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Patterned graphene, as an atomically thin layer, supports localized surface plasmon-polaritons
(LSPPs) at mid-infrared or far-infrared frequencies. This provides a pronounced optical force/torque
in addition to large optical cross sections and will make it an ideal candidate for optical manipulation.
Here, we study the optical force and torque exerted by a linearly polarized plane wave on circular and
oval graphene flakes. Whereas the torque vanishes for circular flakes, the finite torque allows rotating
and orienting oval flakes relative to the electric field polarization. Depending on the wavelength, the
alignment is either perpendicular or parallel. In our contribution, we rely on full-wave numerical
simulation but also on an analytical model that treats the graphene flakes in dipole approximation.
The presented results reveal a good level of control on the spatial alignment of graphene flakes
subjected to far-infrared illumination.

Graphene, a two dimensional crystal of carbon atoms
arranged in a honeycomb pattern, exhibits intriguing
photonic and electronic properties1,2. Dynamical tun-
ing of the conductivity via gate voltage or chemical dop-
ing3, a tunable bandgap via electrical gating4,5, a higher
level of light confinement compared to plasmonic ma-
terials6–8, and a high ratio of extinction cross section
to the geometrical cross section9 are a few to mention.
Among the aforementioned properties, it is most notably
the possibility to enhance the light-matter interaction
that provides enough motivation to consider graphene
in various photonic applications. To observe a reso-
nant light-matter interaction one requires to nano and/or
micro pattern graphene with suitable shapes, e.g. rib-
bons10–12 or disks9 such that it sustains localized surface
plasmon polaritons. Applications emerging from the en-
hanced light-matter interaction would additionally ben-
efit from the ability to optically manipulate the spatial
position, arrangement, and orientation of the graphene
flakes on demand comparable to conventional plasmonic
particles13–15,17. Examples for such applications are opti-
cally reconfigurable materials16, trapping of micro/nano
entities18, manipulating of dielectric particles19, or op-
tomechanical manipulation20.

Here, we study oval graphene flakes that, in con-
trast to circular graphene flakes, owing to their in-plane
anisotropy, can be rotated by linearly polarized light.
They can be aligned either parallel or perpendicular to
the incident electric field vector, depending on the fre-
quency of operation. The misalignment angle φ between
the incident electric field and the major oval axis (here
+x) can be tuned to control direction and magnitude of
the exerted torque. This torque allows to align flakes
upon request (Fig. 1).

In the following, we employ three approaches to calcu-
late the polarizability, the optical cross section and the
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FIG. 1: Main idea of our work: A linearly polarized plane
wave can align and rotate an oval graphene flake. The fig-
ures on the left and right show the schematic of a circular
graphene (in-plane isotropic) flake and an oval graphene (in-
plane anisotropic) flake, respectively. Both are illuminated by
a linearly polarized plane wave propagating in the +z direc-
tion, perpendicular to the flake plane. The red arrow shows
the electric field vector of the illuminating light on the flake
plane.

optical force and torque. Not each of these method is ap-
plied to each sub-aspect; but all together they provide a
solid methodological framework to explore the properties
of the pertinent system.

In the first approach, we study the full-wave dynamics
in the entire setup. This requires to solve Maxwell’s equa-
tions numerically. We use a finite element method (FEM)
for this purpose21. The simulated fields are used to calcu-
late the Maxwell’s stress tensor (MST) from which even-
tually the force and torque as expressed in Eqs. 1- 3 can
be calculated. The results of this approach are exact. In
the second approach (semi-analytic force and torque), we
assume that the graphene flake possesses only an electric
dipole response. This allows to use existing analytical ex-
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pressions for the force and toque as expressed in Eqs. 5- 9.
The approach is semi-analytic since a multipole expan-
sion of the numerically simulated induced electric current
density22,23 is used to extract the electric dipole moment
of the graphene flake. In a third approach, in addition an-
alytical expressions for the polarizability of the graphene
flakes are used to compute the induced force and toque
(quasi-static approximation). The agreement of the pre-
dictable force and torque with the different methods is
assessed. All calculations consider the graphene flakes to
be in air. The electromagnetic quantities in phasor form
have a time dependency of exp(−iωt). Quantities in time
domain are denoted by an underline.

The time averaged mechanical force exerted on an ar-
bitrary particle by an optical wave is calculated as22,24:

F =

〈˛
S

=

T(r, t) · n dS

〉
, (1)

where S is any closed surface surrounding the particle,

n is a unit vector that points outward, and
=

T is the
Maxwell’s stress tensor. The Maxwell’s stress tensor is
a tensor of second rank whose components can be calcu-
lated as22,24:

T ij = ε0

[
EiEj + c2BiBj −

1

2
δij

(
|E|2 + |B|2

)]
, (2)

in which E and B are the total (incident and scattered)
electric and magnetic fields in the i, j = x, y, z coordi-
nates; and δij is the Kronecker delta function.

The time averaged optical torque on an arbitrary par-
ticle by an optical wave can be calculated as:

N = −
〈˛

S

n ·
=

T(r, t)× rdS

〉
. (3)

This approach provides exact solutions but it compli-
cates the physical discussion. To entail such discussion,
we also apply a multipole expansion method, to expanded
the induced current density in the graphene flakes into el-
ementary multipole moments. The link between the inci-
dent field and the induced multipole moments is given by
polarizability tensors. For the oval graphene flake, that
have a wavelength much longer than the size of the flakes,
we can restrict our attention in good approximation to
the electric dipole polarizability. The electric dipole in-
plane polarizabilities of the flake can be expressed as:

=
α = α‖exex + α⊥eyey, (4)

with α‖ and α⊥ being the in-plane x (parallel to the
flake major axis) and y (perpendicular to the flake major
axis) polarizabilities, respectively.

For an electric dipolar particle (i.e. a particle with
only a non-negligible electric dipole response) illuminated

with an arbitrary illumination, the induced optical force
reads as25–29:

Fp =
1

2
<(∇E∗ · p), (5)

where p = ε0
=
α ·E denotes the induced Cartesian electric

dipole moment and
=
α is the electric polarizability tensor

of the particle. If the particle is illuminated with a time
harmonic linearly polarized plane wave propagating in
the +z direction

E = E0 (cosφ ex + sinφ ey) eikz, (6)

where the polarization vector is oriented at an angle φ
relative to the +x axis (major axis of the oval), the op-
tical force is calculated as:

Fp =
k3

2π
F norm

[
=(α‖) cos2 φ+ =(α⊥) sin2 φ

]
ez, (7)

with k the wavenumber and F norm = (I0/c)(λ
2/2π) the

normalization for the optical force. I0 = ε0c |E0|2 /2 is
the intensity of the illumination. The physical impor-
tance of F norm is that 3F norm is the upper bound for
the exerted optical force on an isotropic electric dipolar
particle by a plane wave30.

Similarly, the time averaged optical torque exerted on
the flake by the same field is derived as26,27,29:

N =
1

2

{
< (p×E∗inc)− k3

6π

[
1

ε0
= (p∗ × p)

]}
. (8)

By using the incident electric field, i.e. Eq. 6 and the
induced dipole moment, i.e. Eq. 4, we obtain:

N =
2k3

π
Nnorm sin 2φ

[
1

2
<
(
α‖ − α⊥

)
− k3

6π
=
(
α⊥α

∗
‖

)]
ez,

(9)

where Nnorm = (I0/ω)
(
λ2/8π

)
is the torque normaliza-

tion. 3Nnorm is the upper-bound for the exerted torque
on an isotropic electric dipolar particle by a plane wave30.

Now that the relations for the optical force and torque
are known, in the next part, we will focus on calcu-
lating the polarizabilities. The graphene, here, is de-
scribed through the surface conductivity (σGR) derived
by a quantum mechanical approach known as the Kubo
formula28,31,32 and reads as:

σGR(ω) =
ie2

4π~
ln

[
2|µc| − (ω + i2Γ)~
2|µc|+ (ω + i2Γ)~

]
(10)

+
ie2kBT

π~2(ω + i2Γ)

[
µc
kBT

+ 2 ln
(
e
− µc
kBT + 1

)]
,
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FIG. 2: Circular graphene flake shown in Fig. 1a of diameter
D = 1µm. (a) Real and imaginary parts of the electric dipole
polarizability calculated with quasi-static method and FEM
simulation. (b) The absorption and scattering cross sections
of the flake upon plane wave illumination, using the polariz-
abilities calculated with the quasi static method and FEM.
(c) The MST, semi-analytic and quasi static optical force ex-
erted on the flake illuminated by a linearly polarized plane
wave.

where e, ~, kB are the universal constants for electron
charge, reduced Planck constant, and Boltzmann con-
stant, respectively. T represents the temperature. µc
and Γ are physical parameters of the graphene sheet to
represent the chemical potential (or Fermi energy EF )
and the intrinsic loss due to the charged particle scatter-
ing, respectively. Graphene, here, is numerically mod-
elled as a thin layer of a dielectric with permittivity of
εGR = ε0 + iσGRω∆ where ∆ = 0.5nm is the thickness

of dielectric3. For energies well-below the Fermi energy
(i.e. ~ω < EF ) and kBT � EF the above formula can
be reduced to the Drude conductivity:

σGR(ω) =
e2

π~2

iEF
ω + iτ−1

, (11)

where τ is the relaxation time(2Γ = ~
τ ) and is obtained

based on the DC mobility dominated by impurities as
τ = µEF /ev

2
F with mobility µ and Fermi velocity vF ≈

106m
s

6.
In order to underpin a comparative study, let us start

with the circular graphene flake (Fig. 1a) with a diame-
ter D = 1µm. In our case, this graphene disk is doped
to a Fermi energy EF = 1 eV and the DC mobility is
µ = 10000 cm2/V s. Besides, in pursuance of a further
qualitative understanding, the polarizabilities α⊥ and α‖
are found theoretically via the quasi-static approximation

and compared to those calculated by simulation. Con-
sidering the dominant role of the dipolar plasmon mode,
these polarizabilities can be calculated in SI units as33–35:

α⊥,‖ ≈ 4πD3 A

L⊥,‖ − i(4πε0)ωD
σ(ω)

, (12)

where D represents the characteristic length and is equal
to the diameter/square root of the area in the case of
circular/oval flake. The coefficients A and L⊥,‖ are con-
stant and only depend on the choosen geometry. The
coefficients L⊥,‖ is calculated using the polarizability for-

mula for a perfectly conducting ellipsoid36,37 where the
dimension normal to the flake surface (+z) vanishes. For
a circular graphene flake these constants can be analyti-
cally found as A = π/4, L⊥ = L‖ = 3π2/2.

The results of the calculated polarizability of the cir-
cular graphene flake are shown in Fig. 2a. We distinguish
the situation where the polarizability is extracted from
the induced current density as obtained from the FEM
simulations and once analytically as just mentioned.

The results obtained with both methods are in quali-
tative agreement. We notice that a slight disagreement
exists between the spectral positions of the resonances.
This red-shift in the polarizabilities is a clear indication
that we are slightly beyond the range of applicability for
the quasi-static approximation. The agreement will be
better the lower the ratio of D/λ. However, the dis-
persion is very well reproduced. Higher order multipole
moments are not notably induced. This is a promising in-
dication that the semi-analytical approach, that predicts
observable quantities in dipole approximation once these
moments have been extracted from full-wave simulations,
is applicable.

Having the polarizabilities calculated, the scattering
and absorption cross sections can be obtained by using:

Csca =
k4

6π
|α|2 , Cext = kIm (α) , Cabs = Cext−Csca.

(13)
Using the simulated values of the polarizability, the

optical cross sections are shown in Fig. 2b. The circu-
lar graphene flake shows a relatively strong peak around
the wavelength of 16µm at which the flake supports a
plasmon resonance. The optical force exerted on the
graphene flake by a linearly polarized plane wave prop-
agating in the +z direction is plotted in Fig. 2c. The
force is calculated with MST, semi-analytic and quasi
static methods. The orientation of the polarization is of
no importance due to the symmetry of the flake. For cal-
culating the optical force in the semi-analytic method,
the simulated polarizabilities are plugged into Eq. 7. For
the circular graphene flake, due to the symmetry, we have
α⊥ = α‖; and, as expected, the induced torque vanishes
(see Eq. 9). As seen in the figure, both methods of MST
and semi-analytic are in excellent agreement, indicating
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FIG. 3: Oval graphene flake shown in Fig. 1b. The ma-
jor and minor semi-axises have a length of a = 0.8µm and
b = 0.5µm, respectively. (a) Real and imaginary parts of
the electric dipole polarizability calculated with quasi-static
approximation and FEM simulation parallel and (b) perpen-
dicular to the major axis. (c) The MST, semi-analytic and
quasi static optical force and (d) torque exerted on the flake
by a linearly polarized plane wave illumination with a mis-
alignment angle φ = π/4.

the dominant effect of the dipolar mode. The slight dis-
agreement in resonance wavelength between the quasi-
analytical theory and the semi-analytical methods also
translates to the cross sections and the force.

To pursue the favoured aim of our analysis, we con-
tinue to investigate the same scenario as above but now
for the oval graphene flake with a major and minor semi-
axis of a = 0.8µm and b = 0.5µm, respectively. The
misalignment angle φ that measures the orientation of
the linearly polarized field relative to the major axis is
set to 45o (1b). The anisotropic geometry in this case
causes the in-plane polarizabilities of the flake to take
different values. For the oval graphene flake the con-
stants in Eq.12 can be found by a suitable numerical
integration as A = 1, L⊥ = 18.2, L‖ = 9. Interestingly,
through these calculations, it can be realized that these
constants are not independent of each other and the ratio

L‖/L⊥ = (b/a)
3
2 holds true for an oval graphene flake.

Figures 3a and b show the in-plane polarizabilities paral-
lel and perpendicular to the major axes. For each of the
polarizabilities, there is a resonance occurring at wave-
lengths at which the other polarizability’s magnitude is
very small. These resonance wavelengths can vary with
the characteristic length of the object and the Fermi en-
ergy (λres ∼ (D/EF )1/235). Again, a slight disagreement
between the simulated and the quasi-static polarizabili-

ties can be seen but the dispersive features are well re-
produced.
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FIG. 4: Oval graphene flake: (a) Calculated normalized opti-
cal force through the MST method at resonance wavelengths
λ1 = 15.44µm and λ2 = 21.7µm (b) calculated normalized
optical torque through the MST method around resonance
wavelengths λ1 and λ2.

Figure 3c shows the calculated optical force on the flake
with the three methods. Two prominent resonances, cal-
culated through the MST and semi-analytic methods, la-
beled with λ1 and λ2 correspond to the resonances in each
of the polarizabilities. The exerted optical torque is il-
lustrated in Fig. 3d. As is seen, the magnitude and sign
varies depending on the illumination wavelength. Fig-
ure 3d corroborates that a non-vanishing torque leads to
a rotation with tendency of aligning the flake perpendic-
ular, for λ1 < λ < λ2 and parallel, for λ < λ1 and λ > λ2,
to the field polarization. The torque caused by the op-
tical field attempts to minimize the potential energy of
the object. Assuming the graphene flake is a dipolar
particle, as noted above, its potential energy in terms of
the induced dipole moment, U = −〈p ·E〉, can be re-
duced to −〈p⊥ ·E〉 and −

〈
p‖ ·E

〉
around λ1 and λ2 ,

respectively. Depending on the sign of these perpendic-
ular and parallel polarizabilities, the torque directs the
object towards the lower energy configuration i.e. par-
allel or perpendicular to the electric field. The optical
force and torque at λ = λ1 and λ = λ2 as a function of φ
are illustrated in Fig. 4, showing that the exerted force
and torque can be extended and modified by altering the
incident field polarization.

In conclusion, we studied the exerted optical force and
torque on an oval graphene flake and we demonstrated
theoretically the possibility of its alignment and rotation
by a linearly polarized plane wave illumination. Our find-
ings show that for a specific oval graphene flake of par-
ticular size, by altering the Fermi energy, incident light
wavelength and changing the misalignment angle (φ), a
good level of control on the direction and magnitude of
rotation of the object is possible. This in turn allow
us to achieve a tunable light manipulation of small size
graphene flakes that can find applications in Micro-Opto-
Electro-Mechanical Systems.
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