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In this paper we analyze the polarization of the X-ray radiation coming from laser—electron X-ray
generator (LEXG). We obtain general relations connecting the polarization state of outgoing X-ray
radiation to the polarization state of laser beam as well as to the parameters of electron beam. We
demonstrate that finite electron beam emittance causes a partial depolarization of initially fully
polarized X-ray radiation even when the laser beam is fully polarized. We demonstrate with a num-
ber of numerical experiments that finite electron beam emittance can in some cases fundamentally
alter the polarization state of X-ray radiation as compared to the polarization state of X-ray radi-
ation scattered by electron beam with a zero emittance. Possible applications of polarized LEXG’s

radiation are discussed.
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I. INTRODUCTION

Thomson scattering of laser beam photons by moder-
ately relativistic electrons (with energy on the order of
tens MeV) has been proposed as a source of hard X-ray
radiation in the range of 10-100 keV [143]. The X-ray
radiation from such a source (laser—electron X-ray gen-
erator — LEXG) is expected to be tightly collimated and
therefore to possess a high spectral brilliance thus making
it suitable for a wide range of applications [4, 5] including
the spectroscopy (EXAFS and XANES) [6], ordinary and
phase X-ray tomography [7, ], X-ray structural analysis
[9] as well as in biology and medicine [10, [11].

Theoretical and numerical analysis of properties of the
LEXG radiation has attracted significant attention [12-
16]. However one aspect has not, in our opinion, been
sufficiently addressed yet. This is the polarization of the
outgoing X-ray radiation and its dependence on the laser
beam polarization and the properties of electron beam —
especially on its emittance. Some formulas for the po-
larization of the Compton back-scattered gamma radia-
tion were presented in |16] but the authors focused their
analysis primarily on the gamma radiation flux angular
dependence and its spectral brilliance while giving polar-
ization only a precursory treatment. It should be noted
that the polarization of back-scattered gamma radiation
is important in nuclear physics and it has been experi-
mentally measured [17]. In addition, it was also used as a
tool to measure the polarization of electron and positron
beams [18].

From general considerations it follows that a finite
emittance of electron beam should cause degradation of
the polarization degree of X-ray radiation changing it
from unity (full polarization), which is expected for the
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illumination by a fully polarized laser beam. Moreover,
all three Stocks parameters of the X-ray radiation can
change significantly if the electron beam has a finite emit-
tance. In the present paper we derive general formulas for
the polarization of the X-ray radiation emitted by LEXG.
Using the specially written program code we conduct a
number of numerical experiments for a range of laser and
electron beam parameters. We demonstrate how a finite
emittance of electron beam degrades and generally affects
the X-ray radiation polarization.

II. THEORY OF LEXG POLARIZATION

In the case considered in this paper — of X-ray radiation
in the range of tens kiloelectronvolts produced by Thom-
son scattering of an optical laser beam on an electron
beam with a modest electron energy on the order of tens
megaelectronvolts — the following approximations hold:
photon—electron scattering can be treated as a classical
scattering of zero mass particles (photons) by finite mass
particles (electrons). This approximation neglects non-
linear, quantum and wave effects as well as the influence
of scattering on the electron beam dynamics. The pro-
cess is characterized by a differential cross-section, which
depends in the general case on momentums and energies
of both photons and electrons and on the polarization
of photons. In the LEXG X-ray radiation is assumed to
arise as a result of collisions of trains of electron bunches
with synchronized trains of optical (laser) pulses. The
electron bunches can circulate in a storage ring or be
produced by a linear accelerator.

The polarization of both laser light and X-rays can
be characterized by a hermitian polarization matrix of
dimension 2 x 2, which can be represented in the following


http://arxiv.org/abs/1608.07106v4
mailto:rusl@sci.lebedev.ru

form

: 1( 1— &

_ &1+ &
“2\a—-ie > : (1)

14+ &5

where I —is the radiation intensity and &7, €2 &3 — are the
Stocks parameters (|¢,,| < 1). The polarization degree
of the radiation is defined as [19]
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where the intensity of the radiation can be expressed as
I = Spl

It is well known that a general expression for the num-
ber of scattering events of a particle with 4D momen-
tum p; = (F1,p1) by a particle with 4D momentum
p2 = (Ea,p2) in the direction n (|n| = 1), in the energy
interval dE and into a unit of four dimensional volume
dz* = dr3dt |20] can be written as [19]
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where the summing over index k is implied, df2 is a solid
angle element in the direction n, Dog is the differential
scattering cross-section of the particle with 4D momen-
tum p; on the particle with 4D momentum ps in the en-
ergy interval dE. The currents of particles p; and py are
denoted as jf,fl = jgl (r,p1,t) and j52 = j52 (r,p2,t), re-
spectively. To take the photon polarization into account
the scalar variables N and Do in (8] should be replaced
with 2 x 2 matrices similar to one defined in ().

From expression (@) taking into account the radiation
polarization and assuming that particle 1 represents pho-
tons with zero mass it is possible to obtain that the num-
ber of photons with momentum p; = hk (k = w;) in a
fixed polarization state scattered by the electrons with
momentum py = p = m,yVv in the direction n from a
unit of four dimensional volume dz* in the frequency in-
terval dw = dE/h [12] is
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where jF = j;fh(r, p,t) = ne(l,v) — is the four di-
mensional electron current with momentum p, jﬁh =
j;,fh(r,k7 t) = npn(l,n;) — is the four dimensional pho-
ton current with wave vector fik (its square is zero),
~v = E./m, — is the electron « factor for energy E., Do
— is the matrix of differential scattering cross-sections of
a photon on an electron in frequency interval dw and
ne(r,t) and ny(r,t) — are the spatial densities of the elec-
trons and photons in respective beams.
The cross-section matrix can be expressed through the
polarization matrix of laser radiation = as follows

do T
Do = m == MU—'Mm (5)

where M, — is a symmetrical non-hermitian transforma-
tion matrix for the radiation field amplitudes, which is
defined below, and E is defined as
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where €11, £2 €13 — are the Stocks parameters of laser
radiation.

The number and polarization of emitted photons de-
fined in (@) should be integrated over electron and laser
photon momentums as well as over time to obtain the X-
ray radiation flux and polarization (in the matrix form)
emitted from an element of the spatial volume

IV,Q,UJ (I‘, n, W) =
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where v — is the circulation frequency of electron bunches
in the storage ring of LEXG or pulse frequency in the
trains produced by the linear accelerator. Expression ()
gives the flux and polarization of X-ray photons averaged
over a large number of laser pulses and electron bunches
from a 3D spatial volume element dr® into a solid angle
d§2 and frequency interval dw.

Using formula () the average flux and polarization
of X-ray photons in solid angle df) and the frequency
interval dw can be calculated as

In. = /Iv,sz,w(r,n,w)dT?’, (8)
%

whereas the average spectral brilliance of the X-ray radi-
ation in the direction n and at the frequency w is

—+oo
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where rg — is position of the observation point and dw —
is a narrow spectral interval usually assumed to be equal
to 107 3w.

Let’s now introduce two stationary coordinate frames:
(x,y,2) and (2/,y’,2’). The first is related to the elec-
tron beam with its z-axis parallel to the average velocity
of electron bunches and the second — to the laser beam
with its z’-axis parallel to the average direction of laser
pulses. For such a choice of coordinate systems the colli-
sion angle between the laser and electron beams is close
to m. The general geometry of the electron beam-laser
beam interaction used in this paper is shown in Fig[ll

To calculate the X-ray radiation polarization, as was
noted above, a field amplitude transformation matrix Mg
should be used instead of a scalar cross-section (see ([&)).
Such a matrix can be generally expressed as

M, = 0"MO, (10)



where O — is an orthogonal matrix representing the ro-
tation by the angle x, which is the angle between the
plane of vectors v and n and the plane of axes y and z.
Diagonal matrix M is

where mq1 and mes are scalar scattering cross-sections
for s- and p-polarized laser beams, respectively. It can
be demonstrated using (@) and ([I0) that elements of the
cross-section matrix Do
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can be expressed as
1
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From expressions ([@)—(6) and ({IQ)—(II) it follows that
the polarization degree of X-ray radiation (2)) (assuming
that the angular spread of electron momentums in the
electron beam is zero) is transformed as

mi1me
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where pp = /&, +&5, +&5, and intensity I =
Splv.q.w. The value of I is equal to the X-ray radiation
intensity produced by scattering of a naturally polarized
laser beam. In particular, from ([7) it can be seen that
the fully polarized laser radiation (p;, = 1) produces the
fully polarized X-ray radiation if the angular spread of
electron momentums in the electron beam is neglected.
This assumption is in some sense equivalent to assuming
that the electron beam transversal emittance is zero and
fixing the electron beam waist width since it also depends
on the emittance. Below when we speak about zero elec-
tron beam emittance we will understand it in this sense.

([@@)—(@8) correspond to formulas (35) from [16].

n

FIG. 1: The scheme of electron beam — laser beam
interaction in LEXG. Three coordinate systems used
(see B2)-(@B1)) as well as angles, vectors and shifts are
shown.

Coefficients my11 and moo can be obtained from the
differential cross-sections for linearly polarized light. For
our purpose we can neglect all corrections to this cross-
section related to collision angle ¢ between the laser and
electron beams. Such corrections are proportional to its
difference ~ d¢ from 7 squared: 6p? = 2(vn; +1) < 0
and therefore they are very small. This allows one to use
the cross-section for a head-on collision of an electron
with a photon when vn; = —1. As it was shown in [13],
the differential cross-section for linearly polarized laser
beam can be written as

do 3 or , 1
00 8r 2@ ) T peos )2
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vn =vcosf, (19)

where frequency w’ is related to the laser frequency by
formula ([I9), a — is the angle between the electric field
vector of laser beam and axis y, o7 = 6.65 x 1072° c¢m?
— is the Thomson cross-section.

Coefficients m1; and may are obtained from (I8]) when
a =7/2 and a = 0, respectively.

Let’s consider the spatial distributions of electrons and
photons. Since the betatron and synchrotron oscillations
of electrons in a storage ring can be considered approxi-
mately independent from each other [21] the volume den-
sities n. and np, can be factorized into a transversal part
(1) and a longitudinal part (||), which determine the dis-



tribution of electrons and photons by the transversal mo-
mentum and coordinate and by the energy and longitudi-
nal coordinate, respectively. So, the electron and photon
distributions can be written as

(20)
(21)

Ne = Nefe” (Z — 20 — tv”Y)fEL(p — Po; pl)a
Nph = Npn fpn) (2" —t = At,wp) fon (p k1),

where N, Np, — are the total number of electrons and
photons in an electron bunch and a laser pulse, respec-
tively, At — is the temporal delay between an electron
bunch and a laser pulse and ro = (po, 20) — is a vec-
tor accounting for the spatial shift between an electron
bunch and a laser pulse.

The longitudinal component of photon distribution
function in (2] is assumed to have a Gaussian form in

apacc
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where 7 — is the laser pulse length and wq — is the average
frequency of laser radiation. In formula (22)) the laser
pulse is considered to be monochromatic, that is usually
justified for sufficiently long (> 0.5 ps) pulses in the case
of LEXG.

The longitudinal component of electron distribution
function in (20) by coordinate z and the energy () is

also Gaussian
2\ 2 y— 2
— 7
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where [, — is the electron bunch length, vy —is the average
gamma factor of electron bunch and Ay — is the gamma
factor distribution width.
For transversal distribution functions in (20) and (ZI))

the common form used in literature [21] is that of a Gaus-
sian beam
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where Ap, , and Ap, , — are the transversal electron
momentum spreads along x and y axes, respectively and

fBL(papl) =

(24)

ny — is a unit vector in the direction of laser beam. It is
well known [21] that
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and functions we g, We » and wy, are [21]
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where 3,(,) — is the beta function of electron beam at
the interaction point in direction of x(y) axis, e,(,) — is
the transversal emittance of electron beam in direction
of z(y) axis and [, — is the Rayleigh length of laser beam.
In (25)) the photon transversal momentum distribution
is in the form of a delta function, which corresponds to
the approximation considered above where the scatter-
ing cross-section does not depend on the collision angle
between an electron and a photon.

In 23), @4) and 23] the electron energy distribution
as well as the electron transversal momentum distribu-
tion are considered to be independent from the spatial
coordinates — an assumption, which is justified in case of
LEXG because the transversal sizes of both beams are
relatively large.

One can note that time is only present in the longi-
tudinal components of electron and photon densities f|
and fpp|. Therefore the integral over time in (@) can be
computed analytically
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We are now ready to write the final expression for po-
larization matrix Iy,q . (r,n,w) from (7) using the cross-
sections and distributions obtained above. So, taking
into account integral (30) and averaging the cross-section
matrix ([I2)) over ~, expression () can be transformed
into
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Parameter Value Notes
FE.| 35-50 MeV |Electron energy
5 70-100 Gamma factor
N.| 0.6 x 10" |Bunch charge 1 nQ
Av/y 1072 Relative electron energy spread
Er 20 puJ Laser pulse energy
hwr, 1.1eV Laser photon energy
v 79 MHz Frequency of laser pulses
T 30 ps Electron bunch/laser pulse length
hwx 44 keV X-ray photon energy
€z,€y |5 mm X mrad | Normalized emittances
Bz, By 10 mm Beta function
lr 5.4 mm Rayleigh length

TABLE I: The LEXG parameters used for numerical
experiments

where Do, — is the cross-section polarization matrix av-
eraged over the distribution of +, coordinates (z,y, z)
and (2/,y’, z’) are related to each other by the following
expressions (see Figll]) consisting of two sequential rota-
tions around x and z axes (taking into account the axial
symmetry of laser beam)
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Here 6 is the observation angle and angle cg corresponds
to the rotation around axis z. In formulas ([32) and (33)
the collision angle 6y (cosfy = vonyp) is not assumed to
be equal to 7 as in differential cross-section matrix (I2I).
Taking into account that cross-section (9 contains a
delta-function, the averaging over v in Do (see (I3)-
(@) can be performed analytically. Then the averaged
(over v) diagonal matrix elements 17, Maz and M1z =

—_— Ee=42.63 MeV, 6=0.0 mrad
-- Ee=42.88 MeV, 6=2.8 mrad
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FIG. 2: The X-ray spectral brilliance for three
observation angles # and the corresponding electron
beam energies. The angles and energies were chosen to

produce the radiation peaks at the same energy of 30
keV.

/mi11maz can be obtained
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As it is clear from (BIJ), to calculate the X-ray polar-
ization one should average the polarization matrix Do
from (I2) over the transversal spread of electron momen-
tums. This operation is equivalent to averaging of expres-
sions (I3)-(10) and in a general case leads to a partial
depolarization of initially fully polarized X-ray radiation.
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FIG. 3: The X-ray radiation polarization degree for
three observation angles # and the corresponding
electron energies as function of the X-ray radiation
energy. The angles and energies were chosen to produce
the radiation peaks at the same energy of 30 keV, as in
Figl2

The averaging can not be performed analytically for an
arbitrary observation angle. However, in the special case
of zero observation angle 6 the matrix elements mi; and
mao does not depend on the angle x, which in this case
is equal to the azimuth angle between an electron veloc-
ity and the average velocity of electron bunches. Now
expressions ([3)—([I6) can be analytically averaged over
angle , which results in the following expressions

1
0o :E(m—n+m—22), (42)

o :%(\/m—u +vVinz)?, (43)

Gl :%(\/m—u + V)%, (44)
G012 =EL2V/ T Mas. (45)

To obtain polarization matrix Iy g, expressions ([@2)-
[@3) need to be further averaged over the angle between
the velocity of an electron and the average velocity of
electron bunch. The result of such an averaging depends
on the ratio of angular width of X-ray distribution in m11
and gz to the width of angular spread of the electron
momentums (24). It can be noted that formulas ([@2])—
Al are the same as formulas (38) in [16].

III. NUMERICAL EXPERIMENTS

To calculate the X-ray radiation characteristics of
LEXG a program code was written in the JAVA pro-
gramming language |22]. The code is based on the model
outlined in this paper and can compute the full polariza-
tion matrix of X-ray radiation for arbitrary LEXG pa-
rameters. The code is capable of generating ray sets for
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FIG. 4: The X-ray radiation polarization degree for the
three electron beam energies (and corresponding
observation angles) from Fig[3 and two X-ray energies
as function of the observation angle.

a ray-tracing program code like SHADOW |23]for simu-
lation of the X-ray propagation through complex optical
systems (especially X-ray beamlines).

To demonstrate how the transversal emittance and
other beam parameters influence the polarization of the
X-ray radiation we conducted a number of numerical ex-
periments. The main parameters of LEXG used in the
calculations are shown in Table[ll These parameters cho-
sen are rather typical for X-ray Thomson sources. The
laser pulse energy is supposed to be amplified in a high
finesse cavity by about 103 resulting in 20 mJ pulses in-
teracting with electron bunches. The peak laser intensity
at the point of interaction is about 5 x 10'3 W/em? — suf-
ficiently low to disregard any non-linear effects.

In the figures below the spectral brilliance and polar-
ization of X-ray radiation of LEXG with parameters from
Table [ are depicted as functions of various parameters.

In Figl2 the spectral brilliance of LEXG radiation for
a naturally polarized laser beam (£ = & = &5 = 0) is
shown for three different observation angles 6 and elec-
tron beam energies F.. The collision angle of the elec-
tron and laser beams 6y is set at 50 mrad [24]. As it
was noted above, the intensity of the naturally polarized
light serves as the denominator in the calculation of the
Stocks parameters and degree of polarization of the X-ray
radiation.

From FigBl one can see that, in particular, the width
of spectral brilliance curves significantly increases and
the peak spectral brilliance significantly decreases as the
observation angle grows. The curves are asymmetrical
with respect to their maxima with long exponential tails
in the direction of lower X-ray energies. They become
progressively more symmetrical as the observation angle
is increased. This asymmetry arises because at zero ob-
servation angle the X-ray radiation of higher energies is
emitted by higher energy electrons moving strictly in the
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FIG. 5: The X-ray radiation polarization degree for the
three electron beam energies (and corresponding
observation angles) from Fig[Bland two X-ray energies
as function of the electron and laser beam waist radii,
which were considered equal. The waist radii were
varied by adjusting the beta-function and Rayleigh

length.

direction of the electron beam. There are only a few elec-
trons due to the relatively narrow electron energy spec-
trum of (23)). The long exponential tail is created mainly
by the electrons moving non-collinearly to the electron
beam direction. The number of such electrons decreases
exponentially as function of the angle according to (24).

In Figl the X-ray radiation polarization degree for
three observation angles # and the electron energies E.
as function of the X-ray radiation energy are shown. The
electron beam emittance is important here as the polar-
ization degree would be unity without it. The collision
angle 0y is 50 mrad and the laser beam is linearly polar-
ized with & = & = 1/4/2 and & = 0 (the polarization
plane was rotated by 7/4 around z axis relative to y axis).

It can be seen that a finite electron beam emittance
causes a depolarization of the emitted X-ray radiation,
which increases with the observation angle. It is clear
that for the parameters listed in Table [l depolarization
of the X-ray radiation by a finite electron beam emit-
tance is rather small — a few percent only. The polar-
ization degree also approaches unity as the X-ray energy
grows. Significant depolarization is observed only for the
X-ray energy less than its peak value in Figl2l This can
be explained by the fact that the higher energy X-rays
arise as a result of scattering by higher energy electrons,
which move strictly in the direction of the electron beam,
while the lower energy X-rays are produced by electrons
moving at some angles to the electron beam direction.

In FigldH6l the degree of polarization for the same three
electron energies as in Fig[lis plotted against the obser-
vation angle, beam waist diameter, relative electron en-
ergy spread Av/~v and electron beam emittance for two
X-ray energies 24 and 26 keV. The latter energies are
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FIG. 6: The X-ray radiation polarization degree for
three electron beam energies (and corresponding
observation angles) and two X-ray energies from Figl3]
as function of the relative electron energy spread A~vy/~y
(top) or electron beam emittance (bottom).

less than the peak energies in Figl2l In Fig[5HGl observa-
tion angles are the same as in Fig[3 for the same electron
beam energies. Other parameters are also the same as
in Figl It can be seen that the polarization degree can
exhibit rather complex behavior exhibiting local minima
and maxima, see Figll The polarization degree at 26
keV is generally higher than at 24 keV as in FiglBl The
origin of the non-monotonic behavior can be traced back
to the interaction between a finite emittance of electron
beam with the polarization parameters in (I3)—(16) dur-
ing the averaging over electron momentum spread.

In Fig[l the polarization degree looks like a shelf when
the beam’s waist is small and the observation angle is
zero (solid curves). This behavior is explained by sort
of a saturation of the polarization degradation when the
transversal electron momentum spread (inversely propor-
tional to the waist radious when the emittance is fixed)
exceeds the angle corresponding to the observed X-ray
energy according to (I9). The saturated polarization de-



gree in this case is determined by average parameters
[#2)-H7) taken at this angle.

In Figldl (top) the polarization degree increases with
A~/~ at smaller observation angles and weakly decreases
at larger observation angles. Such a behavior is explained
by the fact that at smaller angles as the energy spread
increases relatively more X-rays are emitted by electrons
moving in the direction of electron beam, which reduces
the angular spread of the contributing electrons. At
larger angles the behavior switches in the opposite di-
rection because a larger contribution from the electrons
moving in the direction of electron beam means a larger
angular spread of the contributing electrons. On the
other hand as from Figlfl (bottom) the polarization de-
gree initially monotonically decreases as the emittance
increases and then saturates by the same reason as in
Fighl

In Figld Stocks parameters as function of the X-ray
energy are shown for observation angle of 5.6 mrad. The
electron energy is set at 46.10 MeV. The remaining pa-
rameters are the same as in Figh for 6 = 5.6 mrad.
From Figlilit is evident that a finite electron beam emit-
tance radically changes the X-ray polarization. In the
top graph X-ray radiation is scattered only by the elec-
trons with momentums parallel to the electron beam di-
rection whereas in the bottom graph higher energy X-ray
radiation is scattered mainly by electrons moving in the
direction of observer. This makes the higher energy X-
rays polarization in the bottom graph the same as for
zero observation angle (not shown) whereas in the top
graph its polarization remains rotated by about 7/4 as
for lower energy X-rays.

In the examples shown above characteristics of LEXG
X-ray radiation were considered at a fixed X-ray energy
and observation angle. However X-ray beams passing
through real optical systems such as synchrotron beam-
lines often comprise a range of X-ray energies and an-
gles. In other words they need to be appropriately colli-
mated and monochromatized. The polarization state of
such X-ray beams can be calculated using a suitable ray-
tracing code such as program complex SHADOW men-
tioned above [23]. SHADOW can accurately trace rays
having an arbitrary polarization state. The program code
that we used in this article can generate initial ray sets
for it (as we said at the beginning of this section), so the
performance of real X-ray optical system can be analyzed
when using LEXG as a source.

IV. CONCLUSION

In the this paper a working model for the calculation
of polarization of X-ray radiation produced by a laser-
electron X-ray generator is presented. It allows one to
simulate the full polarization state of X-ray radiation for
an arbitrary initial polarization state of laser beam. The
model takes into account the transversal emittance of
electron beam, which has significant influence over the
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FIG. 7: The Stocks parameters &1 and &3 as well as the
polarization degree as function of the X-ray energy. The
observation angle was 5.6 mrad. The electron beam
emittance was zero (top) or not zero (bottom).

final polarization state of X-ray radiation. The model has
been implemented in a specially written program code in
JAVA programming language.

Using a number of numerical experiments we demon-
strated that the electron beam emittance causes par-
tial depolarization of the scatted X-ray radiation. How-
ever for typical LEXG parameters this depolarization was
rather small — a few percent only. In addition, the ori-
entation of the X-ray radiation polarization can change
dramatically when the electron beam emittance is taken
into account.

The model of the X-ray radiation polarization of LEXG
presented in this work may be useful for evaluation of
the LEXG applications where polarization of the X-ray
radiation is important. Such applications include, for ex-
ample, the study of surface characteristics of the mate-
rials by the X-ray ellipsometry [25] and the polarization
sensitive spectroscopy — for instance, investigation of X-
ray magnetic circular dichroism near absorption edges in
magnetic materials [26].
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