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Abstract

We consider the Bogolubov—Hartree—Fock functional for a fermionic many-body system with
two-body interactions. For suitable interaction potentials that have a strong enough attractive tail
in order to allow for two-body bound states, but are otherwise sufficiently repulsive to guarantee
stability of the system, we show that in the low-density limit the ground state of this model
consists of a Bose—Finstein condensate of fermion pairs. The latter can be described by means of
the Gross—Pitaevskii energy functional.

1 Introduction

We consider a gas of fermions confined in an external trap at zero temperature. The particles interact
through a two-body potential V' which admits a negative energy bound state. At zero temperature
and low particle densities, this leads to the formation of diatomic molecules forming a Bose-Einstein
condensate. It was realized in the ’80s [I4) [I7] that BCS theory can be adequately applied to such
types of tightly bound fermions. It was pointed out in [20, 4 I8, [I9] that in the low density limit
the macroscopic variations in the pair density should be well captured by the Gross-Pitaevskii (GP)
equation. From a mathematical point of view, the emergence of the GP functional in the low density
limit was recently proven in [I2] for the static case, and the dynamical case was subsequently treated
in [I0]. The assumption, that the two-body interaction potential allows for a bound state plays a
crucial role. In the case of weak coupling where the potential is not strong enough to form a bound
state, the pairing mechanism may still play an important role for the macroscopic behavior of the
system, but the separation of paired particles can be much larger, in this case, than the average
particle spacing. In fact this is the case in the usual BCS description of superconducting materials.
Close to the critical temperature the macroscopic variation of the pairs is captured by the Ginzburg-
Landau equation in this case, as pointed out by Gorkov [7] soon after the introduction of BCS theory.
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The first mathematical proof of the emergence of Ginzburg-Landau theory from BCS theory was
recently given in [6], which itself relied on earlier work on the BCS functional 8 [11], [5].

In the current paper our starting point is the full BCS Hartree-Fock functional. That is, we
include the direct and exchange terms in the interaction energy. One also finds this functional under
the name Bogolubov-Hartree-Fock (BHF) functional in the literature. The inclusion of the density-
density interaction adds additional difficulties concerning stability of the system. It forces us to
restrict to systems with a two-body potential V' that, on the one hand, has an attractive tail deep
enough to allows for a bound state and, on the other hand, is sufficiently repulsive at short distances
to guarantee stability. This is consistent with typically considered interaction potentials [14].
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Figure 1: Fermions form diatomic molecules with their repulsive interaction represented by an effective
scattering length g.

We shall investigate the ground state energy of the BHF functional in the low density limit. We
introduce a small parameter h playing the role of the inverse particle number, i.e., N = h~!. We
consider external potentials that confine the particles on a length scale of order h~!, while the range
of the interaction among the particles is of order one. This implies that the density of particles is of
the order h?. Hence the small parameter h represents the square root of the density as well the ratio
between the microscopic and macroscopic length scale. We are going to show that in the low density
limit the fermions group together in pairs, such that the leading order in the energy is given by the
number of pairs, 1/(2h), times the binding energy of a pair, —Ejp. The next to leading order is given
by the energy of a repulsive Bose gas, consisting of fermion pairs, in a trap, and can be described in
terms of the Gross-Pitaevskii energy functional. More precisely, if EBHF (k) denotes the BHF energy
of 1/h fermions we shall obtain

EPUF () = — B, 4 " pr(g) 1 0w
2h 2

for small h, where EGP (g) denotes the Gross-Pitaevskii energy with appropriate interaction parameter
g, which can be computed in terms of the microscopic quantities. The prefactor h/2 should be
interpreted as Nypos/L?, where Npos = N/2 = 1/(2h) is the number of fermion pairs and L = 1/h is
the macroscopic length scale.

We will also give a detailed description of the corresponding ground state of the BHF functional.
Its minimizer turns out to be given, to leading order in A, in the form of the two particle wavefunction

a(z,y) =hao(x —y) Y (hx;ry>

where o is the ground state of a bound fermion pair with energy — Ej, and 1 solves the GP equation
and describes the density fluctuations of the pairs.



Our work is an extension of [I2] in two directions. First, we include exchange and direct terms
in the energy functional. Second, we avoid working with infinite, periodic systems, which allows us
to significantly simplify the proof and also to improve the error bounds, utilizing ideas in [10]. In
particular, we do not need to use here the rather involved semiclassical estimates of [6].

Our work presents the first proof of the occurrence of pairing in the ground state of a non-
translation invariant Bogolubov-Hartree-Fock system. (For a translation invariant system this was
previously shown in [3].) The ground state properties of the BHF functional, in the context of
Newtonian interaction, were studied in [I5], see also [I]. Still it could not be shown that the fermions
in the ground state exhibit pairing. Its occurrence was only shown numerically in [I6]. In the low
density limit, which we are studying here, the ground state actually predominately consists of pairs,
in a sense to be made precise below. In particular, it is essential for our results that the pairing
term is included in the energy functional; the Hartree-Fock functional for particle-number conserving
states would lead to markedly different results, and is inappropriate for the description of low density
gases.

2 Main Results

As in BCS theory, the state of a fermionic system is described by a self-adjoint operator I' €
L(L*(R?*) ® L*(R?)), satisfying 0 < T' < 1. It is determined by two operators v, € L(L*(R?))

and has the form
N «
b= <a 1-— 7> ’

where 0 < v <1 is trace class and « is Hilbert-Schmidt and symmetric, i.e. a(x,y) = a(y,z), which
implies that o = @. We denote by 7, @ the operators with kernels v(x,y) and a(x,y), respectively.
We note that we do not include spin variables here, but rather assume SU (2)-invariance of the states
[13]. The full, spin-dependent Cooper-pair wave function is the product of o with an anti-symmetric
spin singlet. Since « is symmetric, the latter is thus anti-symmetric, as appropriate for fermions.

Given an external potential W and a two-particle interaction potential V', the corresponding
Bogolubov-Hartree-Fock functional (BHF) is given by

EPMFM) =Tr (- A+ W)y + ;/ V(z —y)|afz,y) > B3z dy
R6

) (2.1)

=5 [ @ nPVe - dady+ [ sanaVi -y dady.
We note that the terms in the first line represent the BCS functional, while the last line contains the
additional exchange and direct terms in the interaction energy. A formal derivation of this functional
from quantum mechanics can be obtained via restriction to quasi-free states, see [2], [8, Appendix]
or [13]. Let us mention that our methods also allow to include a magnetic external vector potential,
but for simplicity we shall not do so here.

We study a system of h~! fermions interacting by means of a two-body interaction V = V(z — ),
confined in an external potential of the form W (hz). I.e., the external potential varies on a scale of
order 1/h whereas V varies on a scale of order one. Since the trap W confines the particles within a
volume of order 1/h3, the particle density is of the order h?. Hence the limit of small h corresponds
to a dilute or low density limit.

Since we expect the interaction energy per particle pair to be of the order of the density, we
shall also consider suitably weak external potentials, i.e., we replace W by h?W. It is convenient to
use macroscopic variables instead of microscopic ones, i.e., we define z;, = hz, yn, = hy, ap(x,y) =



h=3a(%,4), and y,(z,y) = h2v(%, ¥). The resulting BHF functional is then given by (now dropping
the subscripts h)

1 _
EBHF(F):Tr(—h2A+h2W)'y+/ v(”” y)|a(ac,y)]2d3xd3y
2 Jos '\

(2.2)
1 21/ (%~ Y\ 33,43 T—Y\ 43 43
2/]1{6 [y(z,y)| V<T> d*z d’y + RGv(x,x)v(y,y)V(T) d*z d’y,
where W = W (z) is independent of h. The corresponding ground state energy is denoted as
EBHE () = inf{€BHF (M) [0 <T <1, Try = 1/h}. (2.3)

Figure 2: Separation of scales: The range of the interaction between the fermions is of order h, while
the external potential varies on a scale of order 1.

For v € H'(R?) the GP functional is defined as

e w) = [ (GIVH@P + W @I + (ol ) . (2.4)

The factors 1/2 and 2, respectively, in the first two terms result from the fact that describes
fermion pairs. The interaction parameter g > 0 will be determined by the BHF functional and
represents the interaction strength among different pairs. We denote the ground state energy of the
GP functional as

E®(g) = nf{eT (y) | € H'(R?), |[0[I3 = 1}. (2.5)

We shall consider the minimization problem (2.3) and show that its value in the limit A — 0 is to
leading order given by the binding energy of the fermion pairs, i.e. —Eb%. This assumes, of course,
that the two-body interaction potential V' allows for a negative energy bound state, which is part of
the following assumption.

Assumption 1. Let V € L®(R3) be real-valued, with V(z) = V(—x), such that | - |V(-) € L(R?)
and —2A + V has a normalized ground state cg with corresponding ground state energy —Fp < 0.

Including direct and exchange term into the BCS functional gives rise to a new problem. A priori
it is not clear whether the functional guarantees stability of the second kind. To ensure it we impose
the following further assumption on V.

Assumption 2. There is U € L'(R?) N L>°(R3), with non-negative Fourier transform U >0, such
that V — 2V, > U. Here Vi = (|[V| + V) denotes the positive part of V.



In other words, we consider potentials which, after cutting its positive part in half, can be bounded
from below by functions with a non-negative Fourier transform. In particular, this means that the
potentials have to have a strong enough repulsive core and a relatively small attractive tail, which
still has to be large enough to allow for bound states.

Remark 1. The following construction shows that it is easy to find potentials V' with the desired
properties of Assumptions [[] and 2} Choose a potential U which is strictly negative on an open set
Q C R3, such that U > 0. The latter property can be ensured, e.g., by taking U to be the convolution
of some function u with its reflection u(—-). Now set V = 2U; — U_. Obviously this V' fulfills
Assumption [2| Finally, scale V' according to V — AV until the negative part is deep enough for a
bound state to appear.
With these assumptions we are ready to formulate our main theorem.
Theorem 1. Let W € L™ (R3) be real-valued. Under Assumptions and@ we have for small h,
h

1
EPT () = —Byoy + §EGP(9) +O0(h*?), (2.6)

where g > 0 is given by
9= (2n)° / @) (22 + By) dPp — / (@ * o) () V() P + 2 / V(z)d®z.
R3 R3 R3

Moreover, if T' is an approzimate minimizer of EBHY | in the sense that

ED (D) < Byt (EP(g) +¢) (27)
for some € > 0, then the corresponding a can be decomposed as
a=ay+&  EIZ<0M),  lali=0n™), (2.8)
where
oy (@, y) =h‘2¢<$;y)ao<x;y), (2.9)

gGP

and v is an approximate minimizer of in the sense that

EF () < ESP(g) + e+ O(h'/?), (2.10)

Remark 2. In contrast to the case of the usual BCS functional [12] [10], where the coupling constant
g only consists only of the BCS term

Gbcs = (271')3 /3 |620(p)\4(2p2 + Eb) dSp, (211)
R
it receives here two additional contributions from the direct and exchange energies,

Jdir = 2/ V(x) A3z and Jox = —/ [(cv * Oég)(l‘)|2 Vix) 3z,
R3 R3

respectively. It is easy to see that our Assumption [2| implies that ggir + gex > 0, hence g > 0.

Remark 3. The proof of Thm. partly relies on ideas in [10], where the corresponding time-dependent
problem was studied for the BCS functional, i.e., in the absence of direct and exchange term. A similar
result can also be shown to hold in the case of the time-dependent BHF equation, which in a different
context was studied in [9]. By following the strategy of [I0] and handling the exchange and direct
terms in a similar way as done here, one can derive the time-dependent GP equation with interaction
parameter g.

Notation: In the following we often write a < b to denote a < Cb for some generic constant C' > 0.



3 Stability

Before giving a sketch of the proof of Theorem [[] we show how Assumption [2 gives rise to stability of
the second kind. In fact we simply show that the assumption guarantees that the sum of the direct
and exchange terms is non-negative. To this aim we first consider the exchange term and estimate

[ PV (@) ety = - [ )P (@ - /) dady
R6 R6
> = [ o)V (@ - )/h) Eady,
RG
using |y(x,y)|* < v(z,2)y(y,y). Hence we have for the sum of direct and exchange term
2 [ 2@V (@ - /) oy [ PV (@ -/ Eady
RS RS
>2 [ (e (V = Vi/2) (@ - /) dody
>2 [ @)U (@ - o)/h) dody
R()

where we used the assumption (V — %VJ’_) > U. Since U > 0 the last term is non-negative. Hence
the question of stability is reduced to the corresponding problem for the BCS functional, and is easily
seen to hold under our assumptions on V.

4 Sketch of the proof of Theorem

The proof of ([2.6]) consists of deriving appropriate upper and lower bounds on EBHF(h).

4.1 Upper bound

For the upper bound one has to construct a suitable trial state. We shall proceed similarly to [10]
and define the trial state I'y, via the pair wavefunction

ay (2, y) =h_2w<x;y)ao(:€;y>. (4.1)

Since we expect that the system in its ground state energy consists predominantly of pairs we define
the one particle density v, such that to leading order it equals ay,ay,. More precisely, we choose the

trial state
_ (T Q)
r',=1(""2 o 4.2
v <% 1 —w) (42

such that
Yy = ayag + (1+ h'P)ayagayay . (4.3)
The function ¢ here is only approximately normalized, i.e., [|¢||2 = 14+ O(h?), to ensure that Try,, =
1/h. We will see below that for small enough A the definition guarantees that 0 <T'y, < 1.
In the limit of small h the GP energy functional emerges from the BHF functional EBHF(T,) as
follows. If we consider the kinetic energy term plus the pairing term and subtract the total binding

energy, —%% = —% Tr~y,, the contribution to
9 1 T —y 2 13 13
Tr( h A+Eb/2)’m+2 \% - |y (z,y)|* d°z d’y (4.4)
R6

6



coming from the ayar; term in (4.3) can be written as

/RS <a¢(-,y), [h2AI + %V(_Ty) + b;”] a¢(-,y)> a3y

Since vy (2, y) is symmetric we can replace A, by 3(Ag+A,). In terms of center of mass X = (z+y)/2
and relative coordinates r = x — y the kinetic energy has the form A, + A, = %A x + 2A,, such that
in these coordinates the last term has the form

[ [ PP 2 1 3y 3
h / ag(r/h)Y(X) [—4AX —heA, + §V(r/h) + Eb/Q] ap(r/h)Y(X)d° X d°r
RS
=4 [ Ve, (1.5)

where we used the fact that «q is the normalized ground state of —A + %V.
The term oy of vy inserted into

Tr[—h*A + Ep /2],

contributes the quartic term 2 gncs Jgs [¥(@)|* d®z term in the GP functional. The remaining part of
the 2g Jgs [¥(@)|* d®z term is due to the contribution of ay@ry in the direct and exchange interaction
terms. The estimation of these terms is straightforward but tedious and occupies the main part of
the proof.

Furthermore, it will be easy to show that

h? Tt Wayay = h™? /RS W(X +7/2) (X)) P|ao(r/h)]? d>r = h/RS W(X)|Y(X)|?d*X + O(h?).

Consequently we shall obtain

o = SEP() + O(h). (16)

BHF
& (F¢)+Eb2h =3

Finally, we remark that the constraint Tr~, = 1/h implies for ¢ that [[¢]|3 = (1 — O(h?)). Since
9P () — E9° ([1 4+ O(h2)]w) | < O(W?)

we obtain the bound

1 _h
: BHF < GP 3/2y )
051%21 EPHN(D) + Eb2h <5 we}ﬁER?’)g (¥) + O(h'?) (4.7)

Tr(7)=1/h ll¢]3=1

The precise derivation of this bound will be given in Section [6]

Remark 4.

e Since the infimum of EBHY is attained by a projection [2], it would be natural to chose the trial
state I'y, as a projection. The operator 7, would then satisfy v, = 'yi + ayay,. The expansion
of 7y in terms of aay, would be more complicated, however, and we find the choice (4.3) more
convenient.



e Our trial state satisfies 0 < I'y, < 1 for small enough h. To see this note that the condition is
equivalent to 0 < T'y,(1 —I'y). If y, is of the special form (4.3)), which is a function of ay0ry,
the off-diagonals of

2 _ _ JE—
F¢(1—F¢):<¢ VTR T VY )
e T T T P

:<’w—%2p—%% 0 )
0 Vo =W — Wy
vanish and thus the statement is equivalent to
Yo — ’yi — oy, > 0. (4.8)
Plugging in the expression (4.3) for v, (4.8) is equivalent to
ayag (B? = 2(1 + W) agag — (1+ 2?2 (ayag)?) ayag > 0. (4.9)

In Corollary [1| below we shall show that the operator norm of av; satisfies |lay [|loo S h'/2, which
guarantees that (£.9) is satisfied for h small enough. In fact, h*/? in ([&.3) could be replaced by
any factor large compared to h, but a different choice would not improve our error bounds.

4.2 Lower bound

From the upper bound we learn that for an approximate ground state I' we can assume

1
EBINT) < —FEy— + O(h).
2h
We will show in Lemma [3] that the corresponding « necessarily has to be of the form
o (TH+Y r—y
a(z,y) = ay(z,y) +&(2,y) = h Qw( 5 )ao< A ) +&(x,y) (4.10)

for an appropriate ¢ € H'(R?), with ¢ being small compared to ay, e,
€15 < 2llel3 = O(h).

The function ¢ is obtained by projecting « in the direction of agy with respect to the relative coordi-
nates,

1

X =2 /Rg ao(r/h)a(X +1/2, X —r/2) dr.

We shall show that [[¢]|2 = 14+ O(h?).

With this ¢ at hand one can then define I'y, as in f. With the help of the decomposition
([410) one then argues that the difference between EBHF(T') and £BHY(T,) is bounded from below by
a term of higher order than the contribution from the GP functional. More precisely,

EBHF(D) > eBHE (D) — O(h3/2). (4.11)

This estimate is uniform in 1, since it is possible to obtain a priori bounds on the H'-norm of ¢ that
are independent of h. Using now our calculation (4.6) from the upper bound immediately implies

1 h
. BHF S GP _ 3/2y _
ognllfgl EP (M) + Ey 5n 2 5 wellﬁf(’Rg)E () — O(h'7) (4.12)
Tr(v)=1/h lli3=1

Together with (4.7) this combines to ([2.6]).



5 Useful properties of the pair-wavefunction

In the following we shall derive some useful properties of the pair wavefunction (4.3)), which will be
used throughout the proof. Recall that ag was defined in Assumption [I| to be the normalized ground
state of —2A + V. It is a rapidly decaying function, and both |ag| and |Vag| have smooth Fourier

transforms which are in LP(R?) for any p > 2.
Lemma 1. Let oy be defined as in ([4.3), with » € HY(R3).
(i) Forn € {2,4,6},

lag 17 < A" 211115 Il 17, (5.1a)
IV @—gyapln S A2 1005 1V aollly, (5.1b)
where
(Va—yy ) (@,y) = h 3¢ ((x + ) /2) (Vao) ((z — y)/h).
(i) With gunes defined in (2.11]),
.\ h

Tr ((=h*A + Ep/2)ag@ons) = 5 ghes|¥ 3 + ORIV (5.2)
(i) g, o = sup g (e, 2)| S b2l 17615 (53)

(iv) Let o be a Hilbert-Schmidt operator. Then
ooy (z,2)] S h 7 o 2)2lI Vel aolls Vo € RP. (5:4)
Let us mention that we use the symbol || - ||, for the LP-norm of functions as well as for the

operator norm in the corresponding Schatten class. E.g., the left side of (5.1a) concerns Schatten

norms, while on the right side the norms are in L™(R3).

Proof of Lemmal[], Part I. We postpone the proof of (5.1a]), (5.1b) and (5.2) to the appendix. In

order to see (5.3) we use the Holder and Sobolev inequalities as

(ayay) (@, 2) = /R o ()P dy = h! /R Noao((@ =)/ [0 (@ +)/2)]" &y

< WM lao(-/h) s p2ll1¢ 1215 < B2 aoll5IV4 113
Similarly,

(oay) (@, 2)| = b2

L 7ol = u)/mye (e + /)

Sh 2o @)ll2llao- /W) Isl¢lle £ A7 o (@)l Ve llz]laolls

which implies ([5.4)).



Corollary 1. Let the assumptions be as in Lemma[l] and assume further that ||4|| g S 1. Then

g |13 S Rl ll2I V9113 [[aoll: < by (5.5a)
oyl < R2IVYIS lanllg < A, (5.5b)
IV slls < B2 IVRIE Vaolllg < 275 (5.5¢)
lawglloo S RV @516 S B2, (5.5d)
sup () (2, ) < [l |2 sup (ayag) (e.2) < b (5.5¢)

IERg $€R3

Moreover, with vy, defined as in (4.3)),

olloo < llapllZe + (1 + 22 lay 1% S b (5.6a)
sup vy (z,2) S h2 (5.6b)

z€ER3

Proof. The estimates (5.5a])-(5.5¢) are a consequence of (5.1al) and (5.1b)). In the case of n = 6,

we use the Sobolev’s inequality and in the case of n = 4, we use Holder combined with Sobolev to
conclude

1/4) , 13/4 1/4 3/4
el < il lells™ < el 1wl
Inequality (5.5d)) follows immediately from || |loo < [|vy |6 together with (5.5bj).

It is easy to see that
(aytrpayty)(z, z) < [log ]| () (2, 7)

which implies (5.5¢)) with the use of (5.3). Eq. (5.6al) follows from (5.5d)) and Eq. (5.6b) is a direct
consequence of ([5.3)) and ([5.5¢]). O

Remark 5. Since 7y, is to leading order equal to cv,0;, we obtain as a corollary that the operator
norm of 7y is at most O(h), meaning that the largest eigenvalue of the one-particle density matrix is
of order h. However, the two-body density matrix corresponding to the state I'y is to leading order
of the form |ay) (|, and hence has one large eigenvalue of order A1, This is a manifestation of the
Bose-Einstein condensation of the fermion pairs.

6 Upper bound

For ¢ € H'(R?), we define the trial state 'y as in (4.1)-(4.3). Since we require the normalization
condition Tr~, = 1/h, we have to adjust the L?-norm of 1 accordingly, i.e.,

1
1/h="Try = 2 I3 + (0 + Y2 oy |

Together with ([5.5a)) this implies
119113 = 1] < A1 2| V113,

and thus ||1]|3 = 1+ O(h?).
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The desired upper bound (4.7)) is then an immediate consequence of the following estimates:

Tr(—h2A + Ey/2)vy + % /RG V((:L‘ — y)/h))\ozw(ﬂc,y)]2 A3z d3y

(6.1a)

i [ (G0 + Jli@l) @+ 00
Tr h2Wryy, = h/ W(z)|[¢(2))* A3z + O(h?) (6.1b)
~5 | helaa PV () oy = Sou [ 0t d+ 00 (6.1¢)
/. w,xm(y,y)v(%) Pod’y = Gou [ W@l do 003, (01

where the constants gncs, gex and ggir are defined in Remark [2 The remainder of this section will be
devoted to the proof of these estimates.

6.1 Kinetic and potential energy (Proof of (6.1a))

Eq. (6.1a) is an immediate consequence of the calculation in (4.5)) and the bound (5.2)), using the
definition (4.3) of 7.

6.2 External potential (Proof of (6.1b))
By (5.5a) of Corollary |1} we obtain

Te(h*Wayagayay) < | Wil Tr(ayagayay) < 0.
The leading contribution is thus given by h? Tr(W ay@y), which we can write as

B2 Te(Wayag) = 2 /R W @)lay(e, ) P dly = h /R WO = hr/2)Plao(r)]? X dér.
(6.2)

From the fundamental theorem of calculus we obtain

R Te(Wayarg) = b [ WEOROPlaolr) X dr
R6

+h/RG /01 W(x);_W(X—Thr/Q)P’aO(T)P dT\ao(r)|2d3Xd3r_

Using the Cauchy-Schwarz inequality for the integration over the X variable, the last integral is
bounded by

1
’h/ / W(X)R(hr - V(X — thr/2)¢(X — thr/2)) drlag(r)[> d* X d®r
R6 J0
< B2 W o[V 219 ll2lV1 - [eoll3-

Since «q is the ground state of the Schrédinger operator —2A + V' and hence rapidly decaying,

/| - lawo]|2 is finite. This shows (6.1D)).

11



6.3 Direct and exchange term (Proof of (6.1c) and (6.1d]))

We first argue that the leading order contribution of the direct and exchange terms originates from
replacing 7y, by ay ;. To see this, we simply estimate the differences

/ v (2, )PV ((z — y)/h) Pz d’y — / (i) (@, y)|*V ((x — y)/h) PPz d®y (6.3a)
R6 RS
and

/RG v (@, ) (y, )V ((x = y)/h) Pz d’y — /R6(awaw)(rv, z)(ayay)(y, y)V ((z — y)/h) &>z dy.
(6.3b)
Both expressions can be bounded using the following lemma, whose proof is elementary.

Lemma 2. Let o(z,y) and 6(x,y) be integral kernels of two positive trace class operators. Then

[ V=l + 8w +8)w0) - olza)olv)] Pz dy
R (6.4a)

<2 [ |V(z—y)l(o+0)(z,2)i(y,y)d*zd’y
RG
and

- V(z—y) [l(o+0)(z,y)* = lo(z,y)]’] d’zd’y

<2 [ V=l + o)) dody,
R6
(6.4b)
Proof. To show ([6.4a)), we simply use

(0 +d)(z,2)(0 +6)(y,y) — o(x,2)0(y,y)
=(oc+0)(z,z)d(y,y) + d(z,x)o(y,y)
<(o+0)(x,z)0(y,y) + é(z,x) (o + §)(y,y).

Eq. (6.4a]) then follows by symmetry, V(z —y) = V(y — x).
For (6.4b)) we follow a similar strategy and first split

V(e —y) [I(o+0)(z,y) — |o(z,y)]]
= V(@ —y) [+ )@ y)d(.y) + 8@, y)o(,y)|
< [V(z = ylll(o +0)(z,y)[ 6z, y)| +[0(z,y)| lo(z, y)]]
Applying to 0,6, and o + ¢ the fact that for positive trace class operators a its kernel satisfies
la(z, )| < Vlalz, 2)[v/]aly. y)l.

together with the Cauchy-Schwarz inequality, we obtain the stated inequality. O

~— —

By applying Lemma [2| to 0 + 6 = 7y and o = @yay, the differences (6.3a)) and (6.3b]) can be
bounded by

A1+ 1'?) /R6 [V ((z = y)/h)| (e, ) (@gagagay)(y,y) dz d’y

S el [ @osga) @) [V (@ = p)/m)| Eady

SNVl ()l Tr(@gayaigay) < B2,
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where we used ([5.6bf) and ([5.5a)) in the last step.

In order to recover the |[1)||4 contribution we inspect the remaining parts of the direct and the
exchange terms separately. We begin with the exchange term and write explicitly

-3 [, e @ nlV (@@ - /) dody

1

=5 /R12 (7, 2) (2, y) (2, w) e (w, )V (2 — ) /b)) PPx dy d3z dPw.

Introducing new variables

r+vy
2

X =

, T=T—Y, S=x—2, =2 —w,

and rescaling r/h — r,s/h — s,t/h — t, the last expression becomes

— ;L/Rlz V(r)ao(s)ao(r — s)ao(t)ao(r — 1)

X P(X + h(r — s)/2)1(X — hs/2))(X — ht/2)p(X + h(r —t)/2) d3X d®rd3sdt.

The latter equals
h ‘Bz + A
2gex |¢($C)| T+ Aex,
RS
where

h —
Aex = -3 / X Brd®s 3tV (r)ao(s)ao(r — s)ao(t)ao(r —t)x
RrR12

T

L e
< [ (WX mhlr = 5) /200X = Ths2)0(X — rht/2(X + TR~ 072)) dr.
0
This can be bounded by

[Aex| S P21Vl 1INV (a0 * o) (] - o) * ao)lln S B2 IVHIIIV 1 el 3]]] - o]l

using the Holder, Sobolev and Cauchy-Schwarz inequalities. This shows (6.1c]).
We continue with the direct term. Its remaining part is given by

[ @t a) o))V (@ - o)/h) i dy
= [ Joul 2P lauin ) PV (@ = ) /1) dPa dy b d®s
- h/ﬂm V(r)|ao(s) o () Pl(X + h(r — s)/2)20(X — h(r +1)/2))? &3 X d*r d®s dt,

where we changed to the variables

r+y

X = , r=x—Yy, S=x—2z, t=y—w,

and rescaled r, s, t. By proceeding as above, we see that this expression equals
h
5 dir / [W(@)|* Pz + Adir, (6.6)
R3

13



where
Age =1 [ Vlao(s)Plaol0)
R12
1
X / di (WJ(X + Th(r — 8)/2)|2|1/J(X —th(r + t)/2)|2) drd3x &3r d3sd3t
0 T
is bounded by

|Adiel < B2Vl llaollz (I - VI llaollz + 1V IV - feoll2)-

This shows (6.1d)), and thus concludes the proof of the upper bound.

7 Lower bound

Our proof of the lower bound on EBH¥(h) in Theorem [1| consists of two parts. As a first step we
obtain a priori bounds on approximate ground states.

Lemma 3 (A priori bounds). Let I be a state satisfying Try = 1/h and

1

BHF

)< —-E,— h
& ()_ b2h+C

for some C > 0. Define the function ¥ as

1

W(X) = h/RS ao(r/B)a(X +1/2, X — 1/2) ddr, (7.1)

and define £(X,r) = (X + /2, X — r/2) through the decomposition
a(X,r) =X +7/2,X —r/2) = h2p(X)ao(r/h) + E(X,r).

Then these functions satisfy the bounds

Te [(=h2A + 3Ey) (v — a@)] < h,  (7.2a) I€]l2 < B2, (7.2¢)
Tr(y?) < Tr(y — a@) < h, (7.2b) IVxEl2 S B2, (7.2f)
1ll2 <1, (7.2¢) IVll2 S B7Y2, (7.28)
VY[l S 1, (7.2d) Tr(aaoa) < h. (7.2h)

Note that our definition implies that {(X, -) is orthogonal to ag(-/h) for almost all X. The

norms in ([7.2¢)—(7.2g) are in L?(RS).

Proof. We have seen in Section [3| that the sum of the direct and exchange terms is non-negative.
Consequently,

1
h 2 EPMN(T) + By
Z (1) + Ep o

> T(h2A+ B2+ 5 [ V(@ =)/ (e )P oy — W o Te(),

14



We bring the term h2||W||oo Tr(y) < h to the left side. Adding and subtracting the expression
Tr(—h?A + Ey/2)aa@ we obtain

h > Tr(=h?A + Ey/2)(y — a@) + Tr(—h*A + E, /2)aa + % /RG V((z—y)/h)|a(z,y)> Pz dy. (7.3)

The last two terms on the right side can be expressed via center-of-mass and relative coordinates as

| AN
. —R A+ -V (—2) + =2 al d?
[t |-en,+ gv () + 2}“(’y)>m@) y
2
= <a, [—hAX — WA, + 1V(?“/h) + Eb} a>
4 2 2 1"/ g

h h? ~
=5 [ IVePEX + vl
w [ (Eee, a4 gvem s B2 ) @,
R3 2 LQ(R3)

where we used that ag is the normalized zero energy eigenvector of the operator —A 4+ V/2 + E; /2,

as well as the fact that (X, ) is orthogonal to ag(-/h) for almost every X € R3. Hence ([7.3) implies

h h? =
h2 Te(=h*A + Bp/2)(y = o) + L [V[5 + 1V xell3

+/ (E(X, ), (WA + LV (/h) + By/2)E(X, ) X, (75)
]RB

Since all terms on the right side are non-negative, and v — 4% > a@&, we immediately obtain the
estimates ([7.2a)), (7.2b)), (7.2d) and (7.2{).

According to Assumption [I| the operator —A + V/2 has a spectral gap between the ground state
energy —Fy/2 and the next eigenvalue. This implies that we can find a k > 0 and an £ > 0 such that

—-1-e)A+V/2+Ey/2 >k

on the orthogonal complement of ag. Hence
~ 1 ~ ~ ~
[ E (B2, + VIR + B/ 2K ) X > w5 + b2V, €15

In combination with ([7.5]) this yields the estimates ([7.2¢]) and ([7.2g)).
Since ||a]|3 < Try = 1/h we obtain for the L?-norm of 1, that, by definition (7.1) and the

Cauchy-Schwarz inequality,

91 =12 [ aalr /MK, ra)ao(ra /M) &Py dry d°X

(7.6)
< h_2/ lag (1 /R) P a(X, ro)|? d3ry d®ro d3X = hja|)3 < 1,
R3
implying ([7.2¢)). Finally, to see (7.2h)) note that since v > aa
Tr(ado@) = Tr (v* — y(y — a@) — (y — a@)y + (v — a@)?) < Tr(y*) + Tr(y — a@)® < h.
[l
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Observe that we do not necessarily have [|||3 = 1. The norm deviates from 1 by a correction of
order h2,
1= 613 = h (Tey - Trayay) < hTe(y — a@) + | Tr(ayag — o)) (.7)

By (7.2b) and (7.2¢) (and the orthogonality of & and ag), the right side is O(h?).

With the aid of the function ¥ we can define a corresponding state I'y, as in f. By
multiplying 1 with a factor A = 1+ O(h?) we can assume that Tr~,y = 1/h. The second step now
consists of proving that for a lower bound we can replace 31 (T) by EBHF(T',,) up to higher order
terms. Together with the calculations from the upper bound this implies the lower bound stated in
Theorem [1

Lemma 4. With I" and 'y defined as above, one has
EBHF(T) > eBHE(T, ) — O(R*/?). (7.8)

Lemma [4| not only completes the proof of the lower bound (4.12), it also allows to establish
the claim about approximate minimizers in Eqgs. (2.7)—(2.10) in Theorem (I} Given an approximate

minimizer satisfying (2.7)), Lemmayields (2.8)), while a combination of ([7.8)) and (4.6)) implies (2.10)).

It remains to prove the bound ([7.8)), which is an immediate consequence of the following estimates:

Tr(—h2A 4 Ey/2)y + é /RG V((xz—y)/h) oz, y)|? APz d3y

(7.9a)
1
> (=h?A + Ep/2) vy + 3 / V((x = y)/h)|ary (2,9) > &Pz dPy — O(h*/?)
R6
R T Wry > h2 Tr Wy — O(h?) (7.9b)

- /]R6 y(z, )PV ((z —y)/h) Pz d®y > — /R6 e (2, ) [PV (2 — y) /) Pz dPy — O(R*?)  (7.9¢)

[ A@on V(@ —n/m) e dy = [ oV (@ = n/m) dedy -0,
(7.94)

The remainder of this section will be dedicated to proving these estimates.
7.1 Kinetic and potential energy (Proof of (7.9a)
Let us decompose v according to
v = a@ + adad@ + (v — aa@ — ¥?) + (v — a@)® + aa@(y — a@) + (y — a@)oq,

2 are positive self-adjoint operators and thus

where (v — a@ —2) and (7 — aa)
Tr(—h*A + Ep/2)((v — aa — 7°) + (v — a@)?) > 0,
Adding and subtracting the term

1
Tr(—hZA + Eb/2)’y/\¢ + B /1%6 V((l’ — y)/h)|04)\w(gj’ y)‘2 A3 dSy’
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we obtain

1
Tr(—h*A+ Ep/2)y + = / V((z —y)/h)|a(z,y)] PPz d’y
RS
1
> Tr(— h2A+Eb/2 "y/\w 2/ V /h)‘OJ,\¢(x y)‘2d3$d3
R6
1
+ Tr ((—h2A+Eb/2 Joa) + 3 —y /h)|a(:v,y)|2d3xd3y
RS

V((@—y)
— Tt ((—h*A + Ep/2)argting) — / V((x —y)/h)|arg(z,y)|* Pz d’y

+ Tr [(—th + Ey/2)oaoa] — [(—hQA + Ep/2) g Qg org Grg |
+ Tr [(—h2A + Ey/2)aa(y — a@) + (v — a@)aa] — h'/? Tr [(=h?A + By /2)arg @yt -
(7.10)

The identity (7.4) immediately implies that

Tr ((—h2A + Eb/2)aa) + V((:c - y)/h) |o(z, y)]2 3z d3y

R(i

h
> T (128 + Bu/2)ayas) + 5 | V(@ =)/lay(e ) dod®y = IV, (7.11)

DO | =

and hence the sum of the second and third lines on the right side of ((7.10) is bounded from below by
B(1—22)||V|3 = O(h®). Hence the proof of (7.9a) reduces to establishing the estimates

| Tr(—h*A + By /2) [etaa — anplingongting || S k2 (7.12)
| Tr (—h*A + Ey/2) [aa(y — a@) + (v — aw)aa) )| < b3/, (7.13)
h1/2 Tr ((—hQA + Eb/2>a)\wm04)\wm) 5 h3/2, (7.14)

which we are going to show in the following.
Inequality (7.14) is an immediate consequence of (5.2)). It also implies that it is enough to show
(7.12) for A = 1. To do this, we rewrite

QOOT — Qg o0y, = apaial + Eaanry, + Eaal + oy (Qa — Qo )y, - (7.15)
With H := —h%A + % we obtain with the aid of Holder’s inequality for traces
| Tr (H [eiaa — ayagoygay])| = ‘Tr (H1/2 [apaial + Eaaarn + Eaad + ay (o — oy )ay) H1/2) ‘

< 2| H"Paylloll el §I1HZE )2 + ol %1 H 23

+ | H P ay|§|aa — ol 2.
(7.16)

Note that for any operator T', we have

] E
12T 2 = | T*HT|3/? < \/I!T*(—hQA)TIIn + 5B | T* Tl < 1|V |2 + 4/ %I!Tllzn

1 E
< (GIV Tl + 19, Then ) + 4 ST e

17



where in the last line the operators VxT and V,T are defined via the kernels (VxT)(z,y) and
(V,T)(z,y), respectively. By applying this to the terms in ([7.16)) we obtain

h E
120yl < 319 xaylls + Bl Vrayls + 2 laylls S B2, (7.17)
h E
|26l < SIVxlle + IVl + 1/ Sl S B2, (7.18)

where we used ||Vxaylls = [lavells < llavyllz = [[V|l2h~/2, together with (5:50), (5.5d), (7-24),
(7.2f) and (7.2g). The term |[@a — @yayll3/2 in (7.16]) can be bounded by

[ —agengllae = [lg€ +Eay + €Nz /2 < 2llallslléll2 + I€lslEll2 < 2layllsli€llz + I€]I3 < A, (7.19)

where we used (5.5b|) and ([7.2¢]). By combining ([7.16)) with (7.17)—(7.19) we obtain ([7.12)).
To show ([7.13)), we can bound

\Tr(H[(v—aa)aa%—aa(v—aa)])|:2’%Tr<H1/2(’y—aa)Hl/2 = aaH1/2>

<2TrH(y — aw)

1 aaHY?
H

o0

The first factor on the right side is bounded by O(h) according to ([7.2a)). Moreover,

2 2
< 1/—”0@Ho@||}x/32 </ = (Tr Hoaow)? |
o E, Ey

which is bounded by O(h'/2) using (7.12)) together with (5.2). This proves (7.13).

1
H H1/2 aaH'/®

7.2 External potential (Proof of (7.9b)))

Since W is bounded, Try, = O(h™1) and A = 1+ O(h?), it clearly suffices to consider the case A = 1.
Using the form (4.3)) of v, we evaluate

RPTrW(y — ) = B2 Tr W (y — aa) + h* Tr W (a@ — apaig) — (1 + h'/2)h? Tr W (e 0ny 00y )
> —h?|[ Wl [TF(V —a@) + [|€[I3 + 2| eyl + (1 + h'?) Trayagayoy)
> —0(h?), (7.20)
where we used (7.2b)), the decomposition a = ay, + &, and [Japé]l1 < |Jay2[€]l2 S 1.

7.3 Direct and exchange term (Proof of (7.9¢) and (7.9d)))

Our strategy is as follows. As a first step we reduce the direct term and exchange term to corre-
sponding expressions involving « only, and show that

’/RG () PV ((x — y)/h) Az dPy — /R6 (@) (z, y) [PV ((z — y)/h) Az dPy| < W2, (7.21)

< K2,

(7.22)

/ Y(x, 2)v(y, )V ((x — y)/h) PPz d®y — / (a@)(z,z)(aa)(y, y)V ((x — y)/h) PPz d®y
R6 R6

18



As a second step, we show that up to an error O(h3/ 2) we are able to replace a by oy, in the
corresponding expressions, i.e.,

<K% (7.23)

[ et v (@ = m) ey = [ o) )PV (@ /) dady
R6 R6
and

[ @) @@V (@@ - n)/m) dady

- [ () o) avms) )V (@@ - n)/m) o dy| S 12 (24

These two steps together, in combination with A = 1+ O(h?), lead to (7.9d) and (7.9d)), respectively.
The estimates (7.21)) and (7.22)) can be obtained by applying Lemma [2| with ¢ = a@ and § =
v — aa. As a result we obtain that the left sides of both (7.21]) and (7.22)) are bounded by

2 [ V(@ =) - aa) a2 o) dady
=2 [ V(e =/m)| (= a8 ,0) (2 — @) 3. 9) P oy (7.250)
+2 /R V(@ =9)/h)| (v = a@)(z, z) (@) (y, y) d*w dy. (7.25b)
By , the term is bounded by
/RG(W —a@)(z,z)(y — a@)(y, y) |V ((z = y)/h)| P d®y < [Tr(y — a@)*[|V ] S B2
For , we are going to use the decomposition o = ay, + £ in the form
ad = ayly, + oy + ayl + £
and we thus have to bound four terms. First, observe that
[ =)@ V(@ =)/ d dy < [V Te(y - 0 TrE) <12

Second, using (5.3),

[, 6= o e |V (@~ /1) dady
< B Ta(y — ad)|| () () sV S 22 (7.26)
For the remaining terms we use (5.4) with o = £ and the Cauchy-Schwarz inequality to obtain
[0 = @) (@)Y (o = )/h)] dady
st [ (= e a)lgCale |V (@ = o)/b)] dody

ShELRIVE/) 2 Tr(y — a@) S b2
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We now turn to the estimates (7.23)) and (7.24]). The difference of the exchange terms in (7.23)) is
bounded by

IV ]loolle@ — ayavg]la|laa + ayarg]ls .-

The 2-norm of a@ — ayay can be bounded by the 3/2- norm, which in turn is bounded by O(h)

according to (7.19). Moreover, ||ay@ylle = |jay||? < kY2 by (5.1a), proving (7-23).
For the direct term we insert the decomposition a = o, 4 £ into the difference in (7.24), yielding

15 terms. However, due to symmetry, it suffices to estimate the following 5 terms

/IR6(§£)(95 2)(€E)(y,y) |V ((x — y)/h)| PPz d’y, (7.27a)
[ (€0 a0 [V (i@ = n/m)| @z dy, (7.27h)
| (€ a.a) ) [V (@ - /1) Py, (7.27¢)
[ €@V (@ - n/] Ezdy, (7.274)
[ e oV (@ - u/m| dedy. (7.27¢)

We begin with (7.27a)). Obviously
[ €6@)@m.0) V(@ = u)/m)] ded®y < V][R <12
For we obtain with the help of
[ (€0 2@ [V (@@ = /)] &y < T N asama) IV 1 5 12

For the last three terms we invoke equation ([5.4]) from Lemma with o = £ and the Cauchy-Schwarz
inequality. For (7.27c]) this gives

[ (€m0 @) )V (@ - /)] dady

<h / 1€, (o) ) |V (& — w)/B)]| dady
< WYV /R lElallasag e s

The desired bound O(h*/?) then follows from the fact that the last factor |lay@y(-, )2 on the right
side is of order O(h™1). To see this, we write

Haiﬁ@(W )||§ = /R9 \a¢($,y)|2|a¢(:c,z)|2d3x d3y d3z
=1 [ oo = )/1) Blao((e = 21/ W)PI (@ + )/ PIo (@ + 2)/2) P dady e

Changing to the variables r = z —y, s = * — z and « and using Cauchy-Schwarz in x, we indeed
obtain

lowsag (-, )13 = h™ /9 o (r/h) Pleo (s/h) P[ (@ = r/2)Plip(x = 5/2)]* dx dr d*s < h72 3]0
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For we get
[ €@ cwmmn [V (@@ - n/m)| oty
St [ (€@ lg 1V (@ - )0 iy
S HVE/malel < 2
and for
| (@))€ ) [V (2 = w)/0)] Py

She / €, Y2llE . Iz [V ((z = y)/h)| Az d®y
S P2V (/) S B2

This concludes the proof of ((7.9¢) and ((7.9d]).

A Appendix: Proof of Lemma

Proof of Lemmal[l], Part II. We first prove (5.1a]) and (5.1b). For n € 2N, we can write

Tr ((apayg)™?) = /R?m vy (1, m2) oy (w2, 3) -+ A (Tn—1, T v (T, 1) Py - -+ AP (A1)

We switch to the following coordinates

1
X = —Zxk

"= (A.2)
rp = Tkel — Tk, k=1,...,n—1.

It is easy to see that the corresponding Jacobi determinant is equal to 1. Moreover, we can recover
the original coordinates via

n—1

=X — lZ:(n—i)ri,

n 4
=1
Tht1 = Tk + Tk,
i.e.

xp =X+ sp(ri, .., n—1)

for some linear functions s;. We therefore obtain for the integral in (A.1))

o[l = h™>" /R?m V(X +L(s1452) (X + 3(sn+51))

x ag(ri/h) - ag(rn/h) X d®ry - dPr_y,
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where we introduced 7y, 1= — ), _ 1 r,. Holder’s inequality in the X variable then yields

ol < b2l [ faotra /by alea B dPra - &y
Rs(n—
= (D23 gl

which is (5.1a)). The same calculation with ag replaced by Vg yields (5.1b]).
Due to the symmetry ay(z,y) = oy (y, z), we have

Tr (Aayagotig) = (ay@gay, o) r2ws) = (0utpo, 5(As + Ay)oy) p2(ws)
= <a¢@a¢, (%AX + Ar)a¢>L2(RG) .

Using the coordinates (A.2)), for which we have in the case of n = 4

2

xl—l—:r:Q:X_s x3—|—a:4:X+S 8(7“1,7"2,7“3):r1+ ro + 13
2 2 4
xZ—;x:;:X_t xl—;$4:X+t t(rlar277ﬂ3):r3;r1

and rescaling r, — hrg, k = 1,2, 3, we can therefore write
Tl"(—h2A + Eb/2)oz¢07wa¢@
=h (X — hs)p(X — ht)p(X + hs)p(X + ht)

R12
X [(—A + Eb/2)a0(7“1)] 040(7"2)040(7"3)040(—?”1 —T9 — 7“3) d3X d37“1 d37“2 d3T3

o
- Z<CM¢OJ¢O¢¢, AXa¢>L2(R6) .

This term has the form
hEm I [ | 1GE0GP + Buf2)dp+ Ay b + Ag b
where
1
A1 = (a¢a¢a¢,Axa¢)Lz(Rs)

Ay =h™ /R ) / dT — Ths) (X — Tht)p(X + Ths)b(X + Thi)) dr

( A + Eb/Q)Oéo(Tl)] ao(Tg)ao(Tg)ao( r —Tro — 7’3) ng d37’1 d37’2 d37"3.

Using integration by parts, we can bound A; as

[Ai| = 5 [(Vx (aypagay ), Vxay)|

[((Vxay)gay + ay (Vxag) oy + ayag (Vxay), Viay)|

AN
.h\w»n\»—w;\r—‘

IVxayl3llawlZ < 1Vl

where the last inequality follows from |Jau|leo < |l |6, Which is < h/2|[¢)]|¢ as shown above.
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To estimate Ao, we carry out the derivative in 7 and subsequently use Hélder’s inequality for the
X integration to obtain

| Ao < (IVl2l| 11} /RQ (Is] + [¢1) | (Vo) (r1) e (r2) o (rs)ao(—r1 — 12 — 73)| dPr1 d®ry dPrs.

Here we have also used that (—A + Ep/2)ag = —3Vap. We now note that |s|+ [t| < S|rq +7ro+73|+
%|r2| + %\r3|. We plug in this bound in the integrand and use Cauchy-Schwarz for the ro integration
in the case of the terms |r; + ro + r3| and |ra|, and for the rs integration in the case of |rs|. This
yields

3
[Aa| < SIVY IV ol llowolls flaollz ||| - o]l -

The desired result then follows from the Sobolev inequality [[1]|¢ < ||V4]|2. This concludes the proof
of Lemma [Tl O
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