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Abstract

We present simple derivations of nuclear 5-decay correlations with an emphasis on the special
role of helicity. This provides a good opportunity to teach students about helicity and chirality
in particle physics through exercises using simple aspects of quantum mechanics. In addition,
this paper serves as an introduction to nuclear S-decay correlations from both a theoretical and
experimental vantage. This article can be used to introduce students to ongoing experiments

searching for hints of new physics in the low-energy precision frontier.
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I. INTRODUCTION

Helicity is the projection of the spin of a particle onto the direction of its momentum. He-
licity plays an important role in modern physics and a good understanding of the associated
rules is important for interpreting many atomic, nuclear, and particle physics experiments.
Thus, development of intuition with respect to different aspects of helicity in quantum me-
chanics is a worthwhile exercise for classes that are taught to advanced undergraduate or

beginning graduate students.

In this paper we concentrate on the angular correlations (for example, between the spin
of parent nucleus and the direction of emitted ( particle) that arise in nuclear 8 decays due
to the combination of conservation of angular momentum and the helicity of the leptons.
Because we concentrate on nuclear [ decays we will use “weak interaction” as a synonym of
“charged weak interactions”. Measurements of correlations from nuclear 5 decay originally
established the vector minus axial-vector nature of the weak currents, known as V' — A, about
50 years ago. We will explain the significance of V' — A and describe new measurements of
decay correlations being pursued in search of new physics with helicity properties that differ

from the prescriptions of the standard model of particle physics (SM).

The correlations can be calculated using trace techniques of Dirac’s v matrices and are
sometimes brought up in this context as exercises for students learning relativistic quantum
mechanics or field theory. On the other hand, the calculated expressions are often pre-
sented to students without this training along with comments to show their plausibility. In
contrast, we present a more accessible derivation using tools learned in the elementary quan-
tum mechanics classes for which most advanced undergraduates should be well equipped.
Moreover, those students capable of doing the calculations via trace techniques may not ap-
preciate that the correlations arise simply from the conservation of angular momentum and
the left-handedness of the emitted leptons. It is often far too easy to let the mathematical

formalism overshadow the elegant and beautiful physical principles at work.

The present paper is intended for a broad audience; it is well suited for students that
have completed an introductory quantum mechanics course, while providing supplementary
material for the more advanced readers with experience in quantum field theory. We begin
with a simple derivation of the 8 asymmetry with respect to the polarization of the parent

nucleus in Sect. [l In Sect. [Tl we will present a brief description of the weak-interaction



Hamiltonian. Although we present here the interactions using Dirac’s v matrices, we think
all that is needed to follow that section is a brief introduction to the Dirac equation and
instructors can use Appendix [Al as a guideline. In Sect. [Vl and [Vl we derive the so-called
Fierz interference term and the e — v correlation.! The derivations are presented alongside
a brief historical narrative, including the story of several experiments which wrongly led
physicists to an incorrect theory of the weak interactions. A few contemporary experiments

involving -decay correlations are introduced in Section [VII

II. HELICITY AND CHIRALITY PROPERTIES OF THE WEAK INTERAC-
TION

The main features of 3 decay are described in many textbooks.24 Here we briefly discuss
the aspects that are relevant for the present discussion. We start by considering the corre-
lations between the spin polarization of the parent nucleus and the direction of the emitted
electrons in the famous experiment of Wu et al.® which was one of the first experiments to
confirm the hypothesis of parity violation by the weak interactions put forward by Lee and
Yang.® Wu and collaborators polarized a sample of radioactive ®°Co atoms and observed the
distribution of emitted electrons relative to the direction of the initial nuclear spin polariza-

tion. The corresponding decay scheme is shown in Fig. [Il In this section, we first consider
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FIG. 1. Decay scheme for %°Co.

the transition from the M = 5 initial state (M is the “magnetic quantum number”) to the
M = 4 final state. Following the (-decay transition one unit of angular momentum along
the direction of the initial polarization is lost from the nucleus, and this angular momentum
must be carried away by the lepton spins.” Thus, the spin projections of the two leptons
onto the z axis have to be +1/2 each, as shown in Fig.

For an electron (or any other spin-1/2 particle) emitted at an angle 6 relative to the

z-axis, the positive or negative helicity states |#+) can be expressed as linear combinations
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FIG. 2. Correlation between the initial polarization and the electron direction: in the decay of
%0Co one unit of angular momentum is lost by the nucleus and has to be carried out by the
leptons. Since the latter are spin-1/2 objects they have to both align their spins in the direction
of the initial polarization. This, in conjunction with the helicities of the particles, determines the

emission probabilities.

of spin-up and spin-down states along the z-axis |4):8:2

|04) = cos (6/2)|+) — sin (6/2)[=)
6_) = sin (0/2)|+) + cos (0/2)|—). (1)

For electrons in the negative-helicity state |#_), the probability of finding the +1/2 spin
projection onto the z axis is sin® (#/2). Thus, the probability per solid angle dP/d) of
emitting such an electron is given by:

dP  sin®(6/2) (1 —cosf)

aQ - 2r 4r (2)

On the other hand, for positive-helicity electrons

ar _ cos? (0/2) (1 + cosf)

ds? 2 - 4 ’ (3)

The parity transformation (which inverts the sign of coordinates) turns a negative-helicity
particle into a positive-helicity particle. Under the assumption of parity conservation the
emitted leptons from ®°Co should show no preference for either helicity state. The sum of
the distributions in Eq. (@) and Eq. ([3) with equal weights does not depend on 6. Thus, one

would expect the electrons to be emitted uniformly in all directions. In one of the greatest
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surprises in modern physics Wu and others®1%1 found quite the opposite to be true. They
discovered that the electron angular distribution was close to Eq. (2]). It appeared as though
only negative helicity electrons were being emitted. Much to the surprise of researchers at
that time, and still a surprise to many of us today, the laws of nature appear to have a
preferred handedness.

In order to understand how this fact has been implemented into the Standard Model we
need a new concept: chirality. Note that for a massive particle the helicity of a particle is
not a Lorentz invariant which does not change under rotations or boosts of the reference
frame. An observer moving faster than the particle will see its helicity in the opposite
direction. By contrast, chirality is a Lorentz invariant. We follow Konopinski? who gives
an intuitive description of chirality. Consider an electron moving in the 4z direction with
momentum p, energy F, and spin along the +z direction. If we want to measure the velocity
of this electron, we need to take an infinitesimal time period, so the energy uncertainty goes
to infinity according to Heisenberg’s uncertainty principle. However, particles with infinite
energy move at the speed of light, ¢, so the results of such a measurement are +c. We call
this internal velocity. The physical state moving at velocity!? v = p/E can be described as a
combination of a “forward-motion” along the path at speed ¢ with a probability (1+p/FE)/2
and a “backward-motion” at speed ¢ with a probability (1 — p/E)/2. The physical velocity
v is just the mean velocity of this motion. We use uq (E,) to represent physical states
with definite momentum, energy and spin (up or down) along the z direction, and ¢4 (%c)
to represent the states with internal velocity +c or —c and spin up or down along the z

direction. Then the physical state ut(E,p) can be expressed as a linear combination of

o+(+c) and g(—c):

ur(B,p) = \| T2 g ey 4 [T E g .

A particle’s chirality can be defined as “the spin projection onto its internal velocity direc-

(4)

tion”. In this sense, the state ¢+(4c) has right-handed chirality and ¢4+(—c) has left-handed
chirality. Therefore, a state with well-defined helicity, momentum and energy, like us(E, p),
is a linear combination of two states with opposite chirality and relative amplitudes as in
Eq. @). If we build up a state like ¢+(+c) 4+ ¢, (—c) which has definite right-handed chiral-

ity, it is not a free-particle state because its spin projection is not +1/2k. If the particle is
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massless, then only one internal velocity state describes it, so the free-particle state contains
only one chirality component. In this case helicity and chirality describe the same property
of the particle. Left-handed chirality is equivalent to negative helicity for massless particles.

A formal description of free fermions is shown in Appendix [A] using Dirac spinors. The
motion of a free fermion is governed by the Dirac equation, which has two positive energy
solutions, i.e. particle solutions, with well-defined energies, momenta and helicities (see
Eq. (Ad))). This is due to the fact that both momentum and helicity operators commute
with the free particle Hamiltonian. The spinor parts of these two solutions us (F,p) have
opposite helicities, but both of them have non-zero left-handed chirality projections with

amplitudes

|Prur(E,p)| = /1 —p/E/V2,
|Pruy(E,p)| = /1 +p/E/V2, (5)

where Py, is the left-handed chirality projection operator. This is consistent with Eq. (4)).

In the SM weak interactions involve only particles with left-handed chirality. Therefore,
for massive particles like electrons, both helicity states are involved in the weak interaction
with amplitudes expressed in Eq. (@), and Eq. @) for diW/dQ2 has to be modified to take
this into account. The correct expression for dW/d§2 (for “M — M — 17 transitions) in the
SM is

AW _ sin® (6/2) (1 + pe/Ee) N cos® (0/2) (1 — pe/E.)
d2 2m 2 27 2
_ (1 - (pe/Ee) COS 9)
4 ’

(6)

In general, given that the nuclei experience a change of projection of angular momentum
AM (defined as Mparent — Maaughter) along a quantization direction z, the electron will have

an angular distribution:

dW 1—AM(p./E.)cost 7)
aQ Am

with AM = 0,+1. If the ®*Co nucleus is in a state with M # 45 (for example M = 3),

the final state can have different M values (M = 2,3,4). Usually the spin projection
of the final state of the daughter nucleus is difficult to detect, so one may sum over the
probabilities of final states with different M. The probabilities of decaying into these final

states are not equal, but proportional to the square of the Clebsch-Gordan coefficients
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(Jp, My; Jy, My|J;, M;), where J;, M; are the spin and spin projection of the initial nuclear
state, Jy, M are the spin and spin projection of the final nuclear state, and J; = 1, M; =
0, +1 are the total angular momentum and its projection taken away by the leptons. After
summing over the final nuclear states, one gets the angular distribution:

dW o 11— %(pe/Ee) COSQ (8)
o 4 )

The proof of this equation is a bit too long to reproduce here, but it can be a good exercise
for students when learning angular momentum raising and lowering operators and Clebsch-
Gordan coefficients. Defining the polarization vector for the initial ensemble of nuclei as

P = (J;)/J;, it follows that

aw De

D pap. e

o TR ©)
with the 8 asymmetry correlation coefficient!3 A = —1 for the decay of ®Co.

Note that the expressions above show that the decay rate varies under the parity transfor-
mation which flips the sign of p. but not P. The experimental determination of A by Wu et
al.? showed clearly that parity conservation was violated by the weak interactions. Another
observable worth discussing is the polarization of emitted electrons, P.. Using Eq. (fl), one
can derive

1-p/E)*1) + (1 +p/E)(-1)
(1-p/E)+ (1 +p/E)

p -t = /E. (10)

This was later directly confirmed by several experiments.4 6

We have shown that assuming electrons emitted in 5 decay have left-handed chirality leads
to good agreement with experiment, but this does not completely determine the formalism
of the weak interaction. One important missing piece of the theory is the helicity of the
antineutrino, which is almost impossible to measure directly. The relationship between
chirality and helicity for antiparticles is discussed in Appendix [Al According to the SM the
chirality of antineutrinos involved in weak interactions is also left-handed, and left-handed
antiparticles have positive helicity. If we take the SM description of antineutrinos for granted,
namely that they have positive helicity, the angular distribution of the antineutrino around

the direction of nuclear polarization is:

dw P
E—1+BP~E. (11)



with the antineutrino asymmetry correlation coefficient B = +1 for the decay of ©°Co. As
we shall see in the following sections, neutrino helicities were determined through indirect

measurements and the complete weak interaction formalism was built in the 1960s.

III. SCALAR, VECTOR, AND TENSOR CURRENTS

To understand the Fierz interference and the e — v correlation described in the following
two sections, one has to go one level deeper into the weak interaction theory and understand
the formalism of its Hamiltonian. At the time when Lee and Yang proposed that parity
was violated, little was known about the weak interaction. Dirac had already shown how to
solve problems involving electromagnetic interactions within a quantum theory that correctly
takes into account relativity.l” For example, for electron scattering from a proton at low-
momentum transfer (so that internal nucleon excitations can be neglected) the interaction
can be expressed as a product of a nuclear current, a propagator for the photon, and an

electronic current:18-20

(—¢%)

Here the v’s are Dirac spinor operators which can annihilate a particle (with certain mo-

Hgy = (@pV“%ﬂ) (iewwe)- (12)

mentum, energy, etc.) in the initial state or create an antiparticle from vacuum, 1) means
T~0 and ¢? is the square of the 4-momentum transfer in the scattering process. The s

are Dirac’s 7 matrices with the properties:

o I for p=20
v =
—1I for p=1,2,3
f}/uf}/y:_f}/yry‘u fOI'M;éI/;,u,V:O,l,2,3, (1?))

where [ stands for a 4 x 4 identity matrix. To follow the derivations in the rest of this paper,
it is adequate to remember the properties of the v matrices in Eq. (I3) without mastering
the full expressions of them shown in Appendix [Al Fermi proposed a similar structure for

the weak interactions:2!:22

G
H ermi — =
F NG

where h.c. indicates the hermitian conjugate. The first term in H g¢,,; describes an incoming

(&pquﬁn) (@e%%) + h.c., (14)

neutrino (or an outgoing antineutrino) and an outgoing electron, while the h.c. term describes
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an incoming electron (or an outgoing positron) and an outgoing neutrino. For massive
bosonic force carriers the propagator denominator is M? — ¢, where M is the mass of the
carrier. Because the mass of the carrier for the weak interactions is much larger than the
momenta involved in the nuclear weak transitions the propagator is constant to a very good
approximation. When Fermi proposed this form for the interaction it was unknown what
the mass of the carrier was, but nowadays we know My, ~ 80 GeV while the momentum
transfer in nuclear § decay is of the order of a few MeV. In fact, the weakness of the weak
interaction in nuclei is due to the large mass of the W compared to the energy released in
B decays. Although Fermi focused on the hypothesis of the vector interaction he indicated
that other possibilities were allowed. Many years later Lee and Yang® explicitly included
parity violation. Thus, the general Hamiltonian for the weak interaction can be expressed
as:

Hpe = Y (6,0',) (CabOth, +

i=S,P,V,AT
CipOY°1,) + h.c. (15)

The C;’s are constants that could be determined experimentally and the operators O;’s are

Os =1

Op ="

Oy =1, (16)
O4 =iy’

OT = Uuy/\/i =—1 (’}/u’yu - 71/7#) /(2\/5)

The corresponding currents O™ are called, respectively, scalar, pseudo-scalar, vector, axial-
vector (or pseudo-vector), and tensor. The additional gamma matrix included here, 7°, can

2,30

be expressed in terms of the other four, 4* = iy19?~34°. Using Eq. (I3) one can show that

7’9" =Tand "7 = =" (17)

The property of the operators under parity transformation becomes evident if one considers
what happens when the coordinates are inverted. Note that under the parity transformation
the spatial components of p, are odd and its time-like component (energy) is even. The

kinetic term in the Dirac Equation v*p, is a Lorentz scalar?® (or Lorentz invariant). Because
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a Lorentz scalar has even parity, a Lorentz scalar can only be the inner product of two vectors
with the same parity. Therefore, the spatial components of 4* should be parity-odd, while
its time-like component should be parity-even. Because the 4° matrix is the product of one
time-like matrix and 3 space-like ones, it is parity-odd, and multiplication by it reverses the
parity property of all operators. This v° matrix is by definition the chirality operator.t®

Consequently, the operators:
Prp = (1£7°)/2 (18)

are the projectors onto left- and right-handed chirality states. Under parity transformation,
P g turns into Pg/r, so a left-handed state transforms to a right-handed state. In the
relativistic limit, when the masses of the particles are negligible compared to their energies,
chirality is equivalent to helicity, so 4° becomes the helicity operator and the two projectors
above become the projectors onto the helicity states. The interaction Hamiltonian in Eq. (T3]
can be re-written in terms of left- and right-handed lepton spinors. For the vector and axial-
vector currents:

Hyt =" (0,0',) ((Ci+C)) Prowk+ (19)

i=V,A

(Ci = ) 00y .
For the scalar and tensor currents (potentially new physics):

Hl =" (6,0',) ((Ci+ C)) dlowi+ (20)

i=S,T
(C; — C)) GLOWE) .

The notation Y “/F = Pp 5z 1 is used in Eq. (I9) and Eq. (20). We have ignored the pseudo-
scalar currents because they turn out to be very small in nuclear S decays. In this article
we will assume the constants C; to be real. As we will describe later, present limits on these
non-Standard Model couplings (Cg, Cy, Cr,C%) are of order 10%.2* Allowing for complex
phases brings in time-reversal symmetry violation, which is very interesting,?® but subject for
another paper. Notice that while the vector and axial-vector currents couple incoming and
outgoing particles with identical chiralities, the scalar and tensor currents do the opposite.
This is a direct consequence of Eq. (I7).

Though Wu et al. found that the electrons from nuclear S decays mostly have negative

helicity and thus only electrons with left-handed chirality are involved in nuclear [ decays,
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they could not determine the helicity of the emitted antineutrino. Additional experiments
were proposed to determine whether the currents were scalar, vector, axial-vector or tensor,
or some combination of these. As we will see, eventually they determined that the weak

interaction is primarily mediated by vector and axial-vector currents.

The form of hadronic currents also affects the changes of nuclear angular momenta in
decays. Conventionally, nuclear 8 decays are classified according to the change in angular
momentum J and isospin 7. Some basics on isospin are given in Appendix Bl “Fermi
transitions” (F) are those with AJ = 0, AT = 0 and “Gamow-Teller transitions”2¢(GT)
have AJ = +1,0, AT = 0,£1 (but not J =0 — 0 or T = 0 — 0). Fermi transitions are
generated by the vector or scalar hadronic currents (1,71, or ¥,1,), and they do not flip
the nuclear spin. By contrast, Gamow-Teller transitions are generated by the axial-vector
or tensor hadronic currents (i, v7°t, or 1,01, /+/2), and they can flip the nuclear spin.
Some transitions like the neutron § decay can have both components. Derivations of these

selection rules are described in Appendix [C] for advanced readers.

IV. FIERZ INTERFERENCE

The differential decay rate is proportional to the product of the transition matrix element
(f|Hintli) and its hermitian conjugate (i|H;,|f), where |i) and |f) are the initial and final

T

states. Using the decomposition of H;,; into HST and HY4, there are two cross terms in the

differential decay rate, (f|HYA|i)(i|HIT*|f) and (f|HZT|i)(i| H)A*| f), which are also called
interference terms. If both vector (axial-vector) and scalar (tensor) currents existed this
interference effect should be present. To fix ideas we first consider Fermi transitions, so that
only vector and scalar currents contribute. We also assume neutrinos are massless so the
antineutrino final state with definite helicity has only one chirality component. Therefore,

after substituting Eq. (I9) and Eq. (20) into the interference terms, any product which

involves neutrino spinors with different chiralities vanishes. Then, the non-vanishing terms
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are:

(Cv + CY)(Cs + C4) (fil ol b i) @l olyF| fi) (21)
X fulOpyutnlin) (in|thntp] fr),
(Cv — CY)(Cs — C%) {filpFy i) (v fo k| f) (22)

X <fhwp7uwn |in) <Z'hwnwp|fh>a

and their hermitian conjugates. |i;) and |f;) are the initial and final states of the leptons,
and i) and |f,) are the initial and final states of the nucleus. Before completing the
calculation of Eq. [2I)) and Eq. (22]), one should pay attention to the chiral properties of
these two formulae. Suppose the final state |f;) involves an electron with positive helicity.

In Eq. (1)), ¥* projects out the left-handed amplitude /1 — p./E, while 1% projects out
the right-handed amplitude /1 + p./E,, so Eq. (21]) is proportional to

\/1 _'_pe/Ee\/l _pe/Ee = I- (%) = %- (23>

Similarly, for a final state |f;) with a negative helicity electron, Eq. (1)) is still proportional
to me/Ee. So is Eq. (22). In fact, except for the coupling-constant factors (Cy, Cf,, Cs
and C%), Eq. 1) and Eq. (22)) are the same,2” after summing over the two electron helicity
states. The sum of Eq. (2I)) and Eq. (22]) accounts for the interference effect between vector
and scalar components, called the Fierz interference?® with value proportional to:

Me

(CV Cs + C(/Cév) o

(24)

The m/FE factor is typical of situations like the present one, where there is a “helicity
mismatch”. A similar situation occurs for the highly sought-after neutrinoless double 3
decay:2? if the neutrino is a Majorana particle? it can annihilate itself and the rate depends
on a factor m,/E,. Another important example is the suppression of the decay of the
negatively charged pion into an electron and its antineutrino compared to the decay into a
muon and its antineutrino. The pion has zero spin so the spin of the lepton and antilepton
have to be in opposite directions and momentum conservation requires them to come in
opposite directions as well, so both leptons are forced into the same helicity state. The left-
handedness of the weak interaction only allows positive helicity massless antineutrinos, but
hinders the positive helicity massive negative-charged leptons, so the decay is suppressed by

the m/E factor, where m is the mass of the negative-charged lepton. This factor is very

12



small for the electron while for the muon it is of order unity and the decay proceeds mainly
by 7= — p~v,. The decay of the positively charged pion is similar.

For GT transitions the arguments above lead to a Fierz interference term:
Me
5

Because of the 1/FE, dependence these interference effects can be identified by measuring

(Ca Cr + CLCY) (25)

the electron energy distributions. In the 1950’s measurements had already determined that
these contributions had to be small so that Fermi transitions were known to be driven by
either S or V' currents, but not by both, while GT transitions had to be driven by either A
or T' currents, but not by both.

Of course, given that antineutrinos are not really massless, there are, strictly speaking,

similar terms proportional to m;/E5, but in practice they are negligible.

V. e—v CORRELATION

Consider the directional correlation between the electron and the antineutrino in 3 decays
from non-oriented nuclei. Again, we classify transitions into non-spin-flip transitions (no
nucleon spin flipping, AM = 0) and spin-flip transitions (some nucleon will have its spin
flipped, AM = +1). We start considering non-spin-flip transitions. Because the nucleus is
not oriented, we are free to choose the 4z direction along the momentum of the antineutrino.
We first consider left-handed antineutrinos. In the m, = 0 limit, left-handed antineutrinos

have well defined positive helicity,3!

and thus they are in the |+) spin state along the z
axis. In non-spin-flip transitions, the two spin projections of the two leptons are opposite to
each other, so the electron is in the |—) state. If the weak current is vector or axial-vector,
according to Eq. (I9) the emitted electron is also left-handed. We can repeat the chirality
arguments of Sect. [Tl and determine the angular distribution of the emitted electron:
C;Ig/:H(pe/je) COSGIﬁ(”%Z'%Z)’ (26)

where 6 is the angle between p, and p;. If the weak current is scalar or tensor, according

to Eq. (20) the left-handed antineutrino is coupled to the right-handed electron. Therefore,

the angular distribution of the emitted electron is

dW  1—(pe/E.) cosf 1 (1_& pl;)

- p
ds? 4 4 (27)
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The term £= - 22 ig called the e — v correlation, and by convention dW/dS) is written as

E. Es
dW 1 De Do
dQ  4rx <1 + a_Ee . _E,,> ’ (28)

where a is called the e — v correlation coefficient. In summary, for non-spin-flip transitions
with left-handed antineutrinos, a = +1 for vector and axial-vector currents, and a = —1 for
scalar and tensor currents. Following the arguments described above, students can work on
their own to calculate the values of a for right-handed antineutrinos and spin-flip transitions.
In short, for right-handed antineutrinos the values of a are the same as those for left-handed
antineutrinos, but for spin-flip transitions the signs of a are opposite.

For pure Fermi transitions, where there is no angular momentum difference between the
parent and daughter nucleus, the expected correlation is the same as that for non-spin-

flip transitions. Therefore, for vector currents,3

a = +1, and for scalar currents a = —1.
However, for pure GT transitions we have to consider the non-spin-flip as well as spin-flip
transitions. To fix ideas we consider the case of the decay of ‘He, whose decay scheme is
shown in Fig. Bl

J=0

*He

FIG. 3. Decay scheme for ®He.

The daughter nucleus can have J = 1 and M = —1,0,+1 so there are two spin-flip
transitions and one non-spin-flip one. It can be checked that the Clebsch-Gordan coefficients
corresponding to these three transitions yield the same probability for all three transitions.
Thus the value of a for this decay is the arithmetic average of the values of a for M =
—1,0,+1. Consequently, for axial-vector currents, a = —1/3, and for tensor currents a =
+1/3. Although we focused on the decay of He, it can be shown that the same result holds
for any pure GT transition. Students that can maneuver comfortably with Clebsch-Gordan
coefficients will figure out the way for the general proof. For the other students who are
beginners we recommend trying to work out at least one other example. A summary of the
values of a for different cases is shown in Tab. [

A series of experiments were carried out in the 1950’s to determine the e — v correlation in

nuclear [ decays. Because antineutrinos were difficult to detect, experimentalists measured
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TABLE I. Summary of a for pure Fermi and pure GT transitions for V,A currents and S, T currents.

Vector or axial-vector Scalar or tensor
Pure Fermi +1 -1
Pure GT -1/3 +1/3

the momentum of the recoiling-nucleus in coincidence with the momentum of the emitted
electron and then calculated the momentum of the antineutrino. This kind of experiments
are quite challenging because one needs to detect the rather low energy recoiling-nucleus, so
lighter nuclei and larger energy release are preferred. The decay of ®He is an advantageous
candidate, since ®He is one of the lightest S-decaying nuclei and the decay has a relatively
large energy release (about 3.5 MeV). It is a pure GT transition and thus exclusively sensitive
to axial-vector and tensor currents. One measurement published®? in 1953 and confirmed3?
in 1955 seemed to have clearly pinned down the weak interaction in a pure GT transition to
be of tensor type. In addition, measurements on **Ne confirmed3? that the interaction was of
the scalar and tensor type. Later experiments used a slightly different technique of precisely
measuring the energy distribution of the recoiling-nucleus without detecting the electron. If
the electron and antineutrino are preferentially emitted in the same direction (i.e. a > 0)
the energy of the recoiling-nucleus will tend to be larger than if the leptons are preferentially
emitted in opposite directions (i.e. a < 0). As such the shape of the recoil-nucleus energy
spectrum can be used to determine a. A few years after the ?Ne experiment was published
contradictory evidence from other experiments began to build a compelling case for the
weak interaction being dominated by vector and axial-vector currents, not the scalar and
tensor currents suggested by early experiments. Feynman gave an interesting and amusing
account of these times in an article called “The 7 percent solution” 3¢ Eventually there was
a determination of the helicity of neutrinos using a very ingenious idea;3’ the result showed
that neutrinos are predominantly left handed. Soon after, two different groups3®3? published
new determinations of the electron-neutrino correlation with more careful measurements of
the recoil-ion energy spectra from various [ emitters, definitively revealing the vector and
axial-vector nature of the weak interaction. In retrospect it is not hard to see the difficulties
in the first experiments and guess that more should have been demanded, but for a few

years the world of physics believed weak interactions were mediated by scalar and tensor
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currents.

VI. [B-DECAY CORRELATIONS IN CONTEMPORARY EXPERIMENTS

It is clear that the weak currents are primarily of vector and axial-vector type. Never-
theless, scalar and tensor currents should not be considered as completely strange objects.
In order to explain facts the SM cannot explain, such as the origin of the left-handedness of
the weak interaction or the matter-antimatter asymmetry and dark matter, many theories
beyond the SM have been developed. Some of these theories, for example the lepto-quark
model?? and super-symmetry models*! do predict the existence of scalar and tensor type
weak currents. To this day the most stringent limits on the coupling constants of scalar
and tensor currents ( Cg, C%, Cr and C¥.) relative to the coupling constants of vector and

A2 Higher precision future experiments may

axial-vector currents are around a few percent
find small but non-zero scalar or tensor currents and thus lead to a deeper understanding of
the new physics beyond the SM. A review of high precision -decay correlation experiments

was given by Severijns et al. in Ref. 24.

Higher precision experiments of the f-asymmetry and other correlations in nuclear and
neutron decays have recently been published. Mund et al#? and Mendenhall et al.** mea-
sured the S-asymmetry from neutron decay using cold and ultracold neutron sources. Taking
advantage of technological developments that allow for faster counting and better control of
systematic uncertainties a new generation of precision determination of correlations in beta-
decay experiments is presently taking place or being developed for running in the near future.

45-48

Examples are experiments with neutrons making ingenious use of magnetic fields and

49,50 51-54

experiments with radioactive nuclei in either ion traps or neutral atom laser traps.

On the other hand, experiments at the Large Hadron Collider (LHC) are also searching
for scalar and tensor type interactions. A comparison of the sensitivities of low energy [-
decay experiments and high-energy experiments is presented by Cirigliano et al. in Ref. 55

and 56.
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VII. CONCLUSIONS

We have presented simple derivations of nuclear $-decay correlations that originate in the
selected sensitivity of the charged weak interactions for left-handed particles. In the process
we described some of the history of the discoveries that led to understanding the weak
interaction. In our experience students develop intuition about the properties of chirality and
helicity by working through these arguments. Alternative interesting questions to consider
are, for example, how the answers given here vary if one considers positron emission instead
of electron emission, or how the calculations can be generalized to a mixed transition, such as
neutron [ decay. The arguments used can also be applied to predict the angular distribution
expected for Mott scattering, neutrino-nucleus scattering and to neutrino-electron conversion

in a nuclear target among many other.
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Appendix A: The Dirac Equation

In order to reconcile quantum mechanics with special relativity, Dirac wrote down a

Hamiltonian that is linear in V for free fermions:
H = —ia-V + fm (A1)
where o' = 799" (i = 1,2,3) and 8 = 7" are 4 x 4 matrices, and the v matrices are

01 0 o I 0
v = Y= =
10 —0; 0 0 —1I

(A2)

Here I stands for the 2 x 2 identity matrix and o; for the Pauli matrices. The matrices

are such that squaring Eq. (AJl) yields a relation between momentum and energy consistent
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with relativity, £? = p? + m?. We choose the Weyl representation to make the discussion

on helicity and chirality easier. This Hamiltonian leads to the Dirac Equation:
(i7"0 —m)y =0 (A3)

which describes the motion of a free fermion with a 4-component Dirac spinor ).

—iBt+ipa

The Dirac equation has two particle solutions us (E,p)e and two antiparticle

solutions vy (E, p)eF=P . Here

VEF px™ —VE Fpx™
Uy = Uy = ; (A4)

/E:l:pxu /Eipxu

where

X' = , X' = (A5)

correspond to the two directions of spin. Here we suppose that z is the quantization axis
and momentum is also in the 4z direction. For antiparticle states, one can interpret
v (E, p)eP'=P as the absence of a particle with energy —F, momentum —p, spin along
the 4z direction and thus negative helicity, or the presence of an antiparticle with energy F,
momentum p and spin along the —z direction and thus also negative helicity. The projectors
Pr/r in Eq. ([I8) project out the upper/lower two components of the spinor. Therefore, the
upper/lower components have left-handed/right-handed chiralities and the amplitudes in
Eq. (B) can be calculated. One should note that the chiralities are the eigenvalues of ~°:
+1 for left-handed chirality and —1 for right-handed chirality according to the convention
used in this paper. For massive particles the chirality eigenstates are not solutions to the
Dirac equation, so free massive particles cannot have a well-defined chirality. For massless
particles, the lower two components of the spinor of a negative-helicity state u; are zero, so a
state with negative helicity is equivalent to that with left-handed chirality. For massless an-
tipaticles, the upper two components of v| are zero, and thus negative helicity corresponds to
right-handed chirality. The complete relationships between chirality and helicity for massless

particles and antiparticles are listed in Tab. [

Appendix B: Isospin

In 1932 Heisenberg noted that the nuclear force between nucleons seemed to be inde-

pendent on whether the nucleons were neutrons or protons. Although we now know that
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TABLE II. Relationships between chirality and helicity for massless particles and antiparticles.

Chirality Helicity
particle left-handed —
particle right-handed +

antiparticle left-handed +
antiparticle right-handed —

the strong force does have a component that depends on charge (see for example Ref27)
this component is very small. Thus, one can approximately treat the nucleons as identical
particles, except that protons and neutrons are fermions and the Pauli exclusion principle
has to be satisfied within each species. Heisenberg realized that the problem is similar to
that of having identical fermions with two possible spin orientations. Just like an electron
with spin up is allowed in the same quantum orbits as an electron with spin down, a proton
is allowed in the same quantum orbits as a neutron. As an analogy to the spin-up and spin-
down states of a spin—% fermion, the neutron and proton can be considered as two states of

the nucleon corresponding to different isospin projections:

1 1
=t==,t,=—=

n) \ St =—3)
1 1
=lt==,t,==

which are eigenstates of the isospin operator ¢ and isospin-projection operator £, with eigen-
values t and ¢,. Similar to angular momentum, one can define isospin raising and lowering

operators t* and they relate the |n) and |p) as

t*n) = lp), t1p) = (B1)

t=Ip) = |n), £ |n) = 0. (B2)

The ¢+(=) operator annihilates a neutron(proton) and creates a proton(neutron) with the
same quantum numbers except the isospin projection. Therefore, the operators correspond-
ing to the charged weak interactions are also represented using the t* operators summed
over the nucleons in the nucleus.

For a given nucleus the isospin projection T, can easily be obtained as T, = (Z — N)/2.

The quantum number for the total isospin number T is restricted to 7' > |7T,|. However,
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for nuclei close to stability, like ©°Co and *He a general useful rule is that the lowest energy
states are dominated by the lowest isospin values. Thus, for example: T(°Co) = 3 and

T(°He) = 1.

Appendix C: Hadronic Currents And Selection Rules

The chiral properties of the lepton currents in Eq. (IH]), Eq. (I9) and Eq. (20) are discussed
in Sect. [Tl and the following text describes a simplification of the hadronic currents ¥,0%),
in these equations. In nuclear matter, the average kinetic energy of a nucleon is less than
tens of MeV, which is small compared to its rest mass (~1 GeV). In such case, the hadronic

currents (after acting on initial and final states) (f|1,0%),i) can be simplified as:

ﬂferui — X}tq_xl
sty = X1, O(v/e))E X
astt P u — X}(O(v/c), o)ty (C1)
o O(v/c) for pu=0,vr=1,2,3
upt" o, u; — R
_EuupX}Upt—l—Xi for HyVy p = 1a 27 3
urtty u; — O(v/c)

where on the left-hand side the spinor u’s are Dirac spinors for low-energy nucleons, while
on the right-hand side the spinor yx’s are the corresponding Pauli spinors and the ¢ matrices
are Pauli matrices, and ¢t is the isospin raising operator which represents annihilating a
neutron and creating a proton with the same wave function, including the spin state. For
the hadronic current, the leading order of the vector and scalar currents are identical and
called Fermi current. Similarly, the leading order of the axial-vector and tensor currents are
identical and called Gamow-Teller current. There is no zeroth order term in the pseudo-
scalar current so it is usually very small compared to other currents and has been ignored
in Eq. (I9) and Eq. (20). When calculating the decay matrix elements for an N-nucleon
nucleus, one should use Z;V f;r, which is the total isospin raising operator 7', as the effective
operator for the Fermi current, and Zjv O-j{;_, which is a generic rank-1 tensor in both spin
and isospin space, as the effective operator for the Gamow-Teller current. Knowing these

properties of the Fermi and Gamow-Teller currents, students can use the Wigner-Eckart
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theorem to derive the spin and isospin selection rules mentioned at the end of Sect. [IIIl
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