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Loop quantum cosmology: The horizon problem and the probability of inflation
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Anomaly-free perturbations of loop quantum cosmology reveal a deformed space-time structure, in which
the signature changes when the energy density isρ = ρc/2. Furthermore, in loop quantum cosmology, one
can obtain an effective causal structure only for a low density region (ρ ≤ ρc/2), which gives a natural initial
condition to consider the horizon problem. Choosing the initial value atρ(0) = ρc/2 in this paper, we investigate
the horizon problem and the probability of inflation in the framework of loop quantum cosmology. Two models
are considered: the quadratic inflation and the natural inflation. We use the Liouville measure to calculate the
probability of inflation which solves the horizon problem, and find that, for the quadratic inflation model, the
probability is very close to unity, while for the natural inflation model, the probability is about 35%.

PACS numbers: 04.60.Pp, 98.80.Cq, 04.60.Kz

I. INTRODUCTION

Inflation, as a necessary supplement to the standard cosmo-
logical model, can solve many long-standing problems such
as the horizon problem, the flatness problem, etc. Inflation
models can also provide a natural explanation of the structure
formation. However, whether the inflation itself is probable is
also an important question which many authors have consid-
ered in Refs. [1–8]. For considering this question, two prob-
lems should be addressed: one is to find a starting point to
counte-foldings, the other one is to define a measure to calcu-
late the probability of inflation solutions which give enough
e-foldings. The former one is a problem because in classi-
cal cosmology, due to the existence of the initial singularity,
there is no clear starting point to begin one’s counting of thee-
foldings. Since general relativity (GR) is not credible at high
densities and curvatures, one may take the starting point at
Planck scale which is reasonable but not clear. For the sec-
ond problem, the Liouville measure, established by Gibbons,
Hawking, and Stewart [1], can be used as a candidate measure
to calculate the probability. However, in flat, homogeneous,
isotropic models, the total Liouville measure of the space of
solutions is infinite; thus, one needs a regularization scheme.
As a result, the obtained measure depends on the choice of en-
ergy density when the regularization is introduced [9]. In [6],
such choice was taken at the end of inflation when|Ωk| ∼ 1,
while in [2, 8], the authors choose the constant density surface
at Planck scale. Their results are quite different: the former
gives a quite low probability if inflation can produce enough
e-foldings, while the latter gives almost one probability for
inflation.

In loop quantum cosmology (LQC), big bang singularity
is resolved [10, 11]. One can start counting the number of
e-folding and define a probability distribution at the bounce
[12, 13] or the remote past before the bounce [14], where both
methods support inflation in the quadratic inflation model.
However, because in a bouncing world, any particles have in-
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finite time to have chances to interact with others, one may
puzzle whether the horizon problem, which inflation theories
try to address, exists. To make this question clear, we need
a space-time structure of loop cosmology which has been de-
rived from anomaly-free perturbations of loop quantum cos-
mology recently [15–17]. Unlike in the standard cosmolog-
ical model, where the space-time structure is inserted in the
space-time metric, the effective space-time structure of loop
cosmology is concealed in the homogeneous model because
we obtain the theory by quantizing the symmetry reduced sys-
tem, and we still miss the full theory of quantum gravity even
in some effective level. However, because the constraint alge-
bra needs to be anomaly-free for a first-class constraint sys-
tem, and by using the theory of anomaly-free perturbations,
one fortunately finds the hidden causal structure. As a result,
the modified space-time structure has an unexpected property
which may address the above puzzling: signature changes at
a critical density,ρ = ρc/2. Furthermore, with the help of per-
turbation equations of gravity and matter, we can define the
effective causal structure by the characteristic, from which we
know no causal structure exists at high density (ρ > ρc/2).

For the above reasons, different from Refs.[12–14], our
view is to choose the initial value atρ = ρc/2. With the ef-
fective causal structure in loop quantum cosmology, we will
consider the horizon problem and the probability of inflation
in the framework of loop quantum cosmology.

This paper is organized as follows: in Sec.II, we present
some results of loop quantum cosmology and its anomaly-free
perturbations, and then introduce the effective causal struc-
ture of loop cosmology which our construction is based on.
In Sec.III, we use the effective causal structure to consider
the horizon problem. In Sec.IV, the measure is derived from
the Liouville measure of a canonical system. In Sec.V and
Sec.VI, we consider the quadratic inflation model and natural
inflation, respectively. In Sec.VII some conclusions are given.

II. RESULTS OF LOOP QUANTUM COSMOLOGY AND
ITS PERTURBATIONS

In this section, we first present some basic results for a ho-
mogeneous model, and then consider its perturbations. In the
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spatially flat isotropic model of LQC, one has to first intro-
duce an elementary cellV and restrict all integrations to this
cell. One can fix a fiducial flat metricoqab and denote the vol-
ume of the elementary cellV by V0 in this geometry. The
gravitational phase space variables are the connectionsAi

a and
the density-weighted triadsEa

i , which can be expressed as

Ai
a = cV−1/3

0
0ωi

a and Ea
i = pV−2/3

0

√

0q 0ea
i , (1)

where
(

0ωi
a,

0ea
i

)

are a set of orthogonal co-triads and tri-
ads compatible withoqab and adapted to the edges of the
elementary cellV. The basic Poisson bracket is given by
{c, p} = κγ/3, whereκ = 8πG, G is the Newton’s constant and
γ is the Barbero-Immirzi parameter. The matter phase space
variables areφ andpφ, whose Poisson bracket is{φ, pφ} = 1.

LQC generates two main classes of effective corrections to
the constraints, called the inverse-volume corrections and the
holonomy corrections. In this paper, we focus on the holon-
omy corrections. In the ¯µ-scheme of holonomy corrections
[10], we have the effective constraint:

Ceff = −
3
κγ2

(

sin(µ̄c)
µ̄

)2 √
p +

p2
φ

2p3/2
+ p3/2V(φ), (2)

whereV(φ) is the potential of the scalar field, ¯µ =
√

∆/p, and
∆ relates to the minimum nonzero eigenvalue of the area oper-
ator from the full theory (LQG). For convenience, we use the
following variables:b := µ̄c and the volume of the elementary
cellV = p3/2 whose Poisson bracket is{b,V} = 4πGγ

√
∆.

In these variables, the constraint becomes:

Ceff = −
3
κγ2∆

V sin2(b) +
p2
φ

2V
+VV(φ). (3)

Using the constraint and the equation ofV andφ, one can get
a modified Friedmann equation as the following form

H2
=

8πG
3
ρ

(

1− ρ
ρc

)

, (4)

whereH is the Hubble factor,ρ the energy density of the mat-
ter content, expressed asρ = 1

2φ̇
2
+ V(φ) andρc := 3

κγ2∆
≃

0.41ρP [10].
The equation of motion ofφ takes the standard form:

φ̈ + 3Hφ̇ +
dV
dφ
= 0. (5)

Sinceb decreases with time:db
dt = −4πGγ

√
∆φ̇2 < 0, one can

view b as an internal time which will be important in defining
the measure in Sec.IV.

The perturbations of background is needed even for a ho-
mogenous model because the causal structure of the effective
space-time is not apparent in the homogenous part while its
perturbation equations contain the key elements. Anomaly-
free perturbations with holonomy corrections have been de-
rived in the series of papers, Refs.[15–17]. We only present
their conclusions, and then get the causal structure which will
be useful in our consideration.

Loop quantum cosmology is the symmetry reduced version
of loop quantum gravity, and it utilizes key elements of full
theory. But when one inserts linear perturbations, anomalies
appear and the modified constraints do not form a closed al-
gebra. For eliminating these anomalous terms, one needs to
add some “counterterms”. As a result, the constraint algebra
is deformed, which can be seen from the Poisson bracket of
two scalar constraints

{H[N1],H[N2]} = ΩD

[

N̄
p
∂a (δN2 − δN1)

]

, (6)

whereΩ = cos(2b) = 1− 2ρ/ρc. In general relativity, as we
know, the factorΩ ≡ 1; thus, LQC deforms the constraint al-
gebra. A surprising thing is at high density (whenρ > ρc/2 ),
Ω < 0, which means space-time is more like Euclidean space
where the factorΩ in the Poisson bracket between two scalar
constraints is−1 [15]. The deformed space-time structure also
affects the perturbations equations ( in conformal timeη )

v′′S (T ) − Ω∇
2vS (T ) −

z′′S (T )

zS (T )
vS (T ) = 0, (7)

wherevS (T ) are the scalar or tensor Mukhanov-Sasaki vari-
ables. WhenΩ < 0, the equations become elliptic would
make the perturbations instable if one considers these prob-
lems as initial-value problems, which will destroy the back-
ground dynamics. The argument for the instability of the
initial-value problem can be seen in Ref.[18], and a strict
proof of the instability of a special elliptic equation can be
seen in Ref.[19]. For understanding this problem, the authors
of Ref.[18] proposed a mixed-type characteristic problem re-
cently while Mielczarek [20–22] supposed a possible second
order phase transition happening atρ = ρc/2. Note that the au-
thors in Ref.[23] have considered the tensor power spectrum
of cosmological perturbations with initial conditions imposed
aroundρ = ρc/2, where they find the cubic shape of the ini-
tial power spectrum atρ = ρc/2 is favored. In this paper, we
only consider the background dynamics, but for the consis-
tence with perturbations, we think taking the expanding phase
at ρ = ρc/2 as the initial time is appropriate even for back-
ground dynamics. Furthermore, that the perturbation equa-
tions having characteristics gives an effective causal structure
only whenρ < ρc/2, which has be used in Refs.[18, 21]: in
conformal timeη, the propagating velocityv ≡ dx

dη of any in-

formation should be less than
√
Ω which agrees with classical

theory whenρ ≪ ρc. For later convenience, we will use the
proper time; thus, the propagating velocity satisfies

dx
dt
6

√
Ω

a
. (8)

Using this formula, one can define the particle horizon

dH(t) := a(t)
∫ t

0

√
Ω

a(t′)
dt′, (9)

where time 0 denotes the initial time withρ = ρc/2 and the
angular-diameter distance

dA(t) := a(t)
∫ t0

t

√
Ω

a(t′)
dt′, (10)
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wheret0 means today.

III. THE HORIZON PROBLEM IN LOOP QUANTUM
COSMOLOGY

One can see that if we use the horizon of LQC defined in
the last section, the horizon problem of cosmology in the stan-
dard model becomes more severe. As we know, in the stan-
dard model of cosmology, the relation of density with the scale
factor is

ρ

ρ0
= ΩΛ + ΩM

(a0

a

)3
+ ΩR

(a0

a

)4
, (11)

where the subscript “0” denotes the current value,ρ0 := 8πG
3H2

0
,

and from observation [24],ΩΛ ≃ 0.685,ΩM ≃ 0.315,ΩR ≃
9.2× 10−5 andH0 = 67.31km· s−1 ·Mpc−1. In loop quantum
cosmology, because the equation of matter is the same with
classical theory [see Eq.(5)], we still suppose the relation in
Eq.(11). By using the modified Fridemann equation in Eq.(4),
we can find that the ratio between the particle horizon and
the angular-diameter distance in LQC is smaller than general
relativity

dH(t)
dA(t)

=

∫ t

0

√
Ω

a(t) dt
∫ t0

t

√
Ω

a(t) dt
=

∫ a

a(t=0)

√

1−2 ρ
ρc

1− ρ
ρc

da
a2
√
κ
3ρ

∫ a0

a

√

1−2 ρ
ρc

1− ρ
ρc

da
a2
√
κ
3ρ

<

∫ a

0
da

a2
√
κ
3ρ

∫ a0

a
da

a2
√
κ
3ρ

=
dGR

H (t)

dGR
A (t)

, (12)

which means the horizon problem is more severe than GR.
Inflation theory tries to address the horizon problem by insert-
ing a scalar field to drive an almost exponential expansion be-
fore transforming into a hot universe dominated by radiation.
The horizon problem is solved whendH(t1) > dA(t1), where
t1 denotes the time of the end of inflation. If we suppose the
reheating process did not produce manye-foldings, then the
angular-diameter distancedA att1 can be approximated by[25]
as

dA(t1) = a1

∫ t0

t1

√
Ωdt
a
≃ a1

∫ t0

t1

dt
a

= a1

∫ a0

a1

da

a2H0

√

ΩΛ + ΩM( a0
a )3 + ΩR( a0

a )4

≃
3.2
H0

a1

a0
≃

3.2
H0
Ω

1/4
R

(

H0

H1

)1/2

, (13)

where we have used approximationsΩ ≃ 1 in the first sim
equality becauseρ(t) < ρ1 ≪ ρc when t > t1, and in
the second and third sim equality,a1

a0
∼ 0. So, for solving

the horizon problem, we needdH(t1) > 3.2
H0
Ω

1/4
R

(

H0

H1

)1/2
, i.e.

ln
(√

H1dH(t1)
)

> ln

(

3.2
(

ΩR

H2
0

)1/4
)

≃ 69, where we have used

the Planck units (G = ~ = c = 1). It may be noted that
the number 69 is indeed related to 68e-foldings in the liter-
ature (e.g.,[25]), which is needed for an exponential inflation
to solve the horizon problem at Planck energy density (i.e.,
chooseρ1 = ρP), but which is unnecessary because at the end
of inflation, the densityρ1 ≪ ρP. Here we get the number
because of choosing the Planck units; however, interestingly,
if the e-foldings is defined to contain not only inflation pe-
riod but also the period before inflation, then the results ofthe
numerical calculations in Secs.VI and VII will show that 68e-
foldings is precisely the least number for solving the horizon
problem.

IV. THE MEASURE OF SPACE OF SOLUTIONS FROM
LIOUVILLE MEASURE

Before considering some concrete models, we need to de-
fine a natural measure to measure the probability of inflation.
The Liouville measure, first used in [1], is a candidate scheme.
In the canonical framework as in Sec.II, we have the symplec-
tic two-formω = 1

4πGγ
√
∆

dV ∧ db + dpφ ∧ dφ. For this con-

straint system, physical points are on the constraint surfaceΓ̄ :
Ceff = 0. By restrictingω ontoΓ̄, one getsω|Γ̄ = 1

4πGγ
√
∆

dV∧

db ± d
(

V
√

6
κγ2∆

sin2(b) − 2V(φ)
)

∧ dφ. Becauseb decreases

with time, one can viewb as an internal time; thus, for every

fixed b, ω|Γ̄,b=const = ±
√

6
κγ2∆

sin2(b) − 2V(φ)dV ∧ dφ. Thus,

at any fixedb, dµb =

√

6
κγ2∆

sin2(b) − 2V(φ)dV ∧ dφ can be

used as a natural measure for the space of solutions of the con-
straint system, for its invariance with time,b. However, some
subtle problems appear: on the one hand, the total volume of
space of solutions would be infinity under this measure. This
is because the range of variableV is infinite [It is worth men-
tioning that the range ofφ may also be infinite for some spe-
cial potentialV(φ), but we will not consider this case in this
paper]. On the other hand, the volume of element cellV or
the scale factora is a gauge quantity. One can cure these by a
trick used in [12]: by introducing a cutoff [ 1

V∗ ,V
∗] of V, and

integrating out this variable, one can get a new measure of the
solutions’ space

dµ̃b ∝

∫ V∗
1
V∗

dµb

∫

φ

∫ V∗
1
V∗

dµb

∝

√

6
κγ2∆

sin2(b) − 2V(φ)dφ ≡ |φ̇|dφ, (14)

which is independent of the cutoff V∗. But as the authors of
Ref.[7] said, such a measure depends on the choice of timeb
when integrating out volume. We can also see this thing by
comparing the probability of two small regions, for instance,
[φ1, φ1+δφ1] and [φ2, φ2+δφ2] at timeb. Suppose they become
[φ̃1, φ̃1+δφ̃1] and [φ̃2, φ̃2+δφ̃2] at timeb̃. In order to use the in-
variance of the Liouville measure, introduce volume variable
V for the two regions [V1,V1 + ∆V1] and [V2,V2 + ∆V2]
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at timeb, satisfying∆V1 = ∆V2. Suppose the cell volumes
expand by some factorse3N1 ande3N2 at timeb̃, then we have
the simple relations∆Ṽ1 = e3N1∆V1 and∆Ṽ2 = e3N2∆V2,
because the equation of lnV does not depend on variableV:
d lnV

db = −ρc
sin(2b)
φ̇2 . Then,

Pro|b([φ1, φ1 + δφ1])
Pro|b([φ2, φ2 + δφ2])

=
|φ̇1|δφ1

|φ̇2|δφ2
=
|φ̇1|δφ1∆V1

|φ̇2|δφ2∆V2

=
| ˙̃φ1|δφ̃1∆Ṽ1

| ˙̃φ2|δφ̃2∆Ṽ2

=
Pro|b̃([φ̃1, φ̃1 + δφ̃1])

Pro|b̃([φ̃2, φ̃2 + δφ̃2])

e3N1

e3N2
, (15)

where we have used the property that|φ̇|δφ∆V is invariant
with time in the third equality. Thus, if one who gets the mea-
sure at timeb finds equal probability of region 1 and region 2,
another person who gets the measure at timeb̃ will find region
1 is more impossible than region 2 ifN1 > N2. So when to
integrate out volume is crucial, especially for a system having
both inflation solutions and noninflation solutions. Our view,
in this paper, is to take the time integrating out volumes at
the starting time of the Universe, and LQC has such a starting
time, when the densityρ is ρc/2, or sin2 b = 1/2. So we will
use

dµ ∝
√

ρc/2− V(φ0)dφ0. (16)

An interesting thing is that the measure of classical theoryis
also the above formula, if one takes the initial condition at
ρ = ρc/2 in classical theory. In the next two sections we will
consider two inflation models; one is the quadratic inflation,
the most simple model although it has been disfavored for re-
cent observation, and the other is the natural inflation.

V. QUADRATIC INFLATION MODEL

As a simplest example studied in many references, we first
consider a massive scalar fieldφ with massm, i.e. a scalar
field with quadratic potential

V(φ) =
1
2

m2φ2. (17)

We choose the mass of the scalar fieldm = 1.06× 10−6mP,
which gives the wanted amplitude of curvature perturbations
AS = 10−10e3.062 and the spectral indexnS = 0.97, but the
unwanted tensor-to-scalar ratio,r = 0.13. Following from
[14], define:

x :=
mφ
√

2ρc

and y :=
φ̇

√

2ρc

, (18)

so the density becomesρ = ρc(x2
+ y2). For the numerical

calculation, define the conformal causal distanceDH(t) :=
∫ t

0

√
Ω

a dt, then the equations ofx, y, scale factora, andDH

are (in Planck units)






































ẋ = my,
ẏ = −mx − 3Hy,
ȧ
a = H ≡

√

8π×0.41
3

√

(x2 + y2)(1− x2 − y2),

ḊH =

√
1−2(x2+y2)

a .

(19)

The initial values are






























x(0) = cos(θ)/
√

2, θ ∈ [0, 2π)
y(0) = sin(θ)/

√
2,

a(0) = 1,
DH(0) = 0.

(20)

Figure 1 shows the phase space trajectories for quadratic in-
flation, for better viewing, we’ve chosenm = 1.06× 10−1mP

instead ofm = 1.06× 10−6mP. From the picture, we can find
every initial point onρ = ρc/2 quickly enters in slow roll so-
lution region.

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

x

y

FIG. 1: Phase portrait for quadratic inflation, wherex ≡ mφ√
2ρc

and

y ≡ φ̇√
2ρc

. The shaded area denotes decelerating region: ¨a < 0, and

inflation ends at ¨a = 0. We use massm = 1.06× 10−1.

In order to determine which solutions do not have the hori-
zon problem, i.e., satisfy ln(

√
H1dH(t1)) > 69, one can use

numerical methods, whose results have been shown in Table
I. In the following, we give the slow roll approximation which
is shown to be an excellent approximation.

If a solution has entered into the slow roll region where
the trajectories satisfy|y| ≪ |x| and 0 = −mx − 3Hy, then
the modified Friedmann equation becomesH2

=
κ
3V(1 −

V/ρc) =
κρc

3 x2(1 − x2) . Then the slow roll solution is

y = −mx
3H = −

msgn(x)√
3κρc

√
1−x2

∼ −2.5 × 10−7sgn(x) which is in

the second or fourth quadrant. When the density is much
lower than Planck density and the potential slow roll param-

eter ǫV := 1
16πG

(

V ′

V

)2
=

m2
P

4πφ2 equals to 1, inflation ends and
φend= ± mP√

4π
.

Thee-foldings during inflation can be approximated by

N ≃
∫ tend

t⋆

Hdt =
∫ φend

φ⋆

H

φ̇
dφ =

∫ xend

x⋆

H
y

dx

≃
4πρc

m2
Pm2

x2
⋆

(

1−
x2
⋆

2

)

−
1
2
, (21)

wheret⋆ denotes the starting time of inflation. We need to
associate the starting point (x0, y0) with the inflation starting
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point x⋆. For doing this, considerdx
dy =

ẋ
ẏ = −

1
x
y+

3H
m

. When

|y| & 10−6, we get3H
m > 1 and3H

m > |
x
y |, so the kinetic energy

decays more quickly than the potential, and then the Universe
will enter into the slow roll inflation region

(a) If the slow roll part is in the fourth quadrant (y < 0), we
use the approximation:x1 := x0 +

∫ y0

10−6
dy

x0
y +

3H|x0
m

, and

x⋆ ≃ x1 +

∫ 10−6

0

dy
x1
y +

3H|x1
m

; (22)

(b) If the slow roll part is in the second quadrant (y > 0),
we use the approximation:x1 := x0 +

∫ y0

10−6
dy

x0
y +

3H|x0
m

, and

x⋆ ≃ x1 +

∫ 10−6

3×10−7

dy
x1
y +

3H|x1
m

. (23)

TABLE I: Quadratic inflation. We only present results in [0, π], for the symmetry: (x, y, a,DH) and (−x,−y, a,DH) are both solutions of Eqs.
(19) and (20). In the fourth column,N only contains the inflation period and is approximated by slow roll approximations.

θ ln(
√

H1a1DH1) N = a1/a(0) N(inflation)
0 1.71954× 1012 1.71954× 1012 1.71954× 1012

π/4 1.00307× 1012 1.00307× 1012 1.00307× 1012

1.5707946 68.9633 67.9929 65.3867
π/2 36.2368 35.0089 31.573

1.57080507 68.9654 68.0229 64.5201
3π/4 1.00307× 1012 1.00307× 1012 1.00307× 1012

By these approximations, one can findN(θ = π/2) =
32, N(1.5707945) = 68, N(1.57080) = −0.4, and
N(1.5708052)= 68. So whenθ ∈ [1.5707945, 1.5708052],
the e-foldings is smaller than 68. The approximating re-
sults are also presented in Table 1, from which we can see
the approximation is excellent. The measure in Eq.(16) be-

comesdµ ∝
√

ρc

2 − ρcx2
0dx0 ∝ sin2(θ)dθ, and from the re-

sult in Table I, we get the probability of enough inflation is
1 − Pro(θ ∈ [1.5707946, 1.57080507])≃ 99.9989%. This
result is not quite different from previous works in Ref.[12]
in the framework in LQC and even similar to the classical
theory[2]. It is expected and one can be see this from two
aspects: on the one hand, we have said the measure of the clas-
sical model is same with LQC, if one uses the initial time at
the same density; one the other hand, we showed near Eq.(12)
that for matters with the density formula in Eq.(11), if an ini-
tial value can solve the horizon problem in LQC, then it must
solve the problem in GR too. We can guess that this con-
clusion is also almost true for other matters, then because for
φ2 model LQC gives near 100% probability, GR would also
give the result. This guess is reasonable because the proba-
bility calculation only depends on those solutions which give
just enough of the wantede-foldings, and are dominated by
kinetic energy at the beginning time (i.e.,P ≃ ρ), and then be-
comes classical, which means the difference is not large. We
want to say that the reason to give the initial value atρ = ρc/2
is from LQC’s perturbation, although the results are not quite
different.

VI. NATURAL INFLATION MODEL

For the natural or cosine inflation model [26, 27], the in-
flatonφ is a pseudo-Nambu-Goldstone bosonθ = φ/ f with a
global shift symmetry broken at scalef , and the potential has
the form of

V(φ) = Λ4[1 − cos(φ/ f )], (24)

whereΛ denotes the energy scale where the global symme-
try is broken. The probability of natural inflation in classi-
cal theory has been investigated via a different measure in
[8]; in this section, we will use LQC to study this model.
To fit with recent observation [24], we choose the parame-
tersΛ = 1.24 × 10−3mP and f = 7MP = 1.39mP, where
MP = 1/

√
8πG is the reduced Planck mass, which gives

the amplitude of curvature perturbationsAS = 10−10e3.061,
the spectral indexnS = 0.96, and the tensor-to-scalar ratio
r = 0.07. Note that for the small value ofΛ ≪ mP, every solu-
tion’s density must be much lower than Planck energy when it
enters in an inflation region where the potential energy dom-
inates energy density; thus, quantum geometry’s corrections
will not be important for this model when solutions enter into
slow roll region. Define dimensionless variables:

x :=
φ

2 f
and y :=

φ̇
√

2ρc

. (25)

Then the density isρ = ρc

(

2Λ4

ρc
sin2(x) + y2

)

≡ ρc(ξ2 + y2),

where we have definedξ :=
√

2
ρc
Λ

2 sin(x) ∼ 3.4×10−6 sin(x).
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The equations of motion are (in Planck units)







































ẋ =
√

0.41/2
f y,

ẏ = −3Hy − Λ
4

2 f
√
ρc/2

sin(2x),

ȧ
a = H ≡

√
8π × 0.41/3

√

(ξ2 + y2)(1− ξ2 − y2),
ḊH =

√

1− 2(ξ2 + y2)/a.

(26)

Initial values are


































x(0) = x0 ∈ [− π2 ,
π
2],

y(0) = ± 1√
2

√

1− 4Λ4

ρc
sin2 x0,

a(0) = 1,
DH(0) = 0.

(27)

Figure 2 shows some phase space trajectories for natural in-
flation, from which we know that there exist four inflation at-
tractors in each quadrant, which can also be obtained by slow
roll approximation as follows.

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

Ξ

y

FIG. 2: Phase portrait for quadratic inflation, whereξ ≡
√

2
ρc
Λ

2 sin(φ/ f ) andy ≡ φ̇√
2ρc

for natural inflation. We use the pa-

rameterΛ = 0.3mP. The shaded area denotes decelerating region:
ä < 0. There are four slow roll inflation attractors in this model.

The slow roll parameter isǫV =
1

16πG

(

V ′

V

)2
=

1
16π

(

mP
f

)2 1
tan2(x) , so the endingx satisfies| tan(xend)| = MP√

2 f
=

1
7
√

2
. A general slow roll solution isy = 1√

2ρc

−V ′

3H =

− sgn(ξ)√
24πρc

Λ
2

f cos(x), which contains four slow roll inflation so-

lutions that agreed with Fig.2. Thee-foldings during inflation
can be approximated by

N ≃
∫ φend

φ⋆

H

φ̇
dφ =

∫ φ⋆

φend

8πG
V
V ′

(1−
V
ρc

)dφ

≃
∫ φ⋆

φend

8πG
V
V ′
= 98 ln

( √
98/99
| cos(x⋆)|

)

. (28)

From this formula, one can find whenx⋆ = π
2 + kπ, k ∈ Z,

N → ∞. And if one wantsN > 68 (for simplicity, we use 68e-

foldings), he needs to requirex⋆ ∈ (x̂, π− x̂)∪(π+ x̂, 2π− x̂)∪...,
wherex̂ := arccos

(√

98
99 exp(− 68

98)
)

≃ 1.05054.

Similar to the quadratic model, the relation between initial
points and inflation starting points is needed when considering
the probability of inflation. Because of the shift symmetry,
initial values are restricted in regionx0 ∈ [− π2 ,

π
2 ], however,

x⋆ can be out of this region.
For the symmetry of the space of solutions, we only need

to consider the cases ofy(0) > 0.
Firstly, let us compare the variation rate of kinetic energy

with potential energy:

ẏ

ξ̇
= −

3 f
Λ2

H
cos(x)

−
ξ

y
. (29)

(a) In the right hand side of the equation, if we require

| 3 f
Λ2

H
cos(x) | > |

ξ

y |, then 6 f
Λ4

√

ρc

2 Hy > | sin(2x)|, where6 f
Λ4

√

ρc

2 H ∼
3× 1012

√

ξ2 + y2, which means|y| > 5× 10−7 will satisfy the
requirement. Furthermore, ifx → π

2, anyy will satisfy this
requirement;

(b) The term| 3 f
Λ2

H
cos(x) | ∼ 5 × 106

√
ξ2+y2

| cos(x)| > 10, when|y| >
2× 10−6. So in this region, kinetic energy decays quickly, and
then the system enters into slow roll region.

Secondly, to find outx⋆’s dependence onx0, let us consider
the following equation;

dx
dy
=

1
dξ/dx

(
ẏ

ξ̇
)−1
= − 1

3 f
√

2/ρcH + Λ
4

ρc

sin(2x)
y

≡ −F(x, y). (30)

(a) If the slow roll part is iny > 0, one can use:x1 := x0 +
∫ y0

2×10−6 F(x0, y)dy; then we have

x⋆ ≃ x1 +

∫ 2×10−6

5×10−7
F(x1, y)dy; (31)

(b) If the slow roll part is iny < 0, one can usex1 :=
x0 +

∫ y0

2×10−6 F(x0, y)dy, then we have

x⋆ ≃ x1 +

∫ 2×10−6

0
F(x1, y)dy. (32)

Some special points are the following:x⋆(x0 = 0.2247)≃
x̂, x⋆(0.8053) ≃ π

2 , x⋆(1.3267) ≃ π − x̂, and x⋆(− π2) ≃
−0.8362. So only whenx0 ∈ [0.2247, 1.3267], we have
N > 68.

The measure in Eq.(16) in this model is

dµ ∝
√

ρc

2
− 2Λ4 sin2(x0)dx0 ∝

√

1−
4Λ4

ρc
sin2(x0)dx0.

(33)

So the probability of those solutions which have enoughe-

foldings is
∫ 1.3267

0.2247
dµ

∫
π
2
− π2

dµ
≃ 35.0777%. The results of numeri-

cal methods of calculating horizon are exhibited in Table II,
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where the results of slow roll approximation are also exhib-
ited. From the calculations, we find that initial values in the
regionx0 ∈ [0.241, 1.347] do not have the horizon problem,

whose probability is
∫ 1.347

0.241
dµ

∫
π
2
− π2

dµ
≃ 35.2051%.

TABLE II: Natural inflation. We only present results iny0 > 0, for the symmetry: (x, y, a,DH) and (−x,−y, a,DH) are both solutions of
Eqs.(26) and (27). The first column denotes the quadrant where the inflation attractors are. From the table, there exists apoint x0 near 0.8036,
such thatN → ∞.

Attractor x0(y0 > 0) ln(
√

H1a1DH1) N = a1/a(0) N(inflation)
I π/2 39.9852 38.7343 32.2118
I 1.347 69.0734 67.9437 64.2177
I 0.8036181717 2270.63 2269.60 651.831

IV 0.8036181716 2411.48 2410.45 651.831
IV 0.241 69.0219 67.8726 62.3837
IV 0 40.3895 39.1099 34.3456
III −π/2 39.9852 38.7343 34.5361

VII. CONCLUSIONS

Inflation can solve many cosmological problems; moreover,
it can also give a natural explanation of the structure forma-
tion. More and more precise observations such as the power
spectra of perturbations have also been observed which could
constrain inflation models strictly. On the other hand, the
genericness for an inflation model is also an important indi-
rect constraint for inflation models.

Anomaly-free perturbations of LQC reveal some new as-
pects of loop quantum cosmology. The constraint algebra of
LQC is deformed, and LQC also has a starting time similar
to the big bang theory of cosmology; however, there does not
exist any singularity in LQC. The starting point of time also
helps to choose a natural measure. In this paper, we used the
effective causal structure of LQC, and considered the horizon
problem in LQC and its resolution by inflation. The proba-
bilities of two inflation models are calculated. We find that
for the quadratic inflation the probability of a sufficient infla-
tion is close to 1, while for the natural inflation the probability
is about 35% smaller than the quadratic model. Of course
the probability for the natural inflation is not large, but itis
still much more probable than the classical cosmological fine-
tuning initial value. It should be noted that the conclusions
in this paper almost agree with previous works [12–14], even
agree with the classical theory [2, 4, 8]. But we view this
work as a self-contained work in the framework of loop quan-
tum cosmology, such as the horizon problem and how many
e-foldings needed to solve the horizon problem in loop quan-
tum cosmology. Although, only two models are considered in

this paper, we could conclude safely that, for different models
there could be quite different probabilities for enough infla-
tion.

It should be noted that we did not consider the anisotropies,
which are interesting and important problems that have been
considered in Refs.[28–31]. In Refs.[28, 29, 31], the au-
thors proposed initial conditions at bounce while the authors
of Ref.[30] considered at remote past before bounce. They
showed that the shear term will decrease the possibility of in-
flation for the latter, while the former faces a problem that
there exists infinite regions of solutions never reach the classi-
cal behavior which is severer. From the view in the present
work, taking initial conditions near (after) the bounce may
be a natural one, because the perturbation of the Friedmann-
Robertson-Walker model should be some limit of the pertur-
bation of Bianchi-I model. But whether these initial condi-
tions (or some more precise conditions) can exclude those
regions where the solutions never reach the classical behav-
ior is beyond this work and deserves future research. If this
problem could be solved, then from the work in Refs.[28, 31],
isotropic universes or inflation seem to be favored. We hope
the anomaly-free perturbations of the Bianchi-I model could
be derived in the future and may help to answer this question.
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