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ABSTRACT. This paper is devoted to finding the general solutions of the

functional equation
n

SO hpigg) =Y hpi) + Y ki(a) + A h(pi) D kilg;)
i=1 j=1 i=1 j=1 i=1 j=1
valid for all complete probability distributions (p1,...,0n), (q1,---,aqm),

0<p <L, 0<¢qg <1,i=1,...,n; 75 =1,...,m, ipi =1, f:qj = 1;
n =2 3, m > 3 fixed integers; A € R, A # 0 and the ZI?llauppings thll — R,
ki : I - R, j=1,...,m; I =]0,1], R denoting the set of all real numbers.
A special case of the above functional equation was treated earlier by L. Losonczi

and Gy. Maksa.
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1. Introduction

Let Ty = {(p1,---»pn) :0<p; < Li=1,....m> p; =1}, n=23,...
i=1
denote the set of all discrete n-component complete probability distributions with

nonnegative elements. Let R denote the set of all real numbers and
A = {(z,y):0<2<],0<y<1, 0<z+y<1}, the unit triangle;
I = {zeR:0<2<1}=00,1]; (={xeR:0<x<1}.
A mapping a : I — R is said to be additive on [ if
a(z +y) = a(x) + a(y)
holds for all (z,y) € A. A mapping A : R — R is said to be additive on R if
Alx +y) = A(z) + A(y) (1.1)

holds for all z € R, y € R.

It is known [2] that every mapping a : I — R, additive on the unit triangle
A, has a unique additive extension A : R — R in the sense that A satisfies the
equation (1.1) for all z € R, y € R.

A mapping M : I — R is said to be multiplicative on I if

M(0) =0 (1.2)
M(1) =1 (1.3)
and
M (pq) = M(p) M(q) (1.4)

holds for all p € I, q € I,.

The functional equation (see [1)

m n

DD S i) =3 Fp)+ 3o Fla) + A f () Y S (4) (1.5)

i=1 j=1 j=1 =
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where f: I =R, (p1,...,pn) € Loy (q1, -y @m) € Ty A =272 — 1 £ 0 is useful

in characterizing the entropy of degree « (see [3]) defined as

H(p1,...,py) = (1 —2179) (1—2])2) : (1.6)
where H : I, == R, n=2,3,...and 0 := 0, a # 1, « € R. For A € R,
A # 0, the general solutions of (1.5), for fixed integers n > 3, m > 3 and all
(p1y---yon) € Ty (q1, -+, @m) € 'y have been obtained in [6]. A generalization

of (1.5) is the following functional equation (see [5])

DD fulpiag) = D halpi) + D kilan) + A Y la(pi) 3 ki) (1)
i=1 j=1 i=1 j=1 i=1 j=1

with fi; : I = R, h; : I =R k1 - R, ¢=1,...,n; j =1,...,m. For
fixed integers n > 3, m > 3 and all (p1,...,pn) € Ty, (q1,--.,qm) € I, the
measurable (in the sense of Lebesgue) solutions of (1.7) have been obtained in
(see [5], Theorem 6 on p-69) but it seems that the general solutions of (1.7), for
fixed integers n > 3, m > 3 and all (p1,...,pn) € Ty, (q1,---,qm) € 'y, are still
not known. As mentioned in [5], equations like (1.7) arise while characterizing

measures of information concerned with two probability distributions. In this

paper, we study the equation

Z Z h(pig;) = Z h(p:) + Z ki(g;) + A Z h(p:) Z ki(g;) (1.8)
where }:::1[?1 R, k; : 1 Z—:>1]R, j = 1,].:.1.,m; A E ]RZ,:;\ #0 af;él n >3, m >3 are
fixed integers. The functional equation (1.8) is a special case of (1.7).
If we define f: I - Randg;: I =R, j=1,...,mas (with A # 0)
f(x) =z+ Ah(z) and g;(z) =x+ Xk;(z) (1.9)

for all = € I, then (1.8) reduces to the functional equation

S ) = Zf(Pi)Zgj(qj)- (1.10)

i=1 j=1

Also, (1.9) and (1.10) yield (1.8). Thus, if the general solutions of (1.10), for fixed

integers n > 3, m > 3 and all (p1,...,pn) € Iy, (1,---,¢m) € 'y are known;
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the corresponding general solutions of (1.8), for fixed integers n > 3, m > 3 and
all (p1,...,pn) € Tn, (@1, -+, qm) € I'yy can be determined with the aid of (1.9).
We would like to mention that, on open domain, namely when f : Iy — R,
h:Ip - R, g Iy =R, kj : Iy - R, 7 =1,...,m, the general solutions
of (1.8) and (1.10) for fixed integers n > 3, m > 3 and all (py,...,p,) € [y,
(¢1,---,qm) € 'y, have been found in [4]. The object of this paper is to determine
the general solutions of (1.8) and (1.10), on the closed domain, namely when
fil =R h:IT =R g :I =R k:I—=R, j=1,...,m; for fixed integers
n >3, m2>=3andall (p,...,pn) € Ty, (15, qm) € I'y,. While investigating

these solutions, the functional equation
m

D2 i) =D ep) Y wle) +mn—1e(0) 3 wlp)  (111)

i=1 j=1 j=1
arises with ¢ : I — R, n > 3, m > 3 fixed integers and (pi,...,pn) € 'y,

(1, Gm) € T
To deal with equations (1.8), (1.10) and (1.11), we need the results and

methods from [5] and [6].

2. Some preliminary results

We require the following two results in sections 3 and 4.

Result 1. [6]. Let £ > 3 be a fixed integer and ¢ be a given constant.

Suppose that a mapping ¢ : I — R satisfies the functional equation

k

D p) =c (2.1)
for all (;:11, .., k) € I'k. Then there exists an additive mapping B : R — R such
that
(2.2)

for all p € I.
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Result 2. [5]. If the mappings ¢; : I — R, j = 1,..., m satisfy the functional

equation
Z Yi(g;) =0 (2.3)
j=1
for an arbitrary but fixed integer m > 3 and all (¢q,...,¢n) € 'y, then there
exists an additive mapping A : R — R and the constants ¢; (j = 1,...,m) such
that
¥i(p) = Alp) + ¢ (2.4)

forallpe I and j =1,...,m with

A1) + icj ~0. (2.5)

3. The functional equation (1.11)

In this section, we prove:

Theorem 1. Let n > 3, m > 3 be fized integers and ¢ : I — R be a
mapping which satisfies the functional equation (1.11) for all (p1,...,pn) € 'y

and (q1, ..., qm) € U'y. Then ¢ is of the form

p(p) = alp) + ¢(0) (3.1)

where a : R — R s an additive mapping with
(1) a(l) =—nme0) if ¢(1)+(n—-1)p(0)#1
or (3.2)

(i) al)=1—np(0) i p(1)+(n—1)p(0) =1

o(p) = M(p) — B(p) (3.3)
where B : R — R is an additive mapping with B(1) = 0 and M : I — R
is multiplicative on I in the sense that it satisfies (1.2), (1.3) and (1.4) for all

pEI(),QEI().
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Proof. Let us put py =1, ps =...=p, =01n (1.11). We obtain
[p(1) + (n=1)(0) = 1] | > _ () +m(n—1)p(0)| =0 (3.4)
j=1
for all (q1,...,qm) € I';n. We divide our discussion into two cases.

Case 1. (1) + (n — 1) ¢(0) — 1 # 0.

In this case, (3.4) reduces to

> olg) = —m(n—1)¢(0) (3.5)
j=1
for all (q1,...,qm) € I';y. By Result 1, there exists an additive mapping a : R — R
such that
1
p(p) =alp) = —a(l) = (n = 1) p(0) (3.6)

for all p € I. The substitution p = 0, in (3.6), gives
a(l) = —nmp(0). (3.7)
From (3.6) and (3.7), (3.1) follows. Thus, we have obtained the solution (3.1)
satisfying (i) in(3.2).
Case 2. ¢(1)+ (n —1)¢(0) — 1 = 0.

Let us write (1.11) in the form

> { e(pigj) — #(q)) Z p(pi) = m(n —1)p(0)g; > @(pz-)} =0.(3.8)

j=1 i= i=1

Choose (p1,...,pn) € 'y, and fix it. Define ¢ : I';, X I — R as

Upr, i)=Y emia)— (@)D _p(pi) —m(n = 1)p(0)g>  p(p:) (3.9)
i=1 i=1 i=1
for all ¢ € I. By Result 1, there exists a mapping A; : I, x R — R, additive in

the second variable, such that
> omia) — (@)Y epi) —mn—1)(0) ¢ > o)
i=1 i=1 i=1

1
= Al(pl,---,pn;q)—E&(ph---,pn;l) (3.10)
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The substitution ¢ = 0, in (3.10), gives

Ai(p1, -, pn; 1) = mp(0) [Z ©(pi) —n] (3.11)

as A1(p1,...,pn;0). From (3.10) and (3.11), we obtain
Z p(pig) — #(q) Z p(pi) —m(n—1)¢(0)q Z o (pi)

= AP @) — 9(0) Y e(pi) +np(0). (3.12)

Since (p1,...,pn) € ', was chosen ;rbitrarily and then fixed, equation (3.12),
indeed, holds for all (py,...,p,) € ', and all g € I.

Let x € I and (ry,...,7,) € I',,. Putting ¢ = ar,, ¢t = 1,...,n in (3.12);

adding the resulting n equations and using the additivity of A; in the second

variable, it follows that

D> wlapir) = D w(ar) Y e(p) = m(n = 1)p(0)2 ) ¢(pi)

= Ailpr,...,pu; ) — np(0) Zso(p» +n?(0). (3.13)

Also, if we put ¢ =x and p; =r;, i =1,...,n in (3.12), we obtain

n

> elar) = Zs@n )+ m(n—1)¢ Zs@n
t=1

+ Ay(r1, .. s ) — @(0) Zgo(rt) +n(0). (3.14)

From (3.13) and (3.14), we can obtain the equation

Z > " plapir) — [p(x) + m(n — 1) (0) z — o(0)]

X Z w(p) Y @lre) —n® p(0)

= Ai(pr, - pmir) +mn — 1) e(0) 2> (p;)

i=1

+ Ai(r, .y Zap Di) - (3.15)
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The symmetry of the left hand side of (3.15), inp; and ry, i =1,...,n;t =1,....n

gives rise to the equation

n n

Ai(pr, - pi ) +mn = 1) 90) 2 Y o(pi) + Ai(r1, i) > p(pi)

i=1 i=1

= Ai(r,...,mx)+mn—1)¢ Z(pn

+Al pla"'7pn7 Zsprt

which can be written in the form

[As(pis - pus @)+ m(n — 1) (0) a] [Z o(re) — 1]

= [Ai(r1,...,m2) +m(n — 1) p(0) z] [Z o(pi) — 1] . (3.16)

Equation (3.16) holds for all (r1,...,r,) € Iy, (p1,...,pn) €, and all z € .

Subcase 2.1. > ¢(r;) — 1 vanishes identically on T,,.
=1

In this case,

Z@(Tt) =1 (3.17)
t=1
holds for all (7, ...,r,) € I',. By Result 1, there exists an additive mapa : R — R

such that

1 1

o(p) = a(p) — - a(l) + - (3.18)

for all p € I. The substitution p = 0, in (3.18), yields
a(l) =1—-np(0). (3.19)
From (3.18) and (3.19), (3.1) follows again. Thus, we have obtained the solution

(3.1) satisfying (ii) in (3.2).

Subcase 2.2. > ¢(r;) — 1 does not vanish identically on IT',,.
=1

Then, there exists a probability distribution (r7,...,7}) € I';, such that

> plr]) = 14£0. (3.20)
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Setting r =rj,...,r, =7} in (3.16), we obtain

[Ar(pr, -, pns ) +m(n — 1) (0) 2] [Z p(ry) = 1]

= [Ai(rf, ..., m) +m(n — 1) p(0) 2] [Z o(ps) — 1]

which gives, for all x € I,

Ai(pr, .- i) = A() Z e(pi) — 1] —m(n—1)p(0)z (3.21)
where A : R — R is defined as
Aly) = |D o) =1 (A, rhy) +m(n — 1) 9(0) y] (3.22)

for all y € R. From (3.22), it is easy to verify that A : R — R is additive. Also,

from (3.11) (with p; =}, i=1,...,n) and (3.22), it is easy to derive
A(1) =mp(0). (3.23)

From (3.12) and (3.21), it follows that

n

Z ©(piq) — ¢(q) Z o(pi) —m(n —1)p(0)q Z o(pi)

= Alg) Z p(pi) = Alg) = m(n —1)(0) g = 9(0) Y @(pi) + n(0)

i=1
which, upon using (3.23), gives

n

> le(pig) + A(pig) + m(n — 1) (0) pig — ©(0)]

1=1

—[p(q) + A(g) + m(n — 1) 9(0) ¢ — ¢(0)]

n

x Z[w(pi) + A(pi) +m(n — 1) (0) pi — ¢(0)]
+ [e(q) + Alq) +m(n — 1) (0) ¢ — ¢(0)] n(m — 1) ¢(0) = 0. (3.24)
Define a mapping B : R — R as

B(z) = A(z) + m(n — 1) p(0) x (3.25)
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for all x € R. Then, B : R — R is additive. Moreover, from (3.23) and (3.25), it

follows that
B(1) = mn¢(0). (3.26)

With the help of (3.25), equation (3.24) can be written in the form

n

> le(pig) + Bpig) — 2(0)] — [o(q) + B(q) — ¢(0)]

<Y [e(pi) + B(p:) — (0)] + n(m — 1) 9(0) [p(q) + Blg) — #(0)]

i=1

=0. (3.27)
Define a mapping M : I — R as
M(x) = ¢(x) + B(x) — ¢(0) (3.28)

for all x € I. Notice that though B : R — R but, in (3.28), we are restricting its
use only for all x € I.

From (3.28), it is easy to see that (1.2) follows as B(0) = 0. Also, from (3.26),
(3.28) and the fact that ¢(1) 4+ (n — 1) ¢(0) = 1, it follows that

M(1)=14+n(m—1)¢(0). (3.29)
Moreover, from (3.27) and (3.28), we get (for all ¢ € I)
> M(pia) = M(q) 3 M(pi) +n(m = 1) (0) M(g) = 0 (3.30)

which can be written in the form

n

> [IM(pig) = M(q)M(pi) + n(m — 1) p(0) M(q) pi] = 0. (3.31)

i=1

By Result 1, there exists a mapping £ : R x [ — R, additive in the first variable,

such that

M(pg) — M(p)M(q) +nlm — 1) (0) M(g) p = E(p.q) ~ ~ E(1,) (331a)
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for all p € I, ¢ € I. The substitution p = 0 in (3.31a) and the use of (1.2) gives

E(1,q) =0 for all ¢ € I. Consequently, (3.31a) reduces to the equation

M(pq) — M(p)M(q) +n(m — 1) p(0) M(q) p = E(p, q) (3.32)

forallpel, qgel.

Now we prove that n(m — 1) ¢(0) # 0 is not possible.

If possible, suppose n(m —1) (0) # 0. Then, (3.29) gives M (1) # 1. Putting
¢ =11n (3.30), using (3.29) and the fact that M (1) — 1 # 0, we get

> M(p:) = M)

forall (p1,...,pn) € I'. By Result 1, there exists an additive mapping As : R — R

such that

M(p) = As(p) — %A2(1) + % M(1) (3.33)

for all p € I. The substitution p = 0, in (3.33), gives A5(1) = M(1) as A2(0) =0
and M(0) = 0. Hence
M(p) = As(p)

for all p € I. Thus M is additive on I. Now, from (3.20), (3.26), (3.28), (3.29)

and the additivity of M on I, we have
L# Y wlrf) = M(1) = B(1) +np(0)
=1
= 1+n(m—1)p0) —nmep0)+ne0) =1
a contradiction.
So, the only possibility is that n(m — 1) ¢(0) = 0. Since n > 3, m > 3 are

fixed integers, it follows that ¢(0) = 0 and hence ¢(1) = 1. From this and (3.29),

(1.3) follows. Since ¢(0) = 0, equation (3.32) reduces to the equation

M(pq) — M(p) M(q) = E(p, q) (3.34)
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for all p € I, g € I. The left hand side of (3.34) is symmetric in p and ¢q. Hence
E(p,q) = E(q,p) for all p € I, g € I. Consequently, E is also additive on I in the
second variable. We may assume that F(p, -) has been extended additively to the
whole of R.
Let pel,qge I, rel. From (3.34), we have
E(pg,r)+ M(r) E(p,q) = M(pgr) — M(p) M(q) M(r)
= E(qr,p)+M(p) E(q,7). (3.35)
Now we prove that F(p,q) =0 for all p € I, ¢ € I. If possible, suppose there

exists a p* € I and a ¢* € I such that E(p*,¢*) # 0. Then, from (3.35)
M(r) = [E(", ¢ {E(dr,p") + M(p")E(¢",r) — E(v"q",7)}
from which it follows that M is additive on I. Now, making use of (3.20), (3.26),
(3.28), (1.3), the additivity of M and the fact that ¢(0) = 0, we obtain
143 ) = M(1) = B(L) +n(0) = 1 — mn(0) + np(0) = 1
a contradicéi:oln. Hence E(p,q) = 0 for all p € I, ¢ € I. Now, (3.34) reduces to

the equation

M(pq) = M(p) M(q) (3.36)
forall p € I, ¢ € I. From (3.36), (1.4) follows immediately for all p € Iy, q € I.
Also, since ¢(0) = 0, (3.28) reduces to (3.3) and (3.26) gives B(1) = 0. This

completes the proof of Theorem 1. O
4. The functional equation (1.10)
In this section, we prove:

Theorem 2. Letn > 3, m > 3 be fized integers and f : I = R, g; : [ — R,

j = 1,...,m be mappings which satisfy the functional equation (1.10) for all
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(p1y--ypn) €T and (quy- -+, Gm) € Uy. Then, any general solution of (1.10) is
of the form
f(p) =b(p), g; any arbitrary real-valued mapping (4.1)

where b : R — R is an additive mapping with b(1) =0 or

f(p) =1[f(1) + (n—1) f(0)]a(p) + f(0) } (42)
9;(p) = a(p) + A*(p) + g;(0) |
forallj=1,...,m; witha: R — R, A* : R — R being additive maps and
. nf) o
R nm £(0) . '
AW ==L 60+ gy SO+ 00100
flp) = fF()[M(p) — B(p)], f)#0 } (44
g9i(p) = M(p) — B(p) + A*(p) + 9;(0) ’

forallj=1,....m; with B:R —- R, A*: R — R being additive maps, B(1) =0,
A (1) == > g;(0) and M : I — R a multiplicative function in the sense that it
j=1

satisfies (1.2), (1.3) and (1.4) for all p € Iy, q € .

Proof. Put py =1, pp=...=p, =0 in (1.10). We obtain
imqj) + (1= 1O = [£1) + (n 1) F(0) igjam @5
for all (; o m) € T i
Case 1.
f(A)+(n—1)f(0)=0. (4.6)
Then, (4.5) reduces to the equation
S flay) = — mln — 1) £(0) @

i=1
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valid for all (¢1,...,¢m) € I'n. By Result 1, there exists an additive mapping

b: R — R such that

F(p) = b(p) — —b(1) — (n — 1) F(0)

m

for all p € I. The substitution p = 0, in (4.8), gives
b(1) = —nm f(0).
From (4.8) and (4.9), it follows that

f(p) = b(p) + £(0)

(4.8)

(4.9)

(4.10)

for all p € I. From (4.6), (4.9) and (4.10), using the fact that n > 3, m > 3 are

fixed integers, it follows that
f(0)=0.

From (4.9) and (4.11), it follows that
b(1)=0.

Also, (4.10) and (4.11) give

(4.11)

(4.12)

(4.13)

for all p € I. Also, from (1.10), (4.12), (4.13) and the additivity of b: R — R, it

follows that g; can be any arbitrary real-valued mapping. Thus, we have obtained

the solution (4.1) in which b satisfies (4.12).

Case 2. f(1)+ (n—1) f(0) # 0.

In this case, (4.5) gives

m

Zgj(qj) = [f(1) + (n = 1) fO)]7" Y _[f(y) + (n = 1) f(0)]

J=1

(4.14)
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which can be written in the form
Z {95(g) = [f() + (n = 1) FO'[f(g) + (n =1) f(0)]} =0.  (4.15)

This holds for all (¢1, ..., ¢n) € I'sy. By Result 2, there exists an additive mapping

A* : R — R and constants ¢; (j = 1,...,m) such that

gi(p) = [f(1) + (n = 1) O] [F(p) + (n = 1) f(O)] = A"(p) + ¢ (4.16)
with
1)+icj —0. (4.17)
The substitutio;_; — 0, in (4.16), gives

¢j = g;(0) = [f(1) + (n = 1) £(0)]~" nf (0) (4.18)

for j=1,...,m. From (4.17) and (4.18), we get A*(1) as mentioned in (4.3).
Also, from (4.16) and (4.18),

9i(p) = [f(1) + (n = 1) fO)]'[f(p) — F(0)] + A*(p) + 9(0) (4.19)

for j = 1,...,m. Equation (4.19) tells us that if f is known, then the
corresponding form of g;(p), j = 1,...,m, can be determined. To determine f,

we eliminate ) ¢;(¢;) from equations (1.10) and (4.14). We obtain the equation
=1

> fhgy) = )+ (n-1) prz > fla)

+[f(1) + (n=1) £(0))"'m(n — 1) £(0 prz 4.20)

valid for all (py,...,p,) € I'y and (q1, ..., ¢n) € T

Define a mapping ¢ : I — R as

p(2) = [f(1) + (n=1) fO)] " f(=) (4.21)
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for all z € I. Then (4.20) reduces to the functional (1.11) which also holds for all

(p1,...,pn) €T and (qu, ..., ¢n) € T'yy. Moreover, ¢ satisfies the condition
(1) +(n—1)p(0)=1. (4.22)
Also, from (4.21),

fp) = 1f(1) + (n=1) f(0)] ¢(p) (4.23)

for all p € I with f(1) 4+ (n—1) f(0) # 0 and

f(0)
)+ (n—=1)£(0)

From, (4.19), (4.23), (4.24), (3.1) and (ii) in (3.2), the forms of f(p), g;(p) and

p(0) = (4.24)

a(1), as mentioned in (4.2) and (4.3), follow. Thus, we have obtained the solution
(4.2), of (1.10), subject to a(1) and A*(1) as mentioned in (4.3).

The form of ¢, given by (3.3), with B(1) = 0, is also acceptable as in this
case, ©(0) = 0, p(1) = 1 and hence ¢(1) + (n — 1) p(0) = 1. Now, from (4.24),
f(0) = 0. The solution (4.4), of (1.10), follows from (4.23), (4.19), (3.3), (1.2),
(1.3), (1.4) and the fact that f£(0) = 0, B(1) = 0, A*(1) = — flgj(()). This

=

completes the proof of Theorem 2. O

5. The functional equation (1.8)

In this section, we prove:

Theorem 3. Let n > 3, m > 3 be fized integers and h: I — R, k; : I — R,
j = 1,...,m be mappings which satisfy the functional equation (1.8) for all
(p1y--ypn) €L and (g1, ..., qm) € Ty and X # 0. Then, any general solution of
(

1.8) is of the form

h(p) = < [b(p) — pl, k; any arbitrary real-valued mapping (5.1)
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where b : R — R is an additive mapping with b(1) =0 or

zl{m1+n—1)h<0))+1] a(p) + Nh(0) — p}
(5.2)
:—{a )+ A*(p) + Ak;(0) — p}
forallj=1,...,m; witha:R —- R, A* : R — R being additive maps and
L nAh(0) )
W=l O Tm oo+ 1°
Ah(1) + (n = 1) h(0))+1#£0
(5.3)
e mo nmA h(0)
AW ==A 2 kO e T 1 Ay £ 1
AR(L) +(n—=1)R(0))+1#0. |
A(p) = 5 {INB(L) + 1IM(p) — Bp)] . VA1) + 1] £0
(5.4)
kp) = 5 {M(p) — Bo) + A*(p) + Ak, (0) ~ )
with B: R —- R, A* : R — R being additive maps such that
B(1)=0, A*(1)= —)\i k;(0) (5.5)

and M : I — R a multiplicative function in the sense that it satisfies (1.2), (1.3)

and (1.4) for all p € 1y, q € Iy.

Proof. Let us write (1.8) in the form

n m

>N INhlpigy) + pigy] = Z Ah(p:) +pil Y [INki(a;) + 5] (5.6)
=1 7j=1

i=1 j=1

Define the mappings f : I - Randg;: I = R, j=1,...,m (with A # 0), as
n (1.9), for all z € I. Then, (5.6) reduces to the functional equation (1.10) whose
respective solutions are given by (4.1); (4.2) subject to the condition (4.3); and
(4.4) subject to B(1) = 0, A(1) = — 3~ ¢;(0); in which b: R - R, a: R — R,
A* :R - R, B: R — R are all adjdziiive functions and M : [0,1] — R is a
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multiplicative function. Now, making use of (1.9) along with (4.1); (4.2) subject to

(4.3); and (4.4) subject to B(1) = 0 and A*(1) = — > ¢;(0); the required solutions
=1

(5.1); (5.2) subject to (5.3); and (5.4) subject to (5.5); follow respectively. O
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