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1 Introduction

In this paper we give the proofs of the results announced in the first seven sections of
our paper [7] (the results of the remaining sections will be proved in the second part
of the paper) and obtain many new additional results and some new applications.
In it we present a common approach both to the discrete and to the non-discrete
region-based theory of space. The paper is a continuation of the line of investigations
started in [24] and continued in [5, 6, 9].

Standard models of non-discrete theories of space are the contact algebras of
regular closed subsets of some topological spaces (|21, 18, 24, 5, 6, 9]). In a sense
these topological models reflect the continuous nature of the space. However, in the
“real-world” applications, where digital methods of modeling are used, the continuous
models of space are not enough. This motivates a search for good “discrete” versions
of the theory of space. One kind of discrete models are the so called adjacency spaces,
introduced by Galton [12] and generalized by Diintsch and Vakarelov in [8]. Based on
the Galton’s approach, Li and Ying [16] presented a “discrete” generalization of the
Region Connection Calculus (RCC). The latter, introduced in [17], is one of the main
systems in the non-discrete region-based theory of space. A natural class of Boolean
algebras related to adjacency spaces are the precontact algebras, introduced in [8]
under the name of prozimity algebras. The notion of precontact algebra is a general-
ization of the notion of contact algebra. Each adjacency space generates canonically a
precontact algebra. It is proved in [8] (using another terminology) that each precon-
tact algebra can be embedded in the precontact algebra of an adjacency space. In [5]
we proved that each contact algebra can be embedded in the standard contact algebra
of a compact semiregular Ty-space, answering the question of Diintsch and Winter,
posed in [9], whether the contact algebras have a topological representation. This
shows that contact algebras possess both a discrete and a non-discrete (topological)
representation. In this paper we extend the representation techniques developed in
[5, 6] to precontact algebras, proving that each precontact algebra can be embedded in
a special topological object, called a 2-precontact space. We also establish a bijective
correspondence between precontact algebras and 2-precontact spaces. This result is
new even in the special case of contact algebras: introducing the notion of 2-contact
space as a specialization of the notion of a 2-precontact space, we show that there is
a bijective correspondence between contact algebras and 2-contact spaces. Also, we
introduce the notion of a Stone adjacency space and using it, we prove another repre-
sentation theorem for precontact algebras. We even obtain a bijective correspondence
between the class of all, up to isomorphism, precontact algebras and the class of all,
up to isomorphism, Stone adjacency spaces.

The developed theory permits us to obtain as corollaries the celebrated Stone
Representation Theorem [22] and a new connected version of it. They correspond,
respectively, to the extremal contact relations on Boolean algebras: the smallest one
and the largest one. We show as well that the new connected version of the Stone
Representation Theorem can be extended to a new connected version of the Stone
Duality Theorem. Let us explain what we mean by a “connected version”. The
celebrated Stone Duality Theorem [22] states that the category Bool of all Boolean



algebras and Boolean homomorphisms is dually equivalent to the category Stone
of compact Hausdorff totally disconnected spaces (i.e., Stone spaces) and continuous
maps. The restriction of the Stone duality to the category CBool of complete Boolean
algebras and Boolean homomorphisms is a duality between the category CBool and
the category of compact Hausdorff extremally disconnected spaces and continuous
maps. We introduce the notion of a Stone 2-space and the category 2Stone of Stone 2-
spaces and suitable morphisms between them, and we show that the category 2Stone
is dually equivalent to the category Bool. The Stone 2-spaces are pairs (X, Xj) of a
compact connected Ty-space X and a dense subspace Xy of X, satisfying some mild
conditions. We introduce as well the notion of an extremally connected space and show
that the category ECS of extremally connected spaces and continuous maps between
them satisfying a natural condition, is dually equivalent to the category CBool. The
extremally connected spaces are compact connected Ty-spaces satisfying an additional
condition, and the open maps are part of the morphisms of the category ECS.

As another application of the obtained results, we prove a Smirnov-type theorem
(in the sense of [20]). In his celebrated Compactification Theorem, Ju. M. Smirnov
[20] proved that there exists an isomorphism between the ordered set of all Efremovic
proximities on a Tychonoff space X and all, up to equivalence, compact Hausdorff
extensions of X. The notion of a contact relation on a Boolean algebra is a generaliza-
tion of the notion of a proximity. We show that there exist an isomorphism between
the ordered by inclusion set of all contact relations on a complete Boolean algebra B
and the ordered (by the injective order) set of all, up to isomorphism, C-semireqular
extensions of its Stone space S(B). In this way we describe C-semiregular extensions
of extremally disconnected compact Hausdorff spaces. The notion of a C-semireqular
space was introduced in [5]. It appears naturally in the theory of contact algebras.
The class of C-semiregular spaces is a subclass of the class of compact Tj-spaces. As
a corollary, we obtain that every extremally disconnected compact Hausdorff space X
has a largest C-semiregular extension (y.X,~yx); moreover, vX is an extremally con-
nected space and this characterizes it between all C-semiregular extensions of X. We
show that every continuous map f : X — Y between two extremally disconnected
compact Hausdorff spaces X and Y has a continuous extension vf : v X — Y. We
obtain, as well, some other similar results about continuous extensions of continuous
maps.

The paper is organized as follows. In Section 2 we introduce the notions of pre-
contact and contact algebra and give the two main examples of them: the precontact
algebras on adjacency spaces, and the contact algebras on topological spaces. In Sec-
tion 3 we introduce three kinds of points in precontact algebras: ultrafilters, grills and
clans. Also, the notions of a topological adjacency space and a Stone adjacency space
are introduced and our first representation theorem for precontact algebras is proved
there. In Section 4 we introduce the notions of 2-precontact space and canonical pre-
contact algebra of a 2-precontact space. In Section 5 we associate with each precontact
algebra B a 2-precontact space, called the canonical 2-precontact space of B. In Sec-
tion 6 we present the main theorem of the paper: the second representation theorem
for precontact algebras. In Section 7 we introduce the notion of a 2-contact space
and we prove that there exists a bijective correspondence between the class of all (up



to isomorphism) contact algebras and the class of all, up to isomorphism, 2-contact
spaces. This is a generalization of the similar result about complete contact algebras
obtained in [5]. In Section 8, the results of which are completely new and were not
announced in our paper [7], we demonstrate that the Stone Representation Theo-
rem [22] and the new connected version of it, which we now obtain, follow from our
representation theorem for contact algebras presented in Section 7. Here we obtain
also the new connected versions of the Stone Duality Theorems for Boolean algebras
and for complete Boolean algebras, about which we already mentioned above. In the
last Section 9, we collect our results about C-semiregular extensions of extremally
disconnected compact Hausdorff spaces about which we also mentioned above. These
results were not presented in the paper [7] and are new.

We now fix the notations.

All lattices are with top (= unit) and bottom (= zero) elements, denoted re-
spectively by 1 and 0. We do not require the elements 0 and 1 to be distinct.

If (X, 1) is a topological space and M is a subset of X, we denote by clx - (M)
(or simply by cl(M) or clx(M)) the closure of M in (X, 7) and by int(x (M) (or
briefly by int(M) or intx(M)) the interior of M in (X, 7). The open maps between
topological spaces are supposed to be continuous. The extremally disconnected spaces
and compact spaces are not assumed to be Hausdorff (as it is adopted in [10]).

If X is a topological space, we denote by CO(X) the set of all clopen subsets
of X. Obviously, (CO(X),U,N,\,0, X) is a Boolean algebra.

If X is a set, we denote by 2% the power set of X.

If € denotes a category, we write X € |C| if X is an object of €, and f € C(X,Y)
if f is a morphism of € with domain X and codomain Y.

The main reference books for all notions which are not defined here are [10, 15,
1].

2 Precontact algebras

Precontact and contact algebras.

Definition 2.1. An algebraic system B = (B, C) is called a precontact algebra ([8])

(abbreviated as PCA) if the following holds:
e B =(B,0,1,+,., %) is a Boolean algebra (where the complement is denoted by
((*77 ).

Y

e ( is a binary relation on B (called a precontact relation) satisfying the following
axioms:

(C0)  If aCb then a # 0 and b # 0;

(C+)  aC(b+c¢)iff aCb or aCc¢; (a+ b)Ce iff aCec or bCe.

A precontact algebra (B, C) is said to be complete if the Boolean algebra B is com-
plete. Two precontact algebras B = (B, () and By = (B, (1) are said to be PCA-
isomorphic (or, simply, isomorphic) if there exists a PCA-isomorphism between them,
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i.e., a Boolean isomorphism ¢ : B — Bj such that, for every a,b € B, aCb iff
©(a)Crp(b).

The negation of the relation C' is denoted by (—C).

For any PCA (B, (), we define a binary relation “ <" on B (called non-
tangential inclusion) by

a<cbra(-C)b".

Sometimes we will write simply “ <” instead of “ <¢”.

We will also consider precontact algebras satisfying some additional axioms:

Cref)  If a # 0 then aCa (reflexivity axiom);
Csym)  If aCb then bCa (symmetry axiom);
Ctr) If a <¢ cthen (Fb)(a < b K¢ ¢) (transitivity axiom);

Ccon)  If a# 0,1 then aCa* or a*Ca (connectedness axiom).

A precontact algebra (B, C) is called a contact algebra ([5]) (and C' is called
a contact relation) if it satisfies the axioms (Cref) and (Csym). We say that
two contact algebras are CA-isomorphic if they are PCA-isomorphic; also, a PCA-
isomorphism between two contact algebras will be called a CA-isomorphism.

A precontact algebra (B, C) is called connected if it satisfies the axiom (C'con).

The following lemma says that in every precontact algebra we can define a
contact relation.

Lemma 2.2. Let (B,C) be a precontact algebra. Define
aC#b <= ((aCbh) V (bCa) V (a.b # 0)).
Then C# is a contact relation on B and hence (B,C%) is a contact algebra.

Proof. If a # 0 then a.a = a # 0 and thus aC#a. So, C* satisfies the axiom (Cref).
Further, let aC#b. Then there are three possibilities: (1) if aCb then bC#a; (2) if
bCa then bC#a; (3) if a.b # 0 then b.a # 0 and thus bC#a. Therefore, C# satisfies
the axiom (C'sym). O

Remark 2.3. We will also consider precontact algebras satisfying the following vari-
ant of the transitivity axiom (Ctr):

(Ctr#) If a <c# ¢ then (3b)(a Ko b Lo ).
The axiom (Ctr#) is known as the “Interpolation axiom”.

A contact algebra (B, () is called a normal contact algebra ([4, 11]) if it satisfies
the axiom (Ctr#) and the following one:

(C6) If a # 1 then there exists b # 0 such that b(—C)a.

The notion of a normal contact algebra was introduced by Fedorchuk [11] (under the
name of “Boolean §-algebra”) as an equivalent expression of the notion of a compingent
Boolean algebra of de Vries [4] (see its definition below). We call such algebras “normal
contact algebras” because they form a subclass of the class of contact algebras and
naturally arise in normal Hausdorff spaces.
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The relations C' and < are inter-definable. For example, normal contact al-
gebras could be equivalently defined (and exactly in this way they were introduced
(under the name of compingent Boolean algebras) by de Vries in [4]) as a pair of a
Boolean algebra B = (B,0,1,+,.,*) and a binary relation < on B subject to the
following axioms:
<1) a < b implies a < b;
<2) 0« 0;

)a<b<c<timplies a < t;

) (a < band a < ¢) implies a < b.c;

) If a < ¢ then a < b < ¢ for some b € B;

) If a # 0 then there exists b # 0 such that b < a;

) a < b implies b* < a*.

Note that if 0 # 1 then the axiom (<2) follows from the axioms (<3), (<4),
(«6) and (7).

Obviously, contact algebras could be equivalently defined as a pair of a Boolean
algebra B and a binary relation < on B subject to the axioms (<«1)-(<4) and (<K7);
then, clearly, the relation < satisfies also the axioms
(«2) 1< 1;

(«4) (a < c and b < ¢) implies (a + b) < c.

It is not difficult to see that precontact algebras could be equivalently defined
as a pair of a Boolean algebra B and a binary relation < on B subject to the axioms
(<2), (x2)), («3), («4) and («4’).

It is easy to see that axiom (C6) can be stated equivalently in the form of (<6).

(
(
(<3
(<4
(<5
(<6
(<7

Examples of precontact and contact algebras
1. Extremal contact relations

Example 2.4. Let B be a Boolean algebra. Then there exist a largest and a smallest
contact relations on B; the largest one, p; (sometimes we will write p?), is defined by

apb < (a# 0 and b #0),
and the smallest one, p, (sometimes we will write p?), by
apsh <= a ANb#0.
Note that, for a,b € B,
a <, b <= a<b;

hence a <, a, for any a € B. Thus (B, p,) is a normal contact algebra.



2. Precontact algebras on adjacency spaces. (Galton [12], Diintsch and Vakare-
lov [8])

By an adjacency space we mean a relational system (W, R), where W is a non-empty
set whose elements are called cells, and R is a binary relation on W called the adja-
cency relation; the subsets of W are called regions.

The reflexive and symmetric closure R* of R is defined as follows:

(1) 2Ry <= ((zRy)V (yRz)V (z =y)).

A precontact relation Cg between the regions of an adjacency space (W, R) is
defined as follows: for every a,b C W,

(2)  aCgb iff (3z € a)(Jy € b)(zRy).

Proposition 2.5. ([8]) Let (W, R) be an adjacency space and let 2V be the Boolean
algebra of all subsets of W. Then:

(a) (2", CR) is a precontact algebra;

(b) (2%, Cg) is a contact algebra iff R is a reflexive and symmetric relation on W.
If R is a reflexive and symmetric relation on W then Cg coincides with (Cg)*
cmd CRb N

(c)  Cg satisfies the axiom (Ctr) iff R is a transitive relation on W ;

(d)  Cg satisfies the axiom (Ccon) iff R is a connected relation on W (which means
that if x,y € W and x # y then there is an R-path from x toy or fromy to x).

Theorem 2.6. ([8]) Each precontact algebra (B,C) can be isomorphically embedded
into the precontact algebra (2V,CR) of some adjacency space (W, R). Moreover, if
(B, C) satisfies the axiom (Cref) (respectively, (Csym); (Ctr)) then the relation R is

reflexive (respectively, symmetric; transitive).

3. Contact algebras on topological spaces.

2.7. Let X be a topological space and let RC(X) be the set of all regular closed
subsets of X (recall that a subset F' of X is said to be regular closed if F' = cl(int(F))).
Let us equip RC(X) with the following Boolean operations and contact relation Cy:

e a+b=aUb

o a =c(X\a);

o ab=cl(int(anb))(= (a* Ub)");
e 0=0,1=X;

o aCxbiffand#0.

The following lemma is a well-known fact.
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Lemma 2.8. Let X be a topological space. Then
(RC(X),Cx) = (RC(X),0,1,+,.,% Cx)
1s a contact algebra.

The contact algebras of the type (RC(X),Cx), where X is a topological space,
are called standard contact algebras.

Recall that a space X is said to be semiregular if RC(X) is a closed base for X.
Recall as well the following definition: if (A, <) is a poset and B C A then B is said
to be a dense subset of A if for any a € A\ {0} there exists b € B\ {0} such that
b < a; when (B, <;) is a poset and f : A — B is a map, then we will say that f is
a dense map if f(A) is a dense subset of (B, <;).

The following theorem answers the question, posed by Diintsch and Winter in
9], whether contact algebras have a topological representation:

Theorem 2.9. ([5]) For each contact algebra B = (B, C') there ezists a dense em-
bedding gg of B into a standard contact algebra (RC(X,7),Cx), where (X,T) is a
compact semireqular Ty-space. The algebra B is connected iff the space X is con-
nected. When B is complete then the embedding gg becomes an isomorphism between

contact algebras (B, C) and (RC(X),Cx).

The aim of this work is to generalize Theorem 2.6 and Theorem 2.9 in several
ways: to find a topological representation of precontact algebras which incorporates
both the “discrete” and the “continuous” nature of the space; to find representa-
tion theorems in the style of the Stone representation of Boolean algebras instead of
embedding theorems; to establish, again as in the Stone theory, a bijective correspon-
dence between precontact algebras and the corresponding topological objects; to find
some new applications of the obtained results.

3 Points in precontact algebras

In this section we introduce three kinds of abstract points in precontact algebras:
ultrafilters, grills and clans. This is done by analogy with the case of contact algebras
(see, e.g., [5, 24]). We assume that the notions of a filter and ultrafilter of a Boolean
algebra are familiar. Clans were introduced by Thron [23] in proximity theory. Our
definition is a lattice-theoretic generalization of Thron’s definition.

The set of all ultrafilters of a Boolean algebra B is denoted by Ult(B).

Definition 3.1. Let B = (B, C) be a precontact algebra. A non-empty subset I" of
B is called a clan if it satisfies the following conditions:

(Clanl) 0¢T;
(Clan2) Ifa el and a < b then b€ I

(Clan3) Ifa+bel thenael orbel;
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(Clan4) 1If a,b € T then aC#b.
The set of all clans of a precontact algebra B is denoted by Clans(B).
The following lemma is obvious:

Lemma 3.2. Let B = (B,C') be a precontact algebra. Each ultrafilter of B is a clan
of B and hence Ult(B) C Clans(B).

Now, for any precontact algebra B = (B, ('), we define a binary relation Rp
between the ultrafilters of B making the set Ult(B) an adjacency space.

Definition 3.3. Let B = (B, () be a precontact algebra and let Uy, Uy be ultrafilters
of B. We set

(3) UlRQUQ iff (Va c Ul)(Vb S UQ)(CLCb) (i.e., iff Uy x Uy C C)

The relational system (Ult(B), Rp) is called the canonical adjacency space of
B.
We say that U, U, are connected iff Uy(Rp)°Us (see (1) for the notation R).

The next lemma is obvious.

Lemma 3.4. Let B = (B, C) be a precontact algebra and let I be a set of connected
ultrafilters. Then the union T' = J{U | U € I} is a clan.

Lemma 3.5. ([5, 8]) (ULTRAFILTER AND CLAN CHARACTERIZATIONS OF PRECON-
TACT AND CONTACT RELATIONS.) Let B = (B,C) be a precontact algebra and
(Ult(B), Rg) be the canonical adjacency space of B. Then the following is true for
any a,b € B:

(a)  aCb iff (3U,,Uy € Ult(B))((a € Uy) A (b € Ux) A (UL RpUs));

(b)  aC#b iff (AU, Uy € Ult(B))((a € Uy) A (b€ Us) A (UlR?B,C)UQ));
(¢)  aC#biff (A0 € Clans(B))(a,b € T');

(d)  Rp is a reflexive relation iff B satisfies the axiom (Cref);

( Rg is a symmetric relation iff B satisfies the axiom (C'sym);

( Rg is a transitive relation iff B satisfies the aziom (Ctr).

Recall that a non-empty subset of a Boolean algebra B is called a grill if it
satisfies the axioms (Clanl)-(Clan3). The set of all grills of B will be denoted by
Grills(B). The next lemma is well known (see, e.g., [23]):

Lemma 3.6. (GRILL LEMMA.) If F is a filter of a Boolean algebra B and G is a
grill of B such that F C G then there exists an ultrafilter U of B with F C U C G.



Stone adjacency spaces and representation of precontact alge-
bras

Definition 3.7. Let X be a non-empty topological space and R be a binary relation
on X. Then the pair (CO(X),Cg) (see (2) for Cg) is a precontact algebra (by
Proposition 2.5(a)), called the canonical precontact algebra of the relational system
(X, R).

Definition 3.8. An adjacency space (X, R) is called a topological adjacency space
(abbreviated as TAS) if X is a topological space and R is a closed relation on X.
When X is a compact Hausdorff zero-dimensional space (i.e., when X is a Stone
space), we say that the topological adjacency space (X, R) is a Stone adjacency space.

Two topological adjacency spaces (X, R) and (X, Ry) are said to be TAS-
isomorphic if there exists a homeomorphism f : X — X; such that, for every

Recall that the Stone space S(A) of a Boolean algebra A is the set X = Ult(A)
endowed with a topology T having as a closed base the family {sa(a) | a € A}, where

(4)  sala) ={ue X | a € u},
for every a € A; then
S(A) = (X,7)
is a compact Hausdorff zero-dimensional space, s4(A) = CO(X) and the Stone map

(5) s4:A— CO(X), ar saa),

is a Boolean isomorphism; also, the family {s(a) | a € A} is an open base of (X, 7).
Further, for every Stone space X and for every x € X, we set

(6) u,={PeCOX)|zeP}

(sometimes we will write also uX instead of u,). Then u, € Ult(CO(X)) and the
map

f: X — S(COX)), =+ uy,

is a homeomorphism.

When B = (B, C) is a precontact algebra, the pair (S(B), Rp) is said to be the
canonical Stone adjacency space of B.

Now we can obtain the following strengthening of Theorem 2.6:

Theorem 3.9. (a) Fach precontact algebra B = (B, C) is isomorphic to the canonical
precontact algebra (CO(X,T),Cr,) of the Stone adjacency space ((X,T), Rg), where
(X,7) = S(B) and for every u,v € X, uRgv <= u x v C C; the isomorphism
between them is just the Stone map sp : B — CO(X,T). Moreover, the relation
C' satisfies the aziom (Cref) (resp., (Csym); (Ctr)) iff the relation Rp is reflexive
(resp., symmetric; transitive).

(b) There ezists a bijective correspondence between the class of all, up to PCA-
isomorphism, precontact algebras and the class of all, up to TAS-isomorphism, Stone
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adjacency spaces (X, R); namely, for each precontact algebra B = (B,C'), the PCA-
isomorphism class [B] of B corresponds to the TAS-isomorphism class of the canonical
Stone adjacency space (S(B), Rg) of B, and for each Stone adjacency space (X, R),
the TAS-isomorphism class [(X, R)] of (X, R) corresponds to the PCA-isomorphism
class of the canonical precontact algebra (CO(X),Cr) of (X, R) (see (2) for Cg).

Proof. (a) Let B = (B,C) be a precontact algebra, (X,7T) = S(B) and for every
u,v € X, uRpy <= uxv C C. We will show that Rp is a closed relation. Let
(u,v) &€ Rp. Then there exist a € v and b € v such that a(—C)b. Hence u € sg(a)
and v € sp(b). Also, (sg(a) x sp(b)) N R = (. Indeed, let v’ € sp(a) and v’ € sp(b);
then a € v’ and b € v'; since a(—C)b, we get that u'(—Rp)v', i.e. (v,v') € Rp.
Therefore, Rp is a closed relation. Thus ((X,T), Rp) is a Stone adjacency space. We
have, by the Stone Representation Theorem, that CO(X,T) = sp(B). Further, we
have that for every a,b € B, sg(a)Cr,sp(b) <= (Ju € sp(a))(Tv € sp(b))(uRpv).
It is easy to see that (CO(X,T),Cg,) is a precontact algebra. We will show that
sp : (B,C) — (CO(X,T),Cgr,) is a PCA-isomorphism. We know, by the Stone
Representation Theorem, that sz : B — CO(X,7T) is a Boolean isomorphism. Let
a,b € B. Then, using Lemma 3.5(a), we obtain that sg(a)Cgrysp(b) <= (Ju €
sp(a))(Fv € sp(h))(uRpv) <= (Fu,v € X)((a € u) A (b€ v) A (uRpv)) <= aCb.
Therefore, sg : (B,C) — (CO(X,T), Cgy) is a PCA-isomorphism. The rest follows
from Lemma 3.5(d,e,f). B

(b) Let us set, for every precontact algebra B = (B, C),

Then, by (a), ®(B) is a Stone adjacency space. Further, for every Stone adjacency
space (X, R), we set
U(X,R) = (CO(X),Cg),

where, for every F.G € CO(X), FCrG <= (3zr € F)(3y € G)(xRy). Clearly,
U(X, R) is a precontact algebra.

Let B = (B,C) be a precontact algebra. Then B is PCA-isomorphic to the
precontact algebra W(®(B)). Indeed, we have that ¥(®(B)) = V(S(B),Rp) =
(CO(S(B)),Cgry). Then, by (a), sg: (B,C) — VU (P(B)) is a PCA-isomorphism.

Let (X, R) be a Stone adjacency space. Then (X, R) is TAS-isomorphic to the
Stone adjacency space ®(V(X, R)). Indeed, let B = CO(X) and B = (B,Cg). Then
(VU (X,R)) = ®(B) = (5(B), Rp). By the Stone Representation Theorem, we have
that the map

(7) f:X — S(B), x> u,, isa homeomorphism.

Let z,y € X and xRy. Since, for every F' € u, and every G € u,, we have that
r € Fandy € G, we get that u,Rpu,, i.e. f(z)Rpf(y). Conversely, let z,y € X and
f(x)Rpf(y),ie. uy,Rpu,. Suppose that z(—R)y. Then (z,y) ¢ R. Since R is a closed
relation, there exist F, G € CO(X) such that x € F,y € G and (FxG)NR = (). Then
Feu,, Geuy,and if 2’ € F, ¢y € G then (2',y) € R, i.e. 2/(—R)y’. This implies
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that u,(—Rp)u,, a contradiction. Therefore, zRy. Hence, f : (X, R) — ®(V(X, R))
is a TAS-isomorphism. O

Notation 3.10. Let B be a Boolean algebra and (X,T) = S(B). Then we denote
by PCRel(B) (resp., CRel(B)) the set of all precontact (resp., contact) relations on
B and by CloRel(X,T) (resp., CloRSRel(X, T)) the set of all closed relations (resp.,
all reflexive and symmetric closed relations) on (X, 7).

Corollary 3.11. Let B be a Boolean algebra and (X,T) = S(B). Then there exists
an isomorphism between the ordered sets (PCRel(B),C) (resp., (CRel(B), <)) and
(CloRel(X,T),C) (resp., (CloRSRel(X,T),C)).

Proof. By Theorem 3.9(a), for every precontact relation C' on B, the relation Rp
(defined there), where B = (B, (), is a closed relation on (X, T). Now we define the
correspondences

P": PCRel(B) —» CloRel(X,T), C+ Rp, and

¥ : CloRel(X,T) — PCRel(B), R+~ C%,
where, for any a,b € B,

aC®b <= sp(a) Crsp(b).

Then, using Theorem 3.9(a), we get that V' o ® = idpcrep). Further, arguing
as in the proof of Theorem 3.9(b), we will show that ® o W' = idciorex,7)- Let
R € CloRel(X,T). Then ' (V'(R)) = R(g,cr). Obviously, for every u,v € X, we have
that uRpcoryv <= uxv CCF < (Va € u)(Vb € v)(aCPb) <= (Va € u)(Vb €
v)(sp(a) Crsp(b)). Since sp(a)Crsp(b) <= (T’ € sp(a))(F € sp(b))(u'Rv'),
we get immediately that R C Rgcry. Let now u,v € X and uR(pcryv. Suppose
that u(—R)v. Since R is a closed relation, there exist a,b € B such that (u,v) €
sp(a)xsp(b) € X?\R. Thena € u, b € v and (sg(a)xsg(b))NR = 0. Thus, for every
u' € sp(a) and for every v’ € sp(b), we get that v'(—R)v'. Hence sp(a)(—Cgr)sp(b),
a contradiction. So, uRv. Therefore, ® o V' = idcioreyx,7). Hence @ and ¥’ are
bijections. Note that, by Theorem 3.9(a), C' is a contact relation on B iff R ¢ is,
in addition, a reflexive and symmetric relation on X. Finally, it is clear from the
corresponding definitions that for any C;,C, € PCRel(B), Ci € Cy iff Rpcy) C
R(B,Cg) iff (I),(Cl) - (I),(Cg) O

As it is shown in [8], there is no bijective correspondence between the classes
of all, up to corresponding isomorphisms, precontact algebras and adjacency spaces.
Hence, the role of the topology in Theorem 3.9 is essential. However, Theorem 3.9
is not completely satisfactory because the representation of the precontact algebras
(B, C) obtained here does not give a topological representation of the contact algebras
(B, C*) generated by (B, C); we would like to have an isomorphism f such that, for
every a,b € B, aCb iff f(a)Crf (D), and aC#b iff f(a) N f(b) # O (see (2) for CRr).
The isomorphism sg in Theorem 3.9 is not of this type. Indeed, there are many
examples of contact algebras (B,C) where a.b = 0 (and hence sg(a) N sp(b) = 0)
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but aCb (note that C' and C# coincide for contact algebras). We now construct some
natural topological objects which correspond bijectively to the precontact algebras
and satisfy the above requirement. In the case when (B, () is a contact algebra,
we will show that these topological objects are just topological pairs satisfying some
natural conditions. In such a way we will obtain new representation theorems for the
contact algebras, completely different from those given in [24, 5, 6, 9].

4 2-Precontact spaces

Let us start with recalling the following well known statement (see, e.g., 3], p.271).

Lemma 4.1. Let X be a dense subspace of a topological space Y. Then the functions
r: RC(Y) — RC(X), F— FnNX,

and
e: RC(X) — RC(Y), G~ cly(G),

are Boolean isomorphisms between Boolean algebras RC(X) and RC(Y), and eor =
idreeyy, 7o e = idgeix). (We will sometimes write rxy (resp., ex,y) instead of r

(resp., €).)

Definition 4.2. (a) Let X be a topological space and X, be a dense subspace of X.
Then the pair (X, Xj) is called a topological pair.

(b) Let (X, Xy) be a topological pair. Then we set
(8)  RCO(X, Xo) ={clx(A) | A€ CO(Xp)}.

Lemma 4.3. Let (X, Xy) be a topological pair. Then RC(X,Xo) C RC(X); the
set RC(X, Xo) with the standard Boolean operations on the regular closed subsets
of X is a Boolean subalgebra of RC(X); RC(X, Xy) is isomorphic to the Boolean
algebra CO(Xy); the sets RC(X) and RC(X,Xy) coincide iff Xy is an extremally
disconnected space. If

C(x,xo0)

is the restriction of the contact relation Cx (see Lemma 2.8) to RC(X, Xy), then
(RC(X, X0),Cx,x,)) is a contact subalgebra of (RC(X),Cx).

Proof. Since CO(Xjy) is a Boolean subalgebra of the Boolean algebra RC(X,) and
(in the notation of Lemma 4.1) e(CO(X,)) = RC(X, Xy) and e is a Boolean isomor-
phism, we get that RC'(X, Xy) € RC(X) and the set RC(X, X,) with the standard
Boolean operations on the regular closed subsets of X is a Boolean subalgebra of
RC(X). Clearly, the restriction ey = e|co(x,) : CO(Xo) — RC(X, X) is a Boolean
isomorphism. Using the above arguments, we get that RC(X) = RC(X, Xj) iff
RC(Xy) = CO(Xp). As it is well known, the later equality is true iff X is an
extremally disconnected space; hence RC(X) = RC(X, Xy) iff X, is an extremally

disconnected space. Finally, it is obvious that (RC(X, Xy), C(x,x,)) is a contact sub-
algebra of (RC(X), Cx). 0

13



Notation 4.4. Let (X, 7) be a topological space, X, be a subspace of X, x € X and
B be a subalgebra of the Boolean algebra (RC(X),+,.,*,0, X) defined in 2.7. We
put

9) oB={FeB|xzcF}; T,x,={FcCOXy) |zccx(F)}.
We set also
(10) v? ={F € B|xcintx(F)}.

When B = RC(X), we will often write simply o, and v, instead of, respectively,
0B and vZ; in this case we will sometimes use the notation oX and vX as well.

Definition 4.5. (2-PRECONTACT SPACES.)
(a) A triple X = (X, Xo, R) is called a 2-precontact space (abbreviated as PCS) if the
following conditions are satisfied:

(PCS1) (X, X)) is a topological pair and X is a Ty-space;

(PCS2)  (Xo, R) is a Stone adjacency space;

(PCS3) RC(X, X)) is a closed base for X;

(PCS4)  For every F,G € CO(Xy), clx(F) Neclx(G) # 0 implies that F(Cr)*G

(see (2) for Cg);

(PCS5) I T € Clans(CO(Xy),Cgr) then there exists a point z € X such that
I'=T,x, (see (9) for I'; x,).

(b) Let X = (X, Xo, R) be a 2-precontact space. Define, for every F,G € RC(X, Xy),
FCx G <= (Bxe FNXy)(Jy e GN Xy)(zRy)).
Then the precontact algebra
B(X) = (RC(X, Xo), Cx)

is said to be the canonical precontact algebra of X.

(c¢) A 2-precontact space X = (X, X, R) is called reflexive (resp., symmetric; transi-
tive) if the relation R is reflexive (resp., symmetric; transitive); X is called connected
if the space X is connected.

(d) Let X = (X, Xo, R) and X = (X, Xy, R) be two 2-precontact spaces. We say that
X and X are PCS-isomorphic (or, simply, isomorphic) if there exists a homeomor-
phism f: X — X such that:

(ISO1)  f(Xo) = Xo; and

(IS02)  (Va,y € Xo)(xRy » f(x)Rf(y)).
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Remark 4.6. It is very easy to see that the canonical precontact algebra of a 2-
precontact space, defined in Definition 4.5(b), is indeed a precontact algebra.

Proposition 4.7. (a) Let (X, Xo, R) be a 2-precontact space. Then X is a semire-
gular space and, for every F,G € CO(Xy),

(11) cx(F)Nelx(G) # 0 iff F(Cr)*G.

(b) Let X = (X, Xy, R) and X = ()A(,)?o,ﬁ) be two isomorphic 2-precontact spaces.
Then the corresponding canonical precontact algebras B(X) and B(X) are PCA-
isomorphic.

Proof. (a) By the axiom (PCS3), the family RC(X, X,) is a closed base for the space
X. Since RC(X, Xy) € RC(X) (see Lemma 4.3(a)), we get that X is a semiregular
space.

Let F,G € CO(Xy) and F(Cgr)#*G. The pair (CO(X,),Cg) is a precontact
algebra (see Proposition 2.5(a)). Hence, by Proposition 3.5(c), there exists a clan I" in
(CO(Xy), Cr) such that F,G € I". The axiom (PCS5) implies that there exists x € X
such that I' = ', x,. Thus z € clx(F) N clx(G). Therefore, clx(F) Neclx(G) # 0.
The converse implication follows from the axiom (PCS4).

(b) This is obvious. 0

Lemma 4.8. (CORRESPONDENCE LEMMA.) Let X = (X, Xy, R) be a 2-precontact
space and let B(X) = (RC(X, Xy),Cx) be the canonical precontact algebra of X.
Then the following equivalences hold:

(a)  The space X is reflexive iff the algebra B(X) satisfies the aziom (Cref);
(b)  The space X is symmetric iff B(X) satisfies the axiom (Csym).;
(c)  The space X is transitive iff B(X) satisfies the axiom (Ctr);

(d)  The space X is connected iff B(X) is connected.

Proof. By (the proof of) Lemma 4.3(a), the map

¢ : CO(Xog) — RC(X,Xy), A clx(A),

is a Boolean isomorphism. From the definitions of the relations Cx and Cg (see,
respectively, Definition 4.5(b) and (2)) it follows immediately that the map

(12) ¢:(CO(Xy),Cr) — (RC(X, Xy),Cx) is a PCA-isomorphism.

Now the assertions (a), (b) and (c) follow from Definition 4.5(c), Theorem 3.9 and
Lemma 3.5(d,e,f). Indeed, by the axiom (PCS2), (Xy, R) is a Stone adjacency space;
hence, by Theorem 3.9(b) and in the notation of its proof, ¥(X,, R) = (CO(Xy), Cr)
and ®(V(Xo, R)) = (S(CO(Xo)), Ricoixy),cr)) is TAS-isomorphic to the Stone ad-
jacency space (Xp, R); now we can apply Lemma 3.5(d,e,f) to the precontact alge-
bra (CO(Xy),Cr) and its canonical adjacency space (Ult(CO(Xy)), Rico(xo),cn)) =
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(S(CO(X0)), Rico(xo),cr))- So, the assertions (a), (b) and (c) are proved. Let us
prove the assertion (d). Let X be a connected space. Suppose that the precontact
algebra (CO(Xy),Cgr) is not connected. Then there exists an F' € CO(Xy) such
that F # 0, Xy, F(—Cg)F* and F*(—Cg)F. Since F.F* = () = 0, we get that
F(—(Cgr)#)F*. Thus, by (11), clx(F) Neclx(F*) = 0. Since F* = X, \ F and Xj is
dense in X, we obtain that clx(F)Uclx (F*) = clx(F)Uclx(Xo\ F) = clx(Xo) = X.
Hence cly(F) is a clopen subset of X. Since cly(F) # 0, X, we get a contradiction.
Thus, the precontact algebra (CO(Xy), Cg) is connected. Conversely, let the precon-
tact algebra (CO(Xy), Cr) be connected. Suppose that X is not connected. Then
there exists a clopen in X subset G' of X such that G # (), X. Let F = Xy;NG. Then
F € CO(Xy) and F # 0, Xy. Thus, FCrF* or F*CgrF. Hence F(Cr)*F*. Using
(11), we get that clx(F) Nclx(F*) # 0. Since clx(F) = clx(G N Xy) = clx(G) = G
and, analogously, clx(F*) = clx(Xo \ F) = clx (X \ G) N Xp) = X \ G, we get a
contradiction. Hence, X is connected. O

5 The canonical 2-precontact space of a precontact
algebra
In this section we will associate with each precontact algebra a 2-precontact space.

Definition 5.1. Let B = (B, C) be a precontact algebra. We associate with B a
2-precontact space
X(E) = (X7 XOvR)a

called the canonical 2-precontact space of B, as follows:
e X =Clans(B) and X, = Ult(B);
e  The topology 7 on the set X is defined in the following way: the family

{g8(a) | a € B},

where, for any a € B,
(13) gpla) ={l'e X |a €T},

is a closed base of 7. The topology on X is the subspace topology induced by
(X, 7).

e R = Rpg (see (3) for the notation Rp).
Remark 5.2. Note that, in the notation of Definition 5.1, setting, for every a € B,
90 (@) = gn(a) N Xo,

we get that the family {g¥(a) | @ € B} is a closed base of X and gf’(a) = sg(a),
where sp : B — C'O(X)) is the Stone map.
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Proposition 5.3. Let B = (B,C) be a precontact algebra. Then the canonical 2-
precontact space X (B) = (X, Xo, R) of B defined above is indeed a 2-precontact
space.

Proof. Since Clans(B,C) = Clans(B,C*) and (B, C#) is a contact algebra, we can
use [5, Lemma 5.1(i), Lemma 5.7(i) and Lemma 5.3(ii)] which imply that the family
{gg(a) | a € B} can be taken as a closed base for a topology on the set X, that (X, 7)
is a semiregular compact Ty-space and that, for every a € B, gg(a) € RC(X).

Let us set, for every a € B, hg(a) = X \ gg(a). Then

hg(a)={T'€ X |a ¢TI}

and {hp(a) | @ € B} is an open base of (X, 7). Let us show that X; is dense in
(X,7). Let a € B and a # 1 (i.e., hg(a) # (). Then a* # 0 and thus there exists
an ultrafilter u in B such that a* € u. Thus a ¢ u and hence u € hp(a). Therefore,
hg(a) N Xy # 0. Hence, Xy is dense in (X, 7). So, the axiom (PCS1) is satisfied.
Since g¥(a) = sg(a), for every a € B (see Remark 5.2), Theorem 3.9 implies that
((Xo,T|x,), R) is a Stone adjacency space. Thus, the axiom (PCS2) is also satisfied.
Further, we have that for every a € B, gg(a) € RC(X); thus, using Lemma 4.1, we
get that

(14) gn(a) = clx (g5 (a)).
Since CO(Xy) = {g¥(a) | a € B}, we obtain that RC(X, X,) = {gg(a) | a € B}.
Hence, the axiom (PCS3) is satisfied.

Let F,G € CO(Xy). Then there exist a,b € B such that F = sg(a)(= g (a))
and G = sp(b)(= g8 (b)). Let clx(F)Nclx(G) # 0. Then, by (14), gg(a) Ngg(b) # 0.
Hence, there exists I' € gp(a)Ngp(b). Then a,b € I" and thus, aC#b. There are three
possibilities:
1) aCb: then, by Lemma 3.5(a), there exist u,v € Xy such that a € u, b € v and
uRv; since u € F and v € G, we get that FORG and therefore, F(Cg)*G;
2) bCa: then, by Lemma 3.5(a), there exist u,v € X such that b € u, a € v and
uRv; since v € F and u € G, we get that GCrF and therefore, F(Cr)*G;
3) a.b # 0: then, as it is well known (see, e.g., [15, Corollary 2.17]), there exists
u € Xg such that a.b € u; thus a,b € u, i.e., u € F'N G and therefore, F(Cr)*G.

So, the axiom (PCS4) is satisfied.

Let I € Clans(CO(Xy), Cr). We have, by Theorem 3.9(a), that

(15) s : (B,C) — (CO(Xy),Cr), b~ sp(b), is a PCA-isomorphism.

Set © = s(_Bl’c)(F). Then x is a clan of (B,C), i.e. x* € X. We will show that
I' =T, x, (see (9) for the notation I'; x,). We have to prove that (V£ € CO(X,))((z €
cx(F)) < (F €1)). Let FF € CO(Xp). Then there exists a € B such that
F = spe)(a). Let F €T. Then s ¢)(a) € I' and thus s(_Bl’c)(s(B,c)(a)) € s(_Bl’c)(F),
i.e. a € x and hence x € gp(a) = clx(sp(a)) = clx(F). Conversely, let z € clx(F).
Since gp(a) = clx(sp(a)), we get that a € x. Then sg(a) € sp,c)(x) =I'. Therefore,
F e T'. Hence there exists € X such that I' = I'; x,. Thus the axiom (PCS5) is
satisfied. O
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Proposition 5.4. Let By and By be two isomorphic precontact algebras. Then the
corresponding canonical 2-precontact spaces X(By) and X (B;) are isomorphic.

Proof. 1t is obvious. O

Proposition 5.5. Let B be a precontact algebra, let X(B) be the canonical 2-precon-
tact space of B and let B' be the canonical precontact algebra of the 2-precontact space
X(B). Then the contact algebras B and B’ are PCA-isomorphic.

Proof. 1t follows from (15) and (12). O

Lemma 5.6. (TOPOLOGICAL CHARACTERIZATION OF THE CONNECTEDNESS OF
B.) Let B = (B,C) be a precontact algebra and X (B) be the canonical 2-precontact
space of B. Then B is connected iff X(B) is connected.

Proof. Since Clans(B,C) = Clans(B,C#) and (B,C#) is a contact algebra, we can
use [5, Lemma 5.7(i3)] which implies that the 2-precontact space X (B) is connected
iff the contact algebra (B, C#) is connected. Obviously, (B, C*) is connected iff B is
connected. Thus, our assertion is proved. O

6 The Main Theorem

Theorem 6.1. (REPRESENTATION THEOREM FOR PRECONTACT ALGEBRAS.)

(a)  Let B=(B,C) be a precontact algebra and let X (B) = (X, Xy, R) be the canon-
ical 2-precontact space of B. Then the function gg : (B,C) — 2%, defined in
(13), is a PCA-isomorphism from (B, C) onto the canonical precontact algebra
(RC(X, Xo),Cxpy) of X(B). The same function gp is a PCA-isomorphism
between contact algebras (B,C#) and (RC(X, Xy), C(x,x,)) (see Lemma 4.3(a)
for Cix x,)). The sets RC(X) and RC(X, Xo) coincide iff the precontact algebra
B is complete. The algebra B satisfies the axiom (Cref) (resp., (Csym); (Ctr))
iff the 2-precontact space X (B) is reflexive (resp., symmetric; transitive). The
algebra B is connected iff X (B) is connected.

(b)  There exists a bijective correspondence between the class of all, up to PCA-
isomorphism, (connected) precontact algebras and the class of all, up to PCS-
isomorphism, (connected) 2-precontact spaces; namely, for every precontact al-
gebra B, the PCA-isomorphism class [B] of B corresponds to the PCS-isomor-
phism class [X(B)] of the canonical 2-precontact space X (B) of B, and for
every 2-precontact space X, the PCS-isomorphism class [X]| of X corresponds
to the PCA-isomorphism class [B(X)] of the canonical precontact algebra B(X)
of X.

Proof. (a) Using (14), we get that ¢ o sg = gp (see (12) for ¢ and (5) for sg). Now,
we apply Proposition 5.5 for obtaining that

(16) gp: (B,C) — (RC(X,Xy),Cx(p)) is a PCA-isomorphism.
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Further, using (11), we get that
(17) gp: (B,C*) — (RC(X, Xy), C(x.xy)) is a CA-isomorphism.

By Lemma 4.3(a), we have that the sets RC(X) and RC(X, Xy) coincide iff
Xy is an extremally disconnected space. Since Xy, = S(B), we have (by, e.g., [15,
Proposition 7.21]) that X is an extremally disconnected space iff B is a complete
Boolean algebra. Hence, the sets RC(X) and RC(X, Xj) coincide iff the precontact
algebra B is complete. All other assertion in (a) follow from Lemma 4.8 and (16).

(b) Let us denote by PCA the set of all, up to PCA-isomorphism, precontact algebras
and by PCS the set of all, up to PCS-isomorphism, 2-precontact spaces. We will
define two correspondences

Oy : PCA — PCS and Wy : PCS — PCA

and we will show that their compositions ®5 o ¥y and Wy o $y are equal to the
corresponding identities. We set, for every precontact algebra B = (B, C),

o,([B]) = [X(B)];

where X (B) is the canonical 2-precontact space of B (see Definition 5.1), [B] is the
class of all precontact algebras which are PCA-isomorphic to the precontact algebra
B, and, analogously, [X(B)] is the class of all 2-precontact spaces which are PCS-
isomorphic to the 2-precontact space X(B). Further, for every 2-precontact space
X = (X, Xy, R), we set

Wy([X]) = [B(X)]

where B(X) is the canonical precontact algebra of X (see Definition 4.5(b)). It is
easy to see that the correspondences ®, and ¥, are well-defined.

Using (16), we get that for every precontact algebra B = (B, ('), Wy(Py([B])) =
[B]. Thus we obtain that Uy o ®5 = idpey.

We will now prove that ®; 0 ¥y = idpes. Let X = (X, Xy, R) be a 2-precontact
space. Set (B,C) = (CO(Xy),Cg); then (B, C) is PCA-isomorphic to the canonical
precontact algebra of X (see Definition 4.5(b)). Let (X, Xo, R) be the canonical 2-
precontact space of (B,C) (see Definition 5.1 and (12)). Then X = Clans(B,C),
Xo = Ult(B) and R = R(p ). For every x € X, set

f(x)={a€ B|xeclx(a)}.

Then f(z) # 0 (by (PCS3)) and f(z) is a clan in (B, (). Indeed, we have that:
1)0 & f(x); 2)ifa € f(z), b€ Band a <b, then z € clx(a) C clx(b), and thus
be f(x);3)ifa+b € f(x) then z € clx(aUb) = clx(a)Uclx(b), and hence x € clx(a)
orz € clx(b),ie. a€ f(x)orbe f(x); 4) if a,b € f(x) then z € clx(a) Nclx(b), and
thus, by (PCS4), aC#b. So, f(z) € X. Hence, f: X — X. We will show that

f (X, Xo,R) — ()?,)A(O,}AZ), x+— f(x), is a PCS-isomorphism.
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Let z,y € X and x # y. Since, by (PCS1), X is a Ty-space, there exists an
open subset U of X such that |U N {xz,y}| = 1. Suppose that z € U. Then y & U.
According to (PCS3), there exists a € B such that + € X \ clx(a) € U. Thus
y € cly(a) and = € clx(a). Therefore, a € f(y) \ f(z). Hence f(x) # f(y). If y € U,
then we argue analogously. So, f is a injection.

Let T' € X. Then, by (PCS5), there exists 2 € X such that I' = {a € B | z €
clx(a)}. Hence I' = f(x). Thus f is a surjection. So, f is a bijection.

Let a € B. Then f(clx(a)) ={f(z) | z € clx(a)} = {f(x) | a € f(x)}. Since f
is a surjection, we get that f(clx(a)) = gg(a) (see (13) for the notation gg(a)). Since
f is a bijection, we have also that f~'(gp(a)) = clx(a). Now, using (PCS3) and the
fact that {gs(a) | a € B} is a closed base of X (see Definition 5.1), we get that f is
a homeomorphism.

For every # € Xy, we have that f(z) = {F € CO(Xy) | z € clx(F)} =
{F € CO(Xy) |z € F} = u, € Ult(B) = X, (see (6) for the notation u,). Hence
F(Xo) C X,y. For proving the inverse inclusion, let v € Xo. Then u € Ult(CO(Xy)).
Now, by (PCS2), there exists z € Xy such that x € (Ju. Then u C u, and, hence,
u = u,. Since, as we have already scen, u, = f(z), we get that f(Xo) 2 Xo.
Therefore, f(Xy) = Xo.

Let z,y € Xo. Then f(z) = u,, f(y) = u,. We have that u,,u, € X, and
umﬁuy < u, X u, € Cp. Hence, (umﬁuy) <= (for every F,G € CO(X,) such
that x € F and y € G, there exist ' € F and y' € G with 2'Ry’). Therefore, if
xRy then, obviously, f(:v)f%f(y). Let now f(x)ﬁf(y) Suppose that z(—R)y. Then
(x,y) € R. Applying (PCS2), we get that there exist F,G € CO(Xj) such that
re€F,yeGand (FxG) NR=0. Thus F € u,, G € u, and for every 2/ € F
and every y' € G we have that 2/(—R)y’. This means that F(—Cg)G and, hence,
um(—ﬁ)uy, ie. f(z)(—R)f(y), a contradiction. Therefore, zRy.

All this shows that f is a PCS-isomorphism. Hence ®o(¥5([X])) = [X]. Thus,
®y 0 Uy = idpes. Therefore,

(18) &y : PCA — PCS s a bijection.

The statement for connected precontact algebras follows from (18) and Lemma
5.6. O

Corollary 6.2. If X = (X, Xq, R) is a 2-precontact space then X is a compact space.

Proof. By Theorem 6.1, there exists a precontact algebra B = (B, (') such that the
2-precontact space X is isomorphic to the canonical 2-precontact space X (B) of B.

Then, by [5, Lemma 5.7(i2)], X is a compact space (see also the proof of Proposition
5.3). O
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7 2-Contact spaces and a new representation the-
orem for contact algebras

Proposition 7.1. Let X, be a subspace of a topological space X. For every F,G &€
CO(X(]), set

(19) F&()@XO)G Zﬁ ClX(F) N Clx(G) 7A (Z)
Then (CO(Xo),0(x,x,)) s a contact algebra.

Proof. Clearly, the relation d(x x,) satisfies the axioms (CO0), (Cref) and (Csym) (see
Definition 2.1 for them). It is easy to see that it satisfies the axiom (C+) as well.
Hence, (CO(Xy), d(x,x,)) is a contact algebra. O

Definition 7.2. (2-CONTACT SPACES.) (a) A topological pair (X, Xy) is called a
2-contact space (abbreviated as CS) if the following conditions are satisfied:

(CS1) X is a Ty-space;

(CS2) X, is a Stone space;

(CS3) RC(X,Xy) is a closed base for X;

(CS4) IT € Clans(CO(Xy), d(x,x,)) (see (19) for the notation §(x x,)) then there

exists a point z € X such that I' =T, x, (see (9) for I'; x,).

A 2-contact space (X, Xy) is called connected if the space X is connected.

(b) Let (X, Xo) be a 2-contact space. Then the contact algebra

B*(X, Xo) = (RC(X, Xo), Cx. xo))
(see Lemma 4.3(a) for the notation C(x x,)) is said to be the canonical contact algebra
of the 2-contact space (X, Xo).

(c) Let B = (B, () be a contact algebra, X = Clans(B,C), Xq = Ult(B) and 7 be
the topology on X described in Definition 5.1. Take the subspace topology on Xj.
Then the pair

KC(§> = (X7 XO)

is called the canonical 2-contact space of the contact algebra (B, C).

(d) Let (X, Xo) and (X, X;) be two 2-contact spaces. We say that (X, X,) and
(X, Xg) are CS-isomorphic (or, simply, isomorphic) if there exists a homeomorphism
f: X — X such that f(X,) = Xo.

Remark 7.3. Note that, by Lemma 4.3(a), the canonical contact algebra of a 2-
contact space is indeed a contact algebra.
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Example 7.4. Let X be a Stone space. Then the pair (X, X) is a 2-contact space.
Indeed, the conditions (CS1)-(CS3) are obviously fulfilled. Let B = CO(X). Obvi-
ously, dx,x) = p? (see Example 2.4 for p?). Hence, using [5, Corollary 3.3] or arguing
directly, we get that Clans(B,dx,x)) = Ult(B) = {u, | v € X} = {I', x | * € X}.
Thus, the condition (CS4) is also fulfilled.

Lemma 7.5. For every 2-contact space (X, Xy) there exists a unique reflexive and
symmetric binary relation R on Xy such that (X, Xy, R) is a 2-precontact space.

Proof. Let (X, Xy) be a 2-contact space. For every z,y € X, set
(20) xRy <= ((VF € u,)(VG € uy)(clx(F) Neclx(G) #0)),

where u, = {A € CO(X)) | x € A} and analogously for u, (see (6)). Clearly, R is a
reflexive and symmetric relation on X,. We will show that for every F,G € CO(Xj),

(21) ClX(F)ﬂClx(G)#(Z) <~ FCRG

(recall that FOrG <= ((3z € F)(Jy € G)(zRy))). Indeed, let F,G € CO(Xy) and
let clx(F) Nclx(G) # 0. Then Fo(x x,)G. Now, using Proposition 7.1 and Lemma
3.5(c), we get that there exists a clan I' in (CO(Xy),d(x,x,)) such that F,G € I
Then, by the axiom (CS4), there exists a point z € X such that I' = I, x,. Therefore,
I'={A € CO(Xy) | z € clx(A)}. Clearly, the principal filters F and G of the Boolean
algebra C'O(Xy), which are generated, respectively, by F' and G, are contained in I
Since I' is a grill, Lemma 3.6 implies that there exist ultrafilters u and v of the Boolean
algebra CO(Xj) such that uUv C T, F Cu and § C v. Using the axiom (CS2), we
obtain that there exist points z,y € X such that (Ju = {z} and (v = {y}. Then,
clearly, u = u, and v = u,. So, we get that z € clx(A), for every A € u, Uu,. Thus,
xRy. Obviously, z € F and y € G. Therefore, FCrG. Conversely, let F, G € CO(X))
and let FCrG. Then (3z € F)(Jy € G)(zRy). Hence F' € u, and G € u,. Thus,
clx (F)Nelx (G) # 0. So, (20) is proved. This shows that the triple (X, Xy, R) satisfies
the axiom (PCS4). We obtain, as well, that Cr = (x x,) and thus, using the axiom
(CS4), we get that the axiom (PCS5) is satisfied as well.

Let us prove that the relation R is a closed relation on the space Xj. Indeed,
let 2,y € Xo and (z,y) € R. Then, by (20), there exist F' € u, and G € u, such that
clx(F)Neclx(G) = 0. This obviously implies that (z,y) € F x G C X x X \ R. So,
R is a closed relation. Hence, the triple (X, X, R) satisfies the axiom (PCS2). Since
the axioms (PCS1) and (PCS3) are obviously satisfied, we get that (X, Xy, R) is a
2-precontact space.

Let (X, Xy, R') be a 2-precontact space and R’ be a reflexive and symmetric
relation on the set X,. Then, by Proposition 2.5(b), Cr = (Cg/)#. Thus, using (11),
we get that for every F,G € CO(X)y), clx(F)Nclx(G) # 0 iff F(Cr)G. Now, (21)
implies that for every F\G € CO(Xy), F(Cr)G <= F(Cg)G. Hence, Cg = Cg.
Set B = CO(Xy). Then we get that B = (B,Cgr) = (B,Cr). Using (12), the
proof of Theorem 6.1(b) and its notation, we obtain that: 1) Wo([(X, Xo, R')]) =
[(B,CRr)] = [B], 2) the map f : (X, Xy, R') — X (B, Cg) is a PCS-isomorphism and,
for every = € Xy, f(z) = u,. Let R= R(p,cy). Now, we get that for every x,y € X,
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1Ry < f@)Rf(y) < u.Ru, <= u, xu, C Cp <= [(VF € u,)(VG €
u,)(F(CR)G)] < [(VF € u,)(VG € u,)(clx(F) Nclx(G) # 0)] < =zRy.
Therefore, R = R'. O

Corollary 7.6. If X = (X, Xy) is a 2-contact space then X is a compact space.

Proof. By Lemma 7.5, there exists a 2-precontact space (X, Xy, R). Then, by Corol-
lary 6.2, X is a compact space. O

Proposition 7.7. If (X, Xy, R) is a reflexive and symmetric 2-precontact space then
(X, Xo) is a 2-contact space.

Proof. Clearly, the conditions (CS1)-(CS3) are fulfilled. Let
I'e CZGHS(CO(X()), 5(X,Xo)>-

By Proposition 2.5(b), we have that Cr = (Cr)#. Now (11) implies that Cr = d(x,x,)-
Hence, I' € Clans(CO(Xy),Cr) and, by (PCS5), there exists x € X such that
I' =T, x, So, the condition (CS4) is satisfied. Therefore (X, Xy) is a 2-contact
space. O

Proposition 7.8. Let B = (B, C) be a contact algebra. Then the canonical 2-contact
space X¢(B) is indeed a 2-contact space.

Proof. By Proposition 5.3, the canonical 2-precontact space X (B) = (X, Xo, R) is a
2-precontact space. Also, Lemma 3.5(d)(e) implies that (X, Xy, R) is a reflexive and
symmetric 2-precontact space. Now, using Proposition 7.7, we get that (X, Xj) is a
2-contact space. Since X°(B) = (X, Xj), our assertion is proved. O

Theorem 7.9. (NEW REPRESENTATION THEOREM FOR CONTACT ALGEBRAS.)

(a)  Let (B,C) be a contact algebra and let (X, Xy) be the canonical 2-contact space
of (B,C) (see Definition 7.2(c)). Then the function gp : B — 2%, defined in
(13), is a CA-isomorphism from the algebra (B,C) onto the canonical contact
algebra (RC(X, Xo), C(x,xo)) of (X, Xo). The sets RC(X, Xo) and RC(X) co-
incide iff the contact algebra (B, C) is complete. The contact algebra (B, C) is
connected iff the 2-contact space (X, Xg) is connected.

(b)  There exists a bijective correspondence between the class of all, up to CA-
isomorphism, (connected) contact algebras and the class of all, up to CS-isomor-
phism, (connected) 2-contact spaces; namely, for every CA B, the CA-isomor-
phism class [B] of B corresponds to the CS-isomorphism class [X(B)] of the
canonical 2-contact space X(B) of B, and for every 2-contact space (X, Xy),
the CS-isomorphism class [(X, Xo)] of (X, Xo) corresponds to the CA-isomor-
phism class [B°(X, Xo)] of the canonical contact algebra B°(X, Xo) of (X, Xo).
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Proof. (a) By Lemma 7.5, there exists a unique reflexive and symmetric binary
relation R on X, such that (X, Xy, R) is a 2-precontact space. Since (B,C) is a
contact algebra, we have that C' = C#. Thus, using (17), we get that gg : (B,C) —
(RC(X, X0),Cx,x,)) is a CA-isomorphism. The remaining assertions follow from
Theorem 6.1(a).

(b) In this part of our proof, we will use the notation from the proof of Theorem
6.1(b).

Let CA be the class of all, up to CA-isomorphism, contact algebras. Let C8
be the class of all, up to CS-isomorphism, 2-contact spaces. Let 2GS be the class
of all 2-contact spaces. Let 2PCS be the class of all 2-precontact spaces (X, Xy, R)
for which R is a reflexive and symmetric relation. Let 2P8 be the class of all, up
to PCS-isomorphism, 2-precontact spaces (X, Xy, R) for which R is a reflexive and
symmetric relation. Then, using Lemma 7.5 and Proposition 7.7, we get that the
correspondence

0268 —» 2PCS, (X, Xo) > (X, Xo, R),

where the relation R is defined by the formula (20), is a bijection. It is clear that
then the correspondence

P €8 — 2P8, [(X, Xo)] — [p(X, Xo)],

is a bijection as well. By Theorem 6.1(a), B = (B, () is a contact algebra iff the
2-precontact space X (B) = (X, Xy, R) is reflexive and symmetric, i.e., iff R is a
reflexive and symmetric relation. Thus, if @), is the restriction of the correspondence
®, to the subclass CA of the class PCA, then

o, : CA — 2P8
is a bijection. Therefore, the map
P = od,: CA — C8, [B]— [X(B)],

is a bijection. The assertion about connected contact algebras follows now from
Theorem 6.1(b). O

We are now going to obtain an assertion from [5] (namely, [5, Theorem 5.1(ii)(for
CAs)]) as a corollary of Theorem 7.9. This assertion concerns the class of C-semiregu-
lar spaces introduced in [5] (see Definition 7.17 below). We will also obtain some new
facts about this class of spaces. We start with recalling and proving some preliminary
assertions. Then we obtain a new theorem about the structure of C-semiregular spaces
(see Theorem 7.19 below) and using it, we derive [5, Theorem 5.1(ii)(for CAs)] from
Theorem 7.9 (see Corollary 7.23 below).

Lemma 7.10. ([5]) Let X be a topological space. Then:
(a) for every x € X, o, is a clan of the contact algebra (RC(X),Cx);

(b) if X is semireqular, then X is a To-space iff for every x,y € X, x© # y implies
that o, # o, (see (9) for o,).
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Lemma 7.11. ([4]) Let (X,T) be a topological space and U,V € T. Then
int(cl(U) Necl(V)) = int(cl(U NV)).

Corollary 7.12. Let (X,T) be a topological space and U,V € T. Then
cl(int(cl(U) Ncl(V))) = c(UNV).

Proof. Since cl(U N'V) is a regular closed set, we get, using Lemma 7.11, that
cl(int(cl(U) Nnel(V))) = cl(int(c(UNV))) = c(UNV). O

Definition 7.13. Let (X, T) be a topological space and € X. The point x is said
to be an u-point if for every U,V € T, x € cl(U) Ncl(V) implies that z € cl(UN V).

Proposition 7.14. (a) A topological space (X, T) is extremally disconnected iff every
of its points is an u-point;

(b) If X is a dense subspace of a space Y and x € X, then x is an u-point of Y iff x
s an u-point of X.

Proof. (a) Let X be extremally disconnected. Then, for every U,V € T, we have, by
Lemma 7.11, that cl(U) Ncl(V) = int(c(U) Ncl(V)) = int(cl(U NV)) = (U NV).
Hence, every point of X is an u-point.

Conversely, let every point of X be an u-point. Let U € T. Suppose that
cl(U) ¢ T. Then there exists « € cl(U) \ int(cl(U)). Hence x € X \ int(cl(U)) =
(X \ cl(U)). Set V=X \cl(U). Then V € T and z € cl(U) Ncl(V). Since x is an
u-point, we get that x € c(U NV) = (), a contradiction. Hence, cl(U) € T. So, X is
extremally disconnected.

(b) Let  be an u-point of X. Let U,V be open subsets of Y and z € cly (U)Ncly (V).
Set ' =UNX and V' = VNX. Then z € XNecly (U)Ncly (V') = clx(U') Nelx (V).
Hence z € clx(U'NV') =clx(X NUNV) Ccly(UNV). So, x is an u-point of Y.
Conversely, let x be an u-point of Y. Let U,V be open subsets of X and
x € clx(U)Neclx (V). There exist open subsets U’ and V’ of Y such that U = U'NX
and V = V'NX. Then z € cly(U') Necly(V'). Hence z € X Necly(U' NV') =
XNey(XNUNV')=XnNcy(UNV)=clx(UNV). Therefore, x is an u-point of
X. i

Proposition 7.15. Let (X, T) be a topological space and x € X. Then x is an u-point
iff o, is an ultrafilter of the Boolean algebra RC(X) (see (9) for o).

Proof. Since, by Lemma 7.10(a), o, is a grill of RC(X), we have that o, is an
ultrafilter of RC(X) iff (VF,G € 0,)(F.G € 0,). Hence, using Corollary 7.12, we
get that: (o, is an ultrafilter of RC(X)) <= ((VF,G € RC(X))[(x € FNG) —
(x € F.G)]) <= ((VF,G € RC(X))[(x € FNG) — (z € cl(int(F N Q)))])
— ((VU,V € Tz € c(U) ncl(V)) = (z € cl(int(cl(U) Nnecl(V))))]) <

(VU,V e[z ecd(U)Nncl(V)) = (x € c(UNV))]) < (xis an u-point). 0
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Proposition 7.16. Let X and Y be topological spaces and x € X. If x is an u-point
and f: X — Y is an open map, then f(z) is an u-point.

Proof. Let U and V be open subsets of Y and f(z) € cly(U) Ncly (V). We will
show that f(x) € cly (U NV). We have that « € f Yely (U)) and = € f~(cly(V)).
Using [10, Exercise 1.4.C], we get that = € clx(f~1(U)) Nelx(f~1(V)). Since z is an
u-point, we get, using again [10, Exercise 1.4.C], that = € clx(f~1(U) N f~1(V)) =
Ax(fFHUNV)) = fHcdy(UNV)). Thus, f(z) € cly(UNV). Hence f(x) is an
u-point. O

Note that Proposition 7.14(a) and Proposition 7.16 imply the well-known fact

that extremal disconnectedness is an invariant of open mappings (see [10, Exercise
6.2.H(b)]).

Definition 7.17. ([5]) A semiregular Ty-space (X, 7) is said to be C-semiregular if
for every clan I' in (RC(X), Cx) there exists a point € X such that I' = o, (see
(9) for o,.).

The next assertion was stated in [5] but it was left without proof there. For
completeness, we will prove it here.

Proposition 7.18. ([5, Fact 4.1|) Every C-semireqular space X is a compact space.

Proof. Let § = {F, | a € A} be a centered (= with finite intersection property)
family of closed subsets of X. Since X is semiregular, for every @ € A there exists

a subfamily R, of RC(X) such that F,, = [(R,. Let R = [J{R. | @« € A}. Then
NJF =R and R is a centered family. Thus there exists an ultrafilter u of the Boolean
algebra RC'(X) containing R. Since u is a clan in the contact algebra (RC(X), Cy),
there exists € X such that u = o,. Therefore x € (Ju C (R =()F. Hence, X is
compact. O

Theorem 7.19. For every C-semireqular space (X,T), the set
={zx € X | x is an u-point of X'}

endowed with its subspace topology is a dense extremally disconnected compact Haus-
dorff subspace of (X,T) and is the unique dense extremally disconnected compact
Hausdorff subspace of (X, 7).

Proof. Set (B,C) = (RC(X),Cx). Then (B, () is a complete Boolean algebra. Let
(X, Xo) be the canonical 2-contact space of (B,C) (see Definition 7.2(c)). Since B
is a complete Boolean algebra, its Stone space X, is extremally disconnected and
RC(X,X,) = RC(X). Using Lemma 7.10(b) and the fact that X is C-semiregular,
we get that the map R
f: X —X x— o0,

is a bijection. In the notation of Definition 5.1, we have that for every F' € RC(X),
F(F)={f(z) |1 € F} = {0, |2 € F} = {o, | F€ 0,} = {T € X | F € T} = gu(F).
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Since f is a bijection, we obtain now that for every F' € RC(X), f~'(gs(F)) = F.
Using the fact that RC(X) is a closed base of X and {gp(F) | FF € RC(X)} is a
closed base of X, we get that f is a homeomorphism. Since X, = Ult(RC(X)), we
get that Xo = {0, | 0, is an ultrafilter of RC(X)}. Thus, Proposition 7.15 implies
that f~'(X,) = Xo. Hence, f(Xo) = Xo. Therefore, (X, Xo) is a 2-contact space and
f (X, Xy) — ()A( ,)?0) is a CS-isomorphism. From this we get, in particular, that
Xy is a dense extremally disconnected compact Hausdorff subspace of (X, T).

Let now X{ be a dense extremally disconnected compact Hausdorff subspace of
(X, 7). We will show that X = X,. Since X is extremally disconnected, Proposition
7.14(a) implies that every point of X{ is an u-point of X{. Using the fact that X{ is
dense in X, we get, by Proposition 7.14(b), that every point of X{ is an u-point of
X. Hence X C Xj. Obviously, X{ is a dense subspace of Xj. Since Xy is Hausdorff
and X is compact, we get that X = Xj. |

Corollary 7.20. A compact Hausdorff space X is C-semireqular iff it is extremally
disconnected.

Proof. Let X be extremally disconnected.. Then RC(X) = CO(X). Also, the sets
Clans(RC(X),Cx) and Ult(CO(X)) coincide. Indeed, let I' € Clans(RC(X), Cx).
Then I' C CO(X). Let F,G €T'. Since F = (FNG)U(F\G)and FNG,F\G €
CO(X) = RC(X), we have that FNG €' or FF\ G € I'. Clearly, (F'\ G)(—Cx)G.
Hence F'\ G ¢ I'. Therefore, F NG € I'. Thus, I' is an ultrafilter of the Boolean
algebra CO(X). Then |(\T'| = 1. Let {z} = (\I'. Then, obviously, I = ¢,. Hence,
X is a C-semiregular space.

Conversely, if X is C-semiregular then, by Theorem 7.19, X contains a dense
extremally disconnected compact Hausdorff space Y. Since X is a Hausdorff space,
we get that X =Y. Therefore, X is extremally disconnected. O

Corollary 7.21. If X is C-semiregular and Xy = {x € X | x is an u-point of X'}
then the pair (X, Xo) is a 2-contact space and Xy is a dense extremally disconnected
compact Hausdorff subspace of X; moreover, Xy is the unique dense extremally dis-
connected compact Hausdorff subspace of X.

Proof. By Theorem 7.19, Xj is a dense extremally disconnected compact Hausdorff
subspace of X and hence, the conditions (CS1) and (CS2) are fulfilled. Also, we
obtain that RC(Xy) = CO(Xy) and thus RC(X, Xy) = RC(X); moreover, the map

e: (CO(XQ),(S()QXO)) — (RC(X),C)(), F— Clx(F),

is a CA-isomorphism. Since X is semiregular, we get that the condition (CS3) is
fulfilled. Let I' € Clans(CO(Xy),d(x,x,)).- Then e(I') € Clans(RC(X),Cx) and,
therefore, there exists x € X such that e(I') = o,. Since, obviously, o, = I'; x,, we
get that the condition (CS4) is also fulfilled. Hence (X, Xy) is a 2-contact space.
The uniqueness assertion follows from Theorem 7.19. O
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Lemma 7.22. If (X, Xy) is a 2-contact space and Xy is extremally disconnected, then
X is C-semireqular.

Proof. By (CS1), X is a Ty-space. Using Lemma 4.3(a) and (CS3), we get that X
is a semiregular space and RC(X, Xy) = RC(X). Since CO(Xy) = RC(Xj), Lemma
4.1 implies that the map

e: (CO(XQ),(S()QXO)) — (RC(X),C)(), F— Clx(F),

is a CA-isomorphism. Let I' € Clans(RC(X),Cx) and I" = ¢ }(T"). Then I €
Clans(CO(Xo),0(x,x,)). Thus, by (CS4), there exists # € X such that I = I, x,.
Then we get that I' = e(I") = e(I'; x,) = 0. Therefore, X is a C-semiregular space.

0

Corollary 7.23. ([5]) There exists a bijective correspondence between the class of all,
up to CA-isomorphism, (connected) complete contact algebras and the class of all, up
to homeomorphism, (connected) C-semireqular spaces.

Proof. Let CCA be the class of all, up to CA-isomorphism, complete contact algebras.
Let CCS8 be the class of all, up to CS-isomorphism, 2-contact spaces (X, Xj) such that
Xp is extremally disconnected. Using Theorem 7.9(b) and the notation of its proof,
we get that the map

o5 CA — €8, [(B,C)] — [(X, Xo)],

where (X, Xj) is the canonical 2-precontact space of the contact algebra (B, C) (see
Definition 7.2(c)), is a bijection. Then Theorem 7.9(a) implies that the restriction ®,.
of the correspondence ®§ to the class CCA is a bijection between the later class and
the class CCS, i.e.,

d.: CCA — CCS

is a bijection. Let C8R be the class of all, up to homeomorphism, C-semiregular
spaces. Then the map

a:CCS — CSR, [(X,Xo)] — [X],

is a bijection. Indeed, Lemma 7.22 implies that the correspondence « is well-defined;
the fact that o is a bijection follows from Theorem 7.19. Now we get that the
composition

P =aod,.: CCA — CSR

is a bijection. The assertion about connected complete contact algebras follows now
from Theorem 6.1(b). O
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8 A connected version of the Stone Duality Theo-
rem

The new representation theorems, presented in the previous section, permit us to
obtain as particular cases the Stone Representation Theorem [22] and a new connected
version of it. Let us start with the Stone Representation Theorem [22].

Proposition 8.1. The Stone Representation Theorem follows from Theorem 7.9;
namely, we obtain it equipping each Boolean algebra B with the smallest contact
relation pB on B (see Example 2.4 for p?).

Proof. Let B be a Boolean algebra. Then, by [5, Corollary 3.3], Ult(B, ps) =
Clans(B, ps). Hence, the canonical 2-contact space of the contact algebra B = (B, p;)
is the pair X°(B) = (X, Xy), where X = X, is the Stone space of B. Also,
RC(X, Xy) = CO(Xp) and C(x.x,) = p?', where B’ = CO(Xy). So, Theorem 7.9(a)
reduces to the Stone Representation Theorem. Note that RC(X,) = CO(X) iff Xy
is extremally disconnected. Note as well that (B, ps) is connected iff B = {0,1}.
Further, Theorem 7.9(b) reduced to the Stone Theorem that there exists a bijective
correspondence between the class of all, up to Boolean isomorphism, Boolean algebras
and the class of all, up to homeomorphism, Stone spaces. Finally, Corollary 7.23 and
Corollary 7.20 imply that there exists a bijective correspondence between the class of
all, up to Boolean isomorphism, complete Boolean algebras and the class of all, up
to homeomorphism, compact Hausdorff extremally disconnected spaces. O

Now, equipping each Boolean algebra B with the largest contact relation pf
on B (see Example 2.4 for pP), we will obtain a connected version of the Stone
Representation Theorem. Further on we will extend it to a connected version of the
Stone Duality Theorem.

Definition 8.2. (STONE 2-SPACES.)

(a) A topological pair (X, Xy) is called a Stone 2-space (abbreviated as S2S) if it
satisfies conditions (CS1)-(CS3) of Definition 7.2 and the following condition:

(5254) I T € Grills(CO(Xy)) then there exists a point € X such that I' = T'; x,
(see (9) for I'; x,)-

(b) Let (X, X,) and (X, X,) be two Stone 2-spaces. We say that (X, Xo) and (X, Xo)
are S2S-isomorphic (or, simply, isomorphic) if there exists a homeomorphism f :
X — X such that f(Xo) = Xo.

Proposition 8.3. Let (X, Xy) be a Stone 2-space and B = RC(X, Xy). Then:
(a) Cix,xo) = pP (see Example 2.4 for pP), and
(b) (X, Xo) is a 2-contact space.

Proof. (a) Clearly, C(x,x,) C pf’. Recall that for any F,G € CO(X),

Clx(F)C()QXO)Clx(G) < Clx(F) N Clx(G) 7& 0.
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We will show that p C C(x x,). Let F,G € CO(Xy) and F # 0, G # 0 (ie.,
clx(F),clx(G) € B and clx(F)pPclx(G)). Obviously, there exist u, v € Ult(CO(Xy))
such that ' € w and G € v. Then I' = v U v € Grills(CO(Xy)) (see, e.g., [5,
Corollary 3.1]). Hence, by (S254), there exists a point z € X such that I' = I'; x,.
Then z € clx(F) Neclx(G) and thus cly (F)Cix xy)clx (G). So, pf = Cix xy).-

(b) Since the map e : (CO(Xy), d(x,xy)) — (RC(X, Xo),Cix.x0)), F > clx(F),is
a CA-isomorphism, we get, using (a) and [5, Example 3.1], that

Clans(CO(Xo),0(x,x,)) = Grills(CO(Xy)).

Thus, condition (CS4) follows from condition (S254). Hence (X, Xj) is a 2-contact
space. 0

Corollary 8.4. Let (X, X,) be a Stone 2-space. Then X is a compact connected
Ty-space.

Proof. According to Proposition 8.3(b), (X, Xy) is a 2-contact space. Hence, by
Corollary 7.6, X is a compact space. Since the canonical CA (RC(X, Xy), C(x,x,))
of the 2-contact space (X, Xj) is connected (by Proposition 8.3(a)), Theorem 7.9(a)
implies that the space X is connected. O

Definition 8.5. (THE CANONICAL STONE 2-SPACE OF A BOOLEAN ALGEBRA AND
THE CANONICAL BOOLEAN ALGEBRA OF A STONE 2-SPACE.)

(a) Let B be a Boolean algebra. Then the canonical 2-contact space of the contact
algebra (B, pP) is said to be the canonical Stone 2-space of the Boolean algebra B
and is denoted by X*(B).

(b) Let (X, Xy) be a Stone 2-space. Then the Boolean algebra RC(X, Xj) is said to
be the canonical Boolean algebra of (X, Xo).

Proposition 8.6. The canonical Stone 2-space of a Boolean algebra B is indeed a
Stone 2-space.

Proof. Let X¢(B,pP) = (X, Xy). Then, by Theorem 7.9(a), the contact algebras
(B, pP) and (RC(X, Xo),Cx,x,)) are CA-isomorphic. Since the contact algebras
(RC(X, Xo),Cx,x,)) and (CO(Xy), d(x,x,)) are CA-isomorphic, we get that the con-
tact algebras (B, p°) and (CO(Xy), d(x,x,)) are CA-isomorphic. Then, by [5, Exam-
ple 3.1], Clans(CO(Xy),d(x,x,)) = Grills(CO(Xy)). According to Proposition 7.8,
(X, Xp) is a 2-contact space. Now we obtain that (X, Xj) is a Stone 2-space. O

Theorem 8.7. (A CONNECTED VERSION OF THE STONE REPRESENTATION THE-
OREM.)

(a)  Let B be a Boolean algebra and let (X, Xy) be the canonical Stone 2-space of
B (see Definition 8.5). Then the function gp : B — 2%, defined in (13), is
a Boolean isomorphism from the Boolean algebra B onto the canonical Boolean
algebra RC(X, Xo) of (X, Xy). The sets RC(X, Xy) and RC(X) coincide iff
the Boolean algebra B is complete.
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(b)  There exists a bijective correspondence between the class of all, up to Boolean
isomorphism, Boolean algebras and the class of all, up to S25-isomorphism,
Stone 2-spaces; namely, for every Boolean algebra B, [B] — [X*(B)|, and for
every Stone 2-space (X, Xy), [(X, Xo)] — [RC(X, Xo)].

Proof. (a) Since (X, Xj) is, by Definition 8.5(a), the canonical 2-contact space of the
contact algebra (B, pP), our assertion follows from Theorem 7.9(a).

(b) It follows from Theorem 7.9(b), Definition 8.5(a), Proposition 8.6 and Proposition
8.3. O

Definition 8.8. (EXTREMALLY CONNECTED SPACES.) A semiregular Ty-space X
is called an eztremally connected space (abbreviated as ECS) if for every grill T' in
RC(X) there exists a point x € X such that I' = o, (see (9) for o,).

Proposition 8.9. Let X be an extremally connected space and B = RC(X). Then:
(a) Cx = pP (see Lemma 2.8 for Cx and Ezample 2.4 for pP), and

(b) X is a C-semiregular space.

Proof. (a) Let F,G € B and F # (), G # (). Then, as in the proof of Proposition
8.3(a), we get that there exists a grill I' in B such that F,G € I'. Then, by Definition
8.8, there exists x € X such that I' = 0,. Thus x € F NG, i.e. FCxG. Therefore,
pB C Cx. Since, obviously, Cx C pP, we get that Cx = pP.

(b) Since, by (a), (B,Cx) = (B, pP), [5, Example 3.1] implies that Clans(B,Cx) =
Grills(B). Thus X is a C-semiregular space. |

Corollary 8.10. Let X be an extremally connected space and
Xo={z € X | x is an u-point of X}.

Then (X, Xo) is a Stone 2-space and Xy is a dense extremally disconnected compact
Hausdorff subspace of X; moreover, Xy is the unique dense extremally disconnected
compact Hausdorff subspace of X.

Proof. According to Proposition 8.9(b), X is a C-semiregular space. Then, by Corol-
lary 7.21, (X, Xp) is a 2-contact space and X is a dense extremally disconnected com-
pact Hausdorff subspace of X. Let I' € Grills(CO(Xy)). We have that CO(Xy) =
RC(Xy) and thus, by Lemma 4.1, the Boolean algebra CO(Xj) is isomorphic to the
Boolean algebra RC(X). Now, using [5, Example 3.1] and Proposition 8.9(a), we get
that Grills(CO(X,)) = Clans(CO(Xy), pt ) = Clans(CO(Xo), 6(x.xp))- Hence,
by condition (CS4), there exists # € X such that I' = I'; x,. Therefore, condition
(S254) is satisfied and we obtain that (X, Xj) is a Stone 2-space.

The uniqueness assertion follows from Theorem 7.19. O

Lemma 8.11. If (X, Xy) is a Stone 2-space and X is extremally disconnected, then
X is an extremally connected space.
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Proof. Let B = RC(X). Since X is an extremally disconnected space, we have
that RC'(Xy) = CO(Xp). Then RC(X, Xy) = B. Now, Proposition 8.3(a) implies
that Cx = pP and (X, Xj) is a 2-contact space. Then, by Lemma 7.22, X is a C-
semiregular space. Since (B,Cx) = (B, pP), [5, Example 3.1] implies that X is an
extremally connected space. O

Theorem 8.12. There exists a bijective correspondence between the class of all, up
to Boolean isomorphism, complete Boolean algebras and the class of all, up to home-
omorphism, extremally connected spaces; namely, for every complete Boolean algebra
B, [B] — [X], where X is the first component of X°(B), and for every extremally
connected space X, [X]| — [RC(X)].

Proof. 1t follows from Theorem 8.7(b), the Stone bijection between complete Boolean
algebras and extremally disconnected Stone spaces, Lemma 8.11 and Corollary 8.10.
O

Now we will obtain a connected version of the Stone Duality Theorem. We
start with three simple assertions, the first of which is a slight generalization of [5,
Proposition 4.1(iv)].

Lemma 8.13. Let X be a topological space, B be a subalgebra of the Boolean algebra
(RO(X),+,.,*,0,X) (defined in 2.7), T be a grill of B, x € X and T C oZ. Then
vB CT (see (10) for vB and (9) for o).

Proof. We can suppose that I' # oZ. Let F € 0P \T. Since F + F* =1 €T, we get
that F* € T'. Suppose that F' € v2. Then z € int(F) and thus z ¢ F*. Since I' C o5,
we get a contradiction. Therefore, F' ¢ vZ. So, we obtain that v N (cZ \ T') = 0.
Since v? C 08, we get that v CT. O

Lemma 8.14. Let X be a topological space, B be a subalgebra of the Boolean algebra

(RC(X),+,.,%,0,X) (defined in 2.7) and B be a closed base for the space X. Then,
for every x € X, the family B, = {int(F) | ' € vB} is a base for X at the point x.

Proof. Since B is a closed base for X, the family B = {X \ F' | F' € B} is an
open base for X. Further, for any F' € B, we have that int(F*) = X \ F. Thus
B = {int(F*) | F € B} = {int(F) | F' € B}. Hence, for every z € X, the family
{U € B | x € U} is a base for X at the point x. Clearly, {U € B | x € U} =
{int(F) | F € B,z € int(F)} = {int(F) | F € v} = B,. Therefore, for every z € X,
the family B, is a base for X at the point x. O

Lemma 8.15. Let A be a subalgebra of a Boolean algebra B and I' € Grills(B).
Then I'N A € Grills(A).

Proof. Clearly, if u € Ult(B) then un A € Ult(A). Then, using [5, Corollary 3.1],
we obtain our assertion. O
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Definition 8.16. Let (X, X)) and (X', X{)) be two Stone 2-spaces and f: X — X’
be a continuous map. Then f is called a 2-map if f(X,) C X{.

The category of all Stone 2-spaces and all 2-maps between them will be denoted
by 2Stone.

The category of all Boolean algebras and all Boolean homomorphisms between
them will be denoted by Bool.

Theorem 8.17. The categories Bool and 2Stone are dually equivalent.

Proof. We will first define two contravariant functors
D" : Bool — 2Stone and D?:2Stone — Bool.
Let (X, Xy) € |2Stone|. Define
DH(X, X) = RC(X, Xy),

i.e. D'(X,X,) is the canonical Boolean algebra of the Stone 2-space (X, Xj) (see
Definition 8.5(b)). Hence D*(X, X;) € |Bool|.

Let f € 2Stone((X, Xy), (Y,Yp)). Define D!(f) : D'(Y,Y,) — D'(X, X,) by
the formula

(22) D'(f)(cly(G)) = clx(Xo N f7H(G)), VG € CO(Yy).

Set ¢y = D'(f). We will show that ¢; is a Boolean homomorphism between the
Boolean algebras RC(Y,Y)) and RC(X, Xy). Clearly, ¢;(0) = 0 and (V) = X.
Let F, G e CO(}/O) Then QOf(Cly(F)—l—Cly(G)) = QOf(Cly(FUG)) = Clx(X()mf_l(FU
@) = clx((Xo N f7H(F)) U (Xo N fTHG))) = 9y(cly (F)) + ¢p(cly (G)). Also, using
Lemma 4.1, we get that ¢ ((cly (F))*) = ¢s(cly(Yo \ F) = clx(Xo N fH Yo \ F)) =
cly (Xo N (f7(Yo) \ f7H(F)) = elx(Xo \ (Xo N f7H(F) = (clx(Xo N f7H(F)))" =
(pr(cly (F))*. So, ¢y is a Boolean homomorphism, i.e. D*(f) is well-defined.

Now we will show that D' is a contravariant functor. Clearly, D'(idx x,) =
idpt(x,xy)- Let f € 2Stone((X, Xy), (Y,Ys)) and g € 2Stone((Y,Ys), (Z, Zy)). Then,
for every I € CO(Zy), D'(g o f)(clz(F)) = clx(Xo N (g0 f)7H(F)) = clx(Xo N
f7Hg7H () and (D'(f) o D'(g))(clz(F)) = D'(f)(cly (Yo N g~ '(F))) = clx(Xo N
Yo ngH(F)) = clx(Xo N f7H(Yo) N f7Hg™H(F))) = elx(Xo N f7Hg7H(F))) =
D(g o f)(clz(F)). So, D" is a contravariant functor.

For every Boolean algebra A, set

D*(A) = (X, Xo),

where (X, Xp) is the canonical Stone 2-space of the Boolean algebra A (see Definition
8.5(a)). Then Proposition 8.6 implies that D*(A) € |2Stone|.
Let ¢ € Bool(A, B). Let D*(A) = (X, Xy) and D*(B) = (Y,Yy). Then we
define the map
D*(p) - D*(B) — D*(4)

by the formula
(23) D*(p)(T) = ¢~ (), VI €Y.
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Set f, = D%(y). Since every grill of a Boolean algebra B’ is a union of ultrafilters of
B’ and every union of ultrafilters of B’ is a grill of B’ (see, e.g., [5, Corollary 3.1]), and
the inverse image of an ultrafilter by a Boolean homomorphism between two Boolean
algebras is again an ultrafilter, we get that VI' € Y, f,(I') € X, ie. f,:Y — X.
We will show that f, is a continuous function. Let a € A. Then ga(a) = {I" €
X | a € I'} is a basic closed subset of X (see Definition 8.5(a)). We will show that

(24) f; ' (9a(a)) = gB(p(a)(={I" €Y | ¢(a) €T'}).

Indeed, let T € f'(ga(a)). Then f,(T") € ga(a). Thus a € p~'(I"), ie. p(a) € T".
So, I'" € gp(p(a)). Hence f'(ga(a)) € gn(p(a)). Conversely, let I € gp(p(a)), i.e.
¢(a) € T". Then a € o~ (I") = f,(I"). Hence f,(I") € ga(a). Then I € f(ga(a)).
So, f;'(9a(a)) 2 gp(p(a)). Thus the equation (24) is verified and we get that f, is
a continuous function.

Let us now show that f,(Yy) € Xo. Let v’ € ¥y, Then v € Ult(B). Hence
fo(u) = o1 (u) € Ult(A) = X,. Therefore, f,(Yo) C Xo. So,

D%(p) € 2Stone(D*(B), D*(A)).

Clearly, for every Boolean algebra B, D(idg) = idpa(p). Let ¢ € Bool(A, B)
and ¢ € Bool(B, B'). Let f, = D*(y), f, = D*(¢) and D*(B') = (Z, Zy). Then, for
every T € 7, we have that D*(10)(T) = (1509) {(T) = ¢~ (0(T)) = f(fu(T)) =
(D*(p) o D*(¢))(I"). We get that D® is a contravariant functor.

Let (X, Xp) € [2Stone|. Then D'(X, Xy) = RC(X, Xo). Set B = RO(X, Xo).
Let D*(B) = (Y,Yy). Then Y = Grills(B) and Yy = Ult(B). By [5, Proposition
4.1(i1)], if z € X then o, € Clans(RC(X),Cx). Using Lemma 8.15, we get that, for
every x € X, 0P € Clans(B, C(x x,)). According to Proposition 8.3(a), C(x,x,) = pf
(see Example 2.4 for p/’). Hence, by [5, Example 3.1, Clans(B, C(x,x,)) = Grills(B).
Therefore, for every x € X, o8 € Grills(B). So, the following map is well-defined:

(25> t(X’XO) : (X’ XO) — Da(Dt<X7 XO))7 X = U§C(X’XO)7

and we will show that it is a homeomorphism. We start by proving that £.x x,) is
a surjection. Let I' € Y. Then I' € Grills(B). Using Lemma 4.1, we get that
I = rx, x(I') € Grills(CO(Xy)). Hence, by (S254), there exists z € X such that
[ =T, x,. Since, by Lemma 4.1, I" = ey, x(I"), we get that ' = ¢ = t(x,xo) (). So,
t(x,x,) is a surjection. For showing that ¢ x x,) is a injection, let z,y € X and = # y.
Since X is a Ty-space, there exists an open subset U of X such that |U N {x,y}| = 1.
We can suppose, without loss of generality, that x € U and y ¢ U. Since B is a closed
base of X, there exists F' € B such that x € X \ FF CU. Theny € F and = ¢ F.
Hence I’ € af and F & o, ie. t(xx0) (%) # tx.x0)(y). So, t(x,x,) is a injection.
Thus ?(x x,) is a bijection. We will now prove that ¢(x, x,) is a continuous map. We
have that the family {gp(F)={I' € Y | F €'} | F € B} is a closed base of Y. Let
F € B. We will show that

(26) t(_)%,xo)(gB(F)) =F
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Let z € F. Set t(x,xy)(x) =T. Then I' = ¢7. Since F € I', we get that I € gp(F).
Thus t(x,xo)(F) C gs(F), ie. F C t(_;’XO)(gB(F)). Conversely, let x € t(_);,xo)(gB(F))'
Set I' = t(x,xo) (T ( ). Then ' € gp(F). Hence F € T. Since I' = 0, we get that z € F.
Hence F' D t(XX y(98(F)). So, F = t(XXO)(gB(F)). This shows that t.x x,) is a
continuous map. For showing that t(x, x,) 1s & continuous map, let F € B. Using
(26) and the fact that t(x x,) is a bijection, we get that ¢x x,)(¥) = gp(F). Hence
(t(_;’XO))‘l(F) = gp(F). This shows that t(_;,Xo) is a continuous map. So, t(x x,) is a
homeomorphism.

We will now show that t(x x,)(Xo) = Yo. Let x € Xo. Set I' = t(x x,)(2).
Then I' = 08 and rx, x(T) = {F € CO(Xy) | z € F} = uXe € Ult(CO(Xy).
Then, by Lemma 4.1, I' = ex, x(u;°) € Ult(B) = Y. Hence t(x x,)(Xo) C Yo. Let
now [' € Yy. Then F € Ult(B) and thus u = rx, x(I') € Ult(CO(Xp)). Clearly,
there exist z € Xj such that u = uX°. Then I' = ex, x(u}°) = o8 = tix.xo) ().
Therefore, t(x, x,)(Xo) 2 Yo. We have proved that ¢x x,)(Xo) = Yo. So, t(x x,) is a
2Stone-isomorphism.

Let B be a Boolean algebra and let us set (X, Xo) = D*(B). Then D'(X, X,) =
RC(X, Xy) and, using Theorem 8.7(a), we get that the map

p: B — RC(X,Xy), ar—gpla)={l'e X |aeTl},

is a Boolean isomorphism.
We will now show that

t: [dZStone — D%o Dtu

defined by (X, Xo) = t(x,x,), V(X,Xo) € [2Stone|, is a natural isomorphism.

Let f € 2Stone((X, Xy), (Y,Yy)) and f = D(D!(f)). We have to show that
fotixxe =ty o f. Set o = D'(f), A = RC(X,X,) and B = RC(Y,Yp). Let
x € X. Then

(tvyo) © N)(@) =ty (f(2) = 0y = {F € B | f(z) € B}.

Further, f(t(XXO (z)) = flo?) = _l(af). Set I = goj?l(af). Then I = {G €
B | (pf( ) € O'i(} = {Cly(Go) | Gy € CO(YE)),ZL’ € Clx(XO N f_l(G()))} Let Gy €
CO(Yy) and cly(Gy) € I. Then x € clx(XoN f71Gy)) and thus f(z) € f(clx(Xo N

f7H(Go)) Ccly (f(XoN f71(Go))) € cly(Go). Therefore,
I C U}B(x).

We have that [V € Grills(B). Hence I'], = ry,y(I") € Grills(CO(Yp)). Thus, by
(S254), there exists y € Y such that I, =1T',y,. Then

/! _ _B
T =0, .

Since IV C 0}3(1,), we get, by Lemma 8.13, that 1/}3(1,) C I". According to [5, Proposition
4.1], I/]?(x) is a filter of B. Hence, by Lemma 3.6, there exists an ultrafilter u of B such
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that VB( y Cuc IV. Then u C o? and since v is a grill of B, Lemma 8.13 implies

y
that I/B C u. So, we obtained that v¥ | U Vf C u C I'. Then, for every F’ € V}B(x)

f(x)

and every G’ € v}, we have that F'.G' # 0, i.e. cly(inty(F' N G")) # . Hence

inty (F' N G") # () and thus inty (F') Ninty (G') # 0, for every F’ € Vﬁx) and every

G’ € v} Since Y is a Ty-space, using Lemma 8.14, we get that y = f(z). Therefore

IV = af( )- Thus f ot(x,x,) = t(v,yp) © f and hence ¢ is a natural isomorphism.
Finally, we will prove that

g : IdBool — D' o D*, where g(A) = g4, VA € |Bool|,

is a natural isomorphism.

Let ¢ € Bool(A4, B) and ¢ = D*(D*(¢)). We have to prove that ggop = poga.
Set. f = D*(), (X, Xo) = D*(A) and (Y, Yy) = D*(B). Then ¢ = D'(f)(= ). Let
a € A. Then gp(p(a)) ={I" €Y | p(a) € I'"}. Further, using (14), we get that

gs(p(a)) = cly(sp(p(a))) and  ga(a) = clx(sa(a)).

Thus

p(ga(a)) = cly (Yo N [ (s4(a))).
Let v € Yo N f~'(sa(a)). Then v’ € Ult(B) and f(u') € sa(a). Hence p~'(u') €
sA( ) = {u € Ult(A) | a € u}. Thus a € ¢~} (u/), i.e. ¢(a) € v'. Therefore
u € sB(cp( ). So, Yo N fl(sa(a)) C sp(p(a)). Conversely, let v € sp(p(a)).

Then u' € Yy and ¢(a) € «/. Hence a € o' (v/) = f(u'). Thus f(u') € sa(a).
Therefore, v’ € Yo N f~ (sa(a)). So, Yo N f~'(sa(a)) 2 sp(p(a)) and we get that
Yo N f~'(sa(a)) = sp(p(a)). Hence 4(ga(a)) = cly(sp(p(a))) = gp(p(a)). So, g is a
natural isomorphism.

We have proved that (D', D% g,t) is a duality between the categories 2Stone
and Bool. O

Definition 8.18. (a) Let ECS be the category whose objects are all extremally
connected spaces and whose morphisms are all continuous maps between the objects
of ECS which preserve u-points (i.e., for every X,Y € |ECS|, f € ECS(X,Y) iff f
is a continuous map and for every u-point x € X, f(x) is an u-point of Y).

(b) Let CBool be the full subcategory of the category Bool, whose objects are all
complete Boolean algebras.

Remark 8.19. (a) Clearly, ECS is indeed a category;

(b) Note that, according to Proposition 7.16, every open map between two objects of
the category ECS is an ECS-morphism.

Theorem 8.20. The categories CBool and ECS are dually equivalent.

Proof. Let 2CStone be the full subcategory of the category 2Stone, whose objects
are all Stone 2-spaces (X, Xy) for which X, is extremally disconnected. We will
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first show that the categories 2CStone and ECS are isomorphic. Let us define two
(covariant) functors

E, : ECS — 2CStone and E;:2CStone — ECS.

Let X € |[ECS| and Xy = {x € X | z is an u-point of X}. Then, by Corollary 8.10,
(X, Xy) € |2CStone| and we set

Ey(X) = (X, Xo).
Let (X, Xy) € |2CStone|. Then, by Lemma 8.11, X € |[ECS| and we set
Bs(X, Xo) = X.

Let f € ECS(X,Y), Ei(X) = (X, Xy) and Ey(Y) = (Y,Ys). Then, by the cor-
responding definitions, we get that f is continuous and f(Xy) C Yy. Hence f €
2CStone(E; (X), E1(Y)) and we set

El(f>:f

Let f € 2CStone((X, Xy), (Y,Yy)). Then, by Lemma 8.11 and Corollary 8.10, we
get that Xo = {x € X | z is an u-point of X} and Yy = {y € Y | y is an u-point of
Y'}. Since f(Xo) C Yo, we obtain that f € ECS(X,Y) = ECS(E2(X, Xy), Ex(Y, Y)))
and we set
Ex(f) =T

Obviously, F; and Es are functors. If X € |[ECS| then Ey(E1(X)) = Eo(X, Xo) = X.
If (X, Xy) € |2CStone| then E(Ey(X, Xy)) = E1(X). Using again Lemma 8.11 and
Corollary 8.10, we get that Ey(X) = (X, Xy). Hence E1(Ey(X, X)) = (X, Xo). Now
it becomes obvious that F; o Fy = Idacstone and Eso By = Idgcs. So, the categories
ECS and 2CStone are isomorphic. Let EDStone be the class of all extremally
disconnected Stone spaces. Then, using the Stone Theorem that S(|CBool|) =
EDStone, we get that the restrictions D|“CB001 and szCStone of the duality functors

D% and D! defined in the proof of Theorem 8.17, are duality functors between the
categories CBool and 2CStone. Setting

(27) D(cl =FEyo D\aCBool and Dé = D|t2CStone o E,
we obtain that

D% : CBool — ECS and D! :ECS — CBool

are duality functors. O
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9 On a class of compact 7 extensions

Definition 9.1. An extension of a space X is a pair (Y, f), where Y is a space and
f: X — Y is a dense embedding of X into Y.

Two extensions (Y, f;), i = 1,2, of X are called isomorphic (or equivalent) if
there exists a homeomorphism ¢ : Y; — Y5 such that p o fi = f5. Clearly, the
relation of isomorphism is an equivalence in the class of all extensions of X; the
equivalence class of an extension (Y, f) of X will be denoted by [(Y, f)].

We write

(Y1, f1) < (Ya, f2)

and say that the extension (Y3, f2) is projectively larger than the extension (Y3, fi) if
there exists a continuous mapping f : Yo — Y] such that f o fo = f;. This relation
is a preorder (i.e., it is reflexive and transitive). Setting for every two extensions
(Yi, fi), i =1,2, of a space X, [(Y1, f1)] < [(Yz, fo)] iff (Y1,e1) < (Y2, ez), we obtain a
well-defined relation on the class of all, up to equivalence, extensions of X; obviously,
it is also a preorder (see, e.g., [2]).
We write
(Y1, f1) <in (Y, f2)

and say that the extension (Y5, fo) is injectively larger than the extension (Y7, f1) if
there exists a continuous mapping f : Y7 — Y5 such that fo f; = f, and f is a
homeomorphism from Y; to the subspace f(Y7) of Y;. This relation is a preorder.
Setting for every two extensions (Y, f;), i = 1,2, of a space X, [(Y1, f1)] <in [(Y2, f2)]
iff (Y1,e1) <in (Ya,e3), we obtain a well-defined relation on the class of all, up to
equivalence, extensions of X; obviously, it is also a preorder (see, e.g., [2]).

Notation 9.2. Let Y be a space. We will denote by CSR(Y") (resp., by CCSR(Y))
the class of all, up to equivalence, (connected) C-semiregular extensions of Y.

Recall that if B is a Boolean algebra, then we denote by CRel(B) (resp., CCRel)
the set of all (connected) contact relations on B. We define a relation “ <” on the
set CRel(B) setting, for any C1,Cy € CRel(B), C; < Cy <= (7 2 Cy. We will
denote again by “ <” the restriction of the relation “ <” to the set CCRel.

Theorem 9.3. Let Y be an extremally disconnected compact Hausdorff space and
B = RC(Y). Then the ordered sets (CRel(B),<) and (CSR(Y), <), as well as the
ordered sets (CRel(B),C) and (CSR(Y), <;»), are isomorphic (see Definition 9.1 for
the relations “ <” and “ <;,” on CSR(Y')). Also, the ordered sets (CCRel(B), <)
and (CCSR(Y), <), as well as the ordered sets (CCRel(B),C) and (CCSR(Y), <;»),

are 1somorphic.

Proof. Let (X, f) be a C-semiregular extensions of Y. Set X’ = f(Y). Then, clearly,
the map
e: (RC(X'),0x,xy) — (RC(X),Cx), Fclx(F),

is a CA-isomorphism (note that RC(X') = CO(X")). For every F,G € B, set
(28) FCxpnG <= cx(f(F))Nelx(f(G)) # 0,
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e, FCxpG <= [f(F)oxxnf(G). Then, obviously, (B,C(x ) is a contact
algebra. Set
P(X, f) = (B, Cix.p))-

Clearly, two equivalent extension of Y define two coinciding contact relations on the
Boolean algebra B. Thus we have that ¢([(X, f)]) = (B, C(x,s)) and, for simplicity,
we will denote by the same letter ¢ the induced map on the set of equivalence classes
of the C-semiregular extensions of Y. R

Conversely, let C' be a contact relation on the Boolean algebra B and let (X, Xj)
be the canonical 2-contact space of the complete contact algebra (B, C') (see Defini-
tion 7.2(c)). Then, by the definition of the space X and the Stone Representation
Theorem, we have that the map

f:Y—>)A(, Y > Uy,

(see (6) for the notation u,) is a homeomorphic embedding and j?(Y) = X,. Hence,
(X, f) is an extension of the space Y. Using Lemma 7.22, we get that X is a C-
semiregular space. So, (X, f) is a C-semiregular extension of the space Y. Set

W(B,C) = (X, ]).

Let (X, fo) be a C-semiregular extensions of Y, (B, C') = ¢(X, fo) and ()A(, ]/‘B) =
(B, C). We will show that (X, fy) and (X, fo) are isomorphic extensions of Y. As
we have already seen, the map

e: (RC(fo(Y)),x,p0vy)) — (RC(X),Cx), G+ clx(G), isa CA-isomorphism.
Clearly, the map
V4, (B, C) — (RC(fo(Y)),dx.povy)s F = fo(F), isa CA-isomorphism.

Set 7% = e 049 . Then

7 (B,0) — (RC(X),Cx), F s clx(fo(F)), isa CA-isomorphism.
Thus the map

7" : Clans(B, C) — Clans(RC(X),Cx), T'+4°T), is a bijection.
Since X is a C-semiregular space, Lemma 7.10 implies that the map

k: X — Clans(RC(X),Cx), =+ 0., is a bijection.
Let A = x~!. Then we get that the map
f:X — X, T M~(I)), is a bijection

(i.e., we set f = Xon). We will show that f o ]?0 = fo. Indeed, let y € Y.
Then fo(y) = uy € X and (o) = Fluy) = A(Y(1,)). Set @ = A(7'(x,). Then
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K(x) =9°(uy), Le., 0n = {clx (fo(F)) | F € B,y € F'} = {clx(fo(F)) | F € B, fo(y) €
fo(F)} = {clx(G) | G € RC(fo(Y)), foly) € G} = e(uyy(y)). Hence
(

(29) e(ufyy)) = 0 and, thus, r(oz) = ugy)-

Suppose that x # fo(y). Since X is Ty and semiregular, we get that there exists
F € RC(X) such that |[FFn{z, fo(y)}| =1. f x € F, then fy(y) € F. Thus F € o,
and F'N fo(Y) & ugyy)- Since r(F) = FN fo(Y), we get a contradiction (see (29)). If

fo(y) € F,then x ¢ F. Thus F' ¢ 0, and F'N fo(Y) € ugy(y. Since e(F N fo(Y)) = F
(by Lemma 4.1), we get a contradiction (see again (29)). Hence = = fy(y). Therefore,

fofo=fo

We will now show that f is a homeomorphism. Let ' € B. Then, using the
notation of Definition 5.1, we obtain that f(gs(F)) = f{I' € X | F € I'}) =
() | F e T} = {f(1) | °(F) € 20} = {f(1) | elx(fo(F)) € +(D)} =
{A((I) [ elx (fo(F)) € s(A(Y(I))} = {f(I) | clx (fo(F)) € oy} = {f(I) | f(T) €
clx (fo(F)) = clx(fo(F)). So, f(gs(F)) = clx(fo(F)), for every F € B. Since f is a
bijection, we also get that for every F' € B, f~(clx(fo(F))) = g5(F). Now, using the
fact that {clx(fo(F)) | F' € B} = RC(X) and that RC(X) and {gp(F) F' € B} are

closed bases of, respectively, X and X, we get that f is a homeomorphism. Therefore,

»(e((X, fo))) is isomorphic to (X, fo).

Let now C be a contact relation on the Boolean algebra B, ¢(B, C) = (X, f) and
(¢(B Q) = (B C’) We will show that C' = C. We have that for every F,G € B,
FCG < s (f(F))ﬂcl (F(GQ)) # 0. Recall that the set {h(H) | H € B}, where
hp(H) =A{T' € X | H €T}, is an open base of X. Let us show that if H € B and
I' e X, then

(30) T eclg(f(H)) < HeT.

Indeed, using the fact that I' satisfies condition (Clan2) (see Definition 3.1), we get
that (T € clg(f(H))) <= (forevery P € B\T, hp(P)N{u, |y € H} # () <= (for
every P € B\I', there exists y € H such that P ¢ u,) <= (for every P € B\I', there
exists y € H such that y ¢ P) <= (forevery P € B\I', H ¢ P) <= (H €TI'). So,
(30) is verified. Now, we get, using (30) and Lemma 3.5(c ) that for every I, G € B,
FCG < T e (clg (F(F))Nelg (f(G))) e (Are X)(F,G eTl) < FCG.
Therefore C' = C.

So, the correspondence ¢ is a bijection between the set of all, up to equivalence,
C-semiregular extensions of Y and the set of all contact relations on the Boolean
algebra B. Let us show that ¢ is an isomorphism.

Let (Xj, fi), @ = 1,2, be two C-semiregular extensions of Y and [(X1, f1)] >
(X2, fo)] or [(X1, f1)] <in [(X2, f2)]. Then there exists a continuous mapping f :
X7 — Xy such that fo f; = fo. Set (B,C;) = (X, fi), i =1,2. Let F,G € B and
F(—=C3)G. Then, by (28), clx, (fa(F)) N clx,(f2(G)) = 0. Hence f~'(clx, (fa(F))) N
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fHelx, (f2(G))) = 0. Since f(clx, (fi(F))) € clx, (f(fi(F))) = clx,(f2(F)), we get
that clx, (1(F)) € f~(clx,(o(F))). Analogously, elx, (fi(G)) € /- (elx, (/2(G)).
Thus cly, (f1(F)) Necly, (f1(G)) = 0. Using once more (28), we get that F(—C1)G.
Therefore C C Oy, i.e., C; > Cs.

Conversely, let C and Cs be two contact relations on B and Cy > Cy, i.e., C; C
Cy. Set (X, fi) = (B, C;), i = 1,2. Then o~ (B, C;) = [(X;, f;)]. By the definition
of the map v, we have that for i = 1,2, X; = Clans(B, C;), the topology on X, is
generated by the closed base {{I' € Clans(B,C;) | F € I'} | F € B}, and f;(y) = uy,
for every y € Y. Since Cy C Cy, we get that Clans(B,Cy) C Clans(B,C5y). Now we
define

fZX1—>X2, I'—T.

Then, for every y € Y, f(fi(y)) = f(u,) = u, = fa(y). Hence, f o f; = fo. Since,
for every F € B, f7'({T € Xy | FeT}) ={l € X; | F € T}, we get that f is
a continuous map. Therefore, [(X1, f1)] > [(X2, f2)]. Let us note that f is even an
embedding. Indeed, f is injective and for every F' € B, f{I' € X, | F € I'}) =
f(X1)Nn{l' € Xy | F € I'}. Hence, if f': X; — f(X1) is the restriction of f and
g = ()t f(X1) — Xy, then, for every F € B, (¢)"'{T € X; | F € T}) =
f(X)N{Il' € Xy | F € T'}. Sothat, fisanembedding. Hence, [(X1, f1)] <in [(Xa2, f2)].
Therefore, ¢ is an isomorphism between the ordered sets (CSR(Y),<) and
(CRel(B), <), and also between the ordered sets (CSR(Y), <;,) and (CRel(B), Q).
Clearly, this implies that CSR(Y') is a set and the preorders ¢ <” and “ <;,” on
CSR(Y'), defined in Definition 9.1, are, in fact, orders.
Now, the assertions about connected contact relations on B follow immediately.
O

Noting that the Stone space of a Boolean algebra B is extremally disconnected
iff B is complete (see, e.g., [15]), the above theorem can be reformulated as follows:

Theorem 9.4. Let B be a complete Boolean algebra and Y = S(B) be its Stone
space. Then the ordered sets (CRel(B), <) and (CSR(Y), <), as well as the ordered
sets (CRel(B), Q) cmd (CSR(Y), <in), are isomorphic (see Definition 9.1 for the re-
lations “ <” and “ <;,” on CSR(Y)). Also, the ordered sets (CCRel(B),<) and
(CCSR(Y), <), as well as the ordered sets (CCRel(B), C) and (CCSR(Y), <:n), are

1somorphic.

Corollary 9.5. Let Y be an extremally disconnected compact Hausdorff space and
B = RC(Y). Then the ordered sets (CSR(Y), <) and (CSR(Y), <;,) have largest
and smallest elements. The largest (resp., the smallest) element of the ordered set
(CSR(Y), <) coincides with the smallest (resp., the largest) element of (CSR(Y), <in).

For the largest element [(7Y,vy)] of the ordered set (CSR(Y'), <;»), we have that vY
is an extremally connected space (in fact, vY = D*(B) (see (27) for D¢)). Also, if
(cY,c) is a C-semireqular extension of Y and cY is an extremally connected space
then the C-semiregular extensions (cY,c) and (VY,7vy) of Y are equivalent.

Proof. Clearly, by Theorem 9.3, the smallest (resp., the largest) element of the
ordered set (CSR(Y'), <) is the largest (resp., the smallest) element of the ordered
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set (CSR(Y), <in). So that we will regard only the ordered set (CSR(Y), <;,). By
Example 2.4, the ordered set (CRel(B), C), where B = RC(Y)(= CO(Y)), has largest
and smallest elements. Thus, by Theorem 9.3, the ordered set (CSR(Y), <;,) also has
largest and smallest elements. The fact that it has smallest element follows also from
Corollary 7.20: this is the equivalence class of the extension (Y,idy) of Y. It is also
obvious that it corresponds to the contact relation ps on B (see the formula (28)). For
the largest element [(vY,~y)] of the ordered set (CSR(Y), <;,), we have that the map
7 is defined by the formula vy (y) = u,, for every y € Y (see (6) for the notation u,),
and 7Y = Clans(B, p;) = Grills(B) = D%(B). Thus 7Y is an extremally connected
space (see Theorem 8.20).

Let (¢Y,c) be a C-semiregular extension of Y and let ¢Y be an extremally
connected space. By Proposition 8.9(a), we have that the standard contact relation
Cey on RC(cY) coincides with the largest contact relation pRC( ) on the Boolean
algebra RC(cY’). Then, using (28), we obtain that the contact relation C(cy,) on
the Boolean algebra B, corresponding to the C-semiregular extension (c¢Y,c) of Y
(see the proof of Theorem 9.3), coincides with the largest contact relation pf on the
Boolean algebra B. Therefore, (cY,c) corresponds to pP; thus (c¢Y,¢) and (7Y, 7y)
are equivalent C-semiregular extensions of Y. O

Theorem 9.6. Let X and Y be two extremally disconnected compact Hausdorff
spaces, (¢X,c) be an arbitrary C-semireqular extension of X and f : X — Y be
a continuous map. Then there exists a continuous map f' : c¢X — Y such that
vy o f = floc (see Corollary 9.5 for (vY,vy)) (i.e., supposing that ¢ and 7y are
the embedding maps of X and Y in, respectively, ¢cX and Y, we get that f can
be extended to a continuous map f': cX — Y ). In particular, every continuous
map [ : X — Y can be “extended” to a continuous map vf : v X — Y (i.e.,

Yo f=7fovx)

Proof. Since (c¢X, ¢) < (7X,vx) (see Corollary 9.5), we can regard cX as a subspace
of vX. Thus, it is enough to prove only that there exists a continuous map vf :
vX — Y such that 7y o f = vf o vx. Regard the Boolean algebras A = RC(X)
and B = RC(Y). By the Stone Duality, the map

pr=5(f):B— A, G [H(G),

is a Boolean homomorphism. Hence, using Corollary 9.5 and Theorem 8.20, we get
that D¢(¢y) : vX — 7Y is a continuous map. Set vf = D%(pr). We will show that
vyof=~fovx. Let x € X. Set y = f(a:) Using Corollary 9.5, (23) and (27), we
get that v f(yx(z)) = g 2) = (ps) "(u) and v (f(x)) = v (y) = u, . So, we have

to show that ul = (¢;) ' (uZ). Let GEB Then we have thatGe( ) (u?) =
gof(G)EUA fl()€uA<:>x€f()<:>f()€G<:>y€G.
Therefore, u)) = (¢7) " (ug). Thus, 3y o f =~f o vx. O

Theorem 9.7. Let X be an extremally disconnected compact Hausdorff space, Z be
an extremally connected space, (¢X,c) be an arbitrary C-semireqular extension of X
and f: X — Z be a continuous map such that, for every x € X, f(x) is an u-point
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of Z. Then there exists a continuous map f': cX — Z such that f = f'oc (i.e.,
supposing that c is the embedding map of X in cX, we get that f can be extended to
a continuous map f': cX — Z). In particular, every open map f: X — Z can be
“extended” to a continuous map f':cX — Z (ie., f=foc).

Proof. SetY ={z € Z | z is an u-point of Z}. Then, by Corollary 8.10, Y is a dense
extremally disconnected compact Hausdorff subspace of Z. Setting iy : Y — Z
to be the embedding of Y in Z, we get (by Proposition 8.9(b)) that (Z,iy) is a C-
semiregular extension of Y. Moreover, Corollary 9.5 implies that (Z,iy) and (7Y, yy)
are equivalent C-semiregular extensions of Y. Since f(X) C Y, our assertion follows
now from Theorem 9.6.

Finally, note that if f is an open map, then, by Proposition 7.14(a) and Propo-
sition 7.16, we have that, for every x € X, f(x) is an u-point of Z . |

References

[1] ADAMEK, J., HERRLICH, H. AND STRECKER, G. E. Abstract and Concrete
Categories, Wiley Interscience, New York, 1990.

[2] BANASCHEWSKI, B. Extensions of topological spaces. Canad. Math. Bull. 7
(1965), 1-22.

[3] W. COMFORT AND S. NEGREPONTIS, Chain Conditions in Topology, Cam-
bridge Univ. Press, Cambridge, 1982.

[4] DE VRIES, H. Compact Spaces and Compactifications, an Algebraic Approach,
Van Gorcum, The Netherlands, 1962.

[5] DiMov, G. AND VAKARELOV, D. Contact Algebras and Region-based Theory
of Space: A Proximity Approach - I. Fundamenta Informaticae 74(2-3) (2006),
209-249.

6] DiMmov, G. AND VAKARELOV, D. Contact Algebras and Region-based Theory
of Space: A Proximity Approach - II. Fundamenta Informaticae 74 (2-3) (2006),
251-282.

[7] DiMmov, G. AND VAKARELOV, D. Topological Representation of Precontact
Algebras. In: Relation Methods in Computer Science, W. MacCaull, M. Win-
ter, I. Duentsch (Eds.), Lecture Notes in Computer Science, 3929 (2006), 1-16,

Springer-Verlag Berlin Heidelberg.

[8] DUNTSCH, I. AND VAKARELOV, D. Region-based theory of discrete spaces: A
proximity approach. In: Nadif, M., Napoli, A., SanJuan, E., and Sigayret, A.
EDS, Proceedings of Fourth International Conference Journées de l'informatique
Messine, 123-129, Metz, France, 2003. Journal version in: Annals of Mathematics
and Artificial Intelligence, 49(1-4) (2007), 5-14.

[9] DUNTSCH, I. AND WINTER, M. A Representation theorem for Boolean Contact
Algebras. Theoretical Computer Science (B), 347 (2005), 498-512.

43



ENGELKING, R. General Topology, PWN, Warszawa, 1977.

FEDORCHUK, V. V. Boolean d-algebras and quasi-open mappings. Sibirsk. Mat.
Z. 14 (5) (1973), 1088-1099; English translation: Siberian Math. J. 14 (1973),
759-767 (1974).

GALTON, A. The mereotopology of discrete spaces. In: Freksa, C. and Mark,
D.M. eds, Spatial Information Theory, Proceedings of the International Confer-
ence COSIT 99, Lecture Notes in Computer Science, 251-266, Springer-Verlag,
1999.

GANSTER, M. On strongly s-regular spaces. Glasnik Mat., 25(1) (1990), 195-201.
JOHNSTONE, P. T. Stone Spaces, Cambridge Univ. Press (Cambridge, 1982).

KOPPELBERG, S. Handbook on Boolean Algebras, vol. 1: General Theory of
Boolean Algebras, North Holland, 1989.

L1, SANJIANG, YING, MINGSHENG. Generalized region connection calculus.
Artificial Intelligence 160(1-2) (2004), 1-34.

RAaNDELL D., Cur Z., CoHN A. G. A Spatial Logic based on Regions and
Connection. In: Nebel B., Swartout W., Rich C., eds., Principles of Knowl-
edge Representation and Reasoning: Proc. of the 3rd International Conference,
Cambridge MA, Oct. 1992, Morgan Caufmann, 165-176.

ROEPER, P. Region-based topology. J. Philos. Logic, 26 (1997), 251309.
SIKORSKI, R. Boolean Algebras, Springer-Verlag, Berlin, 1964.
SMIRNOV, J. M. On proximity spaces. Mat. Sb. 31 (1952), 543-574.

STELL, J. Boolean connection algebras: A new approach to the Region Connec-
tion Calculus. Artificial Intelligence, 122 (2000), 111-136.

STONE, M. H. The theory of representations for Boolean algebras. Trans. Amer.
Math. Soc., 40 (1936), 37-111.

THRON, W. Proximity structures and grills. Math. Ann., 206 (1973), 35-62.

VAKARELOV, D., DiMov, G., DUNTSCH, 1., BENNETT, B. A proximity ap-

proach to some region-based theory of space. Journal of applied non-classical
logics, 12 (3-4) (2002), 527-559.

44



