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BRILL’S EQUATIONS AS A GL(V)-MODULE

YONGHUI GUAN

ABSTRACT. The Chow variety of polynomials that decompose as a product of linear forms has
been studied for more than 100 years. Brill, Gordon [I0] and others obtained set-theoretical
equations for the Chow variety. In this article, I compute Brill’s equations as a GL(V')-module.

1. INTRODUCTION

1.1. Motivation. There has been substantial recent interest in the equations of certain alge-
braic varieties that encode natural properties of polynomials (see e.g. [5 18, 15l (4 [19] 17, [6]).
Such varieties are usually preserved by algebraic groups and it is a natural question to un-
derstand the module structures of the spaces of equations. One variety of interest is the
Chow wvariety of polynomials that decompose as a product of linear forms, which is defined
by Chg(V) = P{z € S|z = wy---wy for some w; € V} c PSYV, where V be a finite-dimensional
complex vector space and PS?V is the projective space of homogeneous polynomials of degree
d on the dual space V*.

The ideal of the Chow variety of polynomials that decompose as a product of linear forms has
been studied for over 100 years, dating back at least to Gordon and Hadamard. Let S‘S(SdV)
denote the space of homogeneous polynomials of degree § on S?V*. The Foulkes-Howe map
hsa: S°(SUV) — SU(S°V) was defined by Hermite [I3] when dim V = 2, and Hermite proved
the map is an isomorphism in his celebrated “Hermite reciprocity”. Hadamard [I1] defined the
map in general and observed that its kernel is I5(Chy(V™)), the degree § component of the ideal
of the Chow variety. We do not understand this map when d > 4 (see [12] [14] [7 20} 2 [3]).

Brill and Gordon (see [9] [10] [16]) wrote down set-theoretic equations for the Chow variety
of degree d + 1, called “Brill’s equations”. Brill’s equations give a geometric derivation of set-
theoretic equations for the Chow variety, it is a natural question to understand these equations
in terms of a GL(V )-module from a representation-theoretic perspective, where GL(V') denotes
the General Linear Group of invertible linear maps from V to V.

1.2. Result. The group GL(V) has an induced action on SV (see §.2). The Chow variety
Chg(V') is invariant under the action of GL(V'), therefore the ideal of Chy(V') is a GL(V)-
module (see §22)). For any partition A, let SyV be the irreducible GL(V)-module determined
by the partition A. For example S4)V = SV, while S(ld)V = AV is the d-th exterior power of
V.

Theorem 1.1. Assume dim V >3 and d > 2. The degree d+ 1 equations for Chy(V') discovered
by Brill, as a GL(V')-module, are:

5(77372)‘/* d= 37
@?:2 S(dz_j7d7j)V* d+3.
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Remark 1.2. Compare the codimension of Chy(C?) with the dimension of all the modules in
Theorem [3.4] that define C'hy(C?) set- theoretically: When d = 2, the codimension of C'ho(C3?) is
1 and the dimension of 5(2,272)((3*3 is 1. When d = 3, the codimension of Ch3(C?) is 3 while the
dimension of 5(773,2)((3*3 is 35. In general the dominant term of the codimension of Chq(C?) is

d2
2 >

Chg(C3) is d—;. Therefore, the Chow variety is far from being a complete intersection.

but the dominant term of the dimension of the modules from Brill’s equations that define

1.3. Overview of method. Brill’s equations [9, [10] [I6] are set-theoretical equations for the
Chow variety Chq(V'). The Chow variety Chq(V) is the zero set of a polynomial map B : %V —
S,V ® SP=dY of degree d+ 1 (see §2.4]). T determine Brill’s equations as a GL(V')-module to
understand these equations and write down these equations explicitly.

The idea is to construct the polarization (see §.1)) B of B, where B : ST (SV) - S,V ®
SdQ_dV, and then determine the image of B, whose dual is isomorphic to the GL(V )-module
corresponding to Brill’s equations. I call B Brill’s map.

Brill’s map B is a GL(V)-module map, the space S,V ® SV can be decomposed by
Pieri’s rule (see e.g. [§]),

d
SaaV ® sy = S(@2-j.d )V
3=0
I determine which irreducible GL(V')-modules are in the image of Brill’s map.

1.4. Organization. In §21 define Brill’s equations 9% following the notation in [I6] in §8.6, and
review the polarization of a polynomial map, G-variety and how to write down highest weight
vectors of a module via raising operators. In §3l T use the polarization of Brill’s polynomial map
B to construct Brill’s map B, which is a GL(V)-module map. I write down the highest vectors
of the modules S(g2_; 4.)V © Sa.q)V ® Sdz’dV, then I compute the images of some given weight
vectors v; in S41(S4V) under Brill’s map B, and determine whether the projection of B(v;)
to the module Sz2_; 41V is zero to determine the image of Brill’s map.

1.5. Acknowledgement. I thank my advisor J.M. Landsberg for discussing all the details
throughout this article. I thank C. Ikenmeyer for discussing the ideal of Chow variety.

2. PRELIMINARIES
2.1. Polarization of a polynomial map.

Definition 2.1. Let Vq,---, V; be complex vector spaces, define a map ¢ : Vi x---xVy; - V1®---@Vy
by ©(v1,,v4) = v1 ® - ® vg. The universal property of tensors: given a complex vector space
W and a multi-linear map h: Vj x---xVy - W, there is a unique linear map h:Vi®-®V,— W,
such that h = ho .

Definition 2.2. Let W be a complex vector space, a map P: W — C™ is a polynomial map of
degree k if P = (Py,-, Py), and each P; (i = 1,---,m) is a homogenous polynomial of degree k
on W.

Define the complete polarization P: W x---x W — C™ of P to be

Plunw) =~ Y DR wy).
k! Ick],I+2 sel
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Where [k] =_{1, -k}, w; € W and P is a symmetric multi-linear map. By the universal property
of tensors, P is considered as a map P : W®*  C™. By the symmetry of P, P can be also seen
as a map P : S*W — C™, such that

1

(1) Plorw) == 3 (DIP(Tw),
Ic[k]I#@ iel
and it can be extended linearly to the whole space.

Example 2.3. Let dim V=2, and let {e1,e2} be a basis of V. Consider the polynomial map
P:V - C? defined by
aiey + ageg = (a%,a% + a%).

P is a polynomial map of degree 2, so by (@) P: 5%V — C2 is defined by

_ 1
P((arer +azez)(azer + agez)) 3 [P(aier +ages + ageq + agez)

—P(ajeq +ages) — P(asey + ages)]
1
= gll(ar+ az)?, (a1 +ag)” + (ag + as)?)
—(CL%, a% + CL%) - (CL?},,CL?}, + ai)]
= (a1a3,a1as + azay).
Therefore
P(ae? +bejes + ced) = aP(e?)+bP(ejey) + cP(e3)
= (a,a) +(0,0) + (0,¢)
= (a,a+c).
2.2. G-variety. I follow the notation in [I6] in §4.7.

Definition 2.4. Let W be a complex vector space. A variety X c PW is called a G-variety if
W is a module for the group G and for all ge G and z € X, g-x € X.

G has an induced action on S?W* such that for any P € SYW* and w e W, g-P(w) = P(g""w).
I;(X) is a linear subspace of SYW* that is invariant under the action of G, therefore:

Proposition 2.5. If X ¢ PW is a G-variety, then the ideal of X is a G-submodule of S*W™* :=
D3 SIW*.
Example 2.6. The Group GL(V) has an induced action on SV and S¥(S4V*) similarly. The

Chow variety C'hg(V') is invariant under the action of GL(V'), therefore it is a GL(V')-variety
and its ideals is GL(V )-submodules of S*(SV*) = EB]‘;iOSk(SdV*).

Let X ¢ PW be a G-variety, and M be an irreducible submodule of S*W*, then either
M cI(X)or MnI(X)=@. Thus to test if M gives equations for X, one only need to test one
polynomial in M.

2.3. Representation theory. I follow the notation in [§]. Let dim V =n and {ej,eq,---,e,}
be a basis of V. The group GL(V) has a natural action on V®? such that g- (v; ® vo-- ® vg) =
g-v1®®g-vg. Let B c GL(V) be the subgroup of upper-triangular matrices (a Borel
subgroup). For any partition X\ = (Aq,--, A\, ) with order d, there is a unique line in S,V c V®¢
that is preserved by B, called a highest weight line. Let gl(V') be the Lie algebra of GL(V),
there is an induced action of gl(V) on V&< For X e gl(V),

X.(’Ul ®1)2--'®’Ud) =X Quy @i+ ® X ® - QUg+ -+ QUa+ QVg_1 ® X.vy.
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Let E; € gl(V') such that E;-(ej) =e; and E;-(ek) =0 when k#j. If i < j, E; is called a raising
operator; if i > 7, E]Z is called a lowering operator.

A highest weight vector of a GL(V')-module is a weight vector that is killed by all raising
operators. Each realization of the module S\V has a unique highest weight line. Let W be a
GL(V)-module, the multiplicity of S\V in W is equal to the dimension of the highest weight
space with respect to the partition A.

Define the weight space Wy, ... 4,,)C Sk(SdV) to be the set of all the weight vectors whose

weights are (aq,-+,a,). Note that SV has a natural basis {e5"+-€2" } 4, 4. +an=d-
Example 2.7. Sy 9)V c S3(S2V) has multiplicity 1.

Proof. Let v be a highest weight vector of S42)V. The weight space W(42) has a basis
{(eD)?(€3), (e2)(e1e2)?}. Write v = a(e?)?(e2) + b(e?)(e1e2)?, then Fiv = 0 implies (2a +
2b)(€2)?(e1e2) = 0, therefore a = b, so the multiplicity of S1,2)V in S3(S2V) is 1. O

2.4. Brill’s equations. Following the idea in §8.6 in [16], I use the following notation to define
Brill’s equations. We first define two maps 74 4 and @4, then use them to define Brill’s equations.

Define the projection map 74 4: SV ® SV — Sca,a)V by
(2) (l-+lg) ® (m1--mg) = > (lL Amgery) - (l2 Amigay)-(la Amgea),

0'€Gd

and then extend linearly to the whole space.

Recall S*V = EijoSiV. Define a multiplication on S*V ® S*V by, for any a,b,c,d € S*V,
(3) (a®b)-(c®d)=ac®bd,
and this extends linearly to S°V ® S°V.

Let f e SV and let fjs-j € STV ® S°77V be the j-th polarization of f. Define maps
E;:S°V - 81V @ §10 Dy,
fre fiomg- (Lo f7h.
If j > ¢ define E;(f) = 0.

Example 2.8. Let f =l1l5l5 € S?V, then
Ei(f) = fiz-(1®1)
= l1 ® l213 + l3 ® lllg + l2 ® lllg.
fa,1 - (1®11lal3)
= (lll2 ®l3+Ll3®ly +1l3® ll) . (1 ® lllglg).
= Llo® Lisl3 + 1113 ® 11313 + Iol3 ® [71ol3.

Es(f) fa0-(1® f?)
fef’

lilolz ® 121313

Es(f)
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The elementary symmetric and power sum function are:

ej = ej(x1, - 1y) = > Liy Ly,
1<i1<ig<<ij<

v
Dj :pi(iﬂla"'a:EQ) = 2:173
i=1

The power sum can be written in terms of symmetric function using Girard formula:

(i1 +ig +-ig = 1) 4 o

(4) Pk = P’f(el""ved) = Z k(_l)k+i1+i2+mid ] e
i1+2i2+~-~did:k Zl"”Zd-

Example 2.9. py = Pa(e1,e2) = e% 2e9. p3 =Ps3(e1,ea,e3) = el 3eieq + 3es.
Next, we use Girard formula and Ej; to define ()4 . Define polynomial maps

Qas: SV — 51V @ §40- Dy

by

(5) Qas(f)=Pa(EL(f), Ea(f))-

Write Qg = Qq,4. Explicitly
Qa(f) =

(6) Z d( 1)d+11+ +ig (Zl +- 1) (H ) . (1 ® fdf(i1+~-~+id))‘
i1+2ig+-+dig=d ipleig!

Example 2.10. Let d =2, and f € S?V, by (@),
Qaf) = fii-2fe .
Lemma 2.11. ( §8.6 [16]) Let l; € V fori=1,---,d, then

d
(7) @d<zl---zd>=zll;?®<ld 19 19,,-419).

Now we define Brill’s polynomial map % : SV — SV @ ga*-dy invariantly.

composition of the following two maps:
SV~ 5 e SV e STV > Sy V @ ST,

where the first map sends f € SV to f ® Qq(f), and the second map is Td,d® Id
Lemma 21711

d
Ta,d ® Idgaz gy [(l-+1g) ® ) l? ® (If-- ld ]+1 1))
j=1

B(l1-1q)

= 0.

The converse is also true:

GdZ-dy/ -

It is the

By

Theorem 2.12. (Brill,Gordon [10], Gelfand-Kapranov-Zelevinsky [9], Briand [1]) Consider the

polynomial map

B:SW > SigqV © 5TV
given by
(8) B(f)=Taq® [dga_ay [ f ® Qu(f)].
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Then B(f) =0« [f] € Chy(V).
Remark 2.13. There was a gap in Brill’s argument, that was repeated in [9] and finally fixed by
E. Briand in [1J.

3. THE IMAGE OF BRILL’S MAP

3.1. Construction of Brill’s map. First consider the polarization Qg of Qg , where Qg :
SV~ SV @ 5y,

Example 3.1. Let d =2, and f,g € S*V, by (@)
Q(f) = fi1-2f®f.
Therefore by (@), Q2 : S?(S?V) - S?V ® S?V is defined by:

Gf-9) = 5((F+ai-20+9)®(f+9) - (S} -2® /)~ (631 -29©9))
= fiigii-f®g-g®f.
So by @)
Qa(erez-eres) = (ere2)] —2(erez) ® (ere2)
= (61®€2+€2®61)2—2(€162)®(€1€2)
= e%®e§+e§®e%.
Qa(ele1e2) = (erea)i1-(e1)1,1 - (e]) ® (erea) — (ere2) ® (e7)
= (e1®ey+ea®er) (21 ®e1) - (e2) ® (e1e) — (e1e2) ® (€2)
= 6%@61624—6162@6%.
Qa2(ere2-ere3) = (ere2)1,1-(e1e3)11 — (eres) ® (ere2) — (e1e2) ® (eres)

= (61 ®eg+ey® 61) . (61 ®e3+e3® 61) - (6163) ® (6162) - (6162) ® (6163)

= e% ® ege3 + e2€3 ® e%.

Qa(e1e2-€3) (erea)1,1 - (€3)11 — (€3) @ (ere2) — (e162) @ (€3)
= (e1®er+e3®e1) (2e3®e3) — (eg) ® (e1e2) — (e1e2) ® (e%)

2e1e3 ® egeg + 2ese3 ® e1€3 — e§ ®ejes —€e1€3 ® e%.

In general, Qg : SU(SW) - SV ® S%*-dV/ is used to define Brill’s map B:
Lemma 3.2. The polarization of Brill’s polynomial map B
B STL(SW) > Sigq)V © 5TV
is

d+1

(9) ’B(flfg .. .fd+1) = ﬁ ; Td.d ®[dsd2,dv[fi ®@(f1 .. fz .. .fd+1)].
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Example 3.3. Consider Brill’s map B :5%(S%V) - SV ® S2V for d = 2. By Lemma 32
_ 1 _
%(6162'6162'6%) = 571'272®Idg2v[€%®Q2(€1€2'€1€2)]

2 -
+§7T2,2 ® IdsQV[€1€2 ® Q2(6162 : 6%)]

1
= 57'('272 ® IdSzV[e% ® (e% ® e% + e% ® e%)]

2
+§772,2 ® Idg2y[e1e2 ® (e% ®ejeg +e1ea® e%)]

1 2
= 5[2(61/\eg)2®e%)+g(—(el/\eg)zcbe%]
= 0.

_ 1 -
s3(6162-6162'6163) = —7T272®Idszv[€1€3®Q2(€1€2-6162)]
3

2 —
+§7T272 ® Idszv[eleg ® Qg(eleg . 6163)]

1
= 3m28 Idgay[eres ® (62 @ 5 +e3 ®e?)]

57?272 ® Idgey [e162 ® (e% ® eges + e9e3 ® e%)]

[2(c1 A es)(e1 A eg) ® )] + g[—(e1 Nes)(er nes) ® 2

Swlr +
[\V]

3™22® Idgoy[e3 ® Qa(eres-eren)]

2 __
+§7T2,2 ® Idg2v[€1€2 ® Q2(6162 . 6%)]

’B(eleg-eleg-eg)

1
= 571272 ® Idgzv(e§ ® (e% ® e% + e% ® e%))

2
+§7T2,2 ® Idg2v[€1€2 ® (26163 ® eses

+2e9e3 ® €163 — eg ®e1eg —e169 ® eg)]

g[(el nes)?@es+(eanes)’®@ed + (e ner)? ®el
—2(61 A 62)(61 A 63) ® eg€e3 — 2(61 A 62)(62 A 63) ® e1€e9
—2(61 A 63)(62 A 63) ® 6162].

3.2. Brill’s map as a GL(V)-module map. Consider Brill’s map 9B : S¥1(S9V) - Say)V @

ST=dy " Recall that the image of Brill’s map is isomorphic to dual of the GL(V')-module
generated by Brill’s equations. Therefore to prove Theorem [[.Il we only need to prove the
following theorem:

Theorem 3.4. Assume dim V > 3. Consider Brill’s map

B STL(SW) > Siga)V ® 5TV
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Then

5(77372)‘/ d= 37

Im(B) =
{®?=2 S(dZ_j7d7j)V d F 3

Brill’s map is a GL(V )-module map, therefore by Schur’s lemma, the image of Brill’s map
is a GL(V)-submodule of Sig4)V ® 5%y Since we do not know the general decomposition
of ST(SV), it is impossible to compute the image of each isotypic component of S%1(S9V)
directly. Fortunately, it is easy to decompose the space S(4q4)V ® Se-dy by Pieri’s rule, i.e.

d
2_
(10) S(dd)v ® Sd dV = G%S(zﬂfj,d,j)v
j=

Each isotypic component S(g 4)V ® SP-dY/ is of multiplicity 1, so the image of Brill’s map is
multiplicity free. Also, we only need to consider the modules with length no more than 3, so we
only need to consider V' to be 3-dimensional from now on.

3.3. Weight spaces and weight vectors of S(d,d)V@)SdeV and S¥1(S?V). Let {e1, ez, €3}
be a basis of V.

Lemma 3.5. As a GLs-module , S*(A%2C3) is S(d,d)(C?’.

Proof. First, since (e1Aep)? € SH(A2C?) is a highest weight vector with weight (d, d), so S(d,d)(Cij’ c
S4(A%C3). Second, dim Sy 4C3 = dim S4(A2C?) = (dgz). The result follows. O

Definition 3.6. Given an integer j such that j € {0,---,d}. Define the weight space W,;cS4*1(S4V)
to be the set of all the degree d+ 1 homogenous polynomials on S?V* such that each monomial
has weight (d? - j,d,j) .

Define the weight space V[A/TjCS(d,d)VtX) ey = SI(A2V) ® STV to be the set of all the weight
vectors in S4(A2V) ® Sy whose weights are (d? - j,d, j).

Lemma 3.7. The weight space V[A/ijS(d,d)V ® Sy = SUA2V) ® S%-4V has indeed basis

A - 2_ _ _
{(61 A 62)d+5 J t(el A 63)t(€2 A 63)j ‘® 6‘1i d 86565 t}OSsSj,OStSs-

Proof. S4(A%V) ® ¥4V has a indeed basis

d-ay— d2-d-az-as _a:
{(ex nea)T 7 (e1 nes)® (e2 ne3)™ @ e T €5 €5 Yoca van<d,0cas ras<d?~d-
. 2_
Let v € W; be a basis vector of S4A%V) ® STV . Then

al +agt+ayq = 0

(11)

a; —as = 0.
Let ag = t,az +as = 5, then 0 < s < j,0 <t < s and v = (e; Aez)™ T (e; nez)l(ea ne3) ™ ®
edzfd—set esft O

1 263 -

Lemma 3.8. The highest weight vector v; € S(g2_;j 4 )V © S(d’d)V®Sd2’dV = SUA%V) ® ST~y
is

S

12 SO () () nea) I e n e (e sy m e e

s=01=0
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Proof. By Lemma [B.7] write

Jj s . .
7 = Z Zast(el A eg)d+5_3_t(el nes3)i(erne) @ el —d- Sebes ™.
s=0t=

Apply raising operators E% and Eg on vy,

J ) )
Ezv] Z Zast(j -s)(e1 A eg)d”*rt(el A 63)t+1(€1 Aeg) e ecll —d- segeg t
s=01t=0
i s , .
Z Z tag(er Aea)T 5T e neg)t(ea nes) T @ el el eyt
s=0t=0
= dts—j—t t i—s—1
= Z ta8+17t +(J=s)asi-1)(e1 Ae) T (e1 nes) (ea Aeg)! T
5=0 t=
®e‘1i —d-s eéﬁle?{t.
and
Jj_ s . .
Ev; = > > tag(er A e2) T e nes) T ep A er) TP @ ecll “d=selest
s=01t=0
Jj s
+ 3 S (s - t)asi(er Aex) T (e nez) (eanes) @ ed mdmseltestl
s=0t=0
Jj s . .
- Z Z(t&sﬂg +(s—t+1)asi1)(e1 A 62)d+S_J_t+1(el A 63)t_1(62 Aeg)! ¢
s=1t=1

we get two systems of equations of {as }o<s<j 0<t<s,

(13) taerl,t + (] - S)as,tfl =0
tasﬂg + (S —-t+ 1)as7t,1 =0
and then solve for {as }o<s<jo<t<s, We get a unique solution as; = (—1)%@)(:) up to scale. O

Since Brill’s map is a GL(V')-module map, we only need to check whether ¢; is in the image
of Brill’s map.
For convenience, write

d
(14) S (gdyy = Ad@(@o Sz—j.ajy)VE™).
7=

Where Ay is the direct sum of the isotypic components of S41(S9V) other than S(a2—j,d,)V for
j=0,1,---,d, which is certainly in the kernel of Brill’s map.

The idea isﬁto take v; = (e‘f’leg)d(effjegj) €2Wj , compute B(v;), and see whether the
projection of B(v;) to Siz2_j )V € Sga)V ® S-dy is 0.
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Proposition 3.9. If the projection of B(v;) to Saz-j.a5)V € Sw@ayV @ S4*=dV/ is not 0, then U
is in the image of Brill’s map, therefore Sig2_; 4 \V © S(g.0)V ® ST-dV js in the image of Brill’s
map.

Proof. Write vj = vj1+v,2+v;3, where vj1 € Ag, vjo € EB{;%) S(dz,hdlf)V@mk , aqd vj3 € S(dz,j7d7j)V®
i? a highest weight vector. By Schur’s Lemma, %,(Ujl) =0, B(vj2) € @f;é S(d2—k,d,k)2v7 and
B(vj3) € S(g2—jq,;)V, therefore the projection of B(v;) to Siz2_; 45V < Sa)V ® STy g
exactly B(v;3), by Schur’s Lemma, if it is not 0, it is v, (see LemmaB.8) up to a constant. [

3.4. Computing S_B(vj)._ Brill’s map is very complicated to compute in general. Fortunately,
we are able to compute B(v;).

B(v) = B(ef " e2)?- (] Tez"))

1 i 4
= ﬂﬂdd®ldsd2—dv((ecll Tes”) ®Qd((eil 162)d)

saz-ay (e e2) @ Qa((ef " ea)™" - (ef Tes’))

+
d+1

1 i _
= ﬂﬂ'dd®jdsd2—dv((ecll Tes?) ® Qa(efez))

+

T ® [dsd2—dv((eil7162) ® Qa((ef ex) " (ef_jesj)))

First, I compute and 744 ® Idsdz_dv((ecllfjegj) ® Qd(e‘li_leg)). By Lemma 2.17]
Proposition 3.10. 744 ® IdeQ_dV((€?7j€3j) ® Qq(efler)) is

{d!(el/\eg)dj(eg/\eg)’@ecf Y

(15)
dl(ez nes)?® (eclﬂfd) +(d-1)d'® (esne))?® ecll “2ded - d

Next, I compute 744 ® Idsdz_dv((ecf_leg) ® @((e?‘leg)d_l(elﬂ e3’))).
Lemma 3.11. If h e SV is divisible by €2, then 7y 4(h,ed  es) = 0.
Lemma 3.12. For any f,g € SV, by polarizing (@),

Qu(fT'g) = (1) ¥ d(-1)ynrEtt

(i +ig+ - +ig—1)!
i

i1+2i9++dig=d ip!ig)!
d .
(3¢ [T £9) (i geaes)- (L o)
=1 Jj= 1]#8
d-(iy + -

+(

] d ) . . .
i) <H £, ) (L gt gy

Now I use Lemma to compute Qg((edtey)? - (ecll_] e3’)). By lemma BIT], terms of
Qa((efteg)d L. (eclH e3’)) whose first components are divisible by e? are killed by (efes) via
7dd- Therefore, by Lemma B2, given i1,---,iq with i1 + 2ip + ---dig = d, we need #{j > 3|i; >
1} <1 so that the corresponding terms will not vanish. There are 2 possibilities, either some

is = 1 for some s > 3 or is = 0 for all s > 3. More specifically, there are five cases for which
Qd((ecf_leg)d_l(eil_] e3’)) may not vanish:

m;
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(1) i5 =1 for some s >3 and i =0,i; =d - s;
(2) is =1 for some s >3 and ia = 1,1 =d-s—-2;
(3) is=0 for all s >3 and iz = 0,71 = d;

(4) is=0forall s>3 and ig =1,i; =d - 2;
(5) is=0 for all s >3 and iy =2,i; =d —4.

I use the symbol = to omit those terms of Qg((ed tey)? - (ecll_j e3’)) whose first components

are divisible by e?. T use I; to denote the terms of the first case in @((e‘f’leg)d’l(ef_j e3’)).

For the first case, i; = 1 for some s >3 and i3 = 0,4 = d — s, so the coefficient of the terms of the
first case is

(i1+i2+-
7! d'

1) _( 1)dd( 1)d 5— l(d S) (_1)5—17

(_1)d(_1)i1+i2+--~id (d )'

and the corresponding monomial in Qg(f) is
d( 1)3 1f1 ,d— 1fs,d—s : (1 ® fsjl)'

Since the first component of (e‘f’leg) s,d—s 1S divisible-by e%, by lemma BIT] in order that the
terms will not be killed by (ecf_leg) via 7g 4, eil_] e3? should replace (eil_leg) in the position
fs.d-s- By Lemma 312

d
S— 1 7.7 - s—
L= 3 d(-1)" (e ) (e e )aae (1@ (¢f Hen) )
s=3

d o
= Z(_l)kl(e 62)1 ,d— 1(6?_]63])3,&5 : [1 ® (6[1#162)371]

s=3

d
Z;)(—l)s*l[(d ~Dey@el?er+er® ecllfl]dfs[(‘;)e?, ® ecll J % *
S=

w@-)(,7 Jeres ol e (e ea) )

d d-1)(d-s-1 d-1)(d
Y(-1)°" N(d-1)(d-s)ejed 1 ®€[1i72€2€§ “D(d-s- )+egfs ®e§ -1 78)]
s=3

(s oetiel +@-n( 7 Jerei ol (Lo (ef ey

d
s— 1 d-s s d —j—d+1 s-1 J—s
Z -1) (S) €3 ® e €y €3

+(d—j)(s_1)ele§l e3 1®ef Ideged ot

+(d—1)(d—s)( )eleg o 1e§®ecll = degeé .
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Similarly for the other four cases,

d
1, el _ i _
Iy = Y d(-1)°(d-s- 1)5(6? L) (iR (e en)aaa(e] Ve )sas  [1® (ef
s=3

d

s=3

162)8]

S (1) (d=s-1D)[(d-1er®ef e +ea@ef 12 ((d-1)eres @ €] ?)

(D)es@ete s @-p), 7 Jeres @i el 1 Lo (e Tea) )

d
Z(—l)s(d—s—l)(d—l)( )eleg o 1e§®e[11 i ]egeg %
s=3

Ad=3)2 4
2 d
(d-3)[(d-1)e; ® ed2eg + e ® el T4 [(d - 1)eres ® e$7?]

J _
()t el 1o (e e
(d-3)(d- 1)( )eleg 3e§®e‘1i - Jedel 2,

I3 Leo) ity (e ea)aa- (€93 )y a0 [1® (e eq)

—(d- 2)(€d 162 1,d- 1(61 eSJ)Id 1(61 e2)2d 2" [1®(€C1l71€2)]

]

—(eftea)] L (el ey o a0 (1@ (el en)) — (e 62)1d (e )20 [1® (e T e3?)]

—(d-2)[(d-1)e; ® e$ 2y + eg @ 710" 3(]63®6d J ] D(d-1)eres ® et~

~[(d-1)e; ® e %ey + €3 ® 4712 [(d - j)j€163®6d a-1 % 1+(‘;)63®elﬂe

e (e‘li_leg)] ~[(d=-1)er ® et 2er + e @ ed 42 [(d - 1)erer @ ef 2] [1® (e ez7)]
~(d-2)(ef P e el I (jes@el Ve ) ((d-Derer ® el ) (1@ (ef ' e2))

11 (ef!

-2
5]

ed 2@ eV 4 (d-1)(d-2)ered 2 @ e ey ][(d - f)jeres @ ef el

+(})d ot e Lo (e )] - (¢ Po el D)@ - Derer ol 2]

2_ g -
[~(d=2)(d~1)j ~§(d~)lercs” eme‘f sl - ()t 20 f o

(-2 1)(IJeret PG @ T - (@ Derch @ el T

P
(e 62)1d 1(e77e3”)1.4-1
d-j j-1

[(d-1)e1 @ ef2ea +ea @ e )] jes @ e el +(d—j)el®ege‘f]

. _ 2_4
= jed 163®€(11 jege?,) +(d-j)ered ®ecll jd]+](d 1)%ered 2e3 ® ef

(1o

ege§_2

263

e2)]

i
€1 Tes”)]

[ed @ {4 DU | (g 1)2e82¢, @ (D A2 e @ BT I 1 (d - f)er © el
d?-j-d j-1
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Therefore
in{j,d-1 .
A (-1 Nd-1, d-j _j :mm{J ’ s(J . d-s-1 s o d*-d-j s j-s
Qu((ef e (el 7e)) = 3 (D) Dt g o el esel
s=0

+Z( 1)31()dses®etli dj+1§1%s.

This implies
Proposition 3.13.
Tdd ® Idsd2,dv((ecffleg) ® Qq((eftey)d L. (ef_jegj)) =

min{dd-1h 1(J d ~d- s
Z% (-1) (S)(l—j)(d—l)!(el/\eg) “S(e1 Aeg)* ® e esel

+2( 1)°~ 1( )s(d D)l(er Aeg)5(ey Aes)®™ (62/\63)®ed It gs el

Proposition B0 and Proposition BI3] imply:
Proposition 3.14.

%<<e%-1e2>d (el eg?)) = <e1 Ae2)I (e nen) @ (e )

d+1 Z( ™ 1( )(1 Derne)(ernes)® @ef “ese)

( )3(61 nea)TF(er Aes)® (62/\63)®€d Tt es el

d 1

3.5. Orthogonal decomposition of S 4 ® SP=dy | et e1,es,e3 be a basis of V and define
a Hermitian inner product on V such that

<é€;,ej >= 5i,j-
Extend the Hermitian inner product to ye(d+d) naturally by

<€y @ Q€5 1€ @ ®€5,  >= 5i17j1"'5id2+d,jd2+d’

One can decompose Ve +d) into direct sum of isotypic components as a GL(V')-module. Since
the Hermitian inner product is unitary invariant, distinct isotypic components of yed+d) e
orthogonal (see e.g. [§]).

Consider Sigq4)V ® SA-dy — SUA%V) ® Sy a5 a subspace of V®(d2+d), the decomposi-
tion S(gq)V ® ga*-dy = EB?:O S(d2-j,d,5)V is an orthogonal decomposition with respect to the
Hermitian inner product, therefore

Proposition 3.15. The projection of B(v;) on S2-j,a.5)V € S@aa)V @ S¥=4V is not 0 if and
only if < B(v;),v; ># 0, where v; is defined in Lemma [3.8

Lemma 3.16. Suppose aj + as + a3 = d and by + by + b3 = d*> — d,

<(e1nez)™(erne3)(exnes)™ ®e 63263 J(e1nex)™(erneg)™(eanes)™ ®e egzeg?’ >

(l)dCLl!CLQ!CLg! bﬂbg!bg!
d (d?2-d)!
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Recall by Lemma [3.8]

Z Z( 1! ( )(i)(el Ae) T e nes) (er nea)Y @l T oehes .

s=0t=0
and by Proposition B.14]

%((eﬁl‘l@)d (eres”)) = (1 (1 nea) " ez nes) @ (e

d+1

Z( 1) (')(j— 1) (e /\e2)d*t(el Aes)! ®ef i Jegeg .

d+1

d2—d—j+1
-1)" 1( )t(elAez) flernes) M (eaneg)@e] el el

By Lemma 3.16],
Proposition 3.17. For any fixed j € {0,1,---,d},
; )" LU~ DE- ) -d- )
B(v:).0: > =
B> = @' G0
DG d-t-DI(d?-d-j+1)! :
J! ! J ! Ny
¢ 3 UL DU dZdr D8, oy i - ).
t=0 :
< B(v;),v; >=0 only when
(1) 7=0,1 for all d > 2;
(2) j=3 and d=3.
a?-d
Proof. The ratio of (d - j)!j!(d? - d)! and UD%G- 1)((]d tt))'l(dQ —d-)! g (j(1;(d)‘t)’ and the ratio of
Gt

‘ ‘ d2-d
(d _ ])']'(d2 _ d)[ and (]!)Q(dft(;l_)t!_(ilj!idij+l)! is j((j__tl_l))

Jj—t-1

j >2, the term (=1)7(d - 5)!5!(d? - d)! dominates. For small cases, one can check directly. [

Therefore when d is large enough and

Combining all the results above, we prove Theorem [3.4] to prove Theorem LIl

Proof of Theorem[3.4) First, for j = 0 and d > 2, S42 4)V is not in the image of Brill’s map
because C'hq(C?) = SIC2.

Second, for j =1 and all d > 2, S42_1 41)V is not in the image of Brill’s map. If it were in
the image of Brill’s map, then B(v1) = B(v13) = Cv; # 0 (where vy3 is defined in the proof of
Proposition B.9), so < B(vy),v; >=< Cv1,v; ># 0, contradiction.

Third, when d = 3 and j = 3, the module S 33)V is not in the decomposition of S4(S3V), so
it is not in the image.

Finally, for other cases, < B(v;),v; ># 0, by Proposition B.9and Proposition B.I5] S(z2_; 4.)V
is in the image of Brill’s map. O
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