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The optical theorem is an important tool for scattering analysis in acoustics, electromagnetism,
and quantum mechanics. We derive an extended version of the optical theorem for the scattering
of elastic waves by a spherical inclusion embedded in a linear elastic solid using a vector spherical
harmonics representation of the waves. The sphere can be a rigid, empty cavity, elastic, viscoelastic,
or layered material. The theorem expresses the extinction cross-section, i.e. the time-averaged power
extracted from the incoming beam per its intensity, regarding the partial-wave expansion coefficients
of the incident and scattered waves. We establish the optical theorem for a longitudinal spherically
focused beam scattered by a sphere. Moreover, we use the optical theorem formalism to obtain the
radiation force exerted on an inclusion by an incident plane wave and focused beam. Considering an
iron sphere embedded in an aluminum matrix, we compute the scattering and elastic radiation force
efficiencies. In addition, the elastic radiation force is obtained on a stainless steel sphere embedded
in a tissue-like medium (soft solid). Remarkably, we find a relative difference of up to 98% between
our findings and previous lossless liquid models. Regarding some applications, the obtained results
have a direct impact on ultrasound-based elastography techniques, ultrasonic nondestructive testing,
as well as implantable devices activated by ultrasound.

PACS numbers: 43.25.Qp, 43.40.Fz, 43.35.Cg

I. INTRODUCTION

Mechanical, electromagnetic, and quantum-mechanical wave scattering share some remarkable universal
features. A striking common characteristic among these fields is the optical theorem. The original idea
behind it was to relate the optical index of refraction of a medium to what has been extinct in the scattering
process1. For a traveling plane wave, the optical theorem states that the extinction cross-section, i.e. the5

time-averaged power extracted from the incident wave by scattering and absorption per incident intensity,
is tantamount the forward scattering function. The theorem was initially stated for electromagnetic waves2.
In quantum-mechanics, it was derived by Feenberg3. The optical theorem was also established for a plane
electromagnetic4,5, plane sound wave in an ideal fluid5, and plane elastic waves in solids6–10. A generalized
form of the optical theorem was proposed in the electron diffraction theory using reciprocity relations11 and10

in the acoustic scattering by objects with inversion symmetry12,13. Furthermore, the generalized theorem was
obtained for waves in a stratified medium14, surface waves15,16, and Raman scattering by fractal clusters17.

It has been noticed that the ordinary optical theorem established for plane waves has some limitations. It
cannot be applied to beams with some transverse amplitude roll-off such as Gaussian beams18. An extension
of the optical theorem for nonplane wave scattering by a radially symmetric potential in quantum mechanics15

was presented in Ref.19. In this case, both incident and scattered eigenstates are expanded in spherical
function bases, allowing the extinction cross-section be expressed in terms of the expansion coefficients.
Another extended optical theorem was derived for the on-axis scattering of a non-diffracting acoustic beam
(such as Bessel beams) propagating in an ideal fluid20. This result was subsequently generalized for a scalar
beam with arbitrary wavefront21. This problem has outstanding similarity with the inelastic scattering of20

quantum beams by a radial symmetric potential22. Extended optical theorems using the cylindrical wave
decomposition has also been established for both acoustic23,24 and electromagnetic25 waves.

a)Electronic mail: glauber@pq.cnpq.br
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As noted by Newton1, the optical theorem accounted for dispersion of light propagating in a material. A
description of x-rays dispersion was also provided based on similar ideas26. It also served as the foundation
of the connection between dispersion relation and causality27. A wide variety of applications of the optical25

theorem includes phase shift estimation from measurements of the differential scattering cross-section in
quantum mechanics28, evaluation of cracks in elastic solids29,30, diffraction tomography31, analysis of atten-
uation effects from scatterers32, Green’s function reconstruction in inhomogeneous elastic solid medium33,
seismic interferometry34, and calculation of energy loss in solids with dislocation35, to name a few. In ultra-
sonic nondestructive testing (NDT)36, an ultrasound wave is employed to investigate solid structures with30

inclusions, dislocation, and microcracks37.
Motivated by the wide range of applications that the optical theorem may bring to elastodynamics and

NDT, we developed the extended formalism applicable to any longitudinal or shear ultrasound beam of an
arbitrary wavefront. Also, we apply the optical theorem framework to derive the mean force exerted on the
inclusion in a solid matrix by elastic waves. In lossless fluids, this force, known as the acoustic radiation35

force, has been theoretically analyzed in Refs.38–45. In solids, we refer to it as the elastic radiation force.
This force plays a key role in some elastography methods46–49. It is also related to the ultrasound-activation
mechanism for implanted devices50. Moreover, the displacement induced by the elastic radiation force on a
particle embedded in a viscoelastic gel has been experimentally measured51,52.

With the developed formalism, we revisit the scattering of longitudinal and shear plane waves by a spherical40

inclusion. We derive the optical theorem for the scattering of a longitudinal spherically focused beam by an
on-focus sphere. We numerically compute the extinction and radiation force efficiencies for the scattering of
the beams mentioned above. The incident waves are scattered by an iron sphere embedded in an aluminum
matrix. The role of mode conversion in scattering is featured. Additionally, we consider a stainless steel
sphere in a tissue-like medium (soft solid). The obtained radiation force considerably deviates from that45

computed based on the previous lossless liquid model for the medium39. A 98%-relative difference is found
between our findings and previous models. Thus, estimating the radiation force in soft solids assuming a
liquid medium may lead to an enormous error. This work was partially presented in the 5th Joint Meeting
of the Acoustical Society of America and Acoustical Society of Japan, Honolulu, Hawaii, 2016.

II. THEORY50

A. Wave propagation and scattering

Consider an unbounded medium composed of an isotropic elastic solid with density ρ0. The displacement
vector of a point at position vector r is denoted by u. The stress induced by small perturbation in the
medium is based on the Hooke’s law,53

σ = K0 (∇ · u) I + µ0

(
∇u+∇uT

)
, (1)

where the constants K0 and µ0 are, respectively, the bulk and shear modulus, I is the second-rank unit
tensor, ∇u is a second-rank tensor, and the superscript T denotes the transpose operation. The conservation
of linear momentum requires

ρ0∂
2
tu = ∇ · σ. (2)

Here, we are using the shorthand notation ∂t = ∂/∂t. Substituting Eq. (1) into this equation yields

ρ0∂
2
tu = (K0 + µ0)∇(∇ · u) + µ0∇2u. (3)

This is the wave equation supporting longitudinal (L) and shear (S) waves. By employing the identity
∇2u = ∇(∇ · u)−∇×∇× u, we obtain

∂2tu = c2L∇(∇ · u)− c2S∇×∇× u, (4)

where the longitudinal and shear speed of sound are, respectively,

cL =

√
K0 + 2µ0

ρ0
, cS =

√
µ0

ρ0
. (5)
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FIG. 1. (Color online) The sketch of the scattering problem. An arbitrary incident wave denoted by blue vertical
bars is scattered by a spherical inclusion of radius a, density ρ1, longitudinal cL,1 and shear cS,1 speed of sound. The
sphere is embedded in a solid matrix of density ρ0, longitudinal cL and shear cS speed of sound. The scattered waves
are depicted by blue arches. The axial z-direction and position vector in spherical coordinates (r, θ, ϕ) are illustrated.

Note that the longitudinal speed of sound is larger than its shear counterpart, cL > cS.
Assume that a time-harmonic displacement of angular frequency ω is induced in the solid. Using the

Helmholtz decomposition theorem54, we can express the displacement amplitude vector as

u =
[
u(L) + u(S)

]
e−iωt, (6)

where ‘i’ is the imaginary-unit, u(L) (longitudinal component) is irrotational ∇ × u(L) = 0, and u(S) (shear
component) is divergenceless ∇ · u(S) = 0.

Hereafter, we consider the longitudinal u(L) and shear u(S) displacements as normalized quantities to the55

displacement magnitude u0. Inserting Eq. (6) into Eq. (4), we find the vector Helmholtz equations,(
∇2 + k2L

)
u(L) = 0, (7a)(

∇2 + k2S
)
u(S) = 0, (7b)

where kL = ω/cL and kS = ω/cS are the longitudinal and shear wavenumbers, respectively.
In the presence of an inclusion, both incident longitudinal and shear waves will be scattered. In Fig. 1

we illustrate the scattering problem for a sphere of radius a and density ρ1 embedded in an elastic solid.
The longitudinal and shear speed of sound of the sphere are denoted by cL,1 and cS,1, respectively. For60

convenience, we adopt spherical coordinates (r, θ, ϕ), where r is the radial distance, θ and ϕ are the polar
and azimuthal angles. The unit-vectors in spherical coordinates are denoted by er, eθ, and eϕ. In terms of
the incident (in) and scattered (sc) fields, the vector displacements are expressed as

u(L) = u
(L)
in + u(L)

sc , (8a)

u(S) = u
(S)
in + u(S)

sc . (8b)

Let us first discuss the solutions of the Helmholtz vector equations in (7) for the incident wave. They
should be finite everywhere in space. The regular base solution of the vector Helmholtz equations in spherical65

coordinates are given in terms of the Hansen vectors55 (p. 1799)

L(1)
nm = ∇L [jn(kLr)Y

m
n (θ, ϕ)] = j′n(kLr)Ynm(θ, ϕ) +

jn(kLr)

kLr
Ψnm(θ, ϕ), (9a)

M (1)
nm = ∇S × [kSr jn(kSr)Ynm(θ, ϕ)] = −jn(kSr)Φnm(θ, ϕ), (9b)

N (1)
nm = ∇S ×M (1)

nm = n(n+ 1)
jn(kSr)

kSr
Ynm(θ, ϕ) +

∂r[rjn(kSr)]

kSr
Ψnm(θ, ϕ), (9c)

where ∇j = k−1j ∇ with j ∈ {L,S}, jn is the nth-order spherical Bessel function, the prime symbol means

differentiation. The vector spherical harmonics in these equations are defined as56

Ynm(θ, ϕ) ≡ Y mn (θ, ϕ)er, Ψnm(θ, ϕ) ≡ r∇Y mn (θ, ϕ), Φnm(θ, ϕ) ≡ r ×∇Y mn (θ, ϕ). (10)
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The spherical harmonic of nth-order and mth-degree is

Y mn (θ, ϕ) =

√
(2n+ 1)

4π

(n−m)!

(n+m)!
Pmn (cos θ) eimϕ, (11)

where57

Pmn (z) =
(−1)m

2nn!
(1− z2)m/2

dn+m

dzn+m
(z2 − 1)n (12)

being the associated Legendre polynomial of nth-order and mth-degree.
The partial-wave expansion of the longitudinal and shear displacements are expressed as

u
(L)
in =

∑
n,m

a(L)nmL
(1)
nm(kLr, θ, ϕ), (13a)

u
(S)
in =

∑
n,m

a(S,1)nm M (1)
nm(kSr, θ, ϕ) + a(S,2)nm N (1)

nm(kSr, θ, ϕ), (13b)

where
∑
n,m =

∑∞
n=0

∑n
m=−n, a

(L)
nm is the expansion (beam-shape) coefficient of the longitudinal wave, while

a
(S,1)
nm and a

(S,2)
nm are the expansion coefficients of the of the first- and second-type shear wave. The beam-70

shape coefficients can be determined by using the orthogonal relations in (A1) into Eqs. (13a) and (13b).
The result yields

a(L)nm =
1

j′n(kLr)

∮
4π

u
(L)
in (kLr, θ, ϕ) · Y ∗nm(θ, ϕ) dΩ, (14a)

a(S,1)nm = − 1

n(n+ 1)jn(kSr)

∮
4π

u
(S)
in (kSr, θ, ϕ) ·Φ∗nm(θ, ϕ) dΩ, (14b)

a(S,2)nm =
kSr

n(n+ 1)jn(kSr)

∮
4π

u
(S)
in (kSr, θ, ϕ) · Y ∗nm(θ, ϕ) dΩ, (14c)

where asterix denotes complex conjugation, the centered dot means scalar product, and dΩ = sin θ dθdϕ is
the differential solid angle. We note that the beam-shape coefficients can also be computed by numerical
schemes for a given longitudinal or shear incident vector displacements. This is particularly useful in off-axial75

scattering problems58–60.
The asymptotic form of the incident displacement fields at the farfield (kLr, kSr → ∞) is neces-

sary to derive the extended optical theorem later. Thus, using the asymptotic expression57 jn(x) =
x−1 cos [x− (n+ 1)π/2] + O

(
x−2

)
into (13), we arrive at

u
(L)
in = − 1

kLr

∑
n,m

a(L)nm sin

[
kLr −

(n+ 1)π

2

]
Ynm(θ, ϕ), (15a)

u
(S)
in = − 1

kSr

∑
n,m

{
a(S,1)nm cos

[
kSr −

(n+ 1)π

2

]
Φnm(θ, ϕ)

+ a(S,2)nm sin

[
kSr −

(n+ 1)π

2

]
Ψnm(θ, ϕ)

}
. (15b)

We turn our attention to the longitudinal and shear scattered waves. The displacement associated to these80

waves can also be expanded into partial-waves likewise Eqs. (13a) and (13b). The domain of the scattered
displacement fields should excludes the scatterer. In this case, the radial component of the vector spherical
functions should satisfy radiation conditions61. Hence, the regular spherical Bessel functions jn in the basis

vector functions given in (13) should be replaced by the spherical Hankel functions of the first type h
(1)
n . By

so doing, we introduce the singular Hensen vectors85

L(2)
nm = h(1)n

′
(kLr)Ynm(θ, ϕ) +

h
(1)
n (kLr)

kLr
Ψnm(θ, ϕ), (16a)

M (2)
nm = −h(1)n (kSr)Φnm(θ, ϕ), (16b)

N (2)
nm = n(n+ 1)

h
(1)
n (kSr)

kSr
Ynm(θ, ϕ) +

∂r[rh
(1)
n (kSr)]

kSr
Ψnm(θ, ϕ). (16c)
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Now, we express the scattering displacements as

u(L)
sc (kLr, θ, ϕ) =

∑
n,m

s(L)nmL
(2)
nm(kLr, θ, ϕ), (17a)

u(S)
sc (kSr, θ, ϕ) =

∑
n,m

s(S,1)nm M (2)
nm(kSr, θ, ϕ) + s(S,2)nm N (2)

nm(kSr, θ, ϕ), (17b)

where s
(L)
nm is the longitudinal, and s

(S,1)
nm and s

(S,2)
nm are the first- and second-type shear scattering coefficients.

These coefficients can be determined by applying the continuity condition on the displacement and stress
fields across the inclusion’s boundary as will be shown later.

Using the asymptotic form of the spherical Hankel function for large arguments57 h
(1)
n (x) = (−i)n+1eix/x+

O
(
x−2

)
into Eqs. (17a) and (17b), we obtain the asymptotic behavior of the scattered waves at the farfield,

u(j)
sc =

eikjr

kjr
f (j)(θ, ϕ) + O

[
(kjr)

−2] , j ∈ {L,S}. (18)

The scattering form functions are given by90

f (L)(θ, ϕ) =
∑
n,m

i−ns(L)nmYnm(θ, ϕ), (19a)

f (S)(θ, ϕ) =
∑
n,m

i−n
[
is(S,1)nm Φnm(θ, ϕ) + s(S,2)nm Ψnm(θ, ϕ)

]
. (19b)

Using the equations in (A3) and (A4), we derive scattering function in the forward and backward directions
as

f (L)(θ = 0, π, ϕ = 0) =

∞∑
n=0

εnin
√

2n+ 1

4π
s
(L)
n,0 ez, (20a)

f (S)(θ = 0, π, ϕ = 0) = −
∞∑
n=1

εnin

2

√
(2n+ 1)n(n+ 1)

4π

[(
s
(S,1)
n,−1 + s

(S,1)
n,1 − s

(S,2)
n,−1 + s

(S,2)
n,1

)
ex

−i
(
s
(S,1)
n,−1 − s

(S,1)
n,1 − s

(S,2)
n,−1 − s

(S,2)
n,1

)
ey

]
, (20b)

where εn = −1, (−1)n if θ = 0, π; and ex, ey, and ez are the Cartesian unit-vectors.
Both longitudinal and shear waves might be transmitted into the inclusion. Since the transmission waves

should be regular everywhere inside the inclusion, we have95

u
(L)
tr (kLr, θ, ϕ) =

∑
n,m

t(L)nmL
(1)
nm(kLr, θ, ϕ), (21a)

u
(S)
tr (kSr, θ, ϕ) =

∑
n,m

[
t(S,1)nm M (1)

nm(kSr, θ, ϕ) + t(S,2)nm N (1)
nm(kSr, θ, ϕ)

]
, (21b)

where t
(L)
nm is the longitudinal, and t

(S,1)
nm and t

(S,2)
nm are the shear transmission coefficients. They can also be

determined by applying the continuity condition of stresses and displacements across the inclusion’s surface.

B. Extended optical theorem

Mechanical waves carry energy while propagating. When a wave encounters an inclusion, part of its energy
is extincted due to scattering and absorption within the inclusion. To analyze this phenomenon it is useful
to define the absorption σabs and scattering σsca cross-section areas as

σabs,sca ≡
Pabs,sca

I0
, (22)
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where Pabs and Psca are the time-averaged absorbed and scattering power, and I0 is time-averaged charac-
teristic intensity of the incident beam. This means that the total absorption (scattering) power is equal to
the incident intensity I0 projected onto the absorption (scattering) cross-section area. From the conservation
of energy principle, the power removed (extinct) from the incident wave is Pext = Pabs + Psca. Therefore,
the extinction cross-section is given by

σext = σabs + σsca. (23)

It is useful to introduce the absorption, scattering, and extinction efficiencies as their respectively cross-
sections divided by the sphere’s cross-sectional area πa2,

Qabs,sca,ext ≡
σabs,sca,ext

πa2
. (24)

To obtain the cross-sections, we have to calculate their corresponding time-averaged powers in terms of the
incident and scattered fields. This involves the scalar product of two time-harmonic fields. The time-average
over the wave period 2π/ω of two time-harmonic functions f1e−iωt and f2e−iωt, with complex amplitudes f1
and f2, is given by

f1e−iωtf2e−iωt =
1

2
Re[f∗1 f2], (25)

where ‘Re’ means the real-part of.
The total absorbed power is tantamount to minus the time-average of the radial total stress projected

onto the element velocity ∂tu and integrated over a control sphere of radius approaching to infinite,

Pabs = − lim
r→∞

r2
∮
4π

(∂tu · σ) · er dΩ. (26)

For a time-harmonic displacement, the element velocity is ∂tu = −iωu. Using the components of the100

displacement vector in spherical coordinates62 along with Eqs. (15a), (15b), and (18), we find

ur∇ · u∗ = ur∂ru
∗
r + O

(
r−3
)
, (27a)

u · (∇u+∇uT )∗ · er = 2ur∂ru
∗
r + uθ∂ru

∗
θ + uϕ∂ru

∗
ϕ + O

(
r−3
)
. (27b)

Therefore, with these expressions and Eq. (25), we obtain the absorbed power as

Pabs = −ρ0ω
2

lim
r→∞

r2 Re

∮
4π

i
[
c2Lur∂ru

∗
r + c2S

(
uθ∂ru

∗
θ + uϕ∂ru

∗
ϕ

)]
dΩ. (28)

Referring to the asymptotic representation of the incident and scattered fields given in Eqs. (15a), (15b),
and (18), we may re-write Eq. (28) as

Pabs = −ρ0ωu
2
0

2
lim
r→∞

r2 Re

∮
4π

i

[
c2L

(
u
(L)
r,in∂ru

(L) ∗
r,sc + u(L)r,sc∂ru

(L) ∗
r,in + u(L)r,sc∂ru

(L) ∗
r,sc

)
+ c2S

(
u(S)
sc · ∂ru

(S) ∗
in + u

(S)
in · ∂ru

(S) ∗
sc + u(S)

sc · ∂ru(S) ∗
sc

)]
dΩ. (29)

Importantly, the terms involving only the incident displacement vector uin do not contribute to the absorbed
power. Since they concern to the wave propagation without an inclusion, we left them out in Eq. (29). We
recognize in Eq. (29) that terms involving only scattered fields are related to the scattering power

Psca =
ρ0u

2
0

2

∮
4π

[
c3L

∣∣∣f (L)(θ, ϕ)
∣∣∣2 + c3S

∣∣∣f (S)(θ, ϕ)
∣∣∣2]dΩ. (30)

Now, we obtain the absorption, scattering, and extinction cross-sections in terms of the beam-shape and
scattering coefficients. Incorporating the expressions given in (B1) into Eq. (29) results105

σ
(L)
abs = −ρ0u

2
0c

3
L

2I0
Re
∑
n,m

(∣∣∣s(L)nm

∣∣∣2 + s(L)nma
(L) ∗
nm

)
, (31a)

σ
(S)
abs = −ρ0u

2
0c

3
S

2I0
Re
∑
n,m

n(n+ 1)

(∣∣∣s(S,1)nm

∣∣∣2 +
∣∣∣s(S,2)nm

∣∣∣2 + s(S,1)nm a(S,1) ∗nm + s(S,2)nm a(S,2) ∗nm

)
. (31b)
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The absorption cross-section is the sum of the longitudinal and shear components,

σabs = σ
(L)
abs + σ

(S)
abs. (32)

Similarly, substituting the equations in (B1) into Eq. (30), we get the longitudinal and shear scattering
cross-section components,

σ(L)
sca =

ρ0u
2
0c

3
L

2I0

∑
n,m

∣∣∣s(L)nm

∣∣∣2 , (33a)

σ(S)
sca =

ρ0u
2
0c

3
S

2I0

∑
n,m

n(n+ 1)

(∣∣∣s(S,1)nm

∣∣∣2 +
∣∣∣s(S,2)nm

∣∣∣2) . (33b)

The scattering cross-section is then

σsca = σ(L)
sca + σ(S)

sca. (34)

Equations (32) and (34) show that the contribution of longitudinal and shear waves to the absorption and
scattering cross-sections are decoupled. Furthermore, the extinction cross-section comes from the combina-
tion of these equations as follows

σext = −ρ0u
2
0

2I0
Re
∑
n,m

[
c3Ls

(L)
nma

(L) ∗
nm + n(n+ 1)c3S

(
s(S,1)nm a(S,1) ∗nm + s(S,2)nm a(S,2) ∗nm

)]
. (35)

This is the extended optical theorem for elastic waves involving a spherical inclusion of a rigid, void, elastic,

viscoelastic, or layered material. The properties of the inclusion appear in the scattering coefficients s
(L)
nm,

s
(S,1)
nm and s

(S,2)
nm , while the beam characteristics are present in the beam-shape coefficients a

(L)
nm, a

(S,1)
nm , and110

a
(S,2)
nm . The extinction power of the longitudinal or shear wave can only happen if that component is present

in the incident wave. For instance, if the incident wave is a shear wave only then the longitudinal extinction

cross-section is zero, σ
(L)
ext = 0. Even though longitudinal scattered waves are present in the medium due to

mode conversion. Same thing happens when the incident wave is purely longitudinal, σ
(S)
ext = 0.

C. Boundary conditions and coefficient relations115

In the scattering by an isotropic solid sphere embedded in an elastic solid matrix, the boundary conditions
require the continuity of the displacement vectors and the stress tensor across the sphere’s surface r = a. On
assuming that the inclusion does not have an energy source, the absorption cross-section satisfies σabs ≥ 0.
This fact will be used to establish the relations that should be satisfied by the scattering coefficients. Let us
consider a longitudinal and shear incident wave separately.120

1. Longitudinal waves

Longitudinal waves are characterized by the beam-shape coefficient a
(L)
nm. We see from the equations (9),

only shear scattered waves of the second-type described by s
(S,2)
nm can be produced by mode conversion.

Defining s
(L)
nm = s

(L)
n a

(L)
nm and s

(S,2)
nm = s

(S,2)
n a

(L)
nm; while the transmission coefficients are t

(L)
nm = t

(L)
n a

(L)
nm and

t
(S,2)
nm = t

(S,2)
n a

(L)
nm. The four unknown coefficients s

(L)
n , s

(S,2)
n , t

(L)
n , and t

(S,2)
n are determined from the following

boundary conditions

∮
4π

 (uin + usc − utr) · Y ∗nm
(uin + usc − utr) ·Ψ∗nm
er · (σin + σsc − σtr) · Y ∗nm
er · (σin + σsc − σtr) ·Ψ∗nm

 dΩ = 0. (36)

From Eqs. (31a) and (31b), and knowing that σabs ≥ 0, we find that the scaled scattering coefficients satisfy

Re
[
s(L)n

]
+
∣∣∣s(L)n

∣∣∣2 + n(n+ 1)

(
cS
cL

)3 ∣∣∣s(S,2)n

∣∣∣2 ≤ 0, n = 0, 1, 2, . . . (37)
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2. Shear waves

Shear waves are described by two beam-shape coefficients, namely, a
(S,1)
nm and a

(S,2)
nm . Longitudinal waves

are produced from shear waves of the second-type through mode conversion. Thus, we rewrite the scattering

and transmission coefficients as s
(S,j)
nm = s

(S,j)
n a

(S,j)
nm (j = 1, 2), s

(L)
nm = s

(L)
n a

(S,2)
nm ; and t

(S,j)
nm = t

(S,j)
n a

(S,j)
nm

(j = 1, 2), t
(L)
nm = t

(L)
n a

(S,2)
nm . We need six conditions to determine the unknown coefficients s

(L)
n , t

(L)
n , s

(S,j)
n

and t
(S,j)
n , with j = 1, 2. Four conditions are already given in Eq. (36), whereas the additional conditions are∮

4π

[
(uin + usc − utr) ·Φ∗nm

er · (σin + σsc − σtr) ·Φ∗nm

]
dΩ = 0. (38)

Having that σabs ≥ 0 and using Eqs. (31a) and (31b), we obtain the following relations for the scaled
scattering coefficients

Re
[
s(S,1)n + s(S,2)n

]
+
∣∣∣s(S,1)n

∣∣∣2 +
∣∣∣s(S,2)n

∣∣∣2 +
1

n(n+ 1)

(
cL
cS

)3 ∣∣∣s(L)n

∣∣∣2 ≤ 0, n = 1, 2, 3, . . . (39)

The relations in (37) and (39) are a necessary condition to be satisfied by the scaled scattering coefficients.

D. Elastic radiation force

In this section, we use the optical theorem formalism to derive the elastic radiation force exerted by
traveling plane waves propagating along the z-axis on a spherical inclusion of radius a. The linear momentum
density p carried by a plane wave is related to the time-averaged energy density E0 through the expression63

(p. 234)

E0 =

{
pcL, longitudinal

pcS, shear.
(40)

Meanwhile the time-averaged force per unit area (radiation pressure) exerted on a nonreflective interface due125

to linear momentum transfer from the incident wave is also64 pcL,S. From the energy-momentum relation in
Eq. (40), we conclude that the change in the linear momentum of the incident beam in the scattering process
is proportional to extinction power Pext = Pabs +Psca and thus related to the cross-section σext = σabs +σsca.
The linear momentum change corresponding to absorption σabs cannot be not replaced. In contrast, the
part relative to the scattered power returns to the medium. The projected linear momentum of the scattered130

waves on the forward direction θ = 0◦ should be calculated to obtain the elastic radiation force.
As the scattered wave approaches the farfield region kLr, kSr � 1, it resembles a traveling plane wave.

Thus, according to Eq. (40), the scattered linear momentum density in an arbitrary direction at the farfield
is given by

pr =
E0

cjr2
dσsca
dΩ

er, j ∈ {L,S}, (41)

where

dσsca
dΩ

=
ρ0u

2
0

2I0

[
c3L

∣∣∣f (L)(θ, ϕ)
∣∣∣2 + c3S

∣∣∣f (S)(θ, ϕ)
∣∣∣2] (42)

is the differential scattering cross-section, which follows from Eq. (30). Note that the scattering cross-section
is σsca = r−2

∮
4π

(dσsca/dΩ)r2dΩ. The total linear momentum density along the forward direction is just∮
4π

(pr · ez) r2dΩ =
E0

cj

∮
4π

cos θ
dσsca
dΩ

dΩ. (43)

We recognize that the right-hand side of this equation is related to the spatial average of cosine of the polar
scattering angle, also known as the asymmetry parameter65 (p. 72),

〈cos θ〉 =
1

σsca

∮
4π

cos θ
dσsca
dΩ

dΩ. (44)
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For symmetric scattering about θ = 90◦, the asymmetry parameter is zero, 〈cos θ〉 = 0. If the scattering is
more prominent in the forward direction (θ = 0◦), 〈cos θ〉 is positive. The asymmetry parameter is negative
when more scattering occurs toward the backward direction θ = 180◦. By using the relation E0 = I0/cj in
Eq. (43), the total linear momentum along the axial direction is given by (I0/c

2
j )〈cos θ〉σsca.135

Now we can state that the elastic radiation force is given in terms of the linear momentum extracted from
the incident wave and that part taken away by the scattered waves in the forward direction (θ = 0◦),

F
(j)
rad =

I0
cj
σrad, j ∈ {L,S} (45)

where

σrad = σext − 〈cos θ〉σsca = σabs + (1− 〈cos θ〉)σsca (46)

is the radiation force cross-secion. Thus, the radiation force efficiency reads

Qrad = Qabs + (1− 〈cos θ〉)Qsca. (47)

In terms of this efficiency we have

F
(j)
rad = πa2

I0
cj
Qrad. (48)

For a non-absorbing inclusion, the elastic radiation force depends only on the scattering efficiency,

F
(j)
rad = πa2

I0
cj

(1− 〈cos θ〉)Qsca. (49)

To obtain a useful radiation force formula, we need to calculate Qsca〈cos θ〉 in terms of the scattering
coefficients. In so doing, we use Eqs. (19a) and (19b) with (A1) and (A6) into Eq. (44). Accordingly, we find

〈cos θ〉Qsca =

ρ0u
2
0

πa2I0
Re
∑
n,m

{
i

√
(n+m+ 1)(n−m+ 1)

(2n+ 3)(2n+ 1)

[
c3Ls

(L)∗
n+1,ms

(L)
nm + c3Sn(n+ 2)

(
s
(S,2)∗
n+1,ms

(S,2)
nm + s

(S,1)∗
n+1,ms

(S,1)
nm

)]
+c3Sms

(S,1)
nm s(S,2)∗nm

}
. (50)

Here, the contribution of the longitudinal and shear scattered waves are decoupled. However, the last term
within the curly brackets involves a crossed contribution of both types of shear scattered waves.

Let us examine the direction of the elastic radiation force. Granted that no energy source is inside the
inclusion, the absorption efficiency satisfies Qabs ≥ 0. Moreover, the scattering efficiency is always positive,
Qsca > 0. So, having |〈cos θ〉| < 1, we conclude that

0 < (1− 〈cos θ〉)Qsca < 2Qsca. (51)

Thus, the radiation force efficiency satisfies

0 < Qrad < Qsca +Qext. (52)

This implies that the elastic radiation force due to a traveling plane wave always points towards to the140

forward scattering direction. For a non-dissipative inclusion, we have 0 < Qrad < 2Qsca.

A similar result to Eq. (48) has been earlier obtained for the acoustic radiation force in fluids caused by
a plane wave66,67 and a Bessel beam68. The same expression has also been found for electromagnetic plane
waves69. This shows an universal character of the radiation force phenomenon.
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III. SOME WAVE EXAMPLES145

A. Longitudinal plane wave

Consider an incident longitudinal plane wave (LPW) propagating along the z-axis toward infinity. The

corresponding displacement vector is uin = u0u
(L)
in e−iωt, with its amplitude being

u
(L)
in = −iu0∇LeikLz. (53)

The time-averaged incident intensity is

I0 = −∂tuin · σ · ez. (54)

From Eqs. (1) and (53), we find σ · ez = iωρ0cLuin and ∂tuin = −iωuin. Inserting these expressions into
Eq. (54) yields

I0 =
ρ0cL(ωu0)2

2
. (55)

The partial-wave expansion of the incident displacement vector is given by70

u
(L)
in = −

∞∑
n=0

in+1(2n+ 1)∇L [jn(kLr)Pn(cos θ)]

= −
∞∑
n=0

in+1
√

4π(2n+ 1)L
(1)
n,0. (56)

Referring to Eqs. (13a) and (11), the longitudinal beam-shape coefficient reads

a(L)nm = −in+1
√

4π(2n+ 1)δm,0. (57)

Because the vector spherical harmonics in the equations of (9) are orthogonal, the longitudinal-to-shear mode

conversion in the scattering process only involves the second scattering coefficient s
(S,2)
nm . Thus, the scattered

displacement vector is given by150

usc = −
∞∑
n=0

in+1(2n+ 1)
[
s(L)n ∇L[h(1)n (kLr)Pn(cos θ)] + s(S,2)n ∇S ×∇S × [kSrh

(1)
n (kSr)Pn(cos θ)er]

]
=

∞∑
n=0

s
(L)
n,0L

(2)
n,0 + s

(S,2)
n,0 N

(2)
n,0. (58)

We readily recognize that the longitudinal and shear scattering coefficients are expressed by(
s
(L)
nm

s
(S,2)
nm

)
= −in+1

√
4π(2n+ 1)δm,0

(
s
(L)
n

s
(S,2)
n

)
, (59)

where s
(L)
n and s

(S,2)
n are coefficients given in (C2). We also note that they related by

s(S,2)n =
cL
cS

det D
(S)
n

det D
(L)
n

s(L)n , (60)

where D
(L)
n and D

(S)
n are matrices given in C.

By substituting Eqs. (57) and (59) into Eqs. (31a) and (31b), we obtain the absorbing and scattering
efficiencies as

QLPW
abs = − 4

x2L
Re

∞∑
n=0

(2n+ 1)

[
s(L)n +

∣∣∣s(L)n

∣∣∣2 + n(n+ 1)

(
cS
cL

)3 ∣∣∣s(S,2)n

∣∣∣2] , (61a)

QLPW
sca =

4

x2L

∞∑
n=0

(2n+ 1)

[∣∣∣s(L)n

∣∣∣2 + n(n+ 1)

(
cS
cL

)3 ∣∣∣s(S,2)n

∣∣∣2] , (61b)
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where xL = kLa is the longitudinal sphere size parameter. Note that the shear scattering coefficient s
(S,2)
n

can be eliminated in the absorption and scattering efficiencies by means of Eq. (60). The scattering cross-155

section presented here agrees with that previously obtained in Ref.71. One can verify this by setting s
(L)
n =

i−n−1kLA
∗
n/(2n+ 1) and s

(S,2)
n = −i−n−1kSB

∗
n/(2n+ 1), where An and Bn are the expansion coefficients in

the notation of Ref.71.
Referring to Eq. (20a), the forward scattering function is given by

f (L)(0, 0) = −i

∞∑
n=0

(2n+ 1) s(L)n ez. (62)

Hence, using Eq. (35), we find the optical theorem

σLPW
ext =

4π

k2L
Im
[
f (L)(0, 0)

]
· ez, (63)

where ‘Im’ means the imaginary-part of. This equation states that the extinction cross-section is related to
the scattering function along the the forward direction6.160

Now we are able to calculate the efficiency of the elastic radiation force exerted on the inclusion. The
linear momentum taken away from the incident wave is obtained substituting the scattering coefficients given
in Eq. (59) into Eq. (50). Finally, using Eqs. (61a) and (61b), we arrive at

QLPW
rad = − 4

x2L
Re

∞∑
n=0

[
(2n+ 1) s(L)n + 2(n+ 1)

{
s(L)n s

(L)∗
n+1 + n(n+ 2)

(
cS
cL

)3

s(S,2)n s
(S,2)∗
n+1

}]
. (64)

As previously noted, the coefficient s
(S,2)
n can be eliminated through the relation in Eq. (60). The last term

in the curly brackets are due to mode conversion.

B. Shear plane wave

Without loss of generality, we assume that the shear plane wave (SPW) is polarized along the x-axis and
propagates on the z-axis toward infinity. Thus, the incident displacement vector reads

uin = u0u
(S)
in = −iu0eikSzex. (65)

Referring to Eq. (54) and noting that σ · ez = iωρ0cSuin, we attain the intensity magnitude

I0 =
ρ0cS(ωu0)2

2
. (66)

The partial-wave expansion of the shear plane wave is given by70

u
(S)
in =

∞∑
n=1

in+1 2n+ 1

n(n+ 1)
∇S ×

[
(i sinϕ+∇S × cosϕ) kSr jn(ksr)P

1
n(cos θ)er

]
. (67)

To obtain the beam-shape coefficients a
(S,1)
nm and a

(S,2)
nm we first note that

Y ±1n (θ, ϕ) = ±

√
2n+ 1

4πn(n+ 1)
P 1
n(cos θ) e±iϕ. (68)

Thus, (
sinϕ
−i cosϕ

)
P 1
n(cos θ)er =

1

2i

√
4πn(n+ 1)

2n+ 1

(
Yn,1(θ, ϕ) + Yn,−1(θ, ϕ)
Yn,1(θ, ϕ)− Yn,−1(θ, ϕ)

)
(69)
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From Eqs. (13b), (9b), and (9c), we rewrite the expansion in Eq. (67) as

u
(S)
in =

∞∑
n=1

in+1

2

√
4π

2n+ 1

n(n+ 1)

(
M

(1)
n,1 +M

(1)
n,−1 +N

(1)
n,1 −N

(1)
n,−1

)
. (70)

Hence, we find that the beam-shape coefficients be expressed by(
a
(S,1)
nm

a
(S,2)
nm

)
=

in+1

2
δm,±1

√
4π

2n+ 1

n(n+ 1)

(
1
m

)
. (71)

In the scattering process, shear-to-longitudinal mode conversion takes place. However, shear waves de-
scribed by the vector spherical harmonic Φnm cannot be converted to a longitudinal wave. Hence, the165

beam-shape coefficient a
(S,1)
nm cannot be associated to the longitudinal scattered wave. Consequently, this

wave should have cosϕ dependence. Thus, we may express the scattered waves as

usc =

∞∑
n=1

in+1 2n+ 1

n(n+ 1)

[
∇S ×

(
is(S,1)n sinϕ+ s(S,2)n ∇S × cosϕ

)
kSrh

(1)
n (kSr)P

1
n(cos θ)er

+ s(L)n ∇L

(
cosϕh(1)n (kLr)P

1
n(cos θ)

)]
=

∞∑
n=1

1∑
m=−1

(
s(S,1)nm M (2)

n,m + s(S,2)nm N (2)
n,m + s(L)nmL

(2)
n,m

)
. (72)

The scattering coefficients are given bys
(S,1)
nm

s
(S,2)
nm

s
(L)
nm

 =
in+1

2
δm,±1

√
4π

(2n+ 1)

n(n+ 1)

 s
(S,1)
n

ms
(S,2)
n

ms
(L)
n

 . (73)

where s
(S,1)
n , s

(S,2)
n , and s

(L)
n are obtained from the boundary conditions across the inclusions’ surface. They

are given in (C5).
Now we can obtain the efficiencies by substituting the scattering coefficients into Eqs. (31a), (31b), (33a),170

and (33b), we arrive at

QSPW
abs = − 2

x2S

∞∑
n=1

(2n+ 1)

[
Re
(
s(S,1)n + s(S,2)n

)
+
∣∣∣s(S,1)n

∣∣∣2 +
∣∣∣s(S,2)n

∣∣∣2 +
1

n(n+ 1)

(
cL
cS

)3 ∣∣∣s(L)n

∣∣∣2], (74a)

QSPW
sca =

2

x2S

∞∑
n=1

(2n+ 1)

[∣∣∣s(S,1)n

∣∣∣2 +
∣∣∣s(S,2)n

∣∣∣2 +
1

n(n+ 1)

(
cL
cS

)3 ∣∣∣s(L)n

∣∣∣2], (74b)

where xS = kSa is the shear size parameter of the sphere. The scattering efficiency agrees with the result
presented in72. Inserting the coefficients given in Eq. (73) into Eq. (20b) yields the forward scattering
function

f (S)(0, 0) = − i

2

∞∑
n=1

(2n+ 1)
(
s(S,1)n + s(S,2)n

)
ex. (75)

Substituting the scattering coefficients given in (73) into Eq. (35), we obtain the optical theorem

σSPW
ext =

4π

k2S
Im
[
f (S)(0, 0)

]
· ex. (76)

The extinction cross-section depends on the projection of the scattering function onto the polarization
direction. This is in agreement with previous derivations6.
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Finally, we obtain the efficiency of the elastic radiation force by using the scattering coefficients from (73)
into Eqs. (46). Accordingly, we find175

QSPW
rad =− 2

x2S
Re

∞∑
n=1

[
(2n+ 1)

(
s(S,1)n + s(S,2)n

)
+

2

n+ 1

{
n(n+ 2)

(
s(S,1)n s

(S,1)∗
n+1 + s(S,2)n s

(S,2)∗
n+1

)

+
2n+ 1

n
s(S,1)n s(S,2)∗n +

(
cL
cS

)3

s(L)n s
(L)∗
n+1

}]
. (77)

The last term in this equation is due to the shear-to-longitudinal mode conversion in the scattering process.

The crossing term s
(S,1)
n s

(S,2)∗
n shows that the contribution from the scattered shear waves is not decoupled.

C. Longitudinal focused beam

We assume that an spherically focused transducer produces longitudinal waves that are scattered by the
spherical inclusion placed at the transducer focus (on-focus configuration). The transducer has aperture
2b, radius of curvature r0, and half-spread angle α0 = arcsin(b/r0) as depicted in Fig. 2. We consider the
transducer in the paraxial approximation, where its aperture is much larger than the wavelength kLb � 1.
This implies that kLr0 � 1. In a lossless medium, the axial incident pressure yielded by the transducer is
given by73

pin =
ip0r0eikLz

z − r0

(
1− exp

[
ikLb

2

2

(
1

z
− 1

r0

)])
, (78)

where p0 is the pressure magnitude at the source. It is useful to normalize the focused pressure by its
maximum value at z = r0, i.e. |pin(r0)| = kLb

2p0/(2r0). One can show that the beam-shape coefficient of
the focused beam is given by60

a(L)nm = −in
√

4π(2n+ 1)δm,0 gn, (79)

where

gn =
2eikLr0

(2n+ 1) sin2 α0

[Pn+1(cosα0)− Pn−1(cosα0)] (80)

is the diffraction coefficient. The weakly focused limit r0 � b leads to

gn = −eikLr0 + O

[(
b

r0

)2
]
, (81)

which corresponds to the plane wave limit.180

Referring to Eqs. (59), the longitudinal and shear scattering coefficients are expressed by(
s
(L)
nm

s
(S)
nm

)
= −in

√
4π(2n+ 1)δm,0 gn

(
s
(L)
n

s
(S,2)
n

)
. (82)

The coefficients s
(L)
n and s

(S,2)
n are the same as those found in the scattering of a longitudinal plane wave,

since the inclusion is isotropic – see the equations in (C2).
After inserting Eq. (82) into Eqs. (31a), (31b), (33a), and (33b), we obtain the absorbing and scattering

efficiencies as

QFOC
abs = − 4

x2L
Re

∞∑
n=0

(2n+ 1)|gn|2
[
s(L)n +

∣∣∣s(L)n

∣∣∣2 + n(n+ 1)

(
cS
cL

)3 ∣∣∣s(S,2)n

∣∣∣2] , (83a)

QFOC
sca =

4

x2L

∞∑
n=0

(2n+ 1)|gn|2
[∣∣∣s(L)n

∣∣∣2 + n(n+ 1)

(
cS
cL

)3 ∣∣∣s(S,2)n

∣∣∣2] . (83b)
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z

Scattered
wave,

FIG. 2. (Color online) The scattering of a longitudinal focused beam by a sphere of radius a. The incident beam is
produced by a spherically focused transducer of aperture 2b and half-aperture angle α0 = arcsin(b/r0).

It should be noticed that in the weakly focused regime, r0 � b, the scattering efficiency is equal to that of
a longitudinal plane wave

QFOC
sca = QLPW

sca . (84)

The optical theorem for Thus,185

σFOC
ext =

4π

k2L
Im

[
−i

∞∑
n=0

(2n+ 1) |gn|2s(L)n

]

=
4π

k2L
Im
[
f (L)(0, 0) · ez

]
. (85)

Thus, in the on-focus scattering configuration, the optical theorem has the same format as for a longitudinal
plane wave.

We may compute the elastic radiation force exerted on the on-focus sphere totally immersed in the focal
region. In such situation, the beam’s wavefront can be approached to a traveling plane wave73. Therefore,
after inserting Eqs. (83a) and (83b) into Eqs. (48) and (50), we find the axial radiation force efficiency as

QFOC
rad = − 4

x2L
Re

∞∑
n=0

[
(2n+ 1) |gn|2s(L)n + 2(n+ 1)g∗n+1gn

{
s
(L)∗
n+1s

(L)
n + n(n+ 2)

(
cS
cL

)3

s
(S,2)∗
n+1 s(S,2)n

}]
. (86)

This efficiency has the same structure of that for a longitudinal plane wave. Though it carries information
on diffraction properties of the beam through the gn-coefficients.

IV. NUMERICAL RESULTS190

To numerically evaluate the efficiencies which are given by an infinite series, we have to establish a
truncation order. Consider that Qn is the nth-partial term of the efficiencies Qsca and Qrad. Both efficiency

series are truncated at the smallest positive integer N to which the condition |QN+1|/|
∑N
n=0Qn| < 10−6 is

satisfied. Furthermore, the scattering coefficients given in C are used to compute Qsca and Qrad.

A. Scattering in aluminium matrix195

The scattering and elastic radiation force efficiencies are computed for an iron sphere embedded in an
aluminum matrix. The physical parameters describing these materials are, respectively, ρ1 = 7700 kg m−3,
cL,1 = 5790 m s−1, cS,1 = 3100 m s−1; and ρ0 = 2700 kg m−3, cL = 6568 m s−1, cS = 3149 m s−1. As an initial
test, we thoroughly reproduced the results presented in Ref.74. Also, we numerically obtained the shear
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FIG. 3. (Color online) (a) The scattering QLPW
sca and radiation force QLPW

rad efficiencies versus the sphere size factor
xL for a longitudinal plane wave (LPW) scattered by an iron sphere embedded in an aluminum matrix. The mode
conversion in scattering is also depicted (red solid line). (b) The normalized differential scattering-cross section
computed for xL = 1.2 and xL = 6.

scattering cross-section as given in Ref.10. In both tests, we found excellent agreement with previous results.200

For the sake of brevity, we will not show these tests here.
In Fig. 3.a, we show the scattering and radiation force efficiencies of a longitudinal plane wave (LPW).

The contribution of mode conversion to Qsca is also depicted. We see that mode conversion is dominant in
the band xL < 2. Furthermore, both efficiencies have practically the same magnitude when xL < 3. Rapid
fluctuations in the efficiencies, due to resonances70, are observed. Around xL = 1.2, we have QLPW

rad < QLPW
sca ,205

so according to Eq. (51), the asymmetry factor should be negative, 〈cos θ〉 < 0. This is confirmed in Fig. 3.b
by noting that scattering is more prominent in the backward direction. When xL > 2, the opposite happens
QLPW

rad > QLPW
sca and thus forward scattering dominates. We also observe that the scattering efficiency slowly

converges to 2 as xL increases. This suggests that longitudinal waves follows the extinction paradox, which
states that a very large sphere blocks twice its cross-sectional area75 (p. 68).210

The radiation force and scattering efficiencies of a shear plane wave polarized along the x-axis is plotted
in Fig. 4.a. The contribution from mode conversion to the scattering efficiency is illustrated. It is noticed
that mode conversion plays a minor role in the current case. Ripples are observed in both efficiencies due
to resonances in the sphere. In the band xS < 1.2 we have QSPW

rad > QSPW
sca , and thus the asymmetry factor

is negative 〈cos θ〉 < 0 as discussed in Eq. (51). In Fig. 4.b, we observe that backscattering is dominant at215

xS = 1.1. The scattering efficient becomes larger than the radiation force efficiency when xS > 1.2. In this
case, forward scattering is dominant and 〈cos θ〉 > 0 as depicted in Fig. 4.b.

We show the scattering (solid line) and radiation force (dotted line) efficiencies as a function of xL for
a longitudinal focused beam in Fig. 5. The transducer half-aperture angles are α0 = 5◦, 10◦, 15◦. When220

α0 = 5◦, the efficiency approaches that of a longitudinal plane wave. As the beam becomes more focused,
the efficiencies decrease. Also, rapid fluctuations due to resonances in the sphere are observed on both
efficiencies. As the sphere size parameter xL increases, the efficiencies become weaker, i.e. less scattering
power is expected. It should be remembered that to compute the radiation force efficiency given in Eq. (86),
we have assumed that the sphere is placed at the transducer focus, thoroughly inside the focal region.225

Such hypothesis is necessary because the energy-momentum relation in Eq. (40) is strictly valid within
the focal region in which the wavefronts are nearly plane. Since the beam-waist at 3 dB-intensity is76

(p. 185) 3.20/(kL sinα0), it is prudent to use Eq. (86) within the band xL < 3.20/ sinα0 = 37, 18, 12 for
α0 = 5◦, 10◦, 15◦, respectively.230

B. Elastic radiation force in tissue-like medium

The importance of elastic radiation force to ultrasound elastography has prompted us to analyze this
force in tissue-like medium using the developed theory here. In so doing, we use the descriptive parameters
for gel77: density ρ0 = 1100 kg m−3, longitudinal speed of sound cL = 1500 m s−1, shear elasticity modulus
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FIG. 4. (Color online)(Color online) (a) The scattering QSPW
sca and radiation force QSPW

rad efficiencies versus the sphere
size factor xS for a shear plane wave (SPW) scattered by an iron sphere embedded in an aluminum matrix. The
mode conversion in scattering is also shown (red solid line). (b) The normalized differential scattering-cross section
computed for xL = 1.1 and xL = 2.

FIG. 5. (Color online) The scattering and radiation force efficiencies (solid and dotted lines, respectively) versus the
size factor xL for a longitudinal focused beam scattered by an iron sphere in an aluminum matrix. The transducer
half-aperture angles are α0 = 5◦, 10◦, 15◦.

µ0,E = 5360 Pa, and shear viscosity µ0,V = 0.36Pa · s. The shear speed of sound is calculate through the
formula78

cS =

√√√√√ 2
(
µ2
0,E + ω2µ2

0,V

)
ρ0

(
µ0,E +

√
µ2
0,E + ω2µ2

0,V

) . (87)

For a typical ultrasound frequency in elastography ω/2π = 2.25 MHz, we have cS = 99.3 m s−1. The target
sphere is assumed to be made of stainless steel (type 4310) with the following parameters: density ρ1 =
7840 kg m−3, longitudinaland shear speed of sound cL,1 = 5854 m s−1 and cS,1 = 3150 m s−1. Effects of
medium absorption are not considered in this analysis. We will compared the results in gel to those in water235

at room temperature (ρ0 = 1000 kg m−3, cL = 1500 m s−1, cS = 0).
In Fig. 6, we show the radiation force efficiency for a longitudinal focused beam with α0 = 11.45◦ and

a longitudinal plane wave versus the sphere size parameter xL. The frequency is fixed at 2.25 MHz. It is
noticeable that the radiation force of the focused beam in water is in excellent agreement to what has been
obtained by Chen and Apfel39. In gel, the shear speed of sound corresponds to 6.6% of its longitudinal240

counterpart. However, a considerable deviation between the efficiencies in gel and water is observed. For
both incident waves, the maximum relative difference, adopting the value in gel as the reference, is 98% at
xL = 0.16. Thus, the prediction from the lossless liquid and soft solid significantly deviates in the long-
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FIG. 6. (Color online) The elastic radiation force efficiency versus the size factor xL for a longitudinal focused beam
(solid lines) and a longitudinal plane wave (dotted lines) scattered by a stainless steel sphere (type 4310) in gel and
water. The ultrasound frequency is 2.25MHz and α0 = 11.45◦.

wavelength limit xL � 1. The relative difference at xL = 3.4 is 23% and still significant. This value remains
the average difference between the plane wave efficiencies.245

Some remarks on the radiation force efficiency of the longitudinal focused beam should been drawn. As
the ratio of the medium sound speeds approaches zero, cS/cL → 0, the efficiency in a soft solid is expected
to become that in a lossless liquid. We observe that in Fig. 6 by noting that radiation force efficiency in
water as computed by Chen and Apfel39 is thoroughly recovered. Speculatively, this hints that the radiation
force efficiency in Eq. (86) is valid for any sphere size parameter xL > 0. Holding this view, we notice that250

the difference of the efficiencies in gel and water fades away for xL > 14. Thus, the contribution of mode
conversion in this band becomes weaker.

V. SUMMARY AND CONCLUSIONS

The extended optical theorem in elastodynamics relates the absorption, scattering, and extinction powers
by expressing them in terms of scattering coefficients. On its turn, these coefficients are computed by solving255

the system of linear equations derived from appropriate continuity conditions of the displacement vectors
and stress fields across the inclusion’s surface. The developed formalism can be applied to the scattering of
a longitudinal and shear beam with arbitrary wavefront by a spherical inclusion made of any material.

We have revisited the classical problem of plane wave scattering and analyzed the contribution of mode
conversion to the scattered waves. The optical theorem for the scattering of a spherically focused beam by260

an on-focused sphere was established. We have derived for the first time the elastic radiation force exerted
on a sphere in a solid matrix considering a plane wave and a longitudinal focused beam. The case of an
iron sphere embedded in an aluminum solid matrix was examined. Additionally, the radiation force on a
stainless steel sphere embedded in a gel (soft solid) was computed. The relative difference between our model
and previous water-like medium approach can be as high as 98% in the long-wavelength limit. Therefore,265

assuming lossless liquid models to estimate the radiation force in soft solids cannot be taken for granted.

In conclusion, the extended optical theorem can be used as a tool to compute the extinction, absorption
and scattering powers for arbitrary beams such as Gaussian, Bessel, Airy, etc. Such analysis may foster new
applications in ultrasonic nondestructive testing and geophysics. Furthermore, the optical theorem provides
an elegant and simple way to obtain the elastic radiation force in solids. We expect that our work will have270

direct applications in the development and enhancement of elastography methods.
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Appendix A: Vector spherical harmonics

The vector spherical harmonics (VHS) satisfy the orthogonality relations56275

∮
4π

Ynm · Y ∗n1m1
dΩ = δn,n1

δm,m1
, (A1a)∮

4π

Ψnm ·Ψ∗n1m1
dΩ =

∮
4π

Φnm ·Φ∗n1m1
dΩ = n(n+ 1)δn,n1δm,m1 , (A1b)∮

4π

Ynm ·Ψ∗n1m1
dΩ =

∮
4π

Ynm ·Φ∗n1m1
dΩ =

∮
4π

Φnm ·Ψ∗n1m1
dΩ = 0. (A1c)

From VSH definition in (10), we have

Ψnm = (∂θY
m
n )eθ +

1

sin θ
(∂ϕY

m
n )eϕ, (A2a)

Φnm = − 1

sin θ
(∂ϕY

m
n )eθ + (∂θY

m
n )eϕ. (A2b)

It follows from Eq. (11) and the definition of the associate Legendre functions57 that Y mn (0, 0) =
√

(2n+ 1)/4πδm,0.
Thus, the VSH in the forward scattering direction are obtained using this identity and the equations in
(A2),

Ynm(0, 0) =

√
2n+ 1

4π
δm,0 ez, (A3a)

Ψnm(0, 0) =
1

2

√
2n+ 1

4π

√
n(n+ 1)[(δm,−1 − δm,1)ex − i(δm,−1 + δm,1)ey], (A3b)

Φnm(0, 0) =
i

2

√
2n+ 1

4π

√
n(n+ 1)[(δm,−1 + δm,1)ex − i(δm,−1 − δm,1)ey], (A3c)

where ex, ey, and ez are the Cartesian unit-vectors. Similarly, using the expression Y mn (π, 0) = (−1)nY mn (0, 0),280

we find the VSHs in the backscattering direction θ = π,

Ynm(π, 0) = (−1)n+1Ynm(0, 0), (A4a)

Ψnm(π, 0) = (−1)n+1Ψnm(0, 0), (A4b)

Φnm(π, 0) = (−1)n+1Φnm(0, 0). (A4c)

We have used the relations er(0, 0) = ez, er(π, 0) = −ez, eθ(0, 0) = ex, eθ(π, 0) = −ex, eϕ(π, 0) =
eϕ(0, 0) = ey.

Other common definition of VSH is55 (p. 1899)

Pnm = (−1)m

√
4π(n+m)!

(2n+ 1)(n−m)!
Ynm, (A5a)

Bnm =
(−1)m√
n(n+ 1)

√
4π(n+m)!

(2n+ 1)(n−m)!
Ψnm, (A5b)

Cnm =
(−1)m+1√
n(n+ 1)

√
4π(n+m)!

(2n+ 1)(n−m)!
Φnm. (A5c)
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Using the recursion expressions for these vectors given in79, we find285

cos θYnm =

√
(n−m)(n+m)

(2n− 1)(2n+ 1)
Yn−1,m +

√
(n−m+ 1)(n+m+ 1)

(2n+ 1)(2n+ 3)
Yn+1,m, (A6a)

cos θΨnm =
n+ 1

n

√
(n−m)(n+m)

(2n− 1)(2n+ 1)
Ψn−1,m +

im

n(n+ 1)
Φnm

+
n

n+ 1

√
(n−m+ 1)(n+m+ 1)

(2n+ 1)(2n+ 3)
Ψn+1,m, (A6b)

cos θΦnm =
n+ 1

n

√
(n−m)(n+m)

(2n− 1)(2n+ 1)
Φn−1,m −

im

n(n+ 1)
Ψnm

+
n

n+ 1

√
(n−m+ 1)(n+m+ 1)

(2n+ 1)(2n+ 3)
Φn+1,m. (A6c)

Appendix B: Longitudinal and shear absorption power components

Using Eqs. (15a) and (15b), we find that the terms of the absorbing power given in Eq. (29) at the farfield
are

Re
[
iu

(L)
r,in∂ru

(L) ∗
r,sc + iu(L)r,sc∂ru

(L) ∗
r,in

]
=

1

kLr2
Re

∑
n,m
n1,m1

s(L)nma
(L) ∗
n1m1

Y mn Y m1 ∗
n1

, (B1a)

Re
[
iu(L)r,sc∂ru

(L) ∗
r,sc

]
=

1

kLr2
Re

∑
n,m
n1,m1

s(L)nms
(L) ∗
n1m1

Y mn Y m1 ∗
n1

, (B1b)

Re
[
iu(S)

sc · ∂ru
(S) ∗
in + iu

(S)
in · ∂ru

(S) ∗
sc

]
=

1

kSr2
Re

∑
n,m
n1,m1

[
s(S,1)nm a(S,1) ∗n1m1

Φnm ·Φ∗n1m1
+ s(S,2)nm a(S,2) ∗n1m1

Ψnm ·Ψ∗n1m1

]
,

(B1c)

Re
[
iu(S)

sc · ∂ru(S) ∗
sc

]
=

1

kSr2
Re

∑
n,m
n1,m1

[
s(S,1)n,m s(S,1) ∗n1,m1

Φnm ·Φ∗n1m1
+ s(S,2)n,m s(S,2) ∗n1,m1

Ψnm ·Ψ∗n1m1

]
.

(B1d)

Appendix C: Scattering coefficients

To calculate the longitudinal scattering coefficients we proceed as follows. The incident, scattered, and
transmitted displacement vectors are given, respectively, in Eqs. (13), (17), and (21). The corresponding
stress tensors are calculated by inserting the displacement vectors into Eq. (1). The obtained displacements
and stresses are then substituted in the boundary conditions (36). Hence, we find a system of linear equations
for the unknown coefficients,

Dnx
T
n =

d11 d12 d13 d14
d21 d22 d23 d24
d31 d32 d33 d34
d41 d42 d43 d44



s
(L)
n

s
(S)
n

t
(L)
n

t
(S)
n

 =

b1b2b3
b4

 = bTn . (C1)

According to the Cramer’s rule, the scattering coefficients are given by

s(L)n =
det D

(L)
n

det Dn
, s(S)n =

cL
cS

det D
(S)
n

det Dn
, (C2)
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where the matrices D
(L)
n and D

(S)
n are given in terms of Dn, except by replacing, respectively, its first and290

second columns by bTn . The elements of Dn are given by

d11 = xL h
(1)′
n (xL),

d12 = n(n+ 1)h(1)n (xS),

d13 = −xL,1 j′n(xL,1),

d14 = −n(n+ 1)jn(xS,1),

d21 = h(1)n (xL),

d22 = xS h
(1)′
n (xS) + h(1)n (xS),

d23 = −jn(xL,1),

d24 = − [xS,1 j
′
n(xS,1) + jn(xS,1)] ,

d31 = [2n(n+ 1)− x2S]h(1)n (xL)− 4xL h
(1)′
n (xL),

d32 = 2n(n+ 1)
[
xS h

(1)′
n (xS)− h(1)n (xS)

]
,

d33 = −ρ1
ρ0

(
cS,1
cS

)2 [
[2n(n+ 1)− x2S,1]jn(xL,1)− 4xL,1 j

′
n(xL,1)

]
,

d34 = −2
ρ1
ρ0

(
cS,1
cS

)2

n(n+ 1)
[
xS,1 j

′
n(xS,1)− jn(xS,1)

]
,

d41 = xL h
(1)′
n (xL)− h(1)n (xL), (C3)

d42 =

[(
n(n+ 1)− x2S

2
− 1

)
h(1)n (xS)− xS h(1)′n (xS)

]
,

d43 = −ρ1
ρ0

(
cS,1
cS

)2

[xL,1 j
′
n(xL,1)− jn(xL,1)] ,

d44 = −ρ1
ρ0

(
cS,1
cS

)2 [(
n(n+ 1)−

x2S,1
2
− 1

)
jn(xS,1)− xS,1 j′n(xS,1)

]
,

b1 = −xLj′n(xL),

b2 = −jn(xL),

b3 = −[2n(n+ 1)− x2S]jn(xL) + 4xL j
′
n(xL),

b4 = −xL j′n(xL) + jn(xL).

These elements have also been obtained in Ref.70.

Likewise the longitudinal case, the shear scattering coefficients are obtained from the linear system of
equations

Dnx
T
n =


d11 d12 d13 d14 0 0
d21 d22 d23 d24 0 0
d31 d32 d33 d34 0 0
d41 d42 d43 d44 0 0
0 0 0 0 d55 d56
0 0 0 0 d65 d66





s
(L)
n

s
(S,2)
n

t
(L)
n

t
(S,2)
n

s
(S,1)
n

t
(S,1)
n


=


b1
b2
b3
b4
b5
b6

 = bTn . (C4)

According to the Cramer’s rule, the scattering coefficients are given by

s(L)n =
cS
cL

det D
(L)
n

det Dn
, s(S,2)n =

det D
(S,2)
n

det Dn
, s(S,1)n =

det D
(S,1)
n

det Dn
. (C5)

Here the matrices D
(L)
n , D

(S,1)
n , and D

(S,2)
n are obtained from Dn by, respectively, replacing its first, second,
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and third columns by bTn . The additional matrix elements required to compute the scattering coefficients are

d55 = xS h
(1)
n (xS),

d56 = −xS jn(xS,1)

d65 = xS h
(1)′
n (xS)− h(1)n (xS),

d66 = −ρ1
ρ0

(
cS,1
cS

)[
xS,1j

′
n(xS,1)− jn(xS,1)

]
,

b1 = −n(n+ 1)jn(xS), (C6)

b2 = −[xS j
′
n(xS) + jn(xS)],

b3 = −2n(n+ 1) [xS j
′
n(xS)− jn(xS)] ,

b4 = −
[(
n(n+ 1)− x2S

2
− 1

)
jn(xS)− xS j′n(xS)

]
,

b5 = −xS jn(xS),

b6 = −[xS j
′
n(xS)− jn(xS)].
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