
X̃

ϕ̃ǫ(t) ≤ C.

Direct calculations show that (we will denote ˙̃ϕǫ =
∂
∂t
ϕ̃ǫ)

∂

∂t
˙̃ϕǫ = ∆ω̃ǫ

˙̃ϕǫ − trω̃ǫ
e−t(π∗ω0 − χ̃)− ˙̃ϕǫ

= ∆ω̃ǫ
˙̃ϕǫ − n+ trω̃ǫ

χ̃+ ǫtrω̃ǫ
ω̃ +∆ω̃ǫ

ϕ̃ǫ − ˙̃ϕǫ.

Hence

(4.5) (
∂

∂t
−∆ω̃ǫ

)
(

(et − 1) ˙̃ϕǫ − ϕ̃ǫ

)

= −trω̃ǫ
π∗ω0 + n− ǫtrω̃ǫ

ω̃ ≤ n,

then maximum principle implies

(4.6) ˙̃ϕǫ(t) ≤
ϕ̃ǫ + nt

et − 1
≤ C, ∀t > 0.

�
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Lemma 4.2. For any δ ∈ (0, 1), there is a constant C = Cδ such that for any t ≥ 0, we have

ϕ̃ǫ(t) ≥ δ log |σD̃|2hD̃ − Cδ.

Proof. We will apply the maximum principle. For any small δ > 0 such that

χ̃− δRic(hD̃) > 0,

where we may also assume |σD̃|2h
D̃
≤ 1 by rescaling the metric hD̃. We consider the function

H := ϕ̃ǫ − δ log |σD̃|2h
D̃
. On X̃\D̃, H satisfies the equation

(4.7)
∂H

∂t
= log

(χ̃+ e−t(π∗ω0 − χ̃) + ǫω̃ − δRic(hD̃) + i∂∂̄H)n

(|σE|2(n−1)hE + ǫ)(|σF |2hF + ǫ)Ω̃
−H − δ log |σD̃|2hD̃ .

By choosing δ even smaller, we may obtain ω′
ǫ := χ̃− δRic(hD̃) + e−t(π∗ω0 − χ̃) + ǫω̃ is a

Kähler metric on X̃ for all t ≥ 0, and these metrics are uniformly equivalent to ω̃, i.e., there
exists C0 > 0 such that

C−1
0 ω̃ǫ ≤ ω′

ǫ ≤ C0ω̃.

Consider the Monge-Ampere equations

(4.8) (χ̃− δRic(hD̃) + e−t(π∗ω0 − χ̃) + ǫω̃ + i∂∂̄ψǫ)
n = eψǫ(|σE|2(n−1)

hE
+ ǫ)(|σF |2hF + ǫ)Ω̃,

where ψǫ ∈ PSH(X̃, ω′
ǫ). By the Aubin-Yau theorem, (4.8) admits a unique smooth solution

ψǫ for any ǫ ∈ (0, 1) and t ≥ 0. It can be seen that

1

Vǫ

∫

X̃

eψǫΩ̃ǫ ≤
1

Vǫ

∫

X̃

(ω′
ǫ)
n ≤ C.

Hence mean value inequality implies supX̃ ψǫ ≤ C. Then by [9], we have infX̃ ψǫ ≥ −C,
hence

‖ψǫ‖L∞ ≤ C,

for some C independent of ǫ ∈ (0, 1) and t ≥ 0.
Denote ω′

ǫ(t) = ω′
ǫ + i∂∂̄ψǫ. Taking derivative with respective to t on both sides of (4.8),

we get

(4.9) ∆ω′

ǫ(t)ψ̇ǫ − trω′

ǫ(t)e
−t(π∗ω0 − χ̃) = ψ̇ǫ.

∆ω′
ǫ(t)ψǫ = n− trω′

ǫ(t)

(

χ̃− δRic(hD̃) + e−t(π∗ω0 − χ̃) + ǫω̃
)

,

Hence

∆ω′
ǫ(t)(ψ̇ǫ − ψǫ) = ψ̇ǫ − n+ trω′

ǫ(t)

(

χ̃− δRic(hD̃) + 2e−t(π∗ω0 − χ̃) + ǫω̃
)

Noting that χ̃ − δRic(hD̃) + 2e−t(π∗ω0 − χ̃) + ǫω̃ > 0 is δ is chosen appropriately, hence at

the maximum point of ψ̇ǫ − ψǫ, we have ψ̇ǫ ≤ n, thus

ψ̇ǫ ≤ C + n ≤ C.

Let G = H − ψǫ = ϕ̃ǫ − δ log |σD̃|2h
D̃
− ψǫ. On X̃\D̃ it satisfies the equation

(4.10)
∂G

∂t
= log

(χ̃− δRic(hD̃) + e−t(π∗ω0 − χ̃) + ǫω̃ + i∂∂̄ψǫ + i∂∂̄G)n

(χ̃− δRic(hD̃) + e−t(π∗ω0 − χ̃) + ǫω̃ + i∂∂̄ψǫ)n
−G− δ log |σD̃|2hD̃ − ψ̇ǫ.
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The minimum of G cannot be at D̃ for any t ≥ 0, since it tends to +∞ when approaching
D̃. For any T > 0, suppose (p0, t0) ∈ X̃\D̃× [0, T ] is the minimum point of G, then we have
at this point ∂G

∂t
≤ 0 and i∂∂̄G ≥ 0, hence maximum principle implies at this point

G ≥ −δ log |σD̃|2hD̃ − ψ̇ǫ ≥ −Cδ,
combining with L∞ bound of ψǫ, we have

ϕ̃ǫ ≥ δ log |σD̃|2hD̃ − Cδ.

�

Lemma 4.3. There exist two constants C > 0, λ > 0 such that for all t ≥ 0,

(4.11) ω̃ǫ ≤ C|σD̃|−2λ
h
D̃
ω̃.

Proof. By the classical C2 estimate for Monge-Ampere equations, there is a constant C1

depending on the lower bound of bisectional curvature of ω̃, such that

(4.12) ∆ω̃ǫ
log trω̃ω̃ǫ ≥ −C1trω̃ǫ

ω̃ − C1 −
trω̃Ric(ω̃ǫ)

trω̃ω̃ǫ
.

By the inequality (4.4), we have on X̃\D̃

(4.13)
∂

∂t
log trω̃ω̃ǫ =

trω̃
∂
∂t
ω̃ǫ

trω̃ω̃ǫ
≤ −trω̃Ric(ω̃ǫ)

trω̃ω̃ǫ
− 1 +

C

trω̃ω̃ǫ
.

So we have on X̃\D̃,

(
∂

∂t
−∆ω̃ǫ

)
(

log trω̃ω̃ǫ − Aϕ̃ǫ + Aδ log |σD̃|2hD̃
)

≤ C

trω̃ω̃ǫ
+ Ctrω̃ǫ

ω̃ − A log
ω̃nǫ
Ω̃ǫ

+ Aϕ̃ǫ + C

− Atrω̃ǫ
(χ̃− δRic(hD̃) + e−t(π∗ω0 − χ̃) + ǫω̃)

≤ C

trω̃ω̃ǫ
− 2trω̃ǫ

ω̃ −A log
ω̃nǫ
ω̃n

− A log
ω̃n

Ω̃ǫ
+ C

≤ C

trω̃ω̃ǫ
− trω̃ǫ

ω̃ + C,

if we choose A sufficiently large and δ suitably small, and in the last inequality we use the
facts that

log
ω̃n

Ω̃ǫ
≤ C,

and

−trω̃ǫ
ω̃ − A log

ω̃nǫ
ω̃n

≤ −trω̃ǫ
ω̃ + An log trω̃ǫ

ω̃ ≤ C,

since the function x(∈ R+) 7→ −x+ An log x is bounded above.
Using the inequality

trω̃ω̃ǫ ≤ (trω̃ǫ
ω̃)n−1 ω̃

n

ω̃nǫ
≤ (trω̃ǫ

ω̃)n−1eϕ̃ǫ+ ˙̃ϕǫ
Ω̃ǫ
ω̃n

≤ C(trω̃ǫ
ω̃)n−1.
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The maximum of log trω̃ω̃ǫ − Aϕ̃ǫ + Aδ log |σD̃|2h
D̃
cannot be at D̃, then maximum principle

implies that at the maximum of log trω̃ω̃ǫ − Aϕ̃ǫ + Aδ log |σD̃|2h
D̃
, we have

0 ≤ C

trω̃ω̃ǫ
− C(trω̃ω̃ǫ)

1
n−1 + C,

that is, at the maximum point,
trω̃ω̃ǫ ≤ C.

Thus we get the desired estimate. �

By standard Schauder estimate ([15]) for parabolic equations, we have

Lemma 4.4. For any integer ℓ ∈ Z+, on any compact subset K ⊂⊂ X̃\D̃, there is a constant
Cℓ,K such that for any t ≥ 0

‖ϕ̃ǫ‖Cℓ(K) ≤ Cℓ,K.

From Lemma 4.4, we see that ϕ̃ǫ(t) converge to a smooth function ϕ∞ on X̃\D̃ as t→ ∞
and ǫ→ 0, which satisfies the estimates

δ log |σD̃|2hD̃ − Cδ ≤ ϕ∞ ≤ C, on X̃\D̃, for any δ ∈ (0, 1)

ω̃∞ := χ̃+ i∂∂̄ϕ∞ ≤ C|σD̃|−2λ
h
D̃
.

Moreover, from (4.6) we see that

∂

∂t
(ϕ̃ǫ + Ce−t/2) ≤ 0.

Hence on any compact subset K ⊂ X̃\D̃, the function ϕ̃ǫ(t)+Ce−t/2 decreases to a function
ϕ∞,ǫ as t → ∞. Hence ˙̃ϕǫ(t)|K approaches zero as t → ∞ and ǫ → 0. Thus the metric ω̃∞

satisfies the equation

ω̃n∞ = (χ̃ + i∂∂̄ϕ∞)n = eϕ∞|σE |2(n−1)
hE

|σF |2hF Ω̃, on X̃\D̃.
Let ǫ → 0, ϕ̃ǫ(t) tends to a function ϕ̃0(t) ∈ PSH(X̃, χ̃ + e−t(π∗ω0 − χ̃)) ∩ C∞(X̃\D̃) in

C∞
loc(X̃\D̃× [0,∞))-topology, which satisfies the degenerate parabolic Monge-Ampere equa-

tion

(4.14)











∂ϕ̃0

∂t
= log

(χ̃+ e−t(π∗ω0 − χ̃) + i∂∂̄ϕ̃0)
n

|σE |2(n−1)
hE

|σF |2hF Ω̃
− ϕ̃0,

ϕ̃0(0) = 0

with the estimates

(4.15) δ log |σD̃|2hD̃ − Cδ ≤ ϕ̃0 ≤ C, on X̃\D̃, ∀δ ∈ (0, 1),

(4.16) ω̃0(t) := χ̃+ e−t(π∗ω0 − χ̃) + i∂∂̄ϕ̃0 ≤ C|σD̃|−2λ
h
D̃
, on X̃\D̃.

When the solutions ϕ̃0 to (4.14) are in PSH(X̃, χ̃+ e−t(π∗ω0− χ̃))∩L∞(X̃), the uniqueness
of such solutions has been proved in [20]. In the following, we will adapt their method to
prove the uniqueness when solutions satisfy (4.15), instead of global L∞-bound.

Proposition 4.1. Let ϕ′ ∈ PSH(X̃, χ̃+ e−t(π∗ω0 − χ̃)) ∩ C∞(X̃\D̃ × [0,∞)) be a solution
to the equation (4.14) with the estimate (4.15), then

ϕ′ = ϕ̃0.
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Proof. We consider the following perturbed equation










∂

∂t
ϕǫ,γ = log

(χ̃+ e−t(π∗ω0 − χ̃) + ǫω̃ + i∂∂̄ϕǫ,γ)
n

(|σE |2(n−1)
hE

+ γ)(|σF |2hF + γ)Ω̃
− ϕǫ,γ

ϕǫ,γ(0) = 0,

for any ǫ ∈ (0, 1), γ ∈ (0, 1). By similar arguments as in Lemmas 4.1, 4.2, 4.3, we can get
the following estimates for ϕǫ,γ,

(4.17) sup
X̃

ϕǫ,γ ≤ C, sup
X̃

ϕ̇ǫ,γ ≤ C.

For any δ ∈ (0, 1), there is a constant Cδ such that

(4.18) ϕǫ,γ ≥ δ log |σD̃|2hD̃ − Cδ.

(4.19) ωǫ,γ(t) := χ̃+ e−t(π∗ω0 − χ̃) + ǫω̃ + i∂∂̄ϕǫ,γ ≤ C|σD̃|−2λ
h
D̃
ω̃.

(4.20) ‖ϕǫ,γ‖Cℓ(K) ≤ Cℓ,K , for any compact K ⊂⊂ X̃\D̃.
Moreover, by maximum principle, we have the following monotonicity properties

ϕǫ,γ1 ≥ ϕǫ,γ2, for any γ1 ≤ γ2, ∀ǫ ∈ (0, 1);

ϕǫ1,γ ≤ ϕǫ2,γ, for any ǫ1 ≤ ǫ2, ∀γ ∈ (0, 1).

We can define a function

ϕǫ := (lim
γ→0

ϕǫ,γ)
∗,

where f ∗(z) = limr→0 supw∈B(z,r)\{z} f(w) is the upper regularization of a function. Then ϕǫ
satisfies the equation











∂

∂t
ϕǫ = log

(χ̃+ e−t(π∗ω0 − χ̃) + ǫω̃ + i∂∂̄ϕǫ)
n

|σE |2(n−1)
hE

|σF |2hF Ω̃
− ϕǫ, on X̃\D̃

ϕǫ(0) = 0,

And we have the monotonicity

ϕǫ1 ≤ ϕǫ2, for any ǫ1 ≤ ǫ2, on X̃\D̃.
So we can define ϕ0 := limǫ→0 ϕǫ, which satisfies the equation

(4.21)











∂

∂t
ϕ0 = log

(χ̃ + e−t(π∗ω0 − χ̃) + i∂∂̄ϕ0)
n

|σE|2(n−1)
hE

|σF |2hF Ω̃
− ϕ0, on X̃\D̃

ϕ0(0) = 0,

The estimates (4.17), (4.18), (4.19) and (4.20) implies that

ϕǫ
C∞(K)−−−−→ ϕ0, as ǫ→ 0,

for any compact K ⊂⊂ X̃\D̃, and ϕ0 satisfies similar estimates as in (4.17), (4.18), (4.19)
and (4.20).
For any ϕ′ as in Proposition 4.1, define a function

ψ := ϕǫ − ϕ′ − ε0ǫ log |σD̃|2hD̃
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on X̃\D̃, where ε0 is a small number such that ω̃ − ε0Ric(hD̃) > 0. For any ǫ,

ψ ≥ δ log |σD̃|2hD̃ − Cδ − C − ε0ǫ log |σD̃|2hD̃ → +∞,

as the point approaching D̃, if δ is small enough, say, δ ≤ ε0ǫ/2. Hence the minimum of
ψ(·, t) can only be at X̃\D̃. And on X̃\D̃, ψ satisfies the equation

∂ψ

∂t
= log

(χ̃+ e−t(π∗ω0 − χ̃) + i∂∂̄ϕ′ + ǫ(ω̃ − ω0Ric(hD̃)) + i∂∂̄ψ)n

(χ̃+ e−t(π∗ω0 − χ̃) + i∂∂̄ϕ′)n
− ψ − ε0ǫ log |σD̃|2hD̃ .

Maximum principle argument implies that ψmin = infX̃\D̃ ψ(·, t) ≥ 0. (Recall we assume

|σD̃|2h
D̃
≤ 1.) Hence

ϕǫ ≥ ϕ′ + ε0ǫ log |σD̃|2hD̃ , on X̃\D̃.
On any compact K ⊂⊂ X̃\D̃, letting ǫ→ 0, we get

ϕ0 ≥ ϕ′, on K,

then let K → X̃\D̃, we see that

(4.22) ϕ0 ≥ ϕ′.

To show the uniqueness, we only need to show ϕ0 ≤ ϕ′, and this will be done by another
perturbed equation, as Song-Tian do in [20].











∂

∂t
ϕ(r)
ǫ,γ = log

(χ̃+ e−t((1− r)π∗ω0 − χ̃) + ǫω̃ + i∂∂̄ϕǫ,γ)
n

(|σE |2(n−1)
hE

+ γ)(|σF |2hF + γ)Ω̃
− ϕ(r)

ǫ,γ

ϕ(r)
ǫ,γ(0) = 0,

It’s not hard to see that ϕ
(r)
ǫ,γ → ϕǫ,γ as r → 0. Denote ω̂ = χ̃ + e−t((1− r)π∗ω0 − χ̃) + ǫω̃ +

i∂∂̄ϕǫ,γ.

Lemma 4.5. For some constant C > 0, we have

sup
X̃

ϕ(r)
ǫ,γ ≤ C, C log |σD̃|2hD̃ − C ≤ ∂

∂r
ϕ(r)
ǫ,γ ≤ 0

Proof. The upper bound of ϕ
(r)
ǫ,γ follows similarly as the proof in Lemma 4.1.

∂

∂t

(∂ϕ
(r)
ǫ,γ

∂r

)

= ∆ω̂
∂ϕ

(r)
ǫ,γ

∂r
− e−ttrω̂π

∗ω0 −
∂ϕ

(r)
ǫ,γ

∂r
≤ ∆ω̂

∂ϕ
(r)
ǫ,γ

∂r
− ∂ϕ

(r)
ǫ,γ

∂r
.

Maximum principle argument implies
∂ϕ

(r)
ǫ,γ

∂r
≤ 0.

Let H :=
∂ϕ

(r)
ǫ,γ

∂r
+ Aϕ

(r)
ǫ,γ −Aε0 log |σD̃|2h

D̃
, where ε0 > 0 is a small number such that

χ̃+ e−t((1− r)π∗ω0 − χ̃) + ǫω̃ − ε0Ric(hD̃) ≥ c0ω̃,

for all t ≥ 0 and c0 > 0 is a uniform constant.
On X̃\D̃, if we choose A sufficiently large, we have

(
∂

∂t
−∆ω̂)H =− e−ttrω̂π

∗ω0 −
∂ϕ

(r)
ǫ,γ

∂r
+ A log

ω̂n

Ω̃γ
−Aϕ(r)

ǫ,γ − An

+ Atrω̂(χ̃+ e−t((1− r)π∗ω0 − χ̃) + ǫω̃ − ε0Ric(hD̃))

≥−H −Aε0 log |σD̃|2hD̃ − C
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≥−H − C.

Since the minimum of H cannot occur at D̃, maximum principle argument implies that

H ≥ −C, combing with the uniform upper bound of ϕ
(r)
ǫ,γ, we conclude that

∂

∂r
ϕ(r)
ǫ,γ ≥ C log |σD̃|2hD̃ − C.

�

Let

ϕ(r)
ǫ := (lim

γ→0
ϕ(r)
ǫ,γ)

∗,

then it satisfies the equation














∂

∂t
ϕ(r)
ǫ = log

(χ̃ + e−t((1− r)π∗ω0 − χ̃) + ǫω̃ + i∂∂̄ϕ
(r)
ǫ

|σE |2(n−1)
hE

|σF |2hF Ω̃
− ϕ(r)

ǫ , on X̃\D̃

ϕ(r)
ǫ (0) = 0.

We have the monotonicity ϕ
(r)
ǫ1 ≤ ϕ

(r)
ǫ2 for any ǫ1 ≤ ǫ2. Define

ϕ(r) = lim
ǫ→0

ϕ(r)
ǫ .

From Lemma 4.5 it’s not hard to see that

|ϕ(r1) − ϕ(r2)| ≤ C(1− log |σD̃|2hD̃)|r1 − r2|, on X̃\D̃,

hence on any compact subset K ⊂⊂ X̃\D̃, ϕ(r) → ϕ0 in the C∞ sense as r → 0, where ϕ0 is
the solution constructed in (4.21).
Now we are ready to finish the proof of Proposition 4.1. Define G := ϕ′ − ϕ(r) −

e−trε0 log |σD̃|2h
D̃
. By the assumption on ϕ′, for any fixed t ≥ 0, r ∈ (0, 1)

G ≥ δ log |σD̃|2hD̃ − Cδ − C − e−trε0 log |σD̃|2hD̃ → +∞,

as approaching D̃, if δ is smaller than e−trε0, hence the minimum of G cannot be at D̃. On
the other hand, on X̃\D̃, we have

∂

∂t
G = log

(χ̃+ e−t((1− r)π∗ω0 − χ̃) + i∂∂̄ϕ(r) + re−t(π∗ω0 − ε0Ric(hD̃)) + i∂∂̄G)n

(χ̃+ e−t((1− r)π∗ω0 − χ̃) + i∂∂̄ϕ(r))n
−G

≥ log
(χ̃ + e−t((1− r)π∗ω0 − χ̃) + i∂∂̄ϕ(r) + i∂∂̄G)n

(χ̃+ e−t((1− r)π∗ω0 − χ̃) + i∂∂̄ϕ(r))n
−G,

by maximum principle, we have G ≥ 0, i.e.,

ϕ′ ≥ ϕ(r) + e−trε0 log |σD̃|2hD̃ .

On any compact subset K ⊂⊂ X̃\D̃, letting r → 0, we get

ϕ′ ≥ ϕ0, on K.

Then let K → X̃\D̃, we see that ϕ′ ≥ ϕ0 on X̃\D̃, combing with (4.22), we show that
ϕ′ = ϕ0. Hence we finish the proof of uniqueness of solutions.

�
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From the uniqueness of solutions to (4.14) and estimates of π∗ϕ, we see that

(4.23) ω̃ǫ(t)
C∞

loc
(X̃\D̃)−−−−−−→ π∗ω(t), as ǫ→ 0,

where ω(t) is the solution to the Kähler Ricci flow (1.1) on X .
We will come back to equation (4.2).
Let O ∈ BO ⊂ Z be a small Euclidean ball, B̃O = π−1

2 (BO) ⊂ X̃ . The divisors D̃′ and
π−1(D)−E (the proper transform of D) lie in the zero set of of a local holomorphic function

w in B̃O. By Lemma 4.3, we have

Lemma 4.6.

ω̃ǫ(t) ≤
C

|w|2λ ω̃, on ∂B̃O.

Let ω̂ := π∗
2ωEucl, where ωEucl is the Euclidean metric on BO, then local calculation shows

that (see [22, 17])

(4.24) C−1
0 ω̂ ≤ ω̃ ≤ C0

|σE |2hE
ω̂, in B̃O,

and

χ̃− ε0Ric(hE) > 0, in B̃O.

Proposition 4.2. There exist a small δ ∈ (0, 1) and λ > 0 such that for any t ≥ 0, ǫ > 0,
we have

(4.25) ω̃ǫ(t) ≤
C

|σE |2(1−δ)hE
|w|2λ

ω̃, in B̃O.

Proof. We will do the calculation in B̃O\E ∪ {w = 0}. Since ω̂ has flat curvature in B̃O\E ∪
{w = 0}, we have

∆ω̃ǫ(t) log trω̂ω̃ǫ(t) ≥ −trω̂Ric(ω̃ǫ(t))
trω̂ω̃ǫ(t)

,

and by (4.4)
∂

∂t
log trω̂ω̃ǫ(t) ≤

trω̂(−Ric(ω̃ǫ(t))− ω̃ǫ(t) + Cω̃)

trω̂ω̃ǫ(t)
.

So

(
∂

∂t
−∆ω̃ǫ(t)) log trω̂ω̃ǫ(t) ≤ −1 + C

trω̂ω̃

trω̂ω̃ǫ(t)
≤ C

|σE |2hEtrω̂ω̃ǫ(t)
,

where we have used (4.24).
So we have (r is a sufficiently small number)

(
∂

∂t
−∆ω̃ǫ(t)) log(|σE|2(1+r)hE

|w|2λtrω̂ω̃ǫ(t)) ≤
C

|σE |2hEtrω̂ω̃ǫ(t)
+ (1 + r)trω̃ǫ(t)Ric(hE).

(
∂

∂t
−∆ω̃ǫ(t))

(

log |σE|2(1+r)hE
|w|2λtrω̂ω̃ǫ(t)− Aϕ̃ǫ

)

≤C − A log
ω̃ǫ(t)

n

ω̃n
+

C

|σE |2hEtrω̂ω̃ǫ(t)
+ (1 + r)Ric(hE)

− Atrω̃ǫ(t)χ̃−Ae−ttrω̃ǫ(t)(π
∗ω0 − χ̃)− Aǫtrω̃ǫ(t)ω̃
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≤ C − trω̃ǫ(t)ω̃ +
C

|σE |2hEtrω̂ω̃ǫ(t)
,

if A is sufficiently large, and in the last inequality we have used the fact that χ̃ − εRic(hE)

is a Kähler metric on B̃O when ε is small.
On the other hand, similar calculation shows that

(
∂

∂t
−∆ω̃ǫ(t)) log trω̃ω̃ǫ(t) ≤ C1trω̃ǫ(t)ω̃ + C1 +

C1

trω̃ω̃ǫ(t)
,

where C1 depends on the lower bound of the bisectional curvature of ω̃.
Define

G = log |σE|2(1+r)hE
|w|2λtrω̂ω̃ǫ(t)−Aϕ̃ǫ +

1

2C1

log |w|2λ+2trω̃ω̃ǫ(t),

by the calculations above, we have

(
∂

∂t
−∆ω̃ǫ(t))G ≤C − 1

2
trω̃ǫ(t)ω̃ +

C

|σE |2hEtrω̂ω̃ǫ(t)
+

1

trω̃ω̃ǫ(t)

≤C2 −
1

2
trω̃ǫ(t)ω̃ +

C

|σE |2hEtrω̂ω̃ǫ(t)
,

where in the last inequality we use (4.24).

For any small positive r, |σE |2(1+r)hE
|w|2λtrω̂ω̃ǫ(t) tends to 0 as approaching E and {w = 0},

so for any t ≥ 0, G cannot obtain its maximum at B̃O ∩ E ∩ {w = 0}. Moreover, we know

ϕ̃ǫ ≥ δ log |w| − Cδ, on ∂B̃O,

for any small δ > 0. Hence by Lemma 4.6, we have

sup
∂B̃O

G ≤ C.

For any T > 0, assume (p0, t0) ∈ B̃O\E ∪ {w = 0} × [0, T ] is the maximum point of G. If

p0 ∈ ∂B̃O, then we are done. Otherwise, we have at this maximum point

|σE |2hEtrω̂ω̃ǫ(t)
(

trω̃ǫ(t)ω̃ − 2C2

)

≤ C.

By the inequality

trω̃ω̃ǫ(t) ≤
ω̃ǫ(t)

n

ω̃n
(trω̃ǫ(t)ω̃)

n−1 = (trω̃ǫ(t)ω̃)
n−1eϕ̃ǫ+ ˙̃ϕǫ

Ω̃ǫ
ω̃n

≤ C3(trω̃ǫ(t)ω̃)
n−1.

So
|σE|2hE trω̂ω̃ǫ(t)

(

(trω̃ω̃ǫ(t))
1/(n−1) − C4

)

≤ C, at (p0, t0).

If trω̃ω̃ǫ(t)(p0, t0) ≤ 2n−1Cn−1
4 , then |σE |2hEtrω̂ω̃ǫ(t)(p0, t0) ≤ 2n−1CCn−1

4 . Noting that in B̃O,

ϕ̃ǫ ≥ δ log |σE |2hE + δ log |w|2 − Cδ,

hence G is bounded above by a uniform constant, if we choose δ small enough in the above
inequality.
If trω̃ω̃ǫ(t)(p0, t0) ≥ 2n−1Cn−1

4 , then we have

|σE |2hEtrω̂ω̃ǫ(t)(p0, t0) ≤ C.

Then for δ small enough,

G(p0, t0) ≤ r log |σE |2hE − δ log |σE |2hE − δ log |w|2 + (λ+ 1) log |w|2 + C ≤ C.
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In sum, in all cases, we have supB̃O×[0,T ]G ≤ C. Then

log
(

|σE |2(1+r)hE
trω̂ω̃ǫ(t)|w|2λ+(2+2λ)(2C1)−1

(trω̃ω̃ǫ(t))
(2C1)−1

)

≤ ϕ̃ǫ + C ≤ C,

noting that trω̂ω̃ǫ(t) ≥ C−1
0 trω̃ω̃ǫ(t), we have

(

trω̃ω̃ǫ(t)
)1+(2C1)−1

≤ C

|σE |2(1+r)hE
|w|2Λ

.

If we choose r sufficiently small, say, r ≤ (10C1)
−1, then 1+r

1+(2C1)−1 = 1− δ for some δ ∈ (0, 1),

and hence

trω̃ω̃ǫ(t) ≤
C

|σE |2(1−δ)hE
|w|2Λ

, in B̃O\E ∪ {w = 0}.

�

Corollary 4.1. By letting ǫ→ 0 in (4.25) and the convergence (4.23), we have for any t ≥ 0

(4.26) π∗ω(t) ≤ C

|σE |2(1−δ)hE
|w|2λ

ω̃, in B̃O\(E ∪ {w = 0}).

Letting t→ ∞, we have

π∗ω∞ ≤ C

|σE |2(1−δ)hE
|w|2λ

ω̃, in B̃O\(E ∪ {w = 0}).

Lemma 4.7. For any q ∈ D ⊂ X, there exists a smooth curve γ(s) :∈ [0, 1] → X such that

(1) γ([0, 1)) ⊂ X\D, and γ(1) = q;
(2) γ is transversal to D;
(3) for any ε > 0, there exists an s0 > 0, such that for all s ∈ [s0, 1)

dg(t)(q, γ(s)) ≤ ε, ∀t ≥ 0.

Proof. We take the resolution π1 : Z → X and choose a point O in a smooth component of
π−1
1 (D) with π1(O) = q, and blow up O, π2 : X̃ → Z, and π = π1 ◦ π2 : X̃ → X . We choose

an appropriate smooth path γ̃([0, 1)) ⊂ B̃O\E ∪ {w = 0} which keeps away from {w = 0}
and γ̃(1) ⊂ E. Then γ = π(γ̃) is the desired path, and last item follows from the uniform
estimate (4.26). �

Corollary 4.2. For a fixed p ∈ X\D, any q ∈ D, there exists a constant C = Cq such that
for any t ≥ 0

dg(t)(p, q) ≤ Cq.

Hence along the convergent sequence (X, g(ti), p)
dGH−−→ (X∞, d∞, p∞), q ∈ (X, g(ti)) converges

(up to a subsequence) to some q∞ ∈ X∞ in the Gromov-Hausdorff sense.

Since we aim to give a purely analytic proof of our main results, without using of Kawa-
mata’s base point free theorem, we need the local freeness of some power of the canonical
line bundle KX as proved in [18], for completeness we give a sketched proof.

Proposition 4.3. [18] For any q ∈ D, there exists σ ∈ H0(X,mKX) for some m ∈ Z+ such
that

σ(q) 6= 0.
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Proof. By Corollary 4.2, we can take q∞ as the limit point of q. By [18], there exists a
σ ∈ H0(X,mKX) such that

|σ|2hm
KE

(q∞) > 1,

where |σ|2hm
KE

is a Lipschitz continuous function on X∞.

By Lemma 4.7, there exists a sequence of points {qk} ⊂ RX which transversely tend to q
and

dg(ti)(q, qk) ≤ k−1, ∀i.
We may assume qk ∈ RX converge to the same point qk ∈ R = RX . Hence

d∞(q∞, qk) = lim
i→∞

dg(ti)(q, qk) ≤ k−1.

By the continuity of |σ|2hm
KE

, for k large enough,

e−mϕKE |σ|2hmχ (qk) = |σ|2hm
KE

(qk) ≥
1

2
,

i.e.

ϕKE(qk) ≤ C + C log |σ|2hmχ (qk).
On the other hand, for any δ ∈ (0, 1), we have

δ log |σD|2hD(qk)− Cδ ≤ ϕKE(qk),

hence

|σD|2δhD(qk) ≤ C|σ|2hmχ (qk).
Since qk approaches D transversely, and δ is any arbitrarily small number, we see that σ
cannot vanish at q. Thus complete the proof. �

By a compactness argument and the previous proposition, we have:

Proposition 4.4. There exists an integer m ∈ Z+ such that for any q ∈ X, there exists a
holomorphic section σ ∈ H0(X,mKX) such that σ(q) 6= 0, i.e., mKX is base point free. Thus
a basis {σ0, . . . , σNm

} of H0(X,mKX) gives a morphism

Φm : X → Xcan ⊂ CP
Nm ,

where Xcan is the image of X under Φm.

Remark 4.1. Proposition 4.4 is well-known from Kawamata’s base point free theorem. It
follows from algebraic geometry [13] that when mKX is base point free the maps Φm stabilize
when m is sufficiently large, i.e., Φm is independent of m when m is large enough and we
will denote this map by Φ.

For the given basis {σ0, . . . , σN} of H0(X,mKX), we have

N
∑

i=0

|σi|2hmt =

N
∑

i=0

|σi|2hmχ e
−ϕ−ϕ̇ ≥ c0

N
∑

i=0

|σi|hmχ ≥ c1 > 0.

Moreover, by Proposition 3.1, we know

sup
X

N
∑

i=1

|σi|2hmt ≤ C, sup
X

|∇ω(t)σi|2hmt ≤ C, ∀i, ∀t ≥ 0,
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thus the map

Φi : (X,ω(ti)) → (Xcan, ωFS), x 7→ [σ0(x) : . . . : σN(x)] ∈ CP
N

has uniformly bounded derivatives (see e.g. [8]). Since the target space (Xcan, ωFS) is com-
pact, by Arzela-Ascoli theorem, the map extends to the Gromov-Hausdorff limit space

Φ∞ : (X∞, d∞) → (Xcan, ωFS),

which is Lipschitz continuous.
Under our assumption that the Ricci curvature is uniformly bounded below, Tian-Wang’s

theory ([24]) on the structure of limit of almost Kähler Einstein manifolds implies that the
singular set is closed and of Hausdorff codimension at least 4, which also implies that any
tangent cone in the limit space is good (see [8]), in the sense that there exists a tangent
cone C(Y ), such that for any η > 0 there exists a cut-off function β which is 1 on a small
neighborhood of the singular set SY ⊂ Y , and vanishes outside the η-neighborhood of SY ,
and ‖∇β‖L2(Y ) ≤ η, then following Donaldson-Sun’s idea ([8]) on partial C0 estimates (see
also [23]), by similar arguments as in [17], for any two distinct points p, q ∈ X∞, one can
construct two holomorphic sections σ1, σ2 ∈ H0(X∞, mKX∞

) which separate p, q, hence we
have

Proposition 4.5. [17] Φ∞ is injective.

5. Proof of Theorems

Proof of Theorem 1.1. To prove Theorem 1.1, we will argue by contradiction. Following the
ideas in [18], we need the following lemma:

Lemma 5.1. Suppose diam(X, g(ti)) → ∞, then we have diam(X∞, d∞) = ∞,

(1) Φ∞ : (X∞, d∞) → (Xcan, ωFS) is not surjective;
(2) For p ∈ Xcan\Φ∞(X∞) and any sequence of points qj ∈ X∞ with dωFS

(Φ∞(qj), p) → 0
as j → ∞, we have

d∞(p∞, qj) → ∞.

Proof. (1) Suppose Φ∞ is surjective. Since diam(X∞, d∞) = ∞, there exists a sequence of
points qj ∈ R ⊂ X∞ with d∞(p∞, qj) → ∞. (Xcan, ωFS) is a compact metric space, hence
there exists a convergent subsequence of {Φ∞(qj)} which converge to some q′∞ ∈ Xcan with
respect to the metric ωFS. Then there is a point q∞ ∈ X∞ such that Φ∞(q∞) = q′∞. We
claim that the ball Bd∞(q∞, 1) contains all but finitely many qj ’s. Assuming this claim, we
get that the distance of qj and p∞ is bounded by d∞(p∞, q∞) + 1 contradicting the choice of
qj which converge to ∞ under d∞ as j → ∞. To see the claim, suppose not, there exists a
subsequence qjl ⊂ {qj} such that d∞(xjl, qjl) ≥ 1, where xj is a sequence of points contained
in R which converge to q∞ under the metric d∞. Since Φ∞(qjl) and Φ∞(xjl) are both in
Xreg
can which is connected and these points both converge to q′∞, so we can choose a curve

γjl ⊂ Xreg
can whose length under ωFS tend to 0 as jl → ∞. Then Φ−1

∞ (γjl) ⊂ R ⊂ X∞ is
a connected curve connecting xjl and qjl which has d∞-length greater than 1, so we can
take a point yjl ∈ Φ−1

∞ (γjl) such that 1/2 ≤ d∞(xjl, yjl) ≤ 1. Then by compactness we
may assume that up to a subsequence yjl converge to a point y∞ ∈ X∞ which satisfies
1/2 ≤ d∞(q∞, y∞) ≤ 1. It’s not hard to see by triangle inequality that dωFS

(Φ∞(yjl), q
′
∞) → 0,

hence dωFS
(Φ∞(y∞), q′∞) = 0 and Φ∞(y∞) = q′∞, and this contradicts the property that Φ∞

is injective. Hence we prove the claim.
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(2) Suppose d∞(p∞, qj) ≤ A for some constant A > 0. By compactness we can assume a
subsequence of qj converges to a point q∞, with d∞(p∞, q∞) ≤ A.
Then we have dωFS

(p,Φ∞(qj)) → dωFS
(p,Φ∞(q∞)) = 0 as j → ∞, thus p = Φ∞(q∞) and

this contradicts the choice of p. �

Since Φ∞ is not surjective, there exists a q′ ∈ Xcan\Φ∞(X∞). Consider a point q ∈ D ⊂ X
with Φ(q) = q′, for a sequence of points {qj} ⊂ RX = R in the path constructed in Lemma
4.7 with qj → q, i.e. dωFS

(q′,Φ∞(qj)) → 0, we have

sup
j
d∞(p∞, qj) <∞.

This contradicts item (2) in Lemma 5.1. Hence the diameter of (X, g(ti)) is uniformly
bounded. And we finish the proof of Theorem 1.1 �

Proof of Corollary 1.1. We will show Φ∞ : X∞ → Xcan is surjective. Suppose not, there is
p 6∈ Φ∞(X∞). Since Φ∞(R) is dense in Xcan, there exists a sequence of points qj ∈ R such
that dωFS

(p,Φ∞(qj)) → 0 as j → ∞. We have shown diam(X∞, d∞) is bounded, hence qj
would converge to some point q∞ ∈ X∞ under d∞. Hence

dωFS
(p,Φ∞(q∞)) = lim

j→∞
dωFS

(p,Φ∞(qj)) = 0,

and we conclude that p = Φ∞(q∞), and thus a contradiction. Hence Φ∞ is surjective.
Combining with Song’s result that Φ∞ is also injective, we see that Φ∞ is a Lipschitz contin-
uous homeomorphism of (X∞, d∞) and Xcan, since (X∞, d∞) is a compact space. Moreover,
Φ∞|R : (R, d∞) → (RX , g∞) is an isometry so Φ∞ induces an isometry between (X∞, d∞)

and (RX , g∞) = (Xcan, g∞). Hence the Gromov-Hausdroff limit of the Kähler Ricci flow
(1.1) is the canonical model of X , with the limit metric of the flow, under the assumption of
bounded Ricci curvature along the flow. �

Proof of Theorem 1.2. Suppose the flow (1.1) is of Type III, i.e. |Rm|(g(t)) is uniformly
bounded, by Shi’s derivative estimates all derivatives of Rm are bounded. Fix a point p ∈
X\D, for any sequence ti → ∞, by the smooth convergence of ω(ti) on X\D (Lemma 3.1),
the volumes of unit balls Bg(ti)(p, 1) ⊂ (X, g(ti), p) are bounded below by a uniform positive
constant, the limit space (X∞, d∞, p∞) is smooth. Hence X∞ = R and S = SX = ∅. Then
RX = X , otherwise, if there exists q ∈ X\RX , then by Corollary 4.2 we have dg(ti)(p, q) ≤ Cq
for any ti and a uniform constant Cq depending only on q, hence q must converge to some point
q∞ ∈ X∞ along the Gromov-Hausdorff convergence, by the definition of SX , q ∈ SX 6= ∅,
thus a contradiction. So we have X is a compact Kähler manifold admitting a smooth Kähler
Einstein metric ωKE with Ric(ωKE) = −ωKE, hence KX is ample. �

Appendix

In this appendix, we will show that along the Kähler-Ricci flow (1.1), assume Ricci cur-
vature is uniformly bounded below for all t ≥ 0, then for any sequence ti → ∞, (X,ω(ti), p)
is a sequence of almost Kähler-Einstein manifolds in the sense of Tian-Wang ([24]), where
p ∈ X\D is a fixed point. Recall a sequence of Kähler manifolds (Xi, ωi, pi) is called almost
Kähler Einstein if the following conditions are satisfied.

(1) Ric(ωi) ≥ −ωi
(2) V olωi

(B(pi, r0)) ≥ v0 > 0, for two fixed constants r0 > 0 and v0.
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(3) The flow ∂
∂t
ω = −Ric(ω)+λiω has a solution ω(t) with ω(0) = ωi on Xi× [0, 1], where

λi ∈ [−1, 1] is a constant. Moreover,
∫ 1

0

∫

Xi
|R(ω(t))− nλi|ω(t)ndt→ 0 as i→ ∞.

We may assume Ric(ω(t)) ≥ −K for a constant K > 0 (we may assume K ≥ 1) and any
t ≥ 0. Let ω̃i = Kω(ti), then Ric(ω̃i) ≥ −1. Since (X,ω(ti)) is non-collapsed at the point
p ∈ X\D due to the smooth convergence, we have (X, ω̃i) is also non-collapsed at p, i.e.,
there exists v0 > 0 such that V olω̃i

(Bω̃i
(p, r0)) ≥ v0 for some small r0 > 0.

ω̃i(t) := Kω(ti+K
−1t) with t ∈ [0, 1] satisfies the (normalized) Kähler Ricci flow equation

∂

∂t
ω̃i(t) = −Ric(ω̃i(t))−K−1ω̃i(t),

with the initial ω̃i(0) = ω̃i. From the evolution equation for the scalar curvature R(ω(t))
(ω(t) is the solution to (1.1))

∂

∂t
R = ∆ω(t)R + |Ric|2 +R,

by maximum principle, at the minimum point of R(ω(t)) for each t, Rmin = minX R(ω(t)),
we have

d

dt
Rmin(t) ≥ |Ric|2 +Rmin(t) ≥

Rmin(t)
2

n
+Rmin(t).

Standard comparison theorem of ODE implies that

Rmin(t) ≥ −n− Rmin(0)n+ n2

Rmin(0)et − Rmin(0)− n
≥ −n− O(e−t).

Hence for t ∈ [0, 1], we have

R(ω̃i(t)) = K−1R(ω(ti +K−1t)) ≥ −K−1n− O(e−ti).

Then
∫ 1

0

∫

X

|R(ω̃i(t)) +K−1n|ω̃i(t)ndt ≤
∫ 1

0

∫

X

(

(R(ω̃i(t)) +K−1n) +O(e−ti)
)

ω̃i(t)
ndt

=

∫ 1

0

∫

X

n(Ric(ω̃i(t)) +K−1ω̃i(t)) ∧ ω̃i(t)n−1dt+O(e−ti)

=

∫ 1

0

∫

X

n(e−ti−K
−1t(ω0 − χ)− i∂∂̄ϕ̇) ∧ ω̃i(t)n−1dt+O(e−ti)

=

∫ 1

0

∫

X

ne−ti−K
−1t(ω0 − χ) ∧ ω̃i(t)n−1dt+O(e−ti)

≤ O(e−ti) → 0, as ti → ∞.
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