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Abstract—We consider the discrete memoryless degraded » X" Y" 7"

broadcast channels. We prove that the error probability of K P> Wln > Wzn

decoding tends to one exponentially for rates outside the pacity Ly—> . .

region and derive an explicit lower bound of this exponent Receiver 1 Receiver 2
LO) function. We shall demonstrate that the information spectum W(?l)_>]A< N W(n)"[/:
— approach is quite useful for investigating this problem. ! h 2 n
o
o\ I. THE CAPACITY REGION OF THEDEGRADED Fig. 1. Transmission of messages via the degraded BC.
. BROADCAST CHANNELS
Q. Letx,), Z be finite sets. The broadcast channel we study
<E in this paper is defined by a discrete memoryless chanmehss function oriC,, x £, xX™ xY" xZ" is given by
o specified with the following stochastic matrix:
N Pr{(Kn;LnaXnaYnaZn) = (kala$n7yn7zn)}

A
W = {W(y72|1’)}(x,y,z)e)(xyxz- (1) gﬁ(n)($n|]€,l) n

p—— _ :anl(ytm)wﬂztwt),

Here the sett’ stands for a set of channel input. The sgts KCnllLnl =1

— +and Z stand for sets of two cha:lnnel outputs. LEt' be & \yhere |k, | is a cardinality of the seiC,. The decoding
random variable taking values ii". We write an element of ¢nctions at the receiver 1 and the receiver 2, respectively

AT asaxt = Tt Suppose thaX™ has anprobability are denoted by){™ and{™. Those functions are formally
distribution on X™ denoted bypx» = {px~(2")} ncrn- defined byl/ﬁ") Syn Km%n) . 2" 5 £, The average

Similar notations are adopted for other random variables. Lerror robabilities of decoding at the receivers 1 and 2 are
Y™ e Y" and Z™ € Y™ be random variables obtained as th P 9

channel output by connecting™ to the input of channel. We efined by
write a conditional distribution ofY™, Z™) on givenX™ as Pél) — P )71/)% N Pr{% (") £ Ko},
n __ ni,n nl,n n n n n A n "
W= {W (y 2 |I’ )}(I"7y",z")exn><yn><zn . P((372) — Pg )(50( )7,1/)é )) = PI‘{’[/)é )(Z ) 7& Ln}

In this paper we deal with the case where the componemgrthermore, we set
W (z,ylx) of W satisfy the following conditions:

W(y, zlx) = Wi (ylz)Wa(zly). )

P = B, 47, 44")

= Pr{y{V (V") # K, or 8" (Z7) # Ly}
In this case we say that the broadcast chariielis de- It is obvious that we have the following relation
graded The degraded broadcast channel (DBC) is specified 9 '
by (W1, Ws). Transmission of messages via the degraded BC P < Pffl) + Pé"Q) ©)

is shown in Fig[L. Letk,, and L,, be uniformly distributed ' ’

random variables taking values in message &gtsand £,,, For k € K, andl € L,, setD;(k) 2 {y™ : wi”)(y") =
respectively. The random variahl€, is a message sent to they1 p, (1) 2 {2+ ¢ (z") = I}. The families of sets
receiver 1. The random variable, is a message sent to thefp, (k)},cc, and {Dy(I)}1c., are called the decoding re-

receiver 2. A se.nder transfornis,, andLn into a transmi?ted gions. Using the decoding regioﬁé") can be written as
sequenceX™ using an encoder function(™ and sends it to
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the receivers 1 and 2. In this paper we assume that the encodep(™) — _ Z Z 1
function (™ is a stochastic encoder. In this cagé?) is a CallLnl (bl eRn X Loy (27 4™ 2™ 20" X Y7 x 27
stochastic matrix given by y"eDi(k) OF 2"eD5(1)

(n)(..n n(,nl,n n(ni,n

n s on X "k, )W "YWt (z .
99( ) _ {99( )(CE |k7l)}(k,l,a:")€ICn><£n><X"7 ® ( | ) 1 (y | ) 5 ( |y )
where o™ (z"|k, 1) is a conditional probability of:” € A™ Set

given message paifk,!) € K, x L,. The joint probability ~P(™ = P (o™ () My 21— pm () ) 4 m)y,
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The quantityPﬁ") is called the average correct probabilitySet
of decoding. For giverie;,e2) € (0,1)%, a pair(Ry, R2) is

A
(1, £2)-achievabldf there exists a sequence of triplggy (™), C(p) = {(R1,R2) : R1, R > 0,
™ i) Yoo such that Ry < L,(X;Y|U), Ry < I,(U; Z) }.
C(W1,Wa) = U C(p).
Pe,i (SD( )51/11 ) S €yt = 1) 27 peP(W1,Wa)
.1 |
liminf —log [Knl = Ry, lim inf —log |Ln| > Ro. We can show that the above functions and sets satisfy the

following property.

The set that consists of alky,e2)-achievable rate pair is  property 1:
denoted bYprc(e1, 62| Wi, Wa), which is called the capacity a) The regionC(W,,W,) is a closed convex set of The
region of the DBC. We can define another capacity region . . 2

o) (n) (n) () regionC(Wy, W>) is a closed convex subset®f , where
based on the error probabilitye (o™, ¥y, ¥y ). For
givene € (0, 1), a pair(Ry, R2) is e-achievabldf there exists R2 2

={(R1,R2): R1 > 0,Ry > 0}.

a sequence of triple§(¢ (™, E"), §"))}$;;1 such that + = (B, Bo) s B 2 0, B> 2 0
)/ () (M) () b) The regiorC (W, W5) can be expressed with a family of
P (@™ by by ) <e, supporting hyperplanes. To describe this result we define
the set of probability distributiop = pyxyz of (U, X,

1 1
liminf — log |KC,,| > Ry, liminf —log|L,| > Rs.
n—oo m n—oo M Y, Z) eUd xX xY xZ by

The set that consists of attachievable rate pair is denoted

AN
by Cpec(e|W1, Wa). It is obvious that for) < e; +e5 < 1, Pan(W1, W2) = {p: U] < | X1,
we have py|x = Wi,pziy = Wo,U & X &Y < Z}.
Cpac(e1,e2|Wi, Wa) C Copel(er + e2| Wi, Wa). We set
We set CU (W, W)
AN
= max L,(X;Y|\U)+ L,(U;Z)},
CDBC(Wl, WQ) é ﬂ CDBc(€|W1,W2), PEPsn (W1,W2) {M p( | ) p( )}
€(0,1) Csn(W1, W2)
which is called the capacity region of the DBC. The two = m{(RlvRQ) Ly + Ry < CUI(Wh, W)}
maximum error probabilities of decoding are defined by as p>0
follows: Then we have the following
Pg,ln)l,l = P£?12171(g0(n)7 wgn)) C(Wl, WQ) = Csh(Wl, WQ)
4 (n) n _
= e Pr{yn) (Y") # k|Kn = k}, Propertyl is a well known result. We omit the proof of this
p  _p (n) . (n) property. The broadcast channel was posed and investigated
em2 = Pem (™, 427) by Cover[I]. Bergmans[[2] proved that(1V;, Ws) serves as

2 axPr{ng")(Z") #1|L, =1}. an inner bound of ppc (W5, Wa). Gallager([3], Ahlswede and
leLn Korner [4], proved that the inner bour® W5, W5) is tight,

Based on those quantities, we define the maximum capadfifrePy establishing the following theorem.

region Cu pc(e1, 22|W1, Wa) in a manner quite similar to _ 1heorem 1 (Gallager [3],Ahlswede andbkaer [4]):
the definition ofCppc(e1,e2|Wi, Wa). To describe previous For any DBC(W1, W), we have

works onCppc (W1, Wa) andCr, pac (e, g2|Wi, Wa), we in- _

troduce an auxiliary random variatletaking values in a finite Copo(W1, W2) = C(W1, Wa).

setU. We assume that the joint distribution @7, X,Y, 7) is The strong converse theorem was proved by Ahlswetde

al. [B]. Their result is the following:
Theorem 2 (Ahlswede et al.l[5])For each fixed
(e1,€2) € (0,1)? and any DBC(W;, Ws), we have

puxy z(u,x,y, 2) = pu(w)pxu(zlu) Wi (y|z)Wa(2]y).

The above condition is equivalent 0 <+ X < Y « Z.
Define the set of probability distribution = pyxyz of (U,

X.Y, Z) €U xX xV xZ by Cm,pBC (€1, 2| W1, Wa) = Cpee(Wh, Wa).

A Their method used to prove the strong converse theorem was
PWi,Wa) =A{p: U] <|X|+1, extended to the method called the image size charactenizati
py|x = Wi, pziy = Wo,U & X &Y < Z}. by Csiszar and Kornel[6].



To examine an asymptotic behavior Bf" for rates out- is outside the capacity region, then the error probability o
side the capacity regiof(W,,W>), we define the following decoding goes to one exponentially and its exponent is not
guantity. below F'(R1, Ro|W1, W3). From this theorem we immediately

n obtain the following corollary, which partially recoverket
G (IR, R Wi, W2) strong converse theorem by Ahlsweeleal. [5].
min (_l) log PV (™) ¢§">7¢§n>)7 Corollary 1: For each paife1, e2) € (0,1)? satisfyinge; +
(o™l gm). \ N g9 < 1, we have
(1/n)log |Kn| >R,

(1/m) log |£n|> Ra Cum,pBC(E1, 82| W1, Wo)
G(Ry, Ro| W, W) 2 lim. G (Ry, Ro|Wy, Wa). = Cpac(e1, e2|Wh, Wa) = Cppel(er + e2| Wi, Wa)
Our main aim is to find an explicit In this paper we derive an ~ — Copo(Wi, Wa) = C(W1, W2).
explicit onver bound ofG(R,, Rz |(W1, W>) that is positive if In particular, for each € (0,1/2), we have
and only if (Ry, Rs) ¢ C(W1, Wa). Cono(e, £[W) = Cono (26[Wh, Wa) = C(Wi, Wa).

Il. MAIN RESULT . . .
. ] ) ) The exponent function at rates outside the channel capacity
In this section we state our main result. Define was derived by Arimoto[]7] and Dueck and Korngt [8]. The
techniques used by them are not useful to prove Theglem 3.
Some novel techniques based on the information spectrum
, method introduced by Hari ][9] are necessary to prove this

>

W (@, y, z|u)
A QY|X(?J|$)

A qZ|U(Z|U>
= plog
qY|U(y|U)

qz(2)

A
APMN(XY Z|U)

D>

(u,z,y,2) EUXX XY XZ
X exp {)\wé“) (z,y, z|u)} ,
A N 2
QU (XY Z|U) = 1og AV (XY Z|U),
QN (7, W) = QN (XY Z|U),

qux (u, T)qy | x (Y|T)qz)y (2]y)

max
qE€EPen(W1,W2)

FWN Ry + Ro|Wy, Wa)
A MpRy + Ry) — QU (W, Wa)
N 142X+ A\

F(Ry, Ry|W1, W)

2 sup FEN (R, + Ro|Wi, Wo).
1, A>0

3

theorem.

IIl. PROOF OF THERESULTS

We first prove the following lemma.
Lemma 1:For anyn > 0 and for any (o™, (™ (™)
satisfying(1/n)log || > R1, (1/n)log|L,| > Ra. we have

PE")(w(”), 7/’571), én)) < anX"Y"Z"{

L W xXmwe (2 Y

Ry < —1lo 5
=508 qynzn|n, (Y™, Z"| Ly) ®)
1 n Z™ L,
s Log 221 )
n an(ZTI)

In (B), we can choose any conditional distributign. -1, on
V" x Z" givenL,, € L,. In (@) we can choose any probability
distributiongz» on Z™.

Proof of this lemma is given in Appendix C.

We can show that the above functions and sets satisfy theror¢ = 1,2, ..., n, set

following property.
Property 2:
a) For eachy € P(Wy, W), QY (XY Z|U) is a mono-
tone increasing and convex function »f> 0.
b) For everyg € Py, (W1, W3), we have

A
- QN (XY Z|U)
A—=+0 A
=ul, (X;Y|U) + I,(U; Z).

c) If (R1,R2) ¢ C(Wp,Ws), then we haveF(R;, Rs|
Wl,WQ) > 0.

Proof of Property2 is given in Appendx]B. Our main

result is the following.
Theorem 3:For any degraded BCIW;, W,), we have

G(R1, Ro|W1,W3) > F(Ry, Ra|Wq, Wa). 4)

Proof of this theorem will be given in Sectignllll. It follows

from Theorem[B and Properfyl 2 part c) that (iR, R2)

Uy & Lo x Y x 25V, 2 L, x 20,
Uy & (Lo, YU 250 € Uy, Vi & (L, 2'1) €W,
U é (laytilazt71> S Ut,vt é (l,Zt71> S Vt.

For eacht =1,2--- 1, let k; be a natural projection from,

onto V;. Using k;, we haveV; = k. (U;), t =1,2,---,n. For
eacht = 1,2,---,n, let Q(U; xXx Y x Z) be a set of all
probability distributions on

U X X XY XZ=L, x X x Y x Zt

Fort =1,2,---,n, we simply writeQ;=Q(U; xX xY x Z).
Similarly, fort =1,2,---,n, we simply writeg: = qu, x,v, 2,
€ Q;. Set
A n n
"= =]]ow xxxyx2),
t=1 t=1

A
" =A{q}_, € Q"



By Lemma[l and some computations we have the following By Lemmad P anfl3, we have the following proposition.

lemma. Proposition 1: For anyu, 8 > 0, any ¢" € Q™, and any
Lemma 2:For anyn > 0, for any (o™, ¢{™, ") satis- (o™, (™ ") satisfying

fying (1/n)log|K,| > Ry, (1/n)log|L,| > R, and for any

1" € Q7 we have ~log |ICy| > B, ~log| L] > By, ®)
n n
P (™), g™, i) < PLn,XnYnZn{ we have
- W1 (Yi| X (1) (o) (™) 4, (7)
ng_z 17t}|/é)+ Pc (50 71/}1 an ) .
=1 QYt|U, t| t) G(HRl 4 R2) 1Q(N771 ) (Xnynzn|Ln)
n""p(||gn
Pz v, (Ze|Vi) s 3exp g —n 1+0+0
Ry < — Z Hi) + 77} +2e7", (7) a

Proof: Under the conditior[{8), we have the following chain

where for eacht = 1,2, - - -, n, the conditional probability dis- " .
of inequalities:

tribution gy, |7, and the probability distribution, appearing

in the first term in the right members dfl(7) are chosen so ) )y @

that they are induced by the joint distributigh= qu, x,v; z, Pgn)(@(")v ) < pL, Xnynzn{

S Qt- n
Proof of this lemma is given in Appendix] D. Ry < 1 Zlog Wi (Y| Xe)
To evaluate an upper bound 61 (7) in Lemida 2. We use the n i v v, (Ye|U)

following lemma, which is well known as the Crameér’s bound 1 Pz (Zi|Vh)

in the large deviation principle. Ry < — Zlog Hiz + 17} + 3e™ ™1
Lemma 3:For any real valued random variabeand any "= ZAD)

0 > 0, we have

< PL,xnynzZn {MR1 + Ry — (p+1)n
Pr{Z > a} < exp[— (Aa — logElexp(0Z)])] .

1 = Wi (Y3 X Zi|V;
Here we define a quantity which serves as an exponential ﬁ Z (3] (;)ll;jzt)lv’((g )t) } +3e™ "
upper bound oP{™ (™), ™ y{™). Let P (W1, Wy) be t=1 Oy, v, (YelUn) 7, (2
a set of all probability distributiong;, xnyn»z» on L, xX™ ®)
) " < —
x Y™ x Z" having the form: = &P {n{ O(uha + Ro) +6(u + 1)y
prnxnynzn (L, 2™, 4", 2") += Q;‘j;?flq (X”Y"Z”|Ln)H £33, (9)
=pr~(l) HpXt|Lanr*1(=Tt|la e YW (yel ) Wa (2| ye ) Step (a) follows from Lemmia 2. Step (b) follows from Lemma
t=1 [B. We choose; so that
For simplicity of notation we use the notatiop™ for
pL, xrynze € PM (Wi, Ws). We assume thaiy, x,v,z, = —n= *G(HRl + Ro) +0(u+1)n
Pr.x.viz, s @ marginal distribution ofp(™. For t = Q(k(bn?‘)‘ (X"Y"Z"|Ly). (10)
1,2,---,n, we simply write p, = py,x,v,z,. For p™ € prlle”
P (Wi, Wa) andg™ € Q", we define Solving [I0) with respect tg, we have
(1,0) nynon
Qp(”)Hq (X Y"zZ |Ln) G(MR1+R2) nQ;l(Ln?\)\q (XnY"Z"|Ln)
n 10 = .
A W (Ve Xo)p%, v, (Ze Vi) K 140+ 0u
:1Ong(") H m 0 5 . .
1 Gy, (YelUaz, (Ze) For this choice of; and [3), we have
where for eacht = 1,2, - - -, n, the conditional probability dis- (n) n
. . L . P < 3e™™
tribution gy, 7, and the probability distribution,, appearing ¢ L ()
in the definition oﬁ);ﬁbj)‘ . (X"Y"Z"|L,)are chosensothat _ , _nﬂ(uR1 + Ra) = 5 ) n (XY 27| L)
they are induced by the joint distributiagn = qu, x,v,z, € Q. N P 140+ 0u ’
Here we give a remark on an essential difference between
p™ € P (W, Wy) and ¢® € Q". For the former then  completing the proof. [
probability distributionsp,, t = 1,2,---,n, are consistent Set

with p(™), since all of them are marginal distributions of
. e )
p(™). On the other hand, for the lattey? is justa sequence Q" (W, Wa)
of n _probab|I|ty distributions. Hence, we may not have the A& 2 min Q(;(Av,g) (XY™ Z"|L,).
consistency between theelementsy, t = 1,2, ---,n, of ¢". n>1p<n>€p<n>(wl wyyateQr n Pl



By the above definition o7 (R;, Ry|W1, Ws) and Propo- deriving an explicit lower bound of the exponent functioatth

sition[d, we have
G(n)(R17R2|W17W2)
— (11,0
_ OBy + Ry) — 0" (W, W)
14+0+0u

Then from [11), we obtain the following corollary.
Corollary 2: For anyf > 0, u > 0, we have

21 log3. (11)
n

(1]
(2]

— (1,0
H(MRl +R2) —Q(# )(Wl,Wg)
1+6+06u ’

(31
(4]

G(Rl, R2|W1, WQ) >

We shall calio" (Wl, W3) the communication potentlal

The above corollary implies that the analysis ﬁf”’ [5]
W1, Ws) leads to an establishment of a strong converse
theorem for the degraded BC. [6]

The following proposition is a mathematical core to prove
our main result. v

Proposition 2: For 6 € (0, 1), set
0 A
ATl T T

Then, for anyd € (0,1), we have

(8]

(12)
[9]

aw.0) 1 (1, A)
Q" (W, Wa) < —— QWA (W W), (10]
( 1 2) =1 + 2\ ( 1 2)

Proof of this proposition is in AppendIX E. The proof is ot
so simple. We must introduce a new method for the proof.

Proof of Theoreni]3:For 0 € (0,1), set

[12]
A
A= 0= 13
1-6 1+A (13) (13]
Then we have the following:
G(R1, Ra|Wy, W2)
@ (iR + Ba) = 0" (W, W)
- 1+6(1+p)
@ x (1B + Ry) — 5 QN (W, Wa) A.

1+ 251+ p)
MRy + Ry) — QU (W, Wh)
L+ X+ A1+ p)
= FN(uRy + Ry|[Wy, Wa).

Step (a) follows from Corollarf12. Step (b) follows from
Proposition 2 and[{13). Sinc€{14) holds for akyu: > 0,
we havel[(}) in Theoreifn 3. [ |

IV. CONCLUDING REMARKS

For the DBC, we have derived an explicit lower bound of
the optimal exponent function on the correct probability of
decoding for rates outside the capacity region. Our metbod
the DBC can also be applied to the derivation of an explicit
lower bound of the optimal exponent function outside the
capacity region for the asymmetric broadcast channels@BC

1 S. Arimoto,

is positive for rates outside the capacity region of the ABC.
the case of ABC, some additional techniques are also needed.
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APPENDIX

Cardinality Bound on Auxiliary Random Variables

We have the following lemma.
Lemma 4:For each integen > 2, we define

QN (W, Wa)

>

max
q=qQu XY Z :U(—)X(—}Y(—}Z,

qy | x=W1,qz)y =W2,
U|<|Lal Y™

Q) (Wi, Wa)

>

A
QN (XY Z|U).

max
q=quxyz: U XY Z,
qy | x=W1,qz)y =W2,
[U|<|x]

trhen we have

Q(H’A)(Wl, Wg) = Q(M’/\)(Wl, Wg)

or said the broadcast channels with degraded message setByoof: We bound the cardinality/| of U to show that the
investigated by([6],T10]{[12]. In fact the authér[13] seeded bound|i/| < |X| is sufficient to describel; (u:A) (Wl, W) and



Q) (Wl, Ws). Observe that

Z qu (w)gx v (z|u), (14)
ueU
APN(XYZIU) = qu(u)¢" D (gxp(lu),  (15)
ueU
where
¢ (gx o (-Ju))

1>

2.

(z,y,2) EXXYXZ
X exp {)\w,(]“) (x,y, z|u)}

For the quantitiesqz(-) contained in the forms of (*:»)

ax v (@|w) Wi (ylz)Wa(z|y)

(gxo(-lu)), v € U, we regard them as constants unded (14).

For eachu € U, ("N (qx i (-|u)) are continuous functions
of gxu(-|v). Then by the support lemma,

U < |X—1+1=]|X|

is sufficient to expresg¥| — 1 values of [I#) and one value

of (I5). [ |
B. Proof of Property R

In this appendix we prove Propeity 2.
Proof of Property[R:We first prove part a) and b). For
simplicity of notations, set

SWUXY,Z),A2UXxXxYxZ,
E(N).

Ap(a ] )

(16)

Q é (u7 $7y) Z))A
A AN
Wi (@, y, 2|u) £ pla), QYN (XY Z|U) 2

= log {

By simple computations we have
/\p(a)]

g =etW {Z qa(a
saa(ny 120 20 eA{p(aHp(b»] an

Then we have

WA _
QUN(XY Z|U) =

> aala)

acA

HOVET e

{z

a,beA
From [IT), it is obvious that”()\) is nonnegative. Hence
Qf{"A) (XY Z|U) is a convex function of\. It follows from
(I8) that for eachy € P(W1, W), we have

'(0) = aa(a)p(a)

= WL (X Y|U) + [,(U:2) > 0. (18)

Hence we have the part b). Sing&0) > 0 and¢&”(\) > 0,
we havet’(\) > 0 for A > 0. Hence for eacly € P(W1, Wa),
Q,(;“’A) (XY Z|U) is monotone increasing fox > 0. Next we
prove the part c). We assume th@, R2) ¢ C(Wy, W),

then by Properti/]1 part b), there exjst > 0 ande > 0, such
that

W Ry + Ry > CWI) (W, Wa) + € (19)
Set
() 260 = A [ L(X:YIU) + (U3 2) + 5.
Then we have the following:
(0)=0,¢(0) = =5.¢"M) ="M 2 0. (20)

It follows from (20) that there exists(e) > 0 such that we
have((X\) < 0 for A € (0,v(¢e)]. Hence for any\ € (0, v(e)],
for any u > 0, and for everyg € Py, (W1, Ws), we have

€

5) 1)
From [21), we have that for any € (0,v(e)] and for any
w >0,

Q(””\)(Wl W)
QUNUXYZ)

QUNUXYZ) <A (ulq(X; Y|U)+1,(U; Z) +

max
qEPhh(Wth)

<A\ max

LZEPsn (W1, W2)

=A

max
LZEPsn (W1, W2)

[CW (W, Wa) +

{Mlq(X3 Y|U) + Iq(U§ Z)} +

€

(WL (X5 Y10) + 1,0 2)} + 5|
d
)

Under [19) and[{22), we have the following chain of inequal-
ities:

= (22)

F(R1, Ro|Wh, Wa)

= supsup F(“’A)(uRl + Ro|Wy, Wa)
A>0 >0

> sup  FUTN(u* Ry + Ro| Wi, Wa)

AE(0,v(c)]
AW Ry + Ro) — QU (W, Wh)
1+ 2\ + Ap*
C(“*)(Wl, Wa) —

142X+ A
. 1 A€
up -_———
AeOp(e)] 2 1+ 2X+ Ap
1 v(e)e
T2 14 2v(e) + v(e)u*
Step (a) follows from[(22). Step (b) follows fror (19). m
C. Proof of Lemmall
In this appendix we prove Lemnia 1.

Proof of Lemmallfor! € L,,, set
A n n n n n n n
Ai(l) = {(= W3t (2" [y )W (y"™|=")
> |Knle™ ™ qynzn L, (Y™,

sup
Ae(0,v(e)]
€

2

Yyt 2t
2"0)},
Ax(1) M) > [Lale™ ™Gz (2)},

A(l)

{(@™,y",2")
A1) N As(D).

Pz»|L, (Z

> >



. —n
Then we have the following: < E|}£—| Z Z qynL, (D1(k)|1)

N X leL, kEK,
p(m) — m Z Z 1 s
(k)RR XLn (2™ ™ 2" )EA(), = r Z dy»|Ly, U Dy(k)|1
y" €D (k),2" €Ds (1) | "| eL,, ke,
™ (2" [k, HWT (y"|2" Y W3 (=" |y") S e
. ! e
+|Kn||£n| Z Z leL,
L (T (1) Next we proveA, < e~"7. We have the following chain of

y"€D1(k),z2"€D2(l)
x oM (2" [k, YW (y" 2™ ) W3 (2" [y™)

<> A M=me 2 >

inequalities:

i=0,1,2 [Lnl (k) EKH X Loy (™ y™,z"):
y"€D1(k),z" €Da(1)
where pzniL, (2" [)<e™ "7
X|Ln|dzn (27)
Ay £ W Z Z XPrc, xnynzn|L, (k2" y", 2"|l)
n n 1
(k)EKR XL (x™,y™,2™)EA() < — Z Z Z Z 1
XPxnynzn| KL, (@, y", 2"k, 1), |Lal leL, 2"€Dy(D), KEK, (a7,yn)eXn xIn
A 1 Pzn|L, (2" [1)<e™ "7
RANTA TR > oo AL fazn )
MR ek, x Ly (a7 y",2")EAS(1), Xpr, xnynzn| L, (k2™ y", 2"|l)
y" €D (k),z" €D2(1) 1
XanYnZn‘KT“Ln(wn,yn,Zn|k,l) S m Z Z pZn|Ln(Zn|l)
fori=1,2. "iec, 2"eDy(l),

Pzn|L, (2" [1)<e™ ™"
X|Lnldzn (")

YT N ()

By definition we have

IN

Ay l€L, zn €D (1)
=y =0 3 e (Da(1)
lely,
1 1. wpyr|xm)
Zog |G, < = log — L 12D . .
- og |Kn| < — log dvoi0, (V" L) +7 = e MGyn < U 92(1)> < e,
1 1. pzrp, (2" Ln) } b
—log|l,| < —log———— + 23 i
- g |Lnl - log G (27 (23)  Thus Lemmd™l is proved ]

; . (n) .(n) L D. Proof of Lemma&l2
From [23), it follows that if(¢(™), 1™ 15"™) Satlsf|g5(}/@) From LemmelL, we have the following lemma
log |[Ca| = Ry, (1/n)log|Ln| > Re, then the quantityo is | - 5:Fod:l1r vty i SN

upper bounded by the first term in the right membersLof (§)..: ¢ . 1 > U1 > h
in Lemmall. Hence it suffices to shody; < e ™7, § = 1,2 @;\nsfymg(l/n) 08 [Kn| = i, (1/n)log |£n| > Ra, we have

to prove Lemmdll. We first provA; < e~"7. We have the P (o) ¢§n) wén)) <L Xwnzn{
following chain of inequalities: c ’ =PL,

N Wi (Y| X:)
1 R < =) log ! + 1,
MR, 2 oot < e L YT 2
(O b7 b 1 s, (Z)Ln, 7'
"eD;(k),z" €Dy Zy| L Zt—1\4t|Lin, —n
Wi o s (=7 ™) Ry < = log =22 +77}—|—2e ",
<o | n = Gz.(Z1)

Xqymnzn|L, (y™,2™ 1)

Proof: In () in Lemmal, we choosg,»yn|p,
x@U (2" [k, DW (y" |2 ) W3 (2" [y")

—nn qynzn|L, (y", 2")
<7 > > 1 n
|£n| no,.n _n — l t—1 _t—1
(k,NELR XLy (=™ y™,z"): = H{QYt|LnthlZ"*1(yt| Y2 T)
y"€D1(k),z"€D2(1) i—1
X‘P(n) ($n|kvl)QY“Z“|Ln (y",2"|0) X qzt\Ln,Yth'*l(ZtUaytaztil)}
e "N n
= Yo avnznn, (Di(k) x D2(1)]1) = [THaviimnye e (il g =" 2 Wa(zelye) )
ke X L t=1



In (@) in Lemmal, we choosgz~ having the form
iz (Z2") = [ @2.(20).
t=1
Then from the bound{6) in Lemnid 1, we obtain
P (o™, 7/’571), ﬁfén)) < anX"Y"Z"{
1 n
— Z log
n
t=1
1 n
— Z log
n t=1

completing the proof.
From Lemmdb, we immediately obtain Lemida 2.

Wi (Y| Xy)

Qv Loy t—1zt-1 (Ye| Ly, Y71, Z171)

Pz\Ln 7t (Zi| L, Z871)
qzt (Zt)

Ry < + 7,

Ry

IN

+ 77} + 2e™ ™1,

E. Upper Bound of2"" (W1, W)

In this appendix we derive an explicit upper bound of

ﬁ(“’e)(Wl,Wﬂ to prove Proposition[]2. For each
1,2,---,n, define the function of(u, z¢,ys, 2:) € Uy xX
xY xZ by

0
Wi H(yt|30t)Pezt|Ut (2t]ut)

] -
quj‘ U, (y: |Ut)fZ%t (2¢)

1>

,0
f}SH )

ellge.me (zt’ Yts Zt|ut)

For eacht = 1,2, - - -, n, we define the probability distribution =, ¥*, 2*), t = 1,2, - -

(039" ,K")
Pr, xtytzt

(11,059" ,K")
Pr, xtytzt

2

= (l,xt,yt,zt)}

(Lt yt 2t )EL, XXX YEX ZE
by
(1,03q" k")
L,XtYtZt

= Ci 'pr, Opxer, (2'|0) H{Wl(yz|xz)W2(Zz|yz)

i=1

(%w.%y Z1|uz)}a

(1,2, y", 2"

,6
szgﬂ )

ini;ﬁi

where

Cté Z an(l)pX"ILn(xt”)H{Wl(yi|$i)W2(Zi|yi)

lxt yt, 2zt i=1
(1,0)
Xfpi||qi7m($myi,Zi|ui)}7
are constants for normalization. For eack 1,2, --,n, set
(n,0) & -1
Py e = GOy, (24)

where we defin€y = 1. Then we have the following lemma.

Lemma 6:
79 n n n — = ( 79)
QU (XY ZM L) = t}_l:mgq)tf‘qt . (25)

Proof. From [24) we have

log ‘I’ifg’% =log C;y —logC;_1. (26)

Furthermore, by definition we have

QU (XY 2" L,) =logCy, Co = 1. (27)
From [Z26) and[(27)[(25) is obvious. [ |

The following lemma is useful for the computation of
<I>§‘;’f)2{t fort=1,2,---,n.

Lemma 7:For eacht = 1,2,---,n, and for any (I,
xt iyt 2t € L, x Xt xYt x Zt, we have

19; t1 t
P 2t gt 2
A N U (70 St -1 =1 i

(@EH 4 H)) ! (Lixg—ly':—lz)t—1(l,$t 1,yt 1,Zt 1)
XD, L x -1 (2|1 2 )W (e |2 ) W (2e|ye)

,0
Xflgu )

tHmeﬁt

(28)

(zt, Yt, Zt|ut)-
Furthermore, we have

(1,0)

t,qt Kt
(O |
= Y AT
Lzt yt,zt
XPx, L x -1 (@1 YW (i) Wa (24 |yr)

(1,9)
Xfpthr,,m

(l,l‘t_l,yt_l, Zt—l)

(29)

(@,

(Tt, Ye, 2t|ue)-
Proof of Lemmad7:By the definition ofp(L*:ﬁg‘Z;’ftZ)t
-,n, we have

(1,05q" k")

t t t
anxtytZt(law Y,z )

= t_lan(l)pX‘\Ln(xtll)H{Wl(yi|xi)W2(Zi|yi)

i=1

0
><f,§" ) (@i, i, ziui—1) }.

ini;ﬁi

(30)

Then we have the following chain of equalities:

(1,0;q" ") 1,2ty 2t

L. XtYtZt
t

@ Ct_lan(l)pqun@t”)H{Wl(yi|$i>W2(Zi|yi>

i=1

(1. 0) (@i, i, ziluq) b

X
pillgi ki

t

= G Opxes |Ln (@ HD) H{Wl(yz|1'z)w2 (zilyi)
i=1
0
Xf;fllqz,ni (i, i, 2ilwi) }
XD i (21 2t )W (g ) W (21|
0
XSt ey (@ s Z1lu)

() ~—1 (1,050~ s* 1) t—1 -1 _t—1
= Cy Ct—lanxt—lytflztfl(lNr Y2

XPx, Lo xt-1 (@1 3T YW () Wa (2 e )
(1,0)
XfPtHQtMﬁt
L t—1
= ((I)g;,te,)ﬁt)71 (Lk:gég—ll}':—l Zt—1 (l; ztila ytil,
XPx, Lo xt-1 (@1 3T YW (e ) Wa (2 e )
0
szgu )

tHQtMﬁt

(fUm Yt, Zt|ut)

= tfl)

(31)

(fUm Yt, Zt|ut)-



Steps (a) and (b) follow froni(30). From {31), we have

(pop3q",5")

P Lty 2 (32)
(Lﬂ i{?t 1;},tllz)t 1(l,l‘t_17yt_1,zt—1)
prt‘L -1 (@l 2t YW (el ) W (2e|ye)
X Fylo Mg (Tt Yes ze|ue). (33)

Taking summations of (32) anf(33) with respect tof, 3¢,
2!, we obtain

(1,0)
t,qt Kt
_ } : (R | t—1  t—1 _t—1
- L Xt—1lyt—17t— l(lv:r 7y 52 )
Lat,yt,zt

YW (g2 ) Wa (24 ye )

f( el nt($t7yt,zt|ut),

prt‘L Xt—1($t|l,$t_

completing the proof. [ ]
We set
0 t— 17 t—1 9 17 t—1 _ _
Pgﬁxtq " )(utaxt) P(Lﬂ Xfyt th )1 (l,wuyt 1azt 1)

2 : (1,0;¢" 16" 1) 1 -1 _t—1
- W Xt-lyt—17t— 1(l7'r 79 y 2 )
(Et 1

XpXt‘Lnxt—l (Z't|l,$t71).

1(# 0)

p [lge,me

Then by [29) in Lemmd]7 and the definition
(¢, yt,2¢ |ut), we have

(1,0)
(I)tp;; Kt

t—1 t—1
= 3 R () W (il Wa(zly)

Ut , Tt ,Yt,2¢
0
Wy #(yt|$t)p%t‘vt (z¢|ve)
0 .
qYl:| v, (Yt lue)q%, (1)

(34)

Proof of Propositiof]2 is as follows.
Proof of Propositiorf R:Set

. A -
Pn(WlaWQ) = {(I: |U| < |£n||y|n 1,
ayix =Wi,qzy =Wao,U & X <Y & Z},

QBN (W, W) & QN (XY Z|U).

N max
qEP, (W1,W2)

We choosey; = qu, x,v,z, SO that

QU XY Z4 (ut7 Tty Yt, Zt)
t—1 t—1
 (u, ) Wi (1 |20) Wa (22| ye).

(1,0;9" "k
U Xy

It is obvious thatg; € P, (W, Ws) for t = 1,2,---,n. By
@4) and the above choice gf, we have

(I)(# 0)

t,qt Kkt

3

Ut Tt Yt 2t

0
X{ W (i) pZtVt(Zt|Ut)}

QQ\Ut (yelue)  qz,(20)

qu, (ue)qx, o, (T |ue) W (ys|26) Wa (2¢|yz)

_{ W (Y| Xt) Pz, (Zi| Vi) }9

Oy, 1, (YelU)  az,(Z:)

0
WY Xe) az,v,(Ze|Ut) pz, v, (Ze] Vi)

"\ w0, YelU)  az(Ze)  azu,(Ze|U)

) 1-6

_0
(2 . W (Y| Xe) qzyu,(ZU) | 7°
ST e, () az.(20)

(10T 9)(XthZt|Ut)}

X

— 20 XthZt|Ut)}

< exp

ol
® xp {
i

QM Wl,Wg)}

(C))

Step (a) follows from Holder's inequality. Step (b) follew
from (12). Step (c) follows fromy, € P, (W, Ws) and the
definition onS{“A) (W1, Wa). Step (d) follows from Lemmial 4
in AppendiXA. To prove this lemma we bound the cardinality
|U{| appearing in the definition &%“’A)(Wl, W3) to show that
the boundi/| < |X] is sufficient to describé)ﬁ#’”(Wl, Wa).
Hence we have the following:

(#«\)(WI, Wz)} )

min Q(/"‘79)
q "eQ" n p(")||q

(X"Y"Z"|Ly,)

_Q(Mve) (XnynZn|L g = Zlogq)(l%‘g)

p(m)||gm n t,qt Kt

(b)

1
—)\Q(W\) (W, Wa). (36)

Step (a) follows from[{25) in Lemmnid 6. Step (b) follows from
@8). Since [[3b) holds for any > 1 and anyp™ e P
(W1, W3), we have

=(1,0) 1 A
Q Wi, Wo) < ——— QY (T, W),
( 1, 2)_ 1+7 ( 1, 2)

Thus, Proposition]2 is proved. [ |
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