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1 Introduction

Quantum mechanical effects are usually manifest at very small scales. Yet, there is mounting
evidence that flavor and gravitational anomalies can have significant repercussions on hy-
drodynamic behavior of relativistic fluids [1-14]. Such hydrodynamic phenomenon may be
responsible for charge asymmetry of hadrons emitted as a result of a collision of two heavy
ions [15-19] and there are candidate setups for measuring these phenomenon in condensed
matter systems [20-27] and astrophysics [28-33].

One of the central observations which have paved the road towards a complete under-
standing of the role of anomalies in hydrodynamic behavior was carried out in [3]. Following
the observations of [1, 2] the authors of [3] have demonstrated that currents associated with
symmetries which possess 't Hooft anomalies in 3 + 1 dimensions have special characteristics
when in or near thermodynamic equilibrium. For instance, when considering linear response,
such currents react to vorticity of the fluid they are in, or to an external flavor magnetic field.
These phenomenon are often referred to as the chiral vortical effect or the chiral magnetic
effect respectively. Generalizations to gravitational and mixed anomalies, to triangle (ABJ)
anomalies, and to other dimensions can be found throughout the literature [8, 10, 11, 34-36].

The relation between anomalies and hydrodynamic behavior of currents which generate
anomalous symmetries raises the possibility of a macroscopic manifestation of anomalies. Un-
fortunately, to actually observe the anomalous behavior of currents one needs good control
over a macroscopic system whose dynamics are well approximated by relativistic hydrody-
namics and whose underlying fundamental fields include chiral fermions. One option for
generating such configurations is in condensed matter systems, Weyl semi-metals in particu-
lar, whose low energy effective description includes chiral fermions.



In the context of particle physics, lepton number is anomalous (assuming a single, mass-
less, left handed neutrino per family) and so, raises the possibility of observing the effects
predicted by [3] in an appropriate astrophysical setup. Indeed in a theory comprised of a
single family of leptons with approximately massless electrons, the left handed lepton num-
ber current and the right handed lepton number current will be separately conserved from
a classical standpoint but are anomalous due to quantum effects. As argued for in [30], if
such a gas is placed inside a magnetized vessel then, upon its release, the chiral magnetic
effect will force the gas to flow in the direction of the magnetic field and, due to momentum
conservation, provide the vessel with linear momentum in a direction opposite that of the
released gas. A similar propulsion mechanism associated with the chiral vortical effect was
discussed in [31].

In [30] it was suggested that the magnetically driven propulsion mechanisms may be
used to explain pulsar kicks (see also the discussion in [31]). Pulsars are rotating and highly
magnetized neutron stars generated when a star collapses under its own pressure and releases
a burst of neutrinos. Young pulsars are observed to travel at very high velocities ranging up
to a thousand kilometers per second relative to the progenitor star [37, 38]. The explanation
of these irregular velocities is currently not agreed on by the scientific community (see, e.g.,
[39]) and the above phenomenon is referred to as “pulsar kicks”.

In this work we offer a controlled setting where the magnetically driven anomalous propul-
sion mechanism of [30] may be studied. We consider a hydrostatically equilibrated gas com-
prised of a single family of leptons with massless neutrinos at a temperature much larger than
the mass of the electrons, trapped inside a spherical rotating charged shell. Neglecting the re-
sponse of the shell to the gas we may use the techniques developed in [7, 8, 10, 11] to compute
(perturbatively) the response of the stress-tensor of the gas to the magnetic field generated
by the rotating charged shell. Unsurprisingly, we find that due to the chiral magnetic effect,
the stress tensor of the equilibrated gas is inhomogenous with stronger support in the direc-
tion of the magnetic field. If the shell becomes instantaneously transparent then momentum
conservation implies that the gas and shell will be thrust in opposite directions generating an
anomaly based propulsion mechanism. Within our setup we estimate the dependence of final
momentum of the shell on the radius, mass, charge and angular velocity (or magnetic field)
of the shell.

Needless to say, our simplistic model, described above, is far removed from any sort of
realistic description of neutron star formation. Nevertheless, given the analytic control we
have over it, it seems a waste not to put it to use, at least as an initial estimate for the
viability of the anomalous propulsion mechanism to generate pulsar kicks. Our naive analysis
implies that the magnetic based propulsion mechanism is a possible candidate for pulsar kicks
only if the magnetic fields during the collapse process are extremely high or that during the
collapse process the radius of the core is close enough to the Schwarzschild radius.

Let us comment that the propulsion mechanism we propose is similar but not quite the
same as a jet propulsion mechanism described in [30]. In a jet propulsion mechanism the jet
engine continuously generates gas which propels the vessel forward. In our model there is a



limited amount of gas which is released instantaneously, the effect being somewhat similar to
propelling a balloon by punching a hole through it (though the directionality in our case is
a result of the anomaly and not of directional release of the gas). It seems to us more likely
that a balloon type mechanism rather than a jet propulsion mechanism is a good model for
describing pulsar kicks. In core collapse supernova, prior to neutrino emission the neutrinos
are trapped inside the star due to their short mean free path during which they presumably
thermalize with the rest of the trapped matter. In the course of the collapse process there
is a period of roughly one second in which the neutrinos are released due to an increase in
their mean free path. But once the mean free path of the neutrinos is larger than the radius
of the core it seems difficult to conceive of a mechanism by which thermal neutrinos will be
continuously generated during this time.

2 Hydrostatic equilibrium inside a charged spinning shell

Recall that the dynamics of a gas of relativistic particles is characterized by a handful of
hydrodynamic fields: a temperature field T, a velocity field v* and chemical potentials p;
conjugate to the conserved charges. The dynamical equations for these fields are given by
energy momentum conservation and charge conservation. For example, in the absence of
charge the dependence of the stress tensor on the hydrodynamic variables is given by

TH = ¢(T)utu” + P(T)(g" + u'u”) + O(9), (2.1)

where O(0) includes expressions which contain derivatives of the hydrodynamic fields, € is
the energy density and P the pressure. Energy-momentum conservation will then provide us
with equations of motion for u* (assumed to be unit normalized) and T'.

In what follows we wish to consider a gas of a single family of standard model particles
with massless leptons, trapped inside a stationary spherical rotating charged shell. Thus,
the classically conserved charges which will be relevant for this work include the energy
momentum tensor 7% and three U(1) charge currents: the electric charge current JZ', and
the left and right lepton number charge JF and J}' which are separately conserved in a
classical theory of massless electrons. As pointed out in [30], while the three Abelian currents
mentioned above are classically conserved, the left and right lepton number currents are
anomalous. We rederive this result in appendix A.

If we are to take into account the gravitational and electric field induced by the motion of
the gas then in addition to the conservation laws for the stress tensor and electric current we
should also include the dynamics of the metric and Maxwell field. Such a system of equations
is often referred to as gravito- or magneto-hydrodynamics and has been recently reconsidered
in [40-42]. In this work we will assume that the gas interacts weakly with a background
electromagnetic field and metric so that the dynamics of the metric and gauge field decouple
from that of the gas.

Since the background metric and gauge field are stationary, the gas will be in hydrostatic
equilibrium. Indeed, when a gas is placed in a time independent background metric g, and



external electromagnetic potential A, it will reach an equilibrium state which we refer to
as hydrostatic equilibrium. As argued in [7, 43], in hydrostatic equilibrium, the constitutive
relations are such that

T

V —Gtt ’ VGt 7

solve the conservation equations at any order in the derivative expansion. Here Tj is the

T =

T
o= A, (2.2)

inverse parametric length of the Euclidean time circle and A; is an external source conjugate
to the charges associated with the chemical potential u;.

Following [8, 10, 11] the constitutive relations for the stress tensor in hydrostatic equilib-
rium, expanded to first order in derivatives, are completely characterized by triangle anomalies
(in the absence of anomalies the leading constitutive relations are second order in derivatives).
They are given by

TH = e(T)utu” + P(T)(g" + w'u”) + uhq” + u’q" + 0(9?), (2.3)
where
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with B! the magnetic field associated with the source A; and w* the vorticity,
n 1 praf 1% pvaf
Bl = 3¢ Uy Fiap wh =€ u, Vaug, (2.5)

with Fiag = 0qAig— 03A;. To obtain (2.4) we have used the general algorithm described in
[8, 10, 11] which provides a method for evaluating constitutive relations which are uniquely
determined by anomalies, directly from the relevant anomaly polynomial. A somewhat tech-
nical but detailed derivation of (2.4) can be found in appendix C.

Given (2.3) and (2.2), all that remains in order to compute the anisotropy of the stress
tensor for our system is to evaluate the background metric and gauge field. The metric
and electric field associated with a spherically rotating charged shell with angular velocity w
can be obtained by solving the Einstein Maxwell equations perturbatively in w, see [44]. In
Appendix B we have rederived this solution in a form convenient to this work. If we denote
the parametric radius of the shell by R its mass by M and its charge by @, we find that the
line element inside the shell is given by

(R2 - T§)2 i+ (2raR +R?>+ 7’3)2

ds* = —
§ (2roR + R? 4 12)? R*

[dr2 +r2d0% + r?sin® 0 (d¢ — Cawdt)?
(2.6a)



where 1
re=M/2, rszix/MZ—QQ, (2.6b)

and Cj3 is a spacetime independent constant which has been computed in Appendix B (see
equation (B.22)). The electromagnetic gauge potential is given by

A, = —,uéi - %mﬁCl sin? 95ﬁ (2.6¢)

inside the shell, where p is an integration constant and C is a spacetime independent constant
given in appendix B (see equation (B.22)). Note that the magnetic field inside the shell is
uniform and given by

B = wC’l s (2.6(].)

in the longitudinal direction. Since there are no electromagnetic left and right fermion field
strengths we will use
Aru = /LT(SZ Aéu = /Méz (266)

for the external flavor fields associated with the right and left handed fermions.

As long as R > r4 the interior of the shell is that of flat space. Once R < r; we expect
a black hole to form and render our solution invalid. Likewise, if the charge of the shell is
larger than its mass, Q> > M?, then the line element becomes complex and the solution
is unphysical. We will refer to such configurations as hyper-charged. Thus, we will restrict
ourselves to R < r, and Q% < M?. It is convenient to trade @ for the magnetic field in the
interior B and the parametric radius of the shell R with its physical radius r,

R
r*:/o dr/Grr - (2.7)

In figure 1 we have plotted the allowed values of M, B and r, which follow from R < r, and
Q? < M2

With the interior metric of the shell at hand we may evaluate the inhomogenous contri-
butions to the stress tensor (at leading order in the derivative expansion) of the gas of leptons
trapped inside it. Inserting (2.6) into (2.4) and using (2.2) we find

2
¢* = —dequ— (b + fuep) B — §C[u?ep +3u- (20° + )

+ B fuiep (4 + Bptiep + =) + (piep + 3u—) T 2] Q (2.8)
ot :27‘aR + R? + 72
R2 — 72 ’
where we have defined
Tt ML

Mlep — T4 > H— = ) (29)
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the magnetic field B is given by (2.6d) and the vorticity by
QO = e"Pu,0,u, (2.10)
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Figure 1. The white region corresponds to the allowed range of B, w, r. and M for the line element
(2.6). The solid red line represents R < rg, below which black hole solutions are expected. The purple
line represents solutions where Q2 = M? above which the solutions are hyper charged and the line
element becomes complex. The vertical axis is measured in natural units where Gy = ¢ = 1.

whose explicit form we will not need. The other components of u* and ¢* vanish. Inserting
(2.8) into (2.3) we may compute the inhomogenous contributions to the momentum density
T%. We remind the reader that our result is valid for a gas of fermions (with massless
neutrinos and with electrons whose mass is suppressed relative to the temperature) in an
approximation where the shell does not backreact on the fermions. Working perturbatively
in the electric charge or metric one may compute corrections to (2.8) (see, e.g., [45]).

With the stress tensor for the trapped gas at hand we may compute its total momentum
by integrating the momentum density,

Pt = /T“O\/_—gdga:. (2.11)

From (2.8) we find that
P* =P+ P§, (2.12)

where, P% represents the contribution to the momentum coming from the magnetic field,

Pz —or / dcgp— (p+ puep) (Epgrs — wpBagu)
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and P represents the contribution to the momentum coming from the vorticity. As discussed
in [31] the contribution of the vorticity is negligible unless an ergosphere is formed. In what
follows we will focus on the contribution coming from the magnetic field. The other spatial

components of the momentum vanish.

3 A balloon-like propulsion mechanism

The end result (2.13) specifies the momentum of a gas of a single family of standard model
fermions trapped inside a charged rotating shell in an approximation where the gas does not
interact with the shell and the electrons and a left handed neutrino are massless. In practice,
once the gas interacts with the shell, the center of mass of the entire system must remain in
equilibrium as it was before the gas thermalized implying a somewhat complex equilibrium
configuration of the joint shell and gas system. Alternately, an external agent must hold
the shell in place in order to keep the system equilibrated in our hydrostatic configuration.
These unfortunate circumstances imply that it is difficult to estimate whether, upon release
of the gas, the shell will gain momentum so as to travel at sufficiently high velocities, inline
with current observations of pulsar kicks; in order for the shell to gain momentum due to
losing the gas it contains there must exist an interaction term between the shell and gas.
Nevertheless, with a lack of a full solution to the gravito-hydrodynamic equations of motion,
we will treat the negative of (2.13) as a crude estimate of the momentum of the shell once
the gas of leptons is ejected.

With these assumptions, the velocity of the shell once the gas is instantaneously released
is given by

Pp

—4
Of course, our simple minded model for pulsar kicks is far removed from a proper description

v =

(3.1)

of a fully developed model of core collapse supernova. Nevertheless, we hope that it captures
the essential features of the propulsion mechanism to provide us with a reasonable estimate
regarding its validity in describing pulsar kicks.

Typical masses for cores which collapse into pulsars are in the range of 1 < M/Mg < 2.5,
typical radii are 8 < 7,/km < 16 and magnetic fields range from 10'2G for ordinary radio
pulsars to over 103G in Magnetars. Theoretical estimates predict magnetic fields of order
10'6 — 107G in cores of young pulsars shortly after their birth. We refer the reader to [46]
for a review. The electron chemical potential and lepton chemical potential are thought to
be of the order of 200M eV [47]. Given that electron masses, however small, wash away any
imbalance of electron chirality [48] implies that that u= ~ 70MeV .

To understand the dependence of (2.13) on the mass, M, radius, r., and magnetic field,

. . . . _ R?42rqR+r?
B, of the rotating shell we need, in particular, to understand the ratio ¢ = =——5* 57— where,

we remind the reader, r, = M /2, rs = \/M? — Q?/2, and R and Q are related to r, and B
via (2.7), (2.6d) and (B.22). Clearly, as the radius of the star gets closer to the Schwarzschild
radius of the shell ¢ will grow without bound. This is similar to the ergosphere enhancement



effect discussed in [31] and may be relevant for black hole kicks, see, e.g., [49, 50]. Contour
plots of ¢ for relevant astrophysical data can be found in figure 2. Since typical neutron stars
have radii much larger than their Schwarzschild radius, we find that ¢ ~ 1.
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Figure 2. Contours of equal ¢ = =—7*5—= towards the high end region of allowed values of magnetic

fields. Once the radius drops below the Schwarzschild radius (red region) black holes are expected to
form. Once the charge of the shell becomes larger than the mass (purple region), the line element is
no longer real. In the allowed region, typical values of ¢ are of order unity.

In figure 3 we have plotted the kick velocity, given in equations (3.1) and (2.13) as a
function of astrophysical data. To observe a kick at velocities of hundreds of kilometers per
second magnetic fields and rotation rates of order of 10'7 Gauss x MegaHertz are required.
Such values of the magnetic field lie at the very edge of allowed magnetic fields in the interior
of pulsars at their early stage of evolution, placing a question mark on the reliability of this
mechanism in generating pulsar kicks.

We would like to point out that our estimate is rather different from that of [30] which
allowed for a higher value of the kick. The difference between the results presented in figure
3 and that of [30] stems from the difference in the propulsion mechanism. Here, we assumed
that once the shell becomes transparent to neutrinos, i.e., the mean free path for neutrinos
is larger than the radius of the shell, then those neutrinos which were in the core escape
generating a balloon like mechanism which leads to values given in figure 3. Put differently,
since new neutrinos can not thermalize during the escape process (due to their large mean free
path) the total momentum available to them is that prior to the shell becoming transparent
and so, the momentum gained by the shell is independent of the time scale during which the
neutrinos are removed. The authors of [30] assumed a jet like mechanism where neutrinos are
constantly being created as they are emitted. In this case, in order to estimate the momentum
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Figure 3. The dependence of the kick velocity on astrophysical parameters.

of the shell one can integrate the energy flux (equal to the momentum density) over a cross
section of the core and over the time scale for emission which is roughly one second, t. ~ 1sec.
Due to the enormously large ratio

le
< ~3x10* (3.2)

T

the estimates obtained by [30] differ from those in figure 3.
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A  U(1) anomalies for massless electrons.
Consider the single family Lepton sector of the standard model with massless neutrinos.
L =iLI)L + ielpe — y.hLe + ... (A1)

where L = (er, vp) is the left handed lepton multiplet, e is the right handed electron, h is
the Higgs doublet and I) = 4*D,, with D,, the SU(2),, x U(1)y covariant derivative. The
dots denote additional terms which do not involve the Lepton sector. Note that (A.1) has a



global (Lepton number) U(1) symmetry which rotates L and er by the same phase. If we set
Ye = 0 then this U(1) Lepton number symmetry is enhanced to U(1), x U(1), which we will
refer to, following [30], as left handed and right handed lepton number; U (1), rotates eg by
a phase and leaves L invariant whereas U (1), rotates L by a phase and leaves ep invariant.

The U(1),xU(1), symmetry of (A.1) with y. = 0 is still realized linearly after electroweak
symmetry breaking. In what follows we will refer to the appropriate classically conserved
currents as Jf and J}' respectively. Our goal in this section is to compute the anomalous
non-conservation laws for these currents. To this end, we need to consider the three point
functions of the U(1) currents in our theory.

Let us denote I';'P(x,y, z) = (J& (x)J}/ (y)JE(2)) where a,b,c = r, £, e referring to U(1),,
U(1); and the electroweak U(1) respectively. The non-vanishing the three point functions
which we wish to compute are I}5 , IXF , I15E Ié‘éjgp, Ig@ug and I;Zep.

Following the notation of [51], let us denote

abc

iMLP2m) 6D (p+ g + k) = / PRI I (2, y, 2)d wd yd 2 (A-2)

For a single chiral fermion with chiral current J* we have

puM’“’p - _ #(1 — c)qakﬁe””aﬁ

unﬂup - _ #(1 o C)kapﬁeupaﬁ (A.3)

ky MPPP = — #%paqge”mﬁ

where ¢ is an ambiguity associated with shifting the momentum in the fermion loop which is
linearly divergent, and f =), x; where i runs over all fermion species in the loop, x = 1 for
right handed fermions and —1 for left handed ones.

The amplitude M}%. has a right handed fermion running in the loop so we should use
f =1and ¢ = 1/3 from symmetry. By requiring that the electromagnetic current is conserved
one can obtain similar results which are summarized in table 1

AmphtUde Mprr | Meer | Mpre | Meoe | Meeo | Mage
1 0 : 1 0
1 1 -2 —1 -1

c
f

= (ol

Table 1. Table of values used for ¢ and f in (A.3) for the various triangle diagrams computed in this
section.

To obtain the (non-)conservation law for the currents in the problem we couple J¢* and J}'
to external sources A) and AZ with arbitrary couplings ¢, and gy. Since the external source
has no kinetic term, one can shift ¢, and g, by a field redefinition of A} or A). Expanding

— 10 —



the action in the path integral in powers of ¢., ¢, and gy we have

Go{ () az0 = Y % < (Z i / AiyJ5d4y> ang;(x)> : (A.4)
m=0 ’ ) A=0

By construction the electromagnetic current is conserved,
duJt =0. (A.5)
For the right handed Lepton current we find that
O JH (x qeqr/Ar,, Acp(2)0u 11 (2, y, 2 d4yd4z+ /Ar,, A, ,(2)0 Iﬁ,’f’,’,(w,y,z)d‘lyd‘lz

Lo / A (1) Ac p(2)0, 104y, 2, ) d yd' 2

(A6)
Inverting (A.2) we find
/Abu(y)A ( )8 Iabcp($7yv z)d4yd4z = _ii( - C)EaVBprau(x)Fcﬁp(x) )
L (A7)
/Aau(y)Abp(z 8 Iaglé(% Z7$)d4yd4z = _18— CeauﬁpFaau(x)Fbﬁp($) .

Thus,

2
OpJt = fedr aVBpFeaV(x)Frﬁp(x) - OWBPFTOW( )E ﬁp(x)

3272 3. 3272
2
de_cavBop, (2)F, A
302 eav(T) eﬁp(x)- (A.8)
Similarly,
qeqr €OV 2qr Y
O Jl = 37,3 PP Ey () Fy () + T 393 PPy o () Fy g ()

2
4q
t+ 5oz Fean(@) Fopp(w) . (A9)

B Metric for a rotating charged shell.

Consider a uniformly charged and uniformly rotating shell of mass M (surface mass density
on), charge @ (surface charge density og), angular velocity w (as seen by an observer at
infinity) and proper radius r,. Our goal is to solve the Einstein equations

1 8tG 1 1 8rG&
Ry — §9MVR T A 4n <FNQF°‘V - ZgWFaﬁFaﬁ> ta Tohe (B-1)
47
V= — shell (B2)

— 11 —



where Tfh'/e” = 7§(r — R) and JFgpey = jH6(r — R) are the stress tensor and charge current
of the rotating shell. As discussed in [52] continuity of the Einstein and Maxwell equations
then demand that

G

— (K" — K] =
K (B.3)
[naFau] = ?]u

where h*" = ¢g" — n#n¥ is the induced metric on the shell with n* an outward pointing
normal vector to the shell, K#, = h#7V,n, is the induced metric on the shell whose indices
are raised and lowered with the metric g, and K = K*#,. Square brackets denote the
difference between quantities slightly outside the shell and slightly inside the shell. In what
follows we will set G = ¢ = 1.

Since the shell is uniformly rotating, its 4-velocity u* is given by u® = wu! with all other
components vanishing. We then define the energy density ojs and charge density o¢ via

™™, = —oput JH = oqut. (B.4)

We can expand o) and o¢ in powers of w and solve (B.4) order by order in w. Our ansatz
for the metric and gauge field is given by

ds? = —e2Vdt? + e (2K (dr? + 1r2d%) + W (dg — wAdt)?)

B.5
F = E,dt A\ dr + wrEydt A df + wr sin 0 Bgdd A dr + wr?sin OB,d¢ A db (B:5)

which are also expanded perturbatively in w,
U=U010w?) K=K9+0w?) wW=w040w?) 5.6

A=A010w?) E=E"+0w?) B;=B"+0w?.

To leading order in w we find that the solution in the exterior of the shell is that of a
charged black hole and in the interior of a rotating flat space-time,

l 7‘2—7'3 > R l 7‘2—7'3 > R
U(O) o n 7‘2+27'a7‘+7‘3 T = K(O) - n 7.2 r -
- ] R2—r2 R o ] R2—r2 R
n Ty o r < n e r < B
202\/7"3—7‘3(7*2—7“3)2 r>R ( ' )
E, = { VGn(2rratr2+r) -
0 r<R
together with
W =eX"rsing. (B.8)

Here, the parametric radius of the shell is related to its proper radius via r, = fOR \/Grrdr.
The parameters rs and r, are integration constants which specify the mass density and charge
density,

o R(raR 1) O _ CR*\/r2 — 12 (B.9)
M orGy (2rgR + 12 + R2)? 9 ony/Gy (2raR+12 4+ R2)? ’
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By comparing (B.7) to the Reissner-Nordstrom black hole solution we find that

ra=M/2  r,= %\/M2 - Q2. (B.10)

At first order in w we solve the equations separately in the interior and exterior and then
glue them using Israel’s junction condition. We start with the interior. In the interior, the

)

equation for Eéo is given by

96(EY sing) =0  9.(Er) =0 (B.11)

whose solution is
B o = (B.12)
r

which is divergent. Thus, we set Eéo) = 0. The equation for Bi(o) is given by

sin 00, (r? B + 19y (sin HB(SO))
0,(rBy") ~ 00(B{") =

0
(B.13)

Using separation of variables and requiring that the solution is not divergent near r = 0,
f# =0 and 0§ = w, we find that

B = ) cos 0 + %r(l + 3 cos(260)) B(go) = —Cysinf — Corcosfsinf. (B.14)

with C} and C5 integration constants. Solving for A() one finds, using separation of variables,
an entire family of solutions,

AO) = C3 4 Cyrcos B + Csr%(1 — 5082 0) + O(2) . (B.15)

The undetermined coefficients, C; can be computed by matching the interior and exterior
solution across the shell.

Before proceeding with the exterior solution which is somewhat more involved, it is useful
to study the implications of the Israel junction condition to simplify the interior solution
(B.15) and (B.14). Let us denote A;(r,0) = A (r < R,0) and A.(r,0) = A (r > R,0),
then the matching condition for the metric (B.3) take the form

O, (Ai(r,0) — Ac(r,0)) | _p + Q1 Ai(R,0) = Qs (B.16)

where the @Q); are constant (6 and r independent) coefficients whose explicit form is somewhat
long and irrelevant to our construction. On physical grounds we expect that there is no
non-trivial solution in the absence of a shell. Thus, (B.15) gets truncated to

A0 =y (B.17)
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and the exterior solution for A must be 6 independent. Likewise, if we denote by B;(r,0) =
Béo)(r < R,0) and B(r,0) = Béo)(r > R,0) then the matching conditions for the field
strength (B.3) are of the form

Be(R,0) — Bi(R,0) + Q3A;(R,0)sinf = Q4sin 0 (B.18)

where Q3 and )4 are constant (and we have consistently taken Fy = 0 in the exterior). By
the same arguments used to study A we find that Cy in (B.14) must vanish. Thus, in the
interior we have:

AO =cy;  BO =Cycos0  BY =-Cysind (B.19)

with vanishing correction to Ejy.
Turning to the exterior, the local (in #) nature of (B.16) and (B.18) imply that in the

exterior the solution must take the form

c? 2 1

0 _ L
N @ﬁ(r) cos 0 By’ = N

where the last term is determined via the Bianchi identity. The equations for o and 5 form

Or (7"25(7“)) sin 6 (B.20)

a coupled set of second order linear equations of the form,

2 9 2\4 /
((7’ T‘g(rgrj —7’:27)48) o — 47‘2 /7‘3 — T?ﬁ) =0 (B.21a)
s

8" + 6, _2r _ 4(r +ry) B 4(2rirq + 303 — 1) B
roor2—r2  r242rrg+r2 r2(r? = r)(r? + 2rra +13)
R Rt Uk ek OB

P =r3)

Fortunately (B.21) can be solved analytically, though the explicit form of the solution is
somewhat long. The most general solution to (B.21) contains four integration constant two
of which are determined by requiring that the metric be asymptotically flat. The other two
integration constants, as well as C3 and C in (B.19) are obtained by solving (B.3) together
with continuity of the metric and field strength in the transverse directions. We find

2 VPE—1(1+2papr + p%)? <2PRPa +3pa (0% — 1)° By log (;’gﬁ))
vGN Pk (2pRQa + (p% — 1) Qplog (Zg;}))
2prSq + (p% — 1) Splog (Zgﬁ)

(1+ 20upm+ ) (200 Q@+ (% — 1) Qulog (2251

Cy=—

(B.22)

Cs =
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where
Py = p2 (30% + piy + 21p% — 9) pr + pa (905 + 27p% — pf — 3) + 16p%
Py =pa (P +3) pr+3p% + 1
Qa = 1207 (p% — 3) Pk + P (30% + PR — 15p% + 3) pr — 1204 (P + PR) — TR + 3pR — 5pR + 1
Qv = 120 (p7 +3) P + Pa (30% + 30k + 13p% — 3) pr + 12p4 (3p% + pik) + (pf + 1) * (5p% — 1)
Sa =205 (3p% + Pk — 15p% +3) pi + pa (P +1) * 30k — 24p% +5) pr

+ p2 (—3p% + 10p% — 128p% + 2207, + 3) + p (—3p% + 38pf — T6p% — 38p%; + 15pR)

+ 5p% — 32p% + 18p% — 8p% + 1
Sy = py (6% + 6p% + 260k — 6p%) + pi (—3pk + 36pR + 820k + 28p% — 15pR)

— 3p; (P — 40p%, — 34p, + 8p% + 1) + papr (3p% + 16p% + 114p, — 5)

+ (PR +1)° (5o — 1),

(B.23)

and we have defined R
Ta
Pa = — PR= —. (B.24)
Ts Ts

C Anomalies and transport

In what follows we use the general prescription of [11] to compute the contribution of anoma-
lies to transport. Our starting point is the anomaly polynomial

P:%Fr/\Fr/\Fr—I—CQFe/\FT/\FT+C3F7«/\Fe/\Fe+C}nFr/\R/\R

+%Fg/\Fg/\Fg—|—C5Fe/\Fg/\Fg—|—cﬁFg/\Fe/\Fe—1—072an/\R/\R. (C.1)

with
¢ = —cq’ 4 = 2cq}
o = —CQeq? 5 = Cqeq} (C.2)
c3 = —cqlqy c6 = cqiaq,

and ¢ = 8%, responsible for the left and right handed lepton anomaly computed in appendix
A. The parameters c,,, are associated with mixed gauge-gravitational anomalies. They do not
play a role in the analysis presented in this work. Their value can be computed by standard
means.

To apply the prescription of [11] we construct the thermal anomaly polynomial
Fr A Fr
——5— \Pr-1 (R)>

472
with Fr an auxiliary field strength which will be set to zero at the end of the computation and
pi the kth Pontryagin class. For the particular case at hand we need only p; (R) = —#R/\R.
From the thermal anomaly polynomial we construct the hatted thermal anomaly polynomial,

PT:P(FTaFéyFeypk(R)_)pk‘(R)_

Pr(Fy, Fy, F., Fr, R) = Pr <Fé, F,, E., Fr, R) , (C.3)
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where hatted two-forms F' = dA and R = dI’ 4+ I'? are related to their unhated counterpart
F=dAand R=dl +I? via a shift,

A=A+ pu I =T+ ppu (C.4)
with p the chemical potential associated with the relevant flavor field (and pp = 27T with T
the temperature), u the velocity 1-form u = u,dz* with u* the velocity field, and (ugr)%s =
TV, (u®/T) the spin chemical potential. From Pr and Pr we construct the master function

u ~
Vr=—A <PT - PT) ; (C.5)
2w
from which the conserved currents can be computed via a variational prescription. (Note that
the 1/w in (C.5) is a shorthand notation for removing one factor of w from u A (PT - 75T>

which can be shown to vanish when w is set to zero.) More precisely, we have

. 8VT . 1 aVT IH = aVvT (C 6)

YS9 T M T amar

Here J = Jeoy pdat with Jtow the covariant current and B = PMO‘P,,B F,pdztdx” is the magnetic
field associated with the field strength F' with P* = g + vwfu”, ¢ = q,dz" and L*, =
L*,odx® specify the anomalous contribution to the covariant stress tensor

TH = ulg” +ug" +V, (Lu[w] 4 el LP(W)) (C.7)
with square brackets denoting antisymmetrization of the indices and circular brackets their
symmetrization,

1 1
AW) = — (AR 4 A7) A = A — A C.8
(AR 4 A, - ( ) (C3)

The magnetic component of the Riemann tensor two form (Bg)*, is given by
(Br)", = R*,ap P, PP ydxPdz” . (C.9)
Using the above prescription we find, after some algebra,

JFoow = = 2 (copp + 3crpy) B — 2 (c3p + copr) B — 2k (1Rr)"3 (BR)“BQ
— (87T}, + cap® + 2eappir + 3erpl + ¢y tr (u3)) W,
Tt o == 2 (esp1 + Beapie) BY = 2 (cop + cspue) B — 265, (ug)*5 (Br)",,
— (8712T2072n + cou® 4 2cs g + 3cap? + c tr (,u%%)) wh
T on = — 2 (copt + cspip) B} —2(c3p + capy) Bl — 2 (cope + c3pir) BH
— (2cappte + espf + 2capapiy + copil) Wi

(C.10)

Here the magnetic fields B# and (Bg)" 5 are given by

1 1
BY = ge””p(’u,,Fpa, (BR)”O‘B = ieuup"uyRo‘ﬁm,
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and should be distinguished from the magnetic field two forms B and Bg in (C.6).

_ 0
The consistent currents are obtained from the covariant ones via Jl anom Jl cov JZ-7 B2

where Ji pz are Bardeen-Zumino terms given by J; pz = 8811%5 where Icg is the Chern Simons
term associated with the anomaly polynomial (C.1),

ICS:%ATAFTAFT+C2ATAF6AFT+C3ATAF6AF6+(,1n—s ) A ARA R+ shFr Aics
+ S AN F N+ csAgNF A Fy+ cgAe NF A Fe+ (¢, — s3) AcANRA R+ %, Acs
(C.11)

with icg =T Adl" + %F AT AT. An explicit computation yields
«a 1 afvyd 1«
JT7BZ :56 (261ArﬁFr7«/5 + CZATﬂFe,'\/(s + Smlcs)
1 .
Ji'Bz 256(15”6 (2¢4 405 F 0 5 + 5 AgaFe s + shids) (C.12)

1
eBZ 2560576 (c2ArgFy s + 2c3Ar8F 5 + c5 AggFy s + 206 AggFe 55) -

To find the constitutive relation of (the contribution of the anomaly to) the covariant
stress-energy tensor, we evaluate ¢ and L*, using (C.5). We find
¢" = —2 (crpetr (1) + opetr (Bh) + crpip + coppi? + csppur
teapiy 4 csppd + cop’pe + 87T2C7ln,u,«Tz + 8122, 1 T?) wh
— (et (B%) + 3c1p? + 2coppir + c3p® + ¢, 87°T2) B
— (2t (uh) + Beapd + 2esppue + cop® + 2,87 T?) BY
— (cap? + 2capupir + cspd + 2cappte) B — 2 (chpir + o) (nr)® 5 (Br)*
and

L' = —2ck, Bl (ur)°, — 2, B (1r)” — 2 (chuttr + chypre) (Br)", — 2 (chyptr + copar) 0 (1m
(C.13)

B
)"a
Much like the consistent currents, the covariant stress tensor can be obtained from the

covariant one by adding to it a Bardeen Zumino polynomial. One finds

anom

1
TR — ylq” bl g+ Yy, (Lﬂw . LW”)) +3Va (XW X XW) , (C.14)

with X", = gécl,s An explicit computation yields

1 2
XW\V :‘%n [Eupmrr)\yp + EApnaFuup] FNW 4 ‘%ﬂ [Eupmrkyp + ekprwfﬂyp] Fgﬁo
+ (07171 _ Srln) [EumeAww + e)‘p’wRuma] Aﬁp + (an — szn) {GNPHJRAVM + EAmeuum] Az,p-

(C.15)

The resulting anomalous contribution to the stress tensor, to first order in derivatives (to
which LL” and X4" don’t contribute) can is given in (2.3) and (2.4).
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