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Abstract

In this paper we consider the numerical solution of the Hamiltonian wave equation in
two spatial dimensions. We construct a two step procedure in which we first discretize the
space by the Mimetic Finite Difference (MFD) method and then we employ a standard
symplectic scheme to integrate the semi-discrete Hamiltonian system derived. The main
characteristic of the MFD methods, when applied to stationary problems, is to mimic
important properties of the continuous system. This approach yields a full numerical
procedure suitable to integrate Hamiltonian problems. A complete theoretical analysis of
the method and some numerical simulations are developed in the paper.

1 Introduction

Because of the symplectic structures, Hamiltonian partial differential equations (PDEs) are
used to give a mathematical representation of many physical systems and are of interest to
various applicative fields, see for instance quantum field theory, meteorology, nonlinear optics,
weather forecast.

An important requirement that any numerical method for Hamiltonian PDEs has to satisfy
is the preservation of the intrinsic geometric properties of the original continuous problem. In
particular, the numerical procedure should preserve the symplectic structure of the Hamiltonian
system during numerical simulations. A standard procedure to derive a suitable method for
an infinite-dimensional Hamiltonian PDE consists into two steps: in the first one the system
is discretized in space in order to obtain a finite-dimensional Hamiltonian system, and then
the semi-discretized system is solved in time by a symplectic integrator [24] [25] [26] 23], 2T, [20].
There exists also a recent approach in which the space and time are considered on equal footing,
this approach requires a multi-symplectic formulation of the system and leads to the multi-
symplectic numerical schemes for the numerical solution of the PDEs (see [15, [16], 17, [30]).

The effectiveness of this approach is ensured by the property that the derived semi-discrete
system is a finite-dimensional Hamiltonian system of ordinary differential equations (ODEs).
The space discretization of a Hamiltonian system is usually performed by one of the following
techniques: finite difference methods, finite element methods, spectral methods, pseudospectral
methods, Fourier expansion, wavelet based methods (see for instance [22 37, [18, 19, B8]).
However, these semi-discretization approaches could become very expensive or could not be
applicable when the space dimension d is greater than d = 1.
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Instead, in this paper we consider the Mimetic Finite Difference (MFD) method to ap-
proximate the continuous problem combined with a standard symplectic integration in time to
integrate the derived semi-discrete Hamiltonian system.

The main results about MFD methods, for stationary problems, can be found in the recent
book [7] and papers [28] [12] where, in particular, the theoretical framework of the mimetic
spaces and the discretization of the operators are introduced. Significative applications of
MFD methods may be found for instance in [I3| 10, [6], 5 B, 27]. Among the first publication
in this field it is worth mentioning [32, [33] where a first approach to mimetic discretization of
the continuous operators can be found and the fundamental papers [I4, [I1] where the modern
approach to MFD was introduced. A generalization of the MFD methods has been recently
proposed, the wvirtual element methods (VEMs); we cite [T}, 4, 31] 36, 35, [8] as a very short
representative list.

Recently in [29], MDF methods has been applied to the space discretization of PDEs of
parabolic type in two dimension, showing how this technique preserves invariants of the solution
better than classical space discretizations such as finite difference methods.

The main characteristic of the MFD methods is to mimic important properties of the con-
tinuous system, e.g., conservation laws, symmetry and positivity of the solutions, and the
most important properties of the continuous differential operators, including duality and self-
adjointness relations. Furthermore MFD methods can be applied for general polygonal and
polyhedral meshes of the space domain instead of more standard triangular/quadrilateral grids.

The main novelty of this paper is the use of MFD methods for the space discretization of
the nonlinear wave equation in 2D coupled with a standard symplectic method (the implicit
midpoint scheme) for the time integration. We derive a full numerical discretization procedure
which will exploit the conservative properties of the MFD approach associated to the sym-
plectic features of the time integrator. We show that the mimetic semi-discrete Hamiltonian
is preserved in time and we derive the conservation law for the mimetic semi-discrete energy.
Furthermore we give a bound for the conservation of the full discretized Hamiltonian and for the
conservation of the full discretized energy. We also prove the convergence of the semi-discrete
and fully discrete solutions to the solution of the original problem

The paper is organized in the following way. In Section 2] we recall the basic elements of the
MFD approach. In Section [ we recall the mathematical form of the Hamiltonian PDE we wish
to study. In Section Hl we apply the MFD method to the continuous problem and we give a
result of the convergence of the semi-discrete solution to the continuous solution of the original
problem; we define the semi-discrete Hamiltonian and energy density, show their conservation
laws. In Section [ we discretize the semi-discrete system by using a symplectic time integrator,
the implicit midpoint rule, of the second order in time. We will prove the convergence of the
full discrete numerical solution by providing an error estimate of the second order in space and
time. Hence we give a result about the conservation of the discrete Hamiltonian and of the
discrete energy of the system. Section [@] is devoted to show some numerical results.

2 Background on Mimetic Finite Differences Methods

In this section, for ease of reading, we recall the basic concepts and notations on MFD
methods which will be used to discretize PDEs in the spatial domain  C R? where we assume
) bounded polygon. For more details on this subject we refer the interested reader to the
recent book [7] or to the papers [12, 28, [29]. Let w a measurable subset of the domain Q and let
K € (L>(9))?*? a full symmetric positive definite tensor. By making use of standard notation,
we consider the following scalar products:

(U, v)p2(0) = / uvdz for all u, v € L*(w), (1)
(w, o)k w = / K 'w-odr for all w, o € (L?*(w))?. (2)

It is clear that, in the sense of distribution,

(KVu, o). = —(u, dive) 12(q) for all u € L*(Q), o € H(div, Q)



thus we get the duality relation with respect to the scalar product () and (2)
KV = —(div)*. (3)

Let 7, be an unstructured mesh of Q into nonoverlapping simply-connected polygons with

flat faces, where
h := sup diameter(c).
c€Th

Let &, be the set of edges of the polygons in 7,. We use the following notations for the
mesh objects: ¢ € Ty denotes a general cell in the mesh with measure |c¢| and centroid x.;
f € & denotes a general edge of the cell ¢ with measure | f| and centroid xs; ny indicates the
unit normal vector to the edge f with preassigned direction; a. f = £1 represents the mutual
orientation of the vector ny and the outward normal vector to f with respect to the cell c.

Moreover, let YV, = T, En, and let 0 = ¢, f, then we denote with )}, (o) the subset of Y,
of all the elements that are related with o, and we indicate with |V} (¢)| the cardinality of this
set. For example T, (f) denotes all cells sharing face f and & (c) denotes all faces forming the
boundary of cell c.

In the following we take on the element ¢ € T, the shape regularity assumptions listed, for
instance, in [7, 12]. A possibility is to assume that for all h, each element ¢ in 7}, satisfies:

(M1) c is star-shaped with respect to a ball of radius greater then v h,,
(M2) any two vertexes in ¢ are at least o hx apart,

where h, is the diameter of c¢. The constants v and ¢ are positive and uniform with respect to
the mesh family.
The mesh objects will define the degrees of freedom of the discrete system, that is these will
define the space of the discrete pressures and discrete fluxes.
Let
N¢ = |Twl, Ny =&, N* := mgx|5h(c)|.

Let Cp, be the set of the pressures that are piecewise constant on Ty, i.e.
Cr:={ueL*Q)|u,=const, VeceT,}.

Given a pressure u € L*(Q2), we define the interpolant discrete pressure u! € C;, with
I 1
U, = [ ude, for all ¢ € Tj.
lef Je

The space Fy, of the discrete velocities is defined as follows. For all edge f € &, we associate a
real number wy and we denote with wj the vector with components given by the collection of
all the {wr}reg,. The symbol F;, will represent the vector space of all wy,. Let w € H(div,c)
a vector function, and let us assume that all face-integrals

/w~nde, for all f € &,
f

exist. Then the interpolant discrete flux of w in the space JF}, is defined by w’ := (w¢) feg,
with

wf:i/w-nde, for all f € &,.
1y

Remark 2.1. The discrete spaces Cp, F;, and the interpolation operators are defined starting
from the degrees of freedom:

. ﬁfcudc, for all ¢ € Ty, and u € L?(Q),

o l—ch‘ffw-nde, for all f € Eu(c), and w € H(div,c).



Remark 2.2. There are obvious correspondences:
Ch2RY  ue (uc)eer,, and  FR RN wes (wf)gee, -

With a slight abuse of notation we can refer to a function in the discrete functional spaces as
a vector and vice versa.

The definition of the mimetic scheme carries on with the discretisation of the differential
operators. Let w € H(div,c) with ¢ € Ty, then the Divergence Theorem states that

/divwdx:/ w-nds ,
c dc

where n is the unit outward normal to dc. Therefore, the continuous operator div admits the
immediate discretisation DZV: Fj — Cp, with

1
(DIVW}L)C:H Z ac7f|f|wf Vwy € Fp.
fE€ER(c)

The operator DZV is called discrete primary operator.

The next step in the construction of the MFD method is the definition of suitable inner prod-
ucts on the discrete functional spaces Cp, and F}, that allow to construct the derived operators
imposing the duality relations for the discrete operators.

We assume, for the moment, the following scalar products on the vector spaces C;, and Fp,:

[un, vi]e, = ugMchvh for all up, vy € Cp, (4)

[wh, O'h]]-‘h = w{M;—hah for all wh,on € Fn, (5)

where Mc, € RNexNe Mz, € RNs*Ns are suitable symmetric positive definite matrices. These
matrices are locally constructed in such a way, on each cell, the corresponding local discrete
inner products have to “mimic” the scalar products defined in () and (). Therefore we would
like that

[Wh.c Un,clen.. =1 (Une)"Me, Vne ~ (un, Un)12(e), for all up, v € Ch,

(Whyes OhelFn. = (Whe) Mg, Ohe ™ (Wh, 08K e for all wy, o € Fp,

where, in general, with the notation r, . we denote the vector with the degrees of freedom of
the function r relative to the cell c.

As regards the first local inner products, we observe that the vector 7, . has a single com-
ponent, representing the (constant) value of ry, in the cell ¢. Then the only possible quadrature
formula is

[uh,c; Uh,c]Chwc = (uh,c)TMChwcvh,c = |C|UC Ve,

therefore M, . = |c| and Mg, := diag(|ci|,...,|cn,|). It is clear that the discrete inner products
gives the exact value of the continuous one whenever uy, vy € Cp.

The definition of the local scalar product for the fluxes requires a different approach. The
key idea is to define suitable consistency and stability constraints in order to introduce algebraic
conditions on the elements of the matrix Mz, .. Without spelling things out, we requires that
the following properties are satisfied

e consistency: let w, o two vector fields and let wy, o), € Fp their interpolant functions. If
w is constant in ¢ and for each edge in f € &,(c), o - ny is constant, then

(Whie, Ohel 7. = /Kilw o de;

(&
e stability: there exist two positive h-independent constants C, and C* such that

C*|c|(whyc)Twhﬁc < (Wg,c)MJ’h,cwh,c < C’*|c|((,u,j;c)w;%C Ywp,e € Fp.



The last preliminary step in the construction of the MFD method is the definition of the
derived discrete operators, which are obtained through a duality relation from the primary
operators. Let us consider the spaces Cp, F;, equipped respectively with the scalar products
@), @). From continuous duality relations (3]), we can introduce the discrete operator

GRAD: Cj, — Fy,
and impose the duality relation:
[Wh, GRAD up] 7, = —[DIV wh, unle, < wiMz, GRAD uy, = —wl DIV M, up,
for all wy, € Fn,upn € Cp, from which it follows that
GRAD := —-Mz' DIV M, .

Finally we can introduce the discrete counterpart of the continuous operator div KV, by defining

the operator
Ah: Ch — Ch

given by
Ay, := DIV GRAD. (6)
3 The continuous problem

Let © C R? be a bounded polygon and let us consider the nonlinear wave equation with
homogeneous boundary value problem

ug(x,t) = divKVu(z, t) — f'(u(x,t)) in Qx (0,7)
u(z,0) =uo(z) , w(x,0) =vo(x) in Q (7)
u(z,t) =0 on 9Q x (0,T)

where K € (W10)2%2 5 a full symmetric positive definite tensor, and the source term f’ is the
derivative of a smooth function f: R — R. We would observe that no particularly restrictive
assumptions on f’ are required, for instance f’ in the sine-Gordon equation or the ones of
polynomial type with respect to u may be considered. For seek of simplicity we consider in the
proof f’ global Lipschitz, however the convergence results are still valid for f’ local Lipschitz
(see Remark [.2])

(@) admits the equivalent formulation

us(x,t) = v(x,t) in Qx(0,7)
v(z,t) = divKVu(z,t) — f(u(z,t)) in Qx (0,T)

where the initial and boundary conditions are given by
u(z,0) =uo(z), v(z,0)=wvg(xz) inQ u(z,t) =0, wv(x,t)=0, ondQx(0,T).

@) is said Hamiltonian formulation of (7)) for which the Hamiltonian

Hlu,0] = /Q <%v2 + %Vu KVu + f(u)> do )

is invariant with respect to time ¢ along the solution, that is
d Hlu,v] =0 (10)
o vl =0

The energy density of the system is defined by

E(u,v) == %1}2 + %Vu ‘KVu + f(u). (11)



The total derivative of E(u,v) with respect to ¢, along the solution (u,v) of (@), is given by
E; = (divKVu)v + Vu - KV = div (v KVu) .
Let w(u,v) := —vKVu the energy flux, then we have the energy conservation law
Ei(u,v) + divw(u,v) =0, (12)

which is more general than the global conservation of the Hamiltonian. Indeed if the energy
conservation law holds, then it is easy to prove that %’H[u, v] = 0.

4 The semi-discrete problem

By using the MFD approach we can approximate the continuous operators by discrete ones,
in order to derive the semi-discrete problem for the wave (7). Then the resulting semi-discrete
wave equation reads:

{uh,tt(t) = Apun(t) — f'(un(t)) fort e (0,T), 13)

up(0) = upo, unrt(0)=ovnpo,

where up o := u{ and vj, o := v{ are the interpolant functions in Cj, of the initial data. In the

same way, ([8) can be discretized in the following form

Uh,t(t) = Uh(t) for t € (0, T),
’Uhyt(t) =Ap uh(t) — f’(uh(t)) for t € (O,T), (14)
uh(()) = uhﬁo, ’Uh(O) = 'Uh,O .

We observe that the semi-discrete (I4) preserves the Hamiltonian structure of (8). In light of
the definition in Section [2] the Hamiltonian functional H in (@) admits the natural mimetic
semi-discretization:

1 1
Hplun, vn] = 5[0}“ vnle, + §[QRAD un, GRAD up|F, + [f(un), e, » (15)
that will be called mimetic semi-discrete Hamiltonian functional.

We can observe now that, if we denote with V,, the gradient with respect to the variable
vy, and with V,,, the gradient with respect to the variable uy, then

Mc_hl VvhHh[uh, ’Uh] = Mc_thChvh = Vh ,
and
Mg !V, Hnlun,vn] = Mg, (GRAD™ Mz, GRAD uj, + M, f'(un)) = —Anun + f'(un).

Hence (I3) may be written as a Hamiltonian system of ordinary differential equations (ODEs),
that is as:

(Uh’t) frd jNCMEhlvH[U}“’U}L] 3

Uh,t
where Jp, is the canonical symplectic matrix ( _ IONC Ig’c) while V denotes the gradient with
respect the variables uy and vy,.
We can conclude that the MFD approach gives a finite-dimensional system of ODEs that
retains the Hamiltonian character of the given PDE. Therefore MFD methods can be considered
powerful scheme for the spatial discretization of Hamiltonian PDEs.



4.1 Convergence for the semi-discrete problem

Now we will investigate the convergence of the solution uy, of the semi-discrete wave equation
(@) to the solution u of () in L(2) norm. Before analysing the error between the solution,
we have to show some preliminary technical results.

Let us introduce the energy projection Pj,: H%(Q) — Cp,, with u + P u defined as the
solution of the diffusion problem

find P, u € Cp, and o), € Fj, such that
[ah,wh]}-h —+ [Ph u, DIV wh]ch =0 for all wy, € Fp, (16)
[DZV o1, wi]e, = [(divKVu)!, wile, for all wy, € Cy,.

In particular, for the duality relation between the operators, the projection Py u satisfies
Ap(Pru) = (divKVu)’. (17)

In the following we use || - ||c, to denote the norm induced by the scalar product [-,-]c,
(that is equivalent to L2(£2) norm on Cp,). We will denote with C' a generic constant, possibly
different at each occurrence, independent from the mesh size h and the time step size 7. In
order to prove the convergence results, we need the following Lemma (see [12] for the proof).

Lemma 4.1. Let us assume the convezity of the domain Q. Let u € H*(Q) and let P u the
energy projection of u. Then the following estimate holds:

HuI —Pn UHch < Ch2|u|H2(Q).

While the next Lemma shows the spectral properties of the operator Ay (see [29] for more
details).

Lemma 4.2. The spectrum o(—Ay) of —Ay, satisfies
o-(iAh) C [S*v S*h_2]7 (18)
where s, and s* are positive and h-independent constants.

For the treatment of the nonlinear term we have the following lemma.

Lemma 4.3. Let f be a smooth function and let u € H?(Q). Then
1" ()" = f'@hlle, < Clu)h?.

Proof. Let u. := (u!). for every ¢ € T,. Then the nonlinear term may be treated in the
following way. Using the Taylor expansion, since u € H?(Q)

f'(u(@)) = f'(ue) + 1" (ue) (u(@) — ue) + %f”’(ac(w))(U(fC) —uc)®  forae zec (19)

for suitable U.(z) and for every ¢ € Tj,. Then, setting f(u). := (f(u)"), and using (), we
have:

Flwe= 1) = o [ (/@) - £/ o
= % / (fI(UC) + 7 (ue) (u(x) — ue) + %f”’(ﬁc(ﬂﬂ))(u(ﬂﬂ) - u0)2 - f/(“c)) dz.
Now, since f”(u.) is constant and, by definition, u. = ﬁ J.u(z) dz, we obtain

flw)e = f'(ue) = o(u)e
with

o). = ﬁ / F"(Gie(@)) (ulz) — ue)? da. (20)



Now we observe that u € H?(Q) for classic Sobolev embedding theory, implies that u € L>(),
then, since u.(x) is bounded by u(x) and the constant value u. we obtain that @. € L*(c) for
all element ¢ € T,. Therefore being f a smooth function, f"/(u.) € L°(c). Now, using the
Hoélder Theorem
1
o), =5 3

" (te(@) (u(z) = ue)® dz| < % Yo 1" @)l (ul) — uc)? da

ceTp '€ ceTh v €
1 ~
=3 S " @ Lol (@ =o)L < C D M(u = )| L)
c€Th c€Th
(21)
Now, using standard polynomial approximation results [9], we have
lo(u,)lle, <C D M(w—we)llLre) = C D [(u—ue)|Fa(e
c€Th c€Th (22)
cE€Th
O

Now we have the instruments for proving the following convergence theorem.

Theorem 4.1. Under the assumptions of Lemmal[{-1 and Lemma[{.3 let u(x,t) be the solution
of (@) and up(t) be the solution of (). Let us assume that u(-,t) € H*(Q) for all t € [0,T].
Moreover let us assume that f' is globally Lipschitz. Then, for allt € [0,T], it follows that:

u(®)" = un(t)lle, < CYT) R (luolmz(a) + [volmrz@) + el o, m2) +
+ Jure (E)] 20,0, 12(00)) + [u(t)] 120,052 () + |u(t)|%2(0,t,H1(Q))) :

where u(t)! denotes the interpolant of u(x,t) in Cp, and the scalar function 1 (t) is bounded for
all t € [0, 7).

Proof. The proof follows the guidelines of Theorem 1 in [2] for given for the finite element
approximation. Let us set

up(t) — u(t)I = (up(t) — Pru(t)) + ('Ph u(t) — u(t)l) =:9(t) + o(t). (23)

We study separately the two terms. The second term represents the error generated by the
energy projection; using Lemma ET] we obtain

t
lo(®)lle, = ||Pnult) — “(t)IHch < Ch?|u(t)| g2 () = Ch? <|U(0)|H2(Q) +/o |Ut(3)|H2(Q)dS)

< CR? (Juol 2y + w06, 52(0))) -

(24)
For the first term, from (I3) and (IT), we get
D (t) — Ap9(t) = —f (un(t)) — (Pnu(t))e + (divKVu(t))!
and, since u is the solution of (), we obtain
Dee(t) = An () = = ' (un(t) = Prouee(t) + ue(®) + (f (u(t))’
= —ou(t) = (f'(un(t) — ' (u(t))
and in particular
[Det(t), Xe,, = [An9(), Xle, = —low(t), Xle, — Lf (un(t)) — ' (u(t))", Xe, (25)



for all x € Cp. For t € [0,T] let use define

t
G(t)i= [ ~(f(wn(s) ~ F(ul)) s (26)
0
and let x = x(t) € Cp, in ([Z5) be a function of ¢. Then it is straightforward to see that

— 0200, i (Ble, — (A0 I8, X(Dle, = = l(u] = un)(E) + GE), (D)o, +

dt
+e:(t), xeDle, = [G(), xt(B)le,. (27)

Let us fix 7 € [0,T) and we set in (21)

x(t) == /tT 9(s) ds, for t € [0,T7,

in particular we can observe that x:(t) = —9(t). Now the duality relation among discrete
operators and simple computations yield

[90(0), D()]e, ~ [GRAD (), GRAD x(1)]7, = “l(uf — un)(t) + G), x(t)e, +
~ lo0), e, + [G(0), D),

thus
S IR, — 5 LIGRAD XD, = 1] — i) () + G, x(D)le, +1G) — an(0), Do),

(28)
Integrating (28] with respect to ¢t from 0 to 7, observing that x(7) = 0, G(0) = 0 and by
definition up+(0) = u:(0)7, we get

97} 12, = 19(0) 12, + |9RADX(O), =2 "G - at), D(0)le,
and then
[9()E, < 190)lle, + 2/07 IG@ e, 19N, dt + 2/07 le@lle, 19(®)lle, dt. (29)
Now by definition (28], from Lipschitz assumption on the load f’, and Lemma 3] we have
1G®)le, < /Ot 1f"(un(s)) = f'(u(5))"[lc, ds
< /Ot 1 (un(s)) = f'(u(s)) e, ds + /Ot 1 (u(s))" = f'(uls) e, ds
<c| 9($)e, ds + € / o), ds + O / o) .
Therefore, from Cauchy-Swartz inequality and (24)

2 / 1G9 e, dt

T t t t
< | ( [ 106l as+ [ lele, as+2 [ |u<s>|§m>ds) 190)les dt

2

T t ¢ B
< C/ (/ llo(s)lle, ds + h2 / |U(s)|§11(9) ds) dt + C’/ 1+ T)||19(t)||gh de
0 0 0 ;

<COMw)Th* +C(1+1T) /OT 19(t)[|, dt



and always from Cauchy-Swartz and (24)

2 [ Ne®la00le,at < [ e®lEdr+ [ iae<co i+ [, .
By collecting the previous estimates in ([29), from (24]) we get
[9(D)Z, < 190)[12, + Cw) Th* + (1+C+CT) /OT [9@)12, dt. (30)
It is straightforward to check that
19(0)lle,, = lle(0)]le, < Cluo) h?,
then by Gronwall inequality it holds that
[9(T)[|g, < C(u,up) htTelT.

from which follows the thesis.
O

Remark 4.1. The use of the projection P u in the proof of the theorem seems to be necessary.
Indeed if we compute directly uy(t) — u(t)! as done for example in [38], we obtain a term of
the form

L(u) := H(divKVu)I —Ap uIHCh ,

and L(u) does not converge to zero. For instance in Figure[llwe plot the asymptotic behaviour of
L(u) as a function of h for u(z, y) = sin(wa) sin(ry), tensor K = I and domain Q = [0,1] x [0, 1]
discretized with the sequence of Voronoi meshes introduced in Section[fl see Figure2 The value
of L(u) does not seem to converge to zero as h is reduced.

—e—L(u)
h

h

Figure 1: Asymptotic behaviour of L(u) as a function of h.

Remark 4.2. Using standard theory of polynomial approximations and the definition of the
projection Py, (see [2]), it is possible to extend the proof of Theorem 1] to the case of f’ local
Lipschitz instead of global Lipschitz. The proof being analogous but more technical.

4.2 Conservation laws for the semi-discrete problem

As for the continuous system, it is easy to prove that the global semi-discrete conser-
vation law of the Hamiltonian semi-discrete functional Hp[up,vy] is preserved. Indeed using
the duality definitions of the discrete operators, we have

d d (1 1
E?—ih[%,vh] == (§[vh,vh]ch + 5[973«4@ un, GRAD up| 7, + [f(un), 1]&)
= [V, vnle, + [GRAD up, GRAD up) 7, + [ (un) une, e, (31)

= [Apun,vple, — [f'(wn), vnle, + [GRAD vy, GRAD up) 7, + [f'(un), vile,
= *[QR.AD Up, GRAD ’Uh]]:h =+ [QRAD Vh, GRAD Uh]]—'h =0 s

10



along the solution (up(t), vy (t)) of (3.
We can define the mimetic semi-discrete energy density Ej € C; with

1 1
Ep(un,vp)), = §|C|U;2Lc t3 [(GRAD up)e, (GRAD up)clz,  + le| f(une) , (32)

and by computing its derivative with respect to ¢ along the solution, we have

d d (1 1
EEh(Uh,Uh)\C = at (§|C| U;QLC + ) [(QRAD Uh)m (QR.AD uh)C]J’h,c + |C| f(uh,c))

d d d
= |C| 'Uh,c %'Uh,c + [E(QRAD uh)c, (QRAD uh)c . + |C| f’(uhﬁc)auhﬁc

= |el(An un)evne = le| f/(un.c) vne + [(GRAD vh)e, (GRAD un)cl 7, | + le| f'(un,c)vn.c
= |c|(An un)e vh.c + [(GRAD vp)e, (GRAD up)c] £, -
Then, the following mimetic semi-discrete energy conservation law holds:
En i (up,vn) + Fp(up,vp) =0 (33)
where F,(up,vy) € Cp, defined by

Fhc(un,vn) = =|c|(An un)e vhe = [(GRAD vp)e, (GRAD un)el g,

is a natural discretization of DIV (v, GRAD uy). (B3) represents the mimetic approximation
of the energy conservation law (I2]).

We have observed that the continuous Hamiltonian and semi-discrete Hamiltonian are first
integrals respectively for system (8) and (Id). In particular, for all ¢ € [0, 7] we have

Hlu(t),v(t)] = Hluo, vo] =: Ho, and Hpun(t), ve(t)] = Hlun,o0, vn0] =: Hno

where (u(t),v(t)) is the solution of ([8) and (up(t), vx(t)) is the solution of (4. In the following
results we estimate the error between the continuous Hamiltonian and the semi-discretized
Hamiltonian.

Lemma 4.4. Letu € H3(Q2), andv € HE(Q) and let ul and v € Cy, their respective interpolant
function in C;,. Then it follows that:

[Hlu, o] = Halu”0"]] < C 12 (Jufls gy + ol @) + lulim o lulmso ) (34)

Proof. We split the bound for the three terms composing the Hamiltonian functional. Let us
start with

/Q flu(w)) dz — [f(uh), e, | (35)

and we observe that since u € L?(f2), using the same computations in () cell by cell

Flu)) = Flue) — /(o) () — ue) + 5 £ Gie ) () — e)?

where we observe that using the same arguments in the proof of Lemma F.3] the term f”(u.) €
L*(c). Now, since by definition u, = ‘—i‘ J.u(z) dz, using the same computation in (2I)) and
22)), it follows that

/ flu(@)) dz — [F(ue), e,

[trute) - fuo)ds

c

S Ch2 |u|§-]1(c)

1 "~ 2
[ 54" @) @)~ ue) da
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By adding in the cell ¢ € T;, we bound the first term (B8] as follows

<CR Y ulfige < CP ulf o) -
cE€Th

/ flu(z)) dz — [F(ul), 1]c,
Q

For the term

, (36)

/ v?dx — [v!,v]e,
Q

we observe that [v!,vl]¢, = [(’UI)2, 1}%, and thus we can use the computations used before
with f(s) = s2.

For the last term, we preliminary observe that, using integration by parts and homogeneous
boundary conditions, and since GRAD = —DIV*, we have to estimate

/Q(divKVu) udx — [Apul ulle,.
Now, by definition of interpolation operator in Cj, and (1), we get
/Q(divKVu) wdz — [Apul,ulle, =
= /Q (divKVu - (divKVu)I) (u —u')dz + / (divKVu) v dz — [Ap u!,ul]e,

Q
= a+ [(divKVu)I — Apul, ul}

. (37)
=a+ [Ah (Pru—u'),ul —Phu]ch + [Ah (Pru— uI),Phu]Ch
=a+ [Ay (Pru—u'),u’ =Py u]ch + [Ph u—ul, (divKVu)IL
h
=a+p+7.
Using standard polynomial approximation estimates [9], we have
la] = / (divKVu — (diVKVu)I) (u —ul)dz| < Ch? [ul i1 () |ul g3 () - (38)
Q
Moreover, by Lemma [£1] and Lemma 2] we get
181 = | [an (Pru— ') u! = Pual, | < IAnllle” ~Prul, )

< Ch™2 0 |uffe ) = O h* |ulFz(o)-

For the last term v, we it holds
lv| = ‘ [Ph u—ul, (divKVu)I}C ‘ < Clulgzq) [|Phu — UIHCh < Ch? |u|?qz(9). (40)
h

Finally, by collecting (38)), (39) and (#0) in B1), we obtain

/Q(divKVu) wdz — [Ap un, urle, | < C h? (|u|ip(9) + ul g1 () |U|H3(Q)) . (41)
Finally, the thesis follows from (B3], (36) and (&I]). O

Since in order to define the initial data in the MFD discretization we used the interpolantion
operator in Cp,, Lemma [£4] implies the following estimates on the error between the continuous
and semi-discrete Hamiltonian.

Theorem 4.2. Let (u(t),v(t)) be the solution of system (&) and let (up(t), vy (t)) be the solution
of ). Then, for all t € [0,T] it holds

[Hlu(t), v(t)] — Hnlun(t), vn(t)]| < CR? (42)

where the constant C' depends only on the regularity of the initial data ug and vg.

12



Proof. For all t € [0;T], it holds that
Hu(t),v(t)] = Ho, and  Hplup(t),vn(t)] = Hno-

Now, since up,0 = ué and vp0 = ’Ué, from Lemma 4] we get the thesis. O

5 The fully discrete problem: a symplectic MFD method

In this section we will derive a symplectic mimetic finite difference method by ap-
plying a time integrator scheme to the semi-discrete problem (I3]). Because of the Hamiltonian
structure of the system (I[3)) a symplectic scheme is usually employed to integrate in time, in
order to preserve the symplectic structure of the flow map of the system.

Thus, we apply the symplectic implicit midpoint (SIM) (which is a scheme of second
order in time) to problem (I3]) and get:

n+1 n
v +v
uptt =g 4 ——2 5 b
n+1 n n+1 n
n+l _ . n Uy, + Up 1 [ Up + Up (43)
'Uh —Uh‘f'T(Ahf—f f
0 0
Up, = Uh,0, Vp, = Vh,0

or equivalently

n+1 n n+1 n
UZ+1=U;?+T<A;1 <u2+7vh +vh) _p <UZ+TUh +’Uh>>

4 4
UZJrl — UZ 4 TU}TLHl;L U}?
Up = Unos  Vh = Uho
where (u},v})) denotes the numerical approximation of (ux(t),vs(t)) at time t, = nr, for

n =20,...,N and 7 = T/N represents the time step length. Finally, by eliminating v} and

vZH, we can express the system in the following form:

n+1 n n—1 n+1 n n n—1
u," T — 2up +upy S vy + vy

72 27 27
1 w2l 4t ntl no1
o (2n (B () oy (7))

where we use the notation

1 g+1 q
;1:2:%7;% forg=0,...,N—1.

5.1 Convergence for the fully discrete problem

We investigate the convergence of the sequence {u}f}n:l N to the exact solution u of
problem (7). The following result states the convergence of the numerical procedure in discrete
L? norm.

Theorem 5.1. Let u be the solution of problem (@) and let {u}}n=1
generated by @3). Then, if u € C3([0,T), H*(Q)), it follows that:

N be the sequence

.....

Hu(tn)l — ’LLZHch S Ch2 (|UO|H2(Q) + |ut|H1(07th2(Q))) + CT2 (45)

where the constant C' depends on the regularity of u.

13



Proof. Let us split the discrete error in the usual form
up — u(tn)I = (up — Pru(tn)) + (’Ph u(ty) — u(tn)l) =o" +o". (46)

From Lemma [L] using the same argument in (24]), we get

le"lle, = IPnu(tn) = ulta)'lle, < Ch* (Juol () + luelm 0,0, 20 - (47)

The analysis of the term ¢™ is more involved. We start by considering the first time step n =0
and we observe that using again Lemma 1] it holds that

lo°lle,, = Ilup = Pru(0)lle, = luno — Pruolle, < Ch*|uoluz(s)- (48)
Let us analyse the first time step ¢t; = 7. Using the regularity assumptions on the solution u in
the time variable, we have that for all z € € it holds

72
u(x, ) = up + Tvo(r) + = 5 Utt( 2)+R
2

= ug + Tvo(z) + % (divKV (u (x,%)) —f (x, %)) +R

where R = O(73) is the rest in the Taylor expansion of u(z,-). By definition {3)) with n = 0,

(49)

h—UhO+TUhO+_2 (Ahul/2 f! (“111/2))

Then, using (I7), recalling that u is the solution of (@) and interpolating [@J) in Cp, it follows
that:

2012~ T A ol2 = (ud — P 0= T ap (u? = Pru(r)2
5 Ro ' = (up hu(T)) + o 5 O Uy hu(T/2)

7'2 1/2 7'2 . I 0
= wno+ oo — 5 f (1) = Puulr) + 5 (AvKY (u(r/2)))" + o

7_2

T (wat (7/2) + f (u(7/2)))" +0°

=Upo+ TUho + % (f’ (u (T/2)>I —f (u,l/Q)) — Pru(r) + (u(T) —Ug — T Vg — R)I +o°

-2
= Up,0+ TVh0 — ?f/ (U;II/Q) — Pru(r) +

- T; (f/ (u(r/2))" = f' (U,l/2)) — (Phu(r) —u(r)’) = RT + o°.

Let us compute the scalar product of both sides of the previous equation with ¢'/2, obtaining

2 [01/2, 01/2} {Ah o 01/2}

Ch 2

=[5 (7 @2y =7 () = Puutr) ) ~ R 400,07

Ch

Ch

| /\

/2wl + N, + 1%, +7°) [+
h

Chn

| /\

¢ (3
(5]

2
2+ G, e, + ol +72) o7

h

(50)

Now, since from Lemma it follows —[Ap, vp,vp]e, > 0 for all vy, for small values of 7 using

@) and [@S]), we get

H01/2
c

< Ch? (|UO|H2(Q) + |Ut|H1(0,T,H2(9))) ’
h

14



and we can conclude that
ot len < 2]|o2||, + 10l < 0h2(|uolm<m + |ut|H1<o,T,H2<m>)- (51)
h

Now, we bound the error for a general time step n > 1. It is easy to see that the following
relations hold

_9 _ _
M) 2 20 2] (1) + R

( n+1) + 2u( ) + U(tnfl) = 4u(tn) + R 5

S/ (u(t nJr1>)27L [ (u(tn)) =7 (u ( e )) +R,

where R = O(7?) denotes the general rests in the Taylor expansion. Using the previous Taylor
expansions, the definition of the scheme ([44]) and (I7), and recalling that u is the solution of
@), we have

o.n—i-l —20™ + o.n—l 1 A (0’"+1 + 20" + 0.n—1>
h

T2 2 2

— 5 (7 () (37)) - () 22 )
N @m( utni1) + 2u(tn) + U(tn1)>)I _

4
= (7 () 4 (1)) + (f'< (1)) + 270 ))+f'(U(tn_1)))I+ )
-%(W*%“)+%QFH+Uu@Pﬂ)I_Ph(wm+ﬁ—2%?)+u@hg)

(7)) =y (7)) 5 (7 (o)) 7))
+ (uu(t ) = Proug(t n)) +
a""‘;—i—a Q_Qtt+R

’ I (.4
where a4 = £ (u(t(’))Q_f () with g=n+1i.

Now, let
gt o T "
-
and let us observe that the following relations hold:
ntl _ 94n n—1 6n+% _ (Sni% ntd _ -1
o o+ _ ’ gty pgns =92 279 % (53)
T2 T T

Let us make the inner product of both sides of (52) with 6”72 + ¢"~2. For the first term of
the left-hand side, using (G3]), we get
’ 4
. )
) (54)

For the second term of the left-hand side in (52), using (B3)) and since Ay, is self-adjoint, we
have

2
§ta

N l( - |3
T Ch

Ch T

1 1 _1 1 _1
_ |:Ah (o-n+2 +0,n )’0-"4’2 _0.71 2i| —
T Cp

)



To bound the right-hand side, we preliminary observe that using the same argument of the
proof of Theorem 1] and Lemma (.4, it holds that

1
la®lle, = 5 [1£ (w(ta))" = F'(ui)lle, < Cllutts) = uille, <C (lo7lle, + lle?lle,) -

Therefore, using the previous bound, the Cauchy-Schwartz inequality and the usual estimate
in g, we derive

h

[an-l-%+an—%+QZ+R’5n+%+6n—%}
<

Ch Ch h Ch
1 2 1 2 2 1 1 2 4
<O (fartt] )+ [t + ol + [ortE +omd] 4 r
Ch Ch h Ch
<ot + o3 +w 1 I[P 1 NPT S LS
g ag T
- Ch Ch ¢ Ch ¢ Ch Gutllc, Ch
n4112 ni2 n—112 n+Li 2 ‘ n—2% 2 4 4
gC(HU R R e i W ] )
(56)

Collecting (B4)), (55)) and (B6) in (B2), we obtain

-

Moreover, (B3] and some simple calculations give:

2

|
W=

5n+% 5n7%

2 1 1 1
— {Ah U"JFE,U"JFE} + [Ah o"" 2,0 }
Ch Ch Ch Ch
6n+% 5717%

<0 (o™, + 210713, + "3, + ]

2
+|
Ch

2
+#+m).@n
Chn

1
T (Han—Hth o Hon_lugh) = {0-71-‘4-1 “I‘Un_l;(sn—i_% + (Sn_%}

1|2 1
5n+ 3 4 Sz
Chn

<0 (I3, + 20" R, + 10" 12, +]

2
e/

(58)

Now let us define

.= ‘ §nte

2 1 1
R, o R, = [Anom o]
h h

Using the estimates (57)) and (58]), recalling that the operator —Ay, is positive definite, we derive

that
™ — n—1

SC(}L2+T2)2+C(F"+F”_1),
T

and, by using the discrete Gronwall inequality, we obtain
Fn S <F0+ZT(h2+T2)2> eT4Ctn )
k=1
Now, using analogous arguments in (B0) and recalling bounds [{g]), (51, we obtain
Y <cm®+ %7

and thus
||Un||(23h S " S C(h2 4 T2)2€T4Ct".

Hence, since t,, < T', the above bounds gives
0" le,, < C(h* +72) (59)
forall n =1,..., N, and collecting (7)) and (B9) in (@8] we get the thesis. O
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5.2 Conservation laws for the fully discrete problem

The following result shows how the fully discrete method, built combining the MFD method
and the symplectic implicit midpoint scheme, preserves, within an order 72 of approximation,
the Hamiltonian functional. Using classical results on the symplectic integrator methosd (see
for instance [24]) we can state the following theorem about the long time stability of the Hamil-
tonian.

Theorem 5.2. Let (u},v})) be the sequence generated by system {3). Then if T < eV 12, for
a suitable positive constant ~y, it holds that:

‘"Hh [uflv,v,iv] — Hp, [u%,v%” <Cr?. (60)

Remark 5.1. It is well known that the SIM preserves the quadratic first integrals. Therefore
if the load term f is quadratic, i.e. f(s) = ks?, with k constant the Hamiltonian is exactly
preserved along the solutions.

By collecting the estimates of Theorem [£2land Theorem B2 we can provide a bound for the
error in the Hamiltonian of the fully discrete procedure, stemming from the MFD discretization
in space and the SIM integration in time.

Theorem 5.3. Let (u(t),v(t)) be the solution of problem (8) and let (uj,v}) be the sequence
generated by system [@3). Then, it follows that

[ [up o ] = H[u(tn),v(tn)]| < C(7* + h?). (61)

In Section Blwe have introduced the semi-discrete Energy density conservation law. Now we
analyse the effect of time discretization in the semi-discrete Energy density conservation law.

Theorem 5.4. Let (u},v}) be the sequence generated by system [@3), and let for all ¢ € Ty,
and for all n

1
e, of) = 3lel (v ) + 5 (GRAD uf)e, (GRADWR) 5, + lel f (i)

and
Fhe (upy, o) = =lc| (Anup), vk . — [(GRADvR),, (GRAD uy). ] £,

Then, the following estimate holds for all n
‘ Bnc(up ™ o) — Bpo(uf, vf)

T

N

ntl pal
+ Fyc (uh+2,vh+2)’ < Cle| 7. (62)
Proof. We observe that, using [@3), it follows that

1
L ([(GRAD U ). (GRAD )] 5, (GRADUR).. (GRADu)], ) =

T

= o ([(GRAD ("~ uf))e, (GRAD (™ +u))e] 5, ) =

~ [(9raD v?%) (grAD uZJr%)

¢’ J Fhe (63)

and

2 2
n+1 n
v — (v n+l _ n
( hoe ) ( ’w) _ 3 lhe T Ve
2T h,e T (64)
_ n+i n+i n+i . ( nt+id
=V, (Ah uy, c_Uh’C f Uyt )

Therefore, by collecting (63]) and (64]), we get

Bpc(up ™t vp ™) — Bpe(up, vf)

T

nt+i nil
+Fh,c(uh 2,0, 2)

n+1 — n 1 1
= (f Whe )2 TR _ it (uZ,*f)) - (69)

T
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Now, by the Taylor expansion, we derive
+1 +1 +1
PRt = fluhe) = @2 = o) f (7)) + Re® = roi 2 (w0 F) + R
where R = O(73) denotes the rest, and thus

Bne(uptt op ™) — Bpe(up, op)

T

n+d n+l
+ Fhc (uh 2, vy, 2) = R|c|7?.

6 Numerical tests

In the present section we present some numerical results for the fully discrete case, i.e. SIM
coupled with the MFD spatial discretization. The convergence of MFD has been evaluated in
the discrete relative L?(Q) norm of the difference between the interpolant u! € Cj, of the exact
solution u and the numerical solution u; at the final time T, i.e.

|l (T) = un nlle,
Epr = T
[u!(T)lc,

Moreover we tested the total error in the Hamiltonian functional at the final step IV, among
the discrete solution and the continuous solution, that is:

Ohr = |7-[h[uhN,v,]LV] — H[uo,vo]} .

We tested also the conservation of the Hamiltonian functional with respect to time integration,
that is
On,r = | Halup 03] — Hafup, o}

and the error in Energy density conservation law that is:

N ..N N-1  N-1
Epc(uy s vp) = Bpelu, v ) N-% N-%
Ep,r := Max + Fhelu, 2,v, .
cE€Th T

We have considered the spatial domain Q = [0, 1] x [0,1] € R?, and a general sequence of
Voronoi meshes with A = 0.2,0.1,0.05,0.025 (see Figure [2), and 7 = 0.1,0.05,0.025,0.0125.
For the generation of the Voronoi meshes we used the code Polymesher in [34].

Figure 2: Sequence of Voronoi mesh with 0.05.

Test 6.1. We consider problem () with the material tensor K = I3 and the load term f =

p— 2 . . . . . .
%uQ, where the initial data ug and vy are chosen in accordance with the exact solution

u(t, 1, 22) = sin(t) sin(mzy) sin(mrzs). (66)
We implement the fully discrete problem in the time interval [0, 1] with the SIM coupled with

the MFD discretization for the sequence of polygonal meshes introduced above. In Table 7?
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Table 1: E}, -, 65~ and €p, , for fixed time step size 7 = 0.001.
h=0.2 h=0.1 h =0.05 h =0.025
En, 7.2713323e —01 1.9846010e — 01 5.2502301e — 02 1.3086316e — 02

Oh,r 7.5726618¢— 03 1.9485290e¢ — 03 5.0100939¢ — 04 1.2559774e — 04
En,r  2.6233230e — 01  1.4264664e — 02 1.5776230e — 03 4.1846647¢ — 04

10 10 0 10 10
h h

Figure 3: Asymptotic behaviour of E}, , and d;, - as a function of h for 7 = 0.001.

we choose 7 = 0.001 and we show the errors in the solution E}, -, for the Hamiltonian o} » and
for the Energy ¢, for different values of the mesh size h.

In FigureBlwe plot the asymptotic behaviour of the errors in the solution and Hamiltonian
as a function of h, in accordance with the theoretical order of convergence h?.

In Figured we plot the asymptotic behaviour of the errors in the Energy density conservation
law €, , at the final step N as a function of h for 7 = h. We observe that, using (62]), we expect
an order h* of convergence.

——

oot

Figure 4: Asymptotic behaviour of ¢}, » as a function of h for 7 = h.

In Figure il we extend the time interval setting 7" = 100 and we show the behaviour of the
error 0p, in the discrete Hamiltonian functional along the sequence (uj,v}y) with respect to
the initial value (u9,v?) for h = 0.05 and 7 = 0.001. We can observe that the Hamiltonian
is numerically preserved by SIM. This results is in accordance with Remark B indeed in the
test we are considering a quadratic function f(u).

In Figure [l we consider as before T'= 100 and we plot the evolution of the error in Energy
conservation law along the discrete solution with h = 0.05 and 7 = 0.001.

Test 6.2. We consider problem (8] with material tensor, load and initial data given by
K= I, f(u) = sin(u), up(x) =0, vo(x) = sin(may ) sin(mxs).

We implement the fully discrete problem in the time interval [0, 1] with the SIM coupled with
the MFD discretization for the usual sequence of polygonal meshes introduced above. In Table
?7? we choose 7 = 0.001 and we show the errors for the Hamiltonian oy, ; and for the Energy
en,r for different values of the mesh size h. We observe that we achieve the theoretical order
h? of convergence. In Table ?? we fix the mesh size h = 0.05 and we display the errors for the
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Figure 5: Behaviour of discrete Hamiltonian functional along the sequence (u},v}}) with h =
0.05 and 7 = 0.001.

0 10 20 30 40 50 60 70 80 90 100

Figure 6: Behaviour of Energy conservation law error along the sequence (u}, vy') with h = 0.05
and 7 = 0.001.

Hamiltonian and for the Energy as a function of 7. In this case we observe that the error for
the Hamiltonian is almost constant in 7: the error due to the spatial discretization dominates
the time component of the error.

Table 2: 6 . and €p . for fixed time step size 7 = 0.001.
h=0.2 h=0.1 h =0.05 h =0.025

On,r 1.5726593e — 03 1.9485268¢ — 03 5.0100734e — 04 1.2486786e — 04
En,r 2.2022797e — 02 7.5684283e — 03 1.3466833e — 03  3.3563875e — 04

Table 3: 65, and €, , for fixed mesh diameter A = 0.05.
7=0.1 7=0.05 7=10.025 7=10.0125

oh,r 4.8131147¢— 04 4.9593346e — 04  4.997307¢ — 04  5.0068913e — 04
€n,r 2.2022797e — 02 7.5684283e — 03 1.3466833e — 03  3.3563875e — 04

In Figure [7] we consider a larger final time 7' = 100 and we plot the behaviour of the error
On,- in the discrete Hamiltonian functional along the sequence (u}, v}') with respect to the initial
value (u?,vY) for h = 0.05 and 7 = 0.001.

In Figure [§] we consider again T = 100 and we show the evolution of the error in Energy
conservation law along the discrete solution with h = 0.05 and 7 = 0.001.

7 Conclusions

In this paper we have analysed the structure and the time invariants of the nonlinear wave
equation discretized by mimetic approach. We have proved that the MFD discretization pre-
serves the hamiltonian formulation of the problem and that the Hamiltonian and the Energy
are still semi-discrete invariants of the solution. We have also derived a convergence theory for
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x10°

Figure 7: Behaviour of discrete Hamiltonian functional along the sequence (u},v}}) with h =
0.05 and 7 = 0.001.

0.01

0.005
|

& ~0.005

-0 01 ‘

-0.015|

-0.

0 10 20 30 40 50 60 70 80 90 100
t

Figure 8: Behaviour of Energy conservation law error along the sequence (u}, vj') with h = 0.05
and 7 = 0.001.

the method, obtaining an h? order for the L? discrete norm of the error among the solution
of the continuous and discrete problems. We have then considered the fully discrete scheme
by making use of the MFD method coupled with the SIM time integrator: we have derived
the convergence rate of the method and we have investigate the behaviour the Hamitonian and
Energy. In light of these results we belive that the spatial discretization by making use of the
MFD technique is a good choice in the context PDEs with conservation laws. In the present
manuscript the focus is on the spatial discretization, thus the use of the mid-point scheme, for
the time discretization, should be simply understood as a model symplectic method.
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