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We study the 65 symbol for the conformal group, and its appearance in three seemingly
unrelated contexts: the SYK model, conformal representation theory, and perturbative amplitudes
in AdS. The contribution of the planar Feynman diagrams to the three-point function of the bilinear
singlets in SYK is shown to be a 65 symbol. We generalize the computation of these and other
Feynman diagrams to d dimensions. The 65 symbol can be viewed as the crossing kernel for
conformal partial waves, which may be computed using the Lorentzian inversion formula. We
provide closed-form expressions for 65 symbols in d = 1,2,4. In AdS, we show that the 65 symbol
is the Lorentzian inversion of a crossing-symmetric tree-level exchange amplitude, thus efficiently
packaging the double-trace OPE data. Finally, we consider one-loop diagrams in AdS with internal
scalars and external spinning operators, and show that the triangle diagram is a 65 symbol, while

one-loop n-gon diagrams are built out of 65 symbols.
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Figure 1: The inner product of an s-channel conformal partial wave and a t-channel conformal

partial wave is a 65 symbol, represented by a tetrahedron. Each line represents a coordinate, and
each vertex is a conformal three-point function.

1. Introduction

Clebsch-Gordan coefficients are familiar quantities in quantum mechanics, encoding the ad-
dition of two angular momenta. When adding three angular momenta, one encounters the 6j
symbol which, like the Clebsch-Gordan coefficients, is of fundamental importance in the repre-
sentation theory of SU(2). In adding three angular momenta, one has a choice of combining the
first two, and then the third, or the second and third, and then the first. The overlap of these
two choices involves a product of four Clebsch-Gordan coefficients, summed over the m; quantum
numbers. As such, the 65 symbol can be represented by a tetrahedron, with each of the six sides
labelled by a spin, and each of the four vertices representing a Clebsch-Gordan coefficient.

These quantities, while most familiar for SU(2), can be defined for any group. Our interest will
be in the Euclidean conformal group, SO(d+1,1). In mapping from SU(2) to the conformal group,
the angular momentum is replaced by the dimension and spin of the operator, the z-component
of angular momentum becomes the position x of the operator, and the Clebsch-Gordan coefficient
becomes a conformal three-point function. In this paper, we will compute 65 symbols for the
conformal group, in one, two, and four dimensions.

One context in which 65 symbols for the conformal group naturally appear is in the framework
of the conformal bootstrap, as emphasized in [1]: a four-point function can be expanded in either
s-channel or t-channel conformal blocks, and the equality of the two yields powerful constraints
on CFT data. One can define single-valued conformal partial waves, as a sum of a conformal
block and its “shadow”, as we will recall in the main text. The overlap of an s-channel conformal
partial wave with a t-partial conformal partial wave is the definition of a 65 symbol, as shown
diagrammatically in Fig. [l This is equivalent to a “crossing kernel” for the conformal group. This
interpretation of the 65 symbol for the conformal group is a direct analogue of the one in quantum
mechanics, as an overlap of the two different ways of combining three spins.

In this work, we reveal two other contexts in which these 67 symbols appear: Feynman
diagrams of the SYK model and their generalization to higher dimensions, and Witten diagrams
for tree-level and one-loop scattering amplitudes in AdS, dual to large N CFT correlators at leading

and subleading orders in 1/N.
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Figure 2: (a) The sum of the planar Feynman diagram contribution to the SYK three-point function
of bilinears is given by three conformal three-point functions glued together. The figure on the
right is not a Feynman diagram; each vertex is a three-point function. (b) The inner product with
a bare three-point function of shadow operators extracts the structure constant, and is equal to a
67 symbol.

The one-dimensional SYK model [2-5] is part of a new class of solvable large N quantum
field theories, which are dominated by melonic Feynman diagrams at large NV, and are conformally
invariant in the infrared. The three-point function of the bilinear O(N) singlets was recently
computed in [6], by summing all Feynman diagrams. The contribution of the planar diagrams is
shown in Fig. 2] There is a simple way to see that the planar three-point diagram is actually a
67 symbol: by taking the inner product with a three-point function of the shadow operators, one
obtains a tetrahedron, i.e. a 65 symbol. This argument establishes an intriguing connection: the
overlap of two conformal partial waves — a group-theoretic quantity — and the planar Feynman
diagrams in an SYK correlation function — a dynamical quantity — are just two different ways of
splitting a tetrahedron.

The SYK model is formulated in one dimension, and one would clearly like to have a higher-
dimensional version. An obvious generalization is to take the SYK Lagrangian, replace the fermions
by bosons, and put the theory in d dimensions. Unfortunately, this d-dimensional bosonic SYK
theory is not well defined because the potential has negative directions. Nevertheless, one can still
study the theory formally, and this is what we will do in this paper: we compute the correlation
functions of the d-dimensional bosonic SYK theory, in close analogy with the solution of the
SYK model [6]. In fact, the extent to which a d-dimensional SYK model exists is irrelevant for our
purposes: we are simply taking the leading large N Feynman diagrams that appear in the standard
one-dimensional SYK model, and evaluating them in d dimensions, using a conformal bosonic
propagator. A two dimensional generalization of SYK that is well-defined is the supersymmetric

version [7], and it should be straightforward to generalize our calculations to this context. There



are also promising signs that more higher-dimensional SYK-like theories may still be found [8}9].

In the AdS context, the appearance of the 65 symbol is quite natural, in the sense that the
AdS isometry group is the conformal group. Where exactly it appears is less obvious; one answer,
as we will show, is in the computation of tree- and loop-level scattering amplitudes. There has
been recent progress on loops in AdSE though there are still relatively few explicit results for AdS
diagrams beyond tree-level, especially compared to the extensive and sophisticated knowledge of
S-matrices. Perhaps the clearest demonstration of this fact is the absence of a computation of
the one-loop vertex correction in ¢3 theory, a basic quantity. We will show that this diagram in
AdSg4y1 is, in fact, given by a spectral integral over the 65 symbol for SO(d+1,1). We also compute
higher-point diagrams at one-loop with cubic vertices — i.e. AdS “n-gons” — and find that they
may be written as gluings of 65 symbols. This includes the box diagram (n = 4), which had not
previously been computed.

The overall picture, then, is of a triangle of relations amongst SYK planar diagrams, the 67
symbol, and AdS one-loop diagrams, all of which can be expressed simply in terms of the others.

In Sec. [2| we study the d-dimensional bosonic SYK theory. In Sec. we compute the four-
point function of fundamentals, by summing ladder diagrams. Such calculations have become
standard in the SYK literature. We are able to both generalize and simplify the computation,
by recognizing that the conformal three-point integrals that appear throughout are just shadow
transforms, discussed in Appendix [D] In Sec. we turn to the three-point functions of bilinears,
and demonstrate that the contribution of the planar Feynman diagrams is a 65 symbol. The con-
tribution of the so called contact diagrams is calculated in Appendix [C] The analytically extended
three-point function of bilinears plays an essential role in determining all higher-point correlation
functions, as discussed in Sec. 2.3

In Sec. [3] we compute the 65 symbols, which we view as the overlap of two conformal partial
waves, as was shown in Fig. [Il This section can be read independently of the rest of the paper.
In one dimension, the conformal partial waves are the standard o F; hypergeometric functions of a
conformally invariant cross ratio of four points. The overlap of two partial waves is an integral of
a product of two oF}’s, which is a generalized hypergeometric function 4F3. This straightforward
computation is done in Appendix [B] In two and four dimensions, there are two conformal cross-
ratios, and the conformal partial waves are sums of products of two hypergeometric functions.
The integral for the overlap of two partial waves, as formulated in Fuclidean signature, does not

appear to factorize. However, one can achieve factorization into one-dimensional integrals by

'For a long time, there were very few loop-level results. Progress was made via direct computation in Mellin
space |[10H12]. This inspired a prescription for an “AdS unitarity method” which uses ideas from CFT crossing
symmetry [13]. These developments led to further progress in the case of AdSs x S® [14H17], as well as applications
of large spin perturbation theory/Lorentzian inversion |17] and, more recently, progress in direct computation of
individual diagrams and their analytic structure [18-22]. The work of [21], in particular, performs an extensive
analysis of the analytic structure of wide classes of individual diagrams.



an appropriate contour deformation into Lorentzian signature, i.e. by employing Caron-Huot’s
Lorentzian inversion formula [23,24]; our integral is a special case of his more general formula,
for a four-point function that is a t-channel partial wave. In Sec. we generalize Caron-Huot’s
formula in two dimensions to include external operators with spin (recovering the generalized
inversion formula in [25]), and compute the two-dimensional 65 symbol for arbitrary spin. In
Sec. we compute the four-dimensional 67 symbol, for external scalars. In both two and four
dimensions, the 65 symbol is expressed as a finite sum of products of two 4F3’s, as a result of
the factorization into one-dimensional integrals. (See Egs. (3.35)—(3.-38) for d = 2 and for
d= 4)E| We also explain how Lorentzian inversion allows one to formally invert a conformal block
rather than a partial wave.

In Sec. 3.3] we analyze the 65 symbol in order to address the following question: on what
s-channel partial waves does the t-channel partial wave have support? The answer is encoded in
the locations of the poles of the 65 symbol, whose residues encode the OPE data. That this is true
can be seen from our method of using the Lorentzian inversion formula, which produces a function
whose poles in A correspond to the physical operator spectrum. We show that there are poles
when the twists 7, = A; — J; of any three operators that share a vertex obey 7; = 7; + 73, + 2n with
n € Z>o; in addition, for each of these poles, there is a pole at the shadow location. These locations
correspond to the twists of infinite towers of “double-twist operators” in the s-channel, of the form
0;(0%)"0,, . ..0,,0%, whose existence is required by crossing in the lightcone limit [27,[28]. The
residues of these poles thus encode the OPE coefficients and anomalous dimensions of the double-
twist operators, so the 65 symbol contains complete information about these quantities, even down
to finite spin J. As an example, we present explicit results for leading-twist (n = 0) anomalous
dimensions due to the Lorentzian inversion of a conformal block in Egs. and ([3.50)), valid
for finite spin J

In Sec. [l we turn to the AdS story. In Sec. [d.1] we start at tree-level. We show that Lorentzian
inversion of a sum over channels of AdS exchange diagrams yields the 65 symbol; more precisely,
it yields the Lorentzian inversion of a conformal block, which is a projection of the 65 symbol.
(See Eq. (4.2).) Thus, the OPE function for leading-order connected correlators in large N CFTs
is a sum of 65 symbols, which in turn encode the OPE data for double-trace operators. In large

N CFTs with weakly curved, local AdS duals, there are a finite number of light operators, so

2The 65 symbol for scalar principal series representations of SO(d + 1,1) was computed in [26] in terms of a
four-fold Mellin-Barnes integral. The expressions we find in d = 2,4 are much simpler.

3There have been some recent works that compute anomalous dimensions from related perspectives [29-33].
Comprehensive closed-form expressions for anomalous dimensions, valid to all orders in the 1/J expansion, may be
found in [31433] for leading-twist (n = 0) double-twist operators, with an extension to subleading twists (n > 0)
and external spins in [32,33]. As a point of clarification, we emphasize that the 65 symbol is not actually computed
in [32|33], but rather, parts of the residues of its poles. As such the use of the term “crossing kernel” in those
papers is non-standard; in this work, we compute the complete crossing kernel in d = 1,2, 4, from which the finite
J OPE data may be extracted via residues. We explain in detail the difference between our results for leading-twist
anomalous dimensions at finite J, and the asymptotic resummations of [31133|, in footnote



the double-trace data is determined by a finite sum of 65 symbols. (There is a lower bound on
the spin of the double-traces that the 65 symbol captures, as we recall later.) In Sec. we
turn to the one-loop diagrams, in general dimension d. We begin with the one-loop, three-point
triangle diagram in AdS for arbitrary external spins and internal scalars, drawn in Fig. [7] This
diagram — indeed, all one-loop diagrams considered in this paper — can be written as a spectral
integral over the “pre-amplitude”, which is defined as the same diagram but with the bulk-to-bulk
propagators replaced by harmonic functions (i.e. the propagator minus the shadow propagator).
There is some data on the analyticity properties of the triangle pre-amplitude [21], but it, too,
has never been computed. We show that the triangle pre-amplitude equals a 65 symbol times a
kinematic prefactor. (See Egs. and (4.32).) This fact essentially follows immediately from
the split representation of the harmonic function. This determines the full triangle amplitude by
spectral integration of the 65 symbol, whose poles are easily read off from our explicit expressions
for the 65 symbol. We then show that the pre-amplitude for n-gon diagrams (see Fig. E[) is equal
to the d-dimensional SYK bilinear n-point planar diagram with no exchanged melons, times a
kinematic prefactor. We give a more detailed exposition of the box diagram (n = 4), which we
write in a conformal block expansion. (See Egs. (4.37)—(4.38).) It takes the form of a sum of two
67 symbols times a conformal partial wave. Higher n-gon pre-amplitudes can also be written in
terms of 65 symbols; in this sense, the 65 symbol is an atomic ingredient in the computation of
AdS loop diagrams. We close with some open questions in Sec. [4.3]

In Appendix [A] we give some simple analysis of the d-dimensional SYK bilinear two-point
function. In Appendix [B] we present the one-dimensional 65 symbol. In Appendix [C| we compute
the contact diagram contributing to the d-dimensional bilinear three-point function. In Appendix

D] we present derivations of some shadow transforms of three-point functions.

2. SYK and d-dimensional generalizations

The SYK model is a theory of N > 1 Majorana fermions y; with g-body all-to-all interactions

with Gaussian-random coupling. The Lagrangian is

g

1 12
L= §Xz‘aTXz‘ + aJilz‘g...inqu'g " Xig (2.1)

) = N7132/(¢ — 1)! (no index
summation). After disorder averaging, the model has O(N) symmetry. In the UV, the theory

where the couplings have zero-mean and variance (Jiliz,_iq Jirig...iq

is free, and the fermions have a two-point function given by %sgn(T). At large N the dominant

Feynman diagrams are iterations of melons. In the infrared, for J|7| > 1, the theory is nearly



conformally invariant, with a two-point function, at leading order in 1/N,

_ ngH(T) : A=1/q, b = i(l —2A)tanTA | (2.2)
REES

G(7) o

where A is the IR dimension of the fermions.
It is natural to consider a d-dimensional generalization of SYK. It is simplest to take a bosonic

theory, of N scalars ¢;, with Lagrangian
1, 1
L= 5(5@) + aJhizmiquilQSiz e Gig (2.3)

It is clear that this theory will, at large N, be dominated by the same Feynman diagrams as
those appearing in SYK. Assuming an infrared fixed point, the correlation functions would then
be found from a straightforward generalization, to d dimensions, of the SYK calculations. At the
same time, it is clear that this d-dimensional bosonic theory is not well-defined: the couplings
are random, so generically the potential will have negative directionsﬁ This will manifest itself
in some unphysical properties of the four-point function; however, as far as the diagrammatics

are concerned, these will be irrelevant. Another difference with SYK is that a free scalar field ¢

2d
d—2’

interaction term to be marginal or relevant (equivalently, if one were to take ¢ larger than this and

in d > 2 is not dimensionless. As a result, in d > 2, one must take g < in order for the
take an ansatz of an infrared fixed point, one would find ¢ to have a dimension below the unitarity
bound)[]

Assuming an infrared fixed point, and performing the standard SYK analysis of dropping
the kinetic term in the Schwinger-Dyson equation, ﬁ the large N two-point function for the d-

dimensional SYK model, in the infrared, ism

gy Al 2 I'(Ag)D(d — Ay)
[w22e T T(§ — Ag)T(Ag— 9)
2 ¢ ¢ 2

G(z)

(2.4)

In the rest of this section we will compute the correlation functions in the d-dimensional SYK
model, assuming the above infrared fixed point. Equivalently, one can regard our calculation as
simply taking the Feynman diagrams that appear in the standard one-dimensional SYK model,

and evaluating them in d dimensions, using the above conformal propagator.

4Bosonic tensor models in d dimensions suffer from similar problems [8]. See [34-37] for some earlier studies of
tensor models.

50ne could try to let g take any value, by modifying the kinetic term to be bilocal rather than local, as was done
for the SYK model in [38]. However with bosons, unlike with fermions, one will then encounter UV divergences.

6As noted in [7], this may not be legitimate.

"The conventions in one dimension are that y has dimension A, and the dimension of other operators is denoted
by h. In d dimensions, we will use Ay to denote the dimension of ¢, and a general operator will have dimension A
and spin J.



2.1. Four-point function in 1d SYK

We start with the four-point function of the fundamentals ¢;. First, recall that in SYK, the
fermion four-point function is a sum of conformal blocks of the fermion bilinear O(N) singlets,

schematically of the form

1

If the anomalous dimensions were zero, the dimensions of the operators would be h = 2A +2n+ 1.
In d-dimensional SYK, the result will be similar, except the operators now have spin: the four-
point function will be a sum of conformal blocks of the scalar bilinear O(NN) singlets, schematically
of the form fJ]

1
OAJ = N¢1(82)" @1 st @U@- . (26)

If the anomalous dimensions were zero, then the dimension of Oa ; would be A = 2A, 4 2n + J.

2.1.1. SYK

We first briefly recall the results for the SYK four-point function, following the conventions

in [6]. The fermion four-point function is [4]

Frse 1) = G(12)Cl(731) /c T () A(r) (2.7)

ag  k(h) 2h =1 2ma
h) = p(h)— ———— h)=—— =
plh) = p( )2 1—k(h)’ 8 ttan® ~ O (1-A)2-A)tanTA

2

(2.8)

and the contour C consists of a piece parallel to the imaginary axis h = % +is, as well as counter-

clockwise circles around h = 2n for positive integer n. Here W}, is a conformal partial wave, defined

asfl

sgn(7y2) sgn(734)
|J7’12|2A|J7'34|2A

Wy () = / dro (x(m)X(72) On (7)) (X (7)x(72) O () (2.9)

8Instead of the bosonic SYK model, one could instead study the bosonic tensor model [8], with fields Gupe
transforming in the tri-fundamental representation of O(NN)3, with an interaction ¢q,b,c, Paybycs Pasbscy Pasbsey - At
leading nontrivial order in 1/N, the correlators of the singlets w5 ®a,b,c; (02)™ Oy, -+ Oy Parbyre, Will be identical to
the correlators of the Oa ; in SYK.

9In this paper, unlike in [6], we use conventions in which correlation function denote just the conformal structure,
unless otherwise noted.



and is given by the sum of a conformal block with dimension h and its shadow block of dimension
h=1-h,

‘—Tﬁ%ipzwﬁn)=50u®fﬁﬁﬂ+ﬁﬁimfﬁ@ﬁ, (2.10)

|12
where F%(7;) denotes the conformal block

_FZ(TZ) _ sgn(T12) Sgn(T34) Q?h 2F1<h, h, Qh, ;C) ’ v = T12734 . (211>

’7'12|2A|7'3’»4‘2A T13T24

while the prefactor G(h, A) is,

Blh,A) = V7 (2.12)

After some manipulations involving trading A for ﬁ, the four-point function can be written as

F(r,..., 1) = ﬁ—A/C;—zp(h)F(h) Fg(n) ) (2.13)

With this form, one can close the contour to the right, and pick up the poles of p(h), obtaining a

sum of conformal blocks.

2.1.2. Higher dimensions

We now consider the scalar four-point function in d-dimensional bosonic SYK. We may write
it as (compare with the one-dimensional case, Eq. ,

>, [atiee gA A
F(l‘h ce ,.174) = Z/i 2_7T2p(A’ J) \IJA?J(‘IEZ) ; (214)
J=0" 2

for some p(A,J), which is found by summing the ladder diagrams, and will be presented later in

Sec. [2.1.3| Here \Ilﬁfj is the conformal partial wave for dimension-A and spin-.J exchange between

external ¢’s, with propagators for the external operators included. The sum and integral is over
principal series representations of SO(d + 1, 1), which have A € g +2R. The significance of these
representations is that the corresponding partial waves \Ifﬁi, form a complete set of eigenfunctions
of the conformal Casimir in Euclidean space [39).

We may write \Ifﬁf’J as a sum of a conformal block and its shadow. In the notation of [24]



(compare with Eq. 2.10) [

N KA3’A4 GR(z) + KAl’AZGng(xi) : (2.15)

where A =d — A and Kﬁi}A? = (—%)JSAl’A2 where

SAl,Az B ng—‘(Ag —

[Asz,J] T(A;—1 (2.16)

g)F(Ag —+ J — 1)1"(A3+A1 A2+J)F(A3+A2 AH—J)
)T(d— Az + J)F(ASJFAl A2+J)F(A3+A2 ER )

In our current case, the external dimensions A; are equal to Ay4. Notice that in d =1, for J =0,
we recover the previous result in Eq. [2.12]

K[%,lo’}Az =B(h,Ap), d=1. (2.17)

We now insert 1} into 1} and change variables A — A for the second term,

d

. ERETN : dA
f(xl,...,mzz( / o AT KR G () + / e J>KA¢’A¢GM<:U@>).

271 211

(2.18)

Using symmetries of the partial wave, one can show p(A,J) = p(ﬁ, J). Thus, we may combine

the two terms above,

2—1—100 A
F(x1,..., 14 Z/ d—p A J) K A¢’A¢ GA o (i) (2.19)

s 2m1

This expression should be compared with the one-dimensional equivalent, Eq. [2.13] Closing the
contour to the right, where the conformal block Gii, is exponentially damped, we get a sum of

conformal blocks,

Flan,...,z) =Y A G (@) (2.20)

where the OPE coefficients ¢;¢; ~ CZH’JOAT“J are,

A, ;= —Res p(A, J)K™

o ‘AAn . (2.21)

00ur normalization for a conformal block is the same as in [24]. Spemﬁcally7 for cross-ratios satisfying y < ¥ < 1,
the conformal block is a product of standard dimensionful factors x , times x 257 XA;J Depending on context, we

will use “conformal block” to refer to the function G Ay () with or Wlthout the power-law prefactors.

10



These coefficients are what appear in a physical three-point function,

(0(21)¢(22)Oa,s(%0))phys = a1 b (P(21)D(22)On,s(20)) , (2.22)

where the right-hand side denotes just the conformal structure of the correlator.

2.1.3. Summing ladders in d dimensions

In this section, we perform the computation of the four-point function for the d-dimensional

model by explicitly summing the ladder diagrams to determine p(A,J) in (2.19). This may be
Ag

AJ

We first establish notation for conformal three-point integrals, which occur throughout the

done via a conformally-invariant inner product between F and a partial wave ¥

calculation. Given an operator with dimension A and spin J, the shadow representation O has
dimension A = d — A and spin J. The shadow transform is a conformally invariant map between
the representation of @ and the representation of O. It is defined b

S[0](x) = / dy (O(2)0 (1)) O) . (2.23)

Here, <(5(x)(5*(y)> denotes the unique conformally invariant two-point structure for the given

representation. Shadow coefficients are defined by,
(S[01]0:05) = 85794 (0,0,03) | (2.24)

where <(51 0203) denotes a three-point structure for the given representations. (When the opera-

tors have spin, there can be multiple three-point structures, and the shadow coefficient becomes a

matrix.) The result for Ségﬁf was stated earlier (2.16)), while,

g ~2 1— ~2 —A
SAL[As,J} _ T2 F(A2 _ g)F(A +A2 A3+J)F(A +A32 A +J> | (2.25>
Az (d _ A2)I‘(A2+A12—A3+J)F(A2+A32—A1+J)

)1

We give an elementary derivation of and in appendix @ They can also be computed
efficiently using weight-shifting operators or Fourier space [40]. When J = 0, the shadow transform
of a three-point function becomes the famous star-triangle integral [41].

The four-point function is given by a sum of ladder diagrams, as shown in Fig. E As is
standard in SYK, one finds the spectrum of operators Oa ; by diagonalizing the kernel that adds

UHere, if O transforms in the SO(d) representation p, then O transforms in the dual reflected representation
(p®)*. We will work almost exclusively with traceless symmetric tensors, so the representation of O is equivalent
to the representation of O. Consequently we will often omit {’s.

12Very similar ladder diagrams appear in correlation functions of certain operators in the fishnet theory [42-48].

11



Figure 3: The four-point function is a sum of ladder diagrams.

a rung to the ladder [3,{49,|4,50]. The eigenvector equation is,
/ddxaddxb K(x1, 9, o, xp)0(x0; To, ) = k(A, J)v(x0; 21, 72) (2.26)
where the kernel is,
K (11,290,240, 1) = 3*(q — 1)G(214) G (22) G (245) 72 . (2.27)
We take the eigenvectors to be conformal three-point functions,

V(@0; Tas 2b) = (D(2a)P(26) O 4 (20)) - (2.28)

Inserting these into the kernel, we find that the left-hand side of (2.26)) can be rewritten as,

/dd%ddiﬁb K(Jih T2; La, l’b)v(ﬂﬁo; La, SCb)

=(g=1)3" /ddwadd% (9(x2)d(x0)) (D(21)d(2a)) (D(2a)P(2)On,s(0))

— (= 1)557 7 S22 3(01) 6 (02) O s (o) (2:29)

Thus, the eigenvalues of the kernel are [9]

¢7[A7J] Sé(bv[A’J}
6 Ay ’

B(A,J) = (g — 1)3°55 (2.30)

The A for which k(A, J) =1 correspond to the dimensions of the bilinear operators Ox_; of (2.6).
We can now proceed to sum the ladder diagrams. The zero-rung ladder is proportional to the
four-point function of Mean Field Theory (MFT),

D FMT (25) = (0 (1) pls) ) (D) dla)) + (1 4 2) . (2:31)

We would like to express FMFT as a conformal partial wave expansion,

o 2 tico
MFT (. \ _ ? dA e Dy (o
FMET () = ; / ST D)W () (2.32)

This computation was originally done in [12]. We will follow essentially the same method, though
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with slightly different language. This method is generalized to arbitrary spinning operators in [51].

We first take a conformally invariant inner product of both sides with a partial wave,
A
(]—"MFT, qujﬁ) = MFT(A, J)nay . (2.33)

The conformally invariant inner product is defined by,

. ddl’lddl’gddl’gddl’4

and the normalization factor na ; is given by [24]7]

Ay Ay ,
<\Ijg+l.s R v J,) =2m0(s — s )dypna ,
2 ) 2 )

Az, Ay 7-A3,A _
KX5PKRSvol(ST2) (27 4 d — 2)aD(J + 1)D(J +d — 2)

_ 2.35
g 24vol(SO(d — 1)) 24-2D(J + 9)2 (2.35)
(Despite appearances, na s is actually independent of A, A4.)|E
To compute the inner product, we use the shadow representation of the partial wave,
(P dn) 5 [ ot ot )o(as)) ole)ote)
A vol(SO(d + 1,1)) /73 A
(@216 (22) O (25)) (O iy oy (25) D) D (24)) (2.36)

Here we have only written the contribution of the first term in (2.31)). From the point of view
of the x1,xs integrals this is the exact same computation we did for the kernel. The result is a

product of shadow factors

d?asdiz,d 5 T NT
= gpriad gReia / OISO L 117 PO O8" (29){Os sy (9)(23) ()
= 53520 ((960), (560)) (2:37)

The remaining factor is a conformal three-point integral. As explained in [24], it doesn’t require any

actual integration because one can fix the positions of the three points using conformal invariance.

130ur expression for na ; differs by a factor of 27¢ from the one in [24], see below.

MOur definition of vol(SO(n)) is that vol(SO(n))/vol(SO(n — 1)) = vol(S™~1). In all the physical quantities in
this paper, the volumes of orthogonal groups will appear in ratios that give volumes of spheres.
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Setting (x3, x4, x5) = (0, e,00) for some unit vector e, the three-point pairing becomes,

o= ((600). (660)) = deol(sg(d 137 GO DOR™ (501 O s, (0)(O)H(L)
B Cy(1)
~ 2dvol(SO(d — 1))

(2.38)
Here, SO(d — 1) is the stabilizer group of three points, 2% is the Faddeev-Popov determinant for
our gauge—ﬁxingﬂ and,

C T(E2)0(J 4 d — 2

(2.39)

Putting everything together, and including the 1 <> 2 term in (2.31]), which contributes the

same thing times (—1)7, we find

(1+(-1)7)
1+ (1)) %

1y S 18] gRo[A]

MFT _
Y (AJ J) - A¢ A¢

= k(A ) 2.4
nay (q=1)3% (A, J) (2.40)
Our final result for the sum over ladders is thus
2pMFT(A 1 —1)’ b2t k(A J

1—1{3(A,J> na,J (q—l)Jqul—k(A, J)

Plugging into (2.19) gives the four-point function.

2.2. Three-point function of bilinears

In this section we consider the three-point function of the singlet, O(N)-invariant, bilinears
of the fundamental fields ¢;. The analysis in d dimensions closely resembles that of d = 1 [6],52].
There are two classes of Feynman diagrams that contribute at leading nontrivial order in 1/N:
planar diagrams, which we study in this section and show are related to 65 symbols, and nonplanar
“contact” diagrams which are discussed in Appendix [C] We correspondingly write the three-point

function as,

(On1,1080,7,0n;,75) phys = (Oa1,5.005,5,0n;,55)1 +(On,,0,00,,5,05,53)2 (2.42)

5Reference [24] used a different convention for vol(SO(d + 1,1)) which did not include the factor 2~¢. We have
chosen to include it because it leads to nicer expressions for several quantities, such as the generalized Lorentzian
inversion formula [25].
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where the subscript 1 denotes the contribution of the contact diagrams, and subscript 2 denotes
the contribution of the planar diagramsm In this work, correlators without subscripts (OO) and
(O10,03) represent conformally-invariant structures for the given representations — i.e. they are
known functions and do not include OPE coefficients. We include the subscript “phys” on the
left-hand side of to emphasize that it represents a physical correlation function — i.e. it
does include an OPE coefficient.

The contribution of the planar diagrams is given by gluing together three partially amputated
three-point functions [52], as depicted in Fig. 2f(a),

(Opy 0 (1)O0ny,05(22)Ong. 5 (23))2 = /dd%dd%dd%(()m,h($1)¢($a)¢(ﬂ7b)>amp

(O, (22) () H(a) amp (Ong, 15 (3) () () Jamp 5 (2:43)

where the partially amputated three-point function involves stripping of the propagator on the last
leg. Since the inverse of the propagator is proportional to the two-point function of the shadow of
¢, we have that

(Oay 5 (21)d(1a) (1)) amp = It / ddm0<OA1,J1 (21)9(2a)P(%0)) phys (P(20) P (1))
cann 201 SR OL, () dra)d (@) | (2.44)
where in getting from the first line to the second we made use of (2.22)), and recall that b7 is the
normalization of the two-point function in Eq. (2.4]), and Sﬁi’[A’J] was given in Eq. [2.25, Thus,

our three-point function is

3
(On15, (1) O 0.5, (2) Oy 1, (5))2 = (H ca, 2, 3% Sﬁj:“i’”) I (), (245)

i=1
where

19 (x;) = / A%, d ey d e (O, g, (21)D(20) D(23)) (O g o (12)S(20) (X)) O g 1y (23) () D)) -
(2.46)

This is a straight-forward, yet formidable, integral. In one dimension, it was evaluated explicitly

in [6]. Here, we need only one additional step to notice that it is in fact a 6 symbol (see e.g. [1]).

Intriguingly, similar diagrams appear in the calculation of the interaction vertex of three BFKL pomerons
[53-55]. We thank Evgeny Sobko for this observation.
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We note that, by conformal invariance, the functional form of the result is fixed,
2 2 a
IR0 5, (w0) = Y IR 5, {On1 (21) Oy 1y (42) Oy gy (2))" (2.47)

where the index a runs over possible three-point structures in a three-point function of operators
with spins Ji, Ja, Jg.ﬂ To get the coefficient we are after, we contract both sides with a shadow

three-point structure,

ab 7(2) d'a,d wad e (2) A A %) b
(to) IAi,Ji,a = VOl(SO(d—l— 1 1)) IAi,Ji(xixOAth (xl)OAmb(x?)OAs,Js(x3)> (2'48>

where the constant ¢, is simply a three-point pairing,

A%z, d%zods ~ o~ o~
ab _ 1 2 3 a b
(to) _/VOI(SO(d+1,1)) (010,03)(0,0,05)

1
~ 24v0l(SO(d — 1))

(01(0)05(€)O3(0))*(01(0)O2(€) Os(o0))" - (2.49)

For the case that two of the three operators are scalars, ¢ty was given previously in (2.38]). Using

(2.46)), we can therefore write,

dd dd dd dd add dd . ~ ~
1) 1 = (51 [ = SO (O (208 O (22) () L)

<0A3,J3 <x3)¢(xb)(g(xc>> <6A17J1 (x1>6A2,J2 ($2)6A3,J3 (x3)>b : (25())

We now have an integral of four three-point structures, glued into a “tetrahedron” graph. Specifi-
cally, each pair of three-point structures shares exactly one coordinate. This is a particular example
of a 6 symbol for the conformal group SO(d + 1, 1).

The 67 symbol can also be thought of as an overlap between conformal partial waves as follows.
For simplicity, consider the case J; = Jo = 0. There is then a unique three-point structure for

I(ﬁi J,» and we can drop the structure label a. Performing the integrals over z, and z3 in (2.50

’

we obtain,
5 1 [ d%d?%dizydis,. X, X, 0,4 Ay A1,00,A
(A")’Ji B to vol(SO(d + 1, 1)) Zz,J; ’ ¢(1327371,$b,37c)‘I’Ai,01 77wy, w0, w2, ) - (2.51)

To go further, we must actually compute some 65 symbols, which we will do in Sec. [3] There
we will denote a 65 symbol as Ju(A, J; A, J'|Ay, Ag, Az, Ay) (see Egs. (3.4) and (3.5)). In that

1"These structures were classified in |56
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% 7
S,

Figure 4: A contribution to the bilinear four-point function. The shaded blob refers to the six-
point function of fundamentals; for SYK, the six-point function is given by a sum of the planar
and contact diagrams, though this is not relevant for our calculation, which relies only on the
conformal properties of the ingredients.

notation,

1 ~
¢, = %jd(Ag, J5; Ay, 0] A9, Ay, Ay, Ay) (2.52)

2.3. All-point correlation functions

The three-point function of bilinears provides the basic building block for constructing higher-
point correlation functions. In particular, the Feynman diagrams contributing to a four-point
function of bilinears consist of ladder diagrams glued together, as in Fig. 4l summed over the three
channels, with the diagram with no exchanged melons subtracted, and a contact diagram added.
This is discussed in detail in one dimension in [6]. The discussion in higher dimensions is nearly
identical, the only difference being slightly more involved notation, to account for the spin of the
operators. Here we will evaluate the diagram in Fig. [dl One should note that the result is general,
and holds for any four-point functions that are glued together in this way; it only relies on having
a CFT, and expresses the sum of the diagrams of the type in Fig. 4] in terms of the four-point
function of fundamentals and the three-point function of bilinears/™|

An arbitrary three-point function of operators with spin may be written as

<OA1,J1 (xl)oﬁz,h (x2)OA3,J3 ('r3)>phys = Z OAi7Ji§a<OA17J1 (‘Tl)oﬁz,h <x2)0A3J3(x3>>a : (25?))

The index a runs over possible three-point structures in a three-point function of operators with
spins Jp, Jo, J3. We will correspondingly also need a slightly more general form of the conformal

partial wave, in which the external operators have spin,

\Ijﬁf:]Ji7a7b(xi) :/ddxg’ <OA1,J1 (xl)OAQJQ(x2)OA,J(x5)mm'uJ>a<6A,J;ul'"uJ<x5)OA37J3(x3)OA47J4(x4>>b

18The three-point function of bilinears that enters is really an analytically extended three-point function:
(010203) viewed as an analytic function of the dimensions A;. We know this function, since in the computa-
tion in the previous section we were allowed to take the dimensions A; to be arbitrary.
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An equivalent form of this expression that will be useful is in terms of the shadow transform,

WA () = [(S[[ﬁfjfg]7[A47J4})_1]Z/dd% (On1,01 (21)Ons,0 (22) O,y (5 H7)

(2.54)
<S[0A,J]H1“‘HJ ($5)0A3,J3 (x3)OA4,J4(:U4)>C .
If one were to do the integral, it would give a conformal block and its shadow,
\Ilﬁf:j]i;%b _ (KL'A37J3]7[A4,J4] )lc;Gﬁf:]Ji;a,C(xi) + (K[AA7},J1]:[A2,J2} )gGéi,Ji;c,b(mi) ) (255>

AJ AJ

We will not need to know the explicit form of the K prefactors that appear here. This partial
wave is just a generalization of the partial wave to include external spins.

Now, turning to the diagram in Fig. [ to evaluate it we make use of the internal four-point
function of fundamentals, in the form of with the internal partial wave written in terms of

the split representation. We then recognize that the result involves two three-point functions,

e N )

2.56
2mi caLg CR.J ( )

(08,1 (21)082.0(82) 0 23) O (). = 3 [
J=0"1%
/dd%wAl,Jl (£1)On,, (£2) O, (25)" M WO sy ogny (25) O iy (03) Oy 1y ()
where the subscript refers to the s-channel. To go further, we use the general form of the three-

point function (2.53), where we separate out the OPE coefficients of ¢¢ ~ ca, 7, On,J,,

3
CAz‘Ji;a = (H CAiyJi) IA17J1,A2,J2,A3,J3;G : (257>

i=1

This serves as the definition of Za, s, As,7,A5,75:0- For SYK, the OPE coefficients cp, j, was given
in ([2.21]), while the three-point structure constant was a sum of the contributions from the contact

and planar diagrams,
& A (A,
IA1,J17A2,J27A3,J3;G = (q - 1)(q - 2)J2bq I(Ali),Ji;a + (H szq SAj;[ “ J) I(AQZ')Ji;a : (258)
i=1

where I(A? J;.a 18 2 67 symbol. However, our discussion will be completely general and will not make
use of this.
With this we have that (2.56)) becomes,

4 00 4 4ioo
Lrico I "
(O1(z1) -+ - Oa(z4))s = (H A ti) Z[l = P(AT) Tay 01, 00,02,8,00L K g A s A Taih \I@TZIJM i) -

=1 J=0"2
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This is almost our final answer. A more useful form will be one which just involves the confor-
mal block, rather than the full partial wave. By applying the shadow transform, either to the
TR g Ay g5 00,050 2DOVE, OT tO the four-point function of the fundamentals we originally used, we can

write this as

4

(O1(x1) -+ Oul@a))s = ([ ] cans)
i=1
gtico gA ( [[A37i1317[A4’J4})IC) (2.59)
A’J Ai,Ji,a7b
X Z / 27TZ S[AA%]A(ﬁ p(A, J) IAl,J1,A2,J27A7J;GIA,J7A37J37A4,J4;C \PAJ (:El) :

Notice that in this expression, in comparison to the one on the previous line, Zx ; A, . N has
been replaced by Za sz J5.04,7.5- We now insert the expression for the partial wave in terms of
conformal blocks , and change integration variables on the second term, sending A — d — A.
After some shadow transforming of the second term, the integrands of both terms become the

same, and we combine them to get

<(91(=T1) - Og(a))s

£¥iee gA
A A A; J ;a,b
€A, Z/ o Ko PO D) Iag o ot gio Lo s s aaaen Galy ™ (i) - (2.60)

In getting to this we used,

[Asz,J3],[A4,Ja]\ e 1-[D3,J5],[A4,Ja]\b [As,J3],[Aq,Ja]\ e @lAs,T5],[A4,Ja]\b
(S[A,J] )b(K[&J] )c - (_1 J(S[A,J] ) (S[&J] )c
Ay, A - Ay, A
G 2 G
[A,J] (A, J]
ApDy oDy Ay
_ (_E)J—S[A"” MEN (2.61)
2 S[AA¢L}}A¢ [Av‘]} ’ '

In the second equality we expressed K in terms of S, to get in the numerator a term that is S2,
which must be proportional to the identity, and thus independent of [A3, J3] and [Ay, Jy] (see e.g.
(D.20])). We can therefore replace it with the term in the numerator of the third equality.

The result is our final answer. It is a d-dimensional generalization of the corresponding
one-dimensional result, Eq. 4.16 of [6].

Note that is not the full four-point function, but rather, the sum of Feynman diagrams
shown in Fig. [4] which are a contribution to the four-point function. To obtain the full four-point
function, one should add to this the same diagrams but in the ¢ and u channels, subtract a planar
diagram with no exchanged melons (that will get double counted, among the three channels), and
add an additional “contact” diagram; see [6].

The planar diagram with no exchanged melons is shown in Fig. 5l It is similar to the planar
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Figure 5: The SYK bilinear four-point planar diagram with no exchanged melons.

diagram for the three-point function, shown previously in Fig. ( ) and given in Eq. (| as three
three-point functions glued together. We similarly write the diagram in Fig. 5| as four three—pomt

functions glued together,

(O1() -~ Oaa)° = / Ay d 2o d 0 (O, gy (1)) () ) amy

(O, (22)P(2a) (%)) amp (O 15 (€3) () (%) Jamp (O, (¥4) P(26) () amp -

(2.62)

In fact, there is a more appealing way of writing the answer, in terms of conformal blocks. One
notices that the diagram in Fig. [5|is really a special case of the diagram in Fig. 4| which we have
been studying in this section, with the three-point function coefficients given by those for the
planar diagram, and the intermediate four-point function of fundamentals given by that of free
(mean) field theory. Thus,

<(91($1) - Og(a4))] =

—i—zoo dA
2
Z K292 2 MFT Ag,Jiza.b
Cai i / 27-‘-2 AJ] b"p (A J)ZZhJLAQ,JQyAvJ?aIZ%LAS,J&AAL,JMI’ GA,J <x’) <2'63>

where pMT (A, J) was given in (2.40), while the planar three-point structure constant was given
in [@.45),

Ag,[Ad,Ji] (2)
Zgl,Jl,AQ,JQ,Ag,JS, (HJ qu ¢ > IA1,J1,A2,JQ,A3,J3, . (264>

=1

The result Eq. is a d-dimensional generalization of the corresponding one-dimensional result,
Eq. 4.19 of [6].

Finally, on general grounds, a connected four-point function at leading order in large N is
expressible as a sum of single-trace and double-trace conformal blocks. Closing the contour in
gives a sum of conformal blocks, arising from the poles of the integrand. The single-trace

blocks are immediate, and come from the poles of p(A, J). The double-trace blocks should arise
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Figure 6: The 65 symbol, represented as a tetrahedron.

from the three-point function coefficients. A scalar four-point function, for instance, will contain

an exchange of double-trace blocks of the schematic form
01(0*)"0,, -+ 0,05 , O3(0*)"0, 9,04 . (2.65)

where we take the O; to be scalars for simplicity. This requires that Za, 0.a,,0,4,7, Tegarded as a

function of A, have simple poles at
A=A1+Ay+J+2n. (2.66)

The explicit form of the 65 symbols that we will compute in the next section will indeed have such
singularities. Analogous poles exist for spinning operators, at twists 7 + 75 + 2n, dressed by labels

for the appropriate spinning structure and Lorentz representations.

3. 65 symbols

In this section, we compute 65 symbols for principal series representations of SO(d+1,1) in two
and four dimensions. We define the 65 symbol for these representations as a conformally-invariant

integral of a product of four conformal three-point structures,

abed
O1 02 Os . d*zy - d'we A A A \a A (A \b /M d
{03 04 05} - / VOl(SO(d+ 17 1)) <010205> <O50304> <030206> <060104> 5 (31)

where O; denotes an operator with dimension A; € %l + 1R, spin J;, and position x;. The shadow
of an operator, (51», has dimension ﬁz = d — A;. In total, the 65 symbol depends on the six
representations Oy, ..., g, together with four indices a,b,c,d that label conformally-invariant
three-point structures. For most of this section, we consider the case where there is a unique
three-point structure for the given representations, so we can drop the structure labels a, b, ¢, d.

It is useful to represent the 6; symbol graphically as a tetrahedron, shown in Fig.[6] Each of
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the six edges represent positions which are integrated over. Each of the four vertices is a three-
point structure. Notice that every one of the six operators appears once, and every one of the
shadow operators appears once. Our notation for the 65 symbol is such that the columns of
and contain edges that do not meet at a vertex. For example, O; and O3 are not both present
in any of the four three-point structures.

The 67 symbol is invariant under symmetries of the tetrahedron S, which acts by
permuting the vertices. The action of a permutation also swaps some representations with their

shadows. For example, the symmetry group of the 65 symbol is generated by the relations

Or 0y O [0s 03 O [0y 05 O3] [0y O O (32)
O3 Oy Os Os O Oy Oy 05 O Oy 03 O’ ‘
all of which are manifest in the expression .

In defining the 65 symbol (3.1]), we made an arbitrary choice of which of the four three-point

structures contains the operator versus its shadow. A related object which does not require these

choices is
Ol 02 06 /ddl'l'"dd.TGdd.’El/---ddgjﬁ/ 6 ~ o~

= O, 0, (010905 (0503 D) {OD30506) (O O1O4) .
05 0, O; vol(SO(d + 1, 1)) E< ) {0102 05)(0505 O ) (030506)( O 01 Os)

This object is manifestly symmetric under S;, where permutations do not swap representations
with their shadows. It is trivial to evaluate six of the integrals appearing in to relate it to
, as these are simply the shadow transforms discussed in Appendix D, and the integrals give
the shadow factors derived there. In particular, performing the integrals over x; relates our two

definitions,

O 0] = oo gions GGt d L T L (3y)
03 04 05 03 04 05

It is clear that the manifest tetrahedral symmetry of the 65 symbol is broken by choices of
which integrals to perform first. In calculating the 65 symbol, we will be forced to make such
choices, and as a result, our answer will not be manifestly symmetric under Sy; the presence of
this symmetry, nevertheless, constitutes a strong check of our calculation.

Continuing with , we see that the integrals over x5 and x4 are simple to evaluate, each

producing a conformal partial wave, and we recognize the 65 symbol to be the overlap of two
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partial waves, as previously shown in Fig. [1],

01 Oy Os _ \1151752,53754 \PA37A2,A1,A4
I A J 9 A/7J/
O3 Oy Os ’

Asz,A2,A1,A4
(551, T, x37$4)\IjA/7J/ (373,332,271, 5U4) )

(3.4)

_ / dlwy---d'ry R R, KA
vol(SO(d + 1,1)) &

where we have changed notation from Fig. [l (A5, J5) — (A,J) and (Ag, Jg) — (A, J'), to
reflect the distinction now present between external operators and internal operators. We have
also dropped the spin indices for the external operators. We will refer to the first factor in
as an “s-channel” partial wave (12 — 34), and the second factor as a “t-channel” partial wave
(14 — 23). Instead of the somewhat cumbersome multi-line {- - - } notation, we will often use the
following notation for the integral in in what follows:

K, Ry Bu A Ar Dy (AT
A, TN T AL Ay, As, Ay) = (TR0AZARAL hsAzALA) )51 52 15 . (35
Il A A0, 80, 0) = (U3 ) = a A g @9

Our task is to evaluate the integral in (3.4]). In fact, (3.4)) is a special case of the more general
quantity,

) AT
_ / dizy - dixy \Ij§1,52,53,54
vol(SO(d + 1,1)) A

In g = < §1,52,53,54’ <O1O2O3O4>>

(Ih To, T3, l‘4)<01 (I1)02($2>03($3)04(ZL’4)> . (36)

To get (3.4]), we specialize to the case where the four-point function is a single ¢-channel conformal

partial wave,
(O1(21) Oa(2) O3(3)Oa(4)) = WRFH* 202 (25, 20, 21, 74) - (3.7)

(3.6) is a Euclidean inversion formula. It may be obtained starting from a four-point function

written in contour integral form,

2 [EHI gA T
(01(21) O (22)Os(3) Ou(a)) = 3 / S ()
J=0"Y2

%HAJ (3 8)

0 44ico
2 dA IA»J Az,Ay ~A1LA2,A3,Ay
= Ja 2minay &Y ’

277,00

and applying orthogonality of partial waves. The function Ix ; has poles at physical operator
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locations with residues encoding the OPE coefficients,
552 IA’,J o8 CIQOA,JCEMOA,J ) (39>

after contour deformation away from the principal series A = g + iz/

Note that plugging (3.7)) into (3.8)) gives

Al,Az,As,A4 \PAS,A27A1,A4>
AT
’ \I,A1,A2,A3,A4(
na,J

X1, T2, T3, %4) .

+zoo
PBe82,01,0 dA
AL (553, T2, T, $4 27rz

(3.10)

Thus, the 65 symbol , divided by an appropriate normalization factor na s, gives the coeffi-
cients for the expansion of a t-channel partial wave in s-channel partial Wavesﬂ For this reason,
67 symbols are sometimes referred to as “crossing kernels.”

Instead of integrating over Euclidean space, an appropriate contour deformation of allows
one to write it in terms of an integral of the double-commutator ([Oy4, O1][O2, Os]) over a Lorentzian
region. The result is Caron-Huot’s Lorentzian inversion formula [23]24]. It may be expressed, in

d dimensions, as a double integral over cross-ratios,

Vot dydx S _{[05,0,][0,0
Ing =g (—1)J/0 /0 (;7))2 x| QGﬁidq,Ade(XaX)([ 5 ;JL 1, O) (3.11)
o dxdx _ ([O4, 05][01, O3])
+/ / (XX) - |d 2G(Jer 1,A— d+1(X X) & 72—1 A; : ’ ;
where
TAi _ 1 1 (|$24|>A12 <|1714|>A34 (3 12)
|x12|A1+A2 |$34|A3+A4 |x14| |x13| ! )

19The coefficient function generally contains additional spurious poles that are cancelled by poles in the conformal
blocks when deforming the contour from the principal series. Also, to write the partial wave expansion , one
must first subtract off “non-normalizable” contributions coming from the unit operator and scalars with dimensions
below %, which we have suppressed above. See |24] for details on both of these subtleties.

20Note that it is not possible to express a t-channel conformal block in terms of s-channel blocks in a canonical
way because these two types of functions have different single-valuedness properties. In particular, the s-channel
blocks are single-valued in Euclidean space near z,7z = 0, while ¢-channel blocks are not single-valued in this region.
Conformal partial waves, by contrast are single-valued in Euclidean space.
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aa T 1) (A — §) (A D(Aut/id ) P(Supled [ (Aufles)
L7+ (A -1) T(J+A(J +d-A)

(3.13)

Here A;; = A; — A;. The function G A, is defined in [24] as the conformal block normalized as
(—X)%(—Y)% for |x| < x| < 1 for negative cross ratios.

While in d = 1 the Euclidean integral for the 65 symbol is straightforward (see Ap-
pendix , in higher dimensions that integral appears more challenging. However, in d = 2 and
d = 4, using the Lorentzian inversion formula instead will cause the integral to factorize
into a product of one-dimensional integrals that can be explicitly performed. Carrying out this

calculation is the goal of the next two subsections.

3.1. Two dimensions

In this section we compute the 65 symbol in two dimensions for arbitrary spinning operators.@
This requires that we generalize the inversion formula to arbitrary external spins, which we do
first P2

It is convenient to use holomorphic and antiholomorphic coordinates. We define principal
series weights h = (1 + J +ir)/2 and h = (1 — J +4ir)/2 with J € Z and r € R. In terms of the
weights, h +h = 1+ ir = A is dimension and |h — h| = |J| is spin. The integral for the 65 symbol
is convergent when all weights lie on the principal series; for more general weights, we define it by

analytic continuation. In two dimensions,

1 1
[Z5l]h1+h_h2 [252]h2+h_h1 [212]h1+h2_h [Z53]h3+i~t—h4 [254]114-"-%—/13 [234]}13-1-/14—%

hi,hi 2
g/hlg1(2:172’/272’/372’/4) :/d Z5

Performing the integral yields [59)

WP (1, 2, 25, 20) = KPP M T (VK () + (13,2 0 4 h o ke h), (3.14)

)

where kJ; () are one-dimensional conformal blocks,

kb (x) = X 2P (h — hagy b+ haa, 20, X) (3.15)

21 The two-dimensional 65 symbols have recently been discussed from a different, more mathematical viewpoint
in [571[58].

22A general version of the Lorentzian inversion formula for arbitrary spinning operators in arbitrary spacetime
dimension was derived in [25]. The result here is a special case of the one in |25]. However, we include the discussion
here because the computation is very simple.
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the T are leg factors,

1 [294)17h2 2] e

T, = , 3.16
[212]h1+h2 [234]h3+h4 [214]h1*h2 [zlg]hS*M ( )

and the prefactor is a ratio of gamma functions,
KZ%M’E“EZ _ 7T(1 = 2h) T(h — hig)T(h + hyo) (3.17)

Also, we use the notation [z]" = z"Z" and h=1—h, h=1—h. The leg factors T, contain the
standard dimensionful factors in a four-point function. After factoring them out, the remaining
quantities are functions of conformal cross-ratios,

212234 212734

X = s X =—— -
213224 213724

(3.18)

3.1.1. Lorentzian inversion for general spins in two dimensions

We begin by deriving the two-dimensional Lorentzian inversion formula, for general spinning
operators, following the derivation in [24]. This generalization could also be obtained by applying
the formula of [25] in two dimensions. The result can be found in Eqns. (3.25)), (3.28) and (3.29).

We would like to compute the inner product,

PR A’z - d?zy 7.7
J— h'L7h"L J— 1 4 hl7hl .
P = (Wﬁ’; 5 <01020304>) — / —V01<SO<3’ 1)) \Ijﬁ,i (Zz)<01020304> . (319)

We will often use shorthand notation (O102030,), where it is implicit that O; is at position z;.

Plugging in the shadow representation for the partial wave, this becomes

_ / d221 s d22’5 <01020304>

VOI(SO(?), 1)) [Z51]7L1+Aﬁfﬁ2 [252]52+E77L1 [212]7L1+7L2*7L [Z53]7L3+hfﬁ4 [254]E4+h77bs [234]7L3+7L4*h ’

As a first step, we choose the gauge (21, 22, 23, 24, 25) = (1,0, 23, 24, 00), giving

P ! /d2z3d224w (3.20)

- ? [234]53+E4—h

(the 272 is the Faddeev-Popov determinant). We now Wick rotate the integrals over 23,24 to

Lorentzian signature, obtaining lightcone coordinates © = x —t and v = x + t. The integral
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becomes,

P = 214 duzdugdvsduy (Oy05050y) uz s hathy hs—hath (3.21)
In this expression, (O ---O,) now represents a time-ordered correlator in Lorentzian signature.
Now, the key observation is that the integral of O3 or O, over the v direction kills the vacuum
if h is sufficiently negative (since one can deform the v contour away from the real axis to obtain
zero if O3 or Oy act on the vacuum). This lets us replace the four-point function with a double-
commutator@,

(_1)jH
24

1

L

P=_ / dugduydvzdvy ([Os, Os] [0, O4)) u43vf§
Ry

dU3dU4d’U3dU4 <[O4, 02] [Ol, 03]> U34’U§i R (322)
R>

where H = h — %3 - 54, Jjg =h— h— 53 +Z3 — E4 +Z4, and the regions Ry, Ry are given by,

Ri:v3<0, v4>1, O0<uz<ugs<l1,

R21U3>1, 2)4<07 O<uy <ug<1. (323)

Let us write |T}| to indicate T in (3.16)), where each z;;, Z;; has been replaced with its absolute

value |2, [Z;;| ] Factoring out |T|, we use,

T s Qi341)“4 X (vs 1?41)?)4 ’ 520
to solve for ug, v3, and then integrate over uy, v4 to obtain,
b 1 F(h + hya)D(h + hy)T(1 — R +_E43)P(1 — h+ hay)
['(2h)[(2 — 2h)
[ po [ [ DOm0 i i
o [ dX O T o (3.5
where we have defined
T (00 = (=x)"2Fu(h = haa, b+ has, 21, X). (3.26)

ZSee Section 2 of [24] for more details.

24This is a slight abuse of notation, as h;, h; can be complex.
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To apply the Lorentzian inversion formula, we need to compute the double commutators
([O3, Os][O1, O4]) and ([O4, Os][O1, O5]) for the kinematic regions Ry, Ry. We take the four-point

function to have the form,
(010:0304) =T, g(x, X), (3.27)

and applying the appropriate ie prescriptions we find,

([O3, 05][01, O4))

T = —2cos(m(hy — hy + hs — hu))g(x, X)

97 (X, X) + e T iths=ha) g0y 5)

= —2dDisci[g(x, X)], (3.28)

+ eiﬁ(ﬁg —El +E3 —54)

where ¢© or ¢© indicates that we should take ¥ around 1 in the direction shown, while x is held

fixed. Similarly,

([O04, 05][O1, O3])
||

= —2cos(m(hy — hy + hy — h3))g(x, X)

- o huthemi g0 (y x) 4 et g0y )
= —2dDisc,[g9(x, X)], (3.29)

where now ¢“ or ¢” indicated that we should take ¥ around —oo in the direction shown, while leav-
ing x fixed. The subscripts dDisc,, indicate the OPE limit around which we take discontinuities.
The t-channel is 1 — 4 and 2 — 3, while the u-channel is 1 — 3 and 2 — 4.

To derive , we had to assume that h = % was sufficiently negative, so that we could
deform the v contour to obtain a double-commutator. In general dimensions, Caron-Huot’s formula
for (Ua s, (---)) is valid if J > Jy, where Jy is the rate of growth of the correlator (---) in the
so-called Regge limit. The important fact for us is that a ¢-channel partial wave has bounded
growth in the Regge limit [60]. In particular, the conformal Casimir equation can be used to show

A12—A3q

that a t-channel partial wave behaves as \Ifﬁjj(l —x,1=%)~ (xX)" = " 4+ const. as x¥ — 0 in

general dimensions. Taking the double-discontinuity simply introduces some phases. The factor
1/T?¢ in the inversion formula contributes additional factors of (xX) AlerAQ, so that altogether the
)2A1;A34 for small

t-channel partial wave behaves like a four-point function that vanishes as (xx
xX- For principal series representations, we have Re2A; — A3y = d, so the Lorentzian inversion
formula is analytic down to spin Jy = 1 — d when acting on a t-channel partial wave. This implies

that 65 symbols are analytic in J for all nonnegative integer J.
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3.1.2. Inverting a t-channel partial wave

To compute the general 65 symbol in two dimensions, we apply (3.25)) to the case where the
four-point function (O;0,030,) is a t-channel conformal partial wave, with exchanged operator
-/
(W, h),

<aow¢w—n@%@hﬁzkggﬁﬁﬂwmm+uHazeaﬁaﬁﬁ%ﬂw,@m)
where
g X) = koM (L= x) R (1 - ), (3.31)

and Tt = T5|1<_>3.
To compute the double-commutators, note that,

T;

700G X) ~ (1= )" (=) (14 O(1 = X, 1= X). (3.32)

Thus, dDisc; simply introduces a constant factor:
. 1y — Y A T S U 2 I R L —
—2dDisc, Tgt(x, X)| = —4sin(m(h — hy — hy)) sin(w(h — hy — hg))fgt(x, X)- (3.33)

To compute dDisc,, we must expand the hypergeometric function around Y = oo:

1i

T k?%;ﬁ27ﬁl7ﬁ4(1 _ Y) ~ #Yﬁl—EQ + #yﬁzl—ﬁd .

Applying (3.29), we find that dDisc, vanishes. Since the t-channel partial wave is a linear com-
bination of t-channel blocks, its dDisc, vanishes as well. This is a general result: the double-
discontinuity in one channel of a partial in another channel is zero. Let us briefly summarize the

explanation from [24]. The ¢-channel partial wave has a shadow representation, of schematic form
mw/ﬂﬂaaw@méwopg (3.34)

The u-channel double-discontinuity is proportional to the commutator ([Oa, O4][O1, Os)). In order
for this to be nonzero, ¥, must have a singularity when 2 and 4 become light-like separated and
also when 1 and 3 become light-like separated. (The discontinuities of these singularities compute
the commutators.) The integrand above has no singularity when 2 and 4 are light-like. However,
the integral over x can generate such a singularity if = is near a light-like line between 2 and 4.
Similar statements apply to 1 and 3. However, generically z cannot be simultaneously light-like

from all four points 1,2, 3,4. Thus, dDisc,V; vanishes.
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In summary, we only need to include the integral over the region R; in (3.25)), i.e. the integral
over x,X € [0, 1]. The final result for the 65 symbol is,

_ grhihahi b hihi h3,h2,hs3,h2 hihi
To= KRR By o Kt By (3.35)

where

(Bo)lili = (=1)7 D(h + hao)T (b + hor)T (7 + haz)U(h + hyy)
RaUNON 4 ['(2h)0(2 — 2h) (3.36)
x sin(m(h' — hy — hy)) sin(w (R — Ty — h3)) Qth, Qi

haths R R Raths

h1,h2,h1,h2
Kh h

was given in (3.17]), jy was given below (|3.22)), and

th — ! d_X X ! h13k7L1,ﬁ2,7L37E4( )kh3,h27h1,h4(1 o ) (3 37>
hh'p — 0 X2 1 — Y X 2h X )Rop: X) - .

The quantity B; represents the Lorentzian inversion of a ¢-channel conformal block (as opposed to
a t-channel partial wave). The Qth,m integral can be computed in closed form using the Mellin-
Barnes representation for the hypergeometric functions in the variable ﬁﬁ Performing the
integral over x gives a d-function in Mellin space, which trivializes one of the Mellin-Barnes inte-
grals. To compute the remaining Mellin-Barnes integral, we must sum two series of poles, leading

to a sum of two 4F3 hypergeometric functions:

T(2R)(W —p+ DL (W —hio+hgs —p+ )T (=W + his+ h+p—1)
I'(hiao+h)T (hga+h)T (R —his +h—p+1)
X43(hWJmJﬂ—m%M—hm+hM—p+LM—p+1;Q
W, b —his+h—p+ 1,k —hig—h—p+2
rep)yr(h —hip—h—p+0)IT'(his+h+p—1)T(hga+h+p—1)
T (W +hy)T (W —h)T (W +hia+h+p—1)
Xd%(hm+h+p—Lh@+h+p—LhM+hﬂm+h;Q'
WA hio+h+p—1,2h,—h'+hio+h+p

h; _
Qh7h/ 7p -

(3.38)

The ordering of the parameters of the 65 symbol may be read off from (3.19) and (3.30). In the
notation of ({3.5)), the ordering in (3.35)) is Jo(A, J; A’ J'| Ay, Ag, Az, Ay).

25 A similar integral was recently computed in [61].
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3.2. Four dimensions

The four dimensional calculation is very similar to the one in two dimensions. For simplicity,
we only consider scalar external operators. We use (3.11]) with d = 4. We can exclude the integral
over x,X € (—00,0) because dDisc, of a t-channel block vanishes, as discussed in the previous

subsection. In four dimensions, the conformal block is given by [62,/63]

XX - =
63, ) = 7% (k00600 - (U 0 7)) (3:9)
where T was given in ([3.12)) and k;l;l(x) was given in (3.15). The four-dimensional partial wave
was given in terms of these blocks in Eq. (2.15). For convenience, we have defined the “spin
shadow” affine Weyl reflection [25],

J=-2- (3.40)

From here, it is straightforward to proceed as in two dimensions. One difference is that in the four
dimensional case, both the s and ¢-channel partial waves contribute factors of 1/(x —). However,
these factors cancel the |x —X|? in the measure in (3.11]), once again leading to a sum of factorized
one-dimensional integrals.

The final result for the 65 symbol is

Ja = e A4<B4) [A,J],[A7,J7] + KAfg,ﬁQ (54)

A (3.41)

(A TLIAYT]
B¢

Ay
<B4)[A,J]7[A/7J/} == (_1)JCYA7J (@(A/ + J,)QA2+] A’+7’ A2+A3 1QQ Al;‘j/’%_l

2

—quW4AH&+uHTAHEO,<Mm

with

472

F(A3+2A2—$)F(1 o A3+2A2—93)F(A1+2A4—r>r<1 . A1+2A4—$)'

O(x) = (3.43)

In the notation of ({3.5)), the ordering in (3.41)) is Jy(A, J; A’ J'| Ay, Ao, Az, Ay).
This completes our evaluation of the 65 symbol. A simple check is that in the limit that one
of the operator dimensions goes to zero, the corresponding partial wave degenerates into a product

of two-point functions. For example, in four dimensions we have,

472 1 1
A |96‘14\2 ' ’1’ |2A2 ’

(010,030,) — (3.44)
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where we have taken J = J' = 0. In this limit, the 65 symbol is given by relatively simple shadow

integrals,
A2 [ d*xd eyd* wsdicad s 1 1 ~ ~ ~ ~ ~
Ti — / <0 0,0 > <0 040 >
A VOI(SO(5, 1)) Jana P2 Jag P22 N1 203/ AT
2
= ﬂgéﬂ ALA L (3.45)

A TAL TAr 24y0](SO(3))

3.3. Extracting CFT data from 65 symbols

On what s-channel partial waves does the t-channel partial wave have support? The answer
is given by the locations of poles of the 65 symbol. To see this, we recall that the output of
the Lorentzian inversion formula is the OPE function I ; appearing in the four-point
function written as in , whose poles determine the locations of physical operators after contour
deformation away from the principal series. The 6j symbol is just one instance of Ia ; for which
(010,0304) is a single t-channel partial wave.

Let us determine the locations of these poles. We keep fixed the quantum numbers (4, J;) of
the external operators and the (A’, J') of the t-channel exchanged operator, and search for poles
in the s-channel dimension, A. Examining the expression for 7, for simplicity, we notice that the

factor Q% _ contains poles of the form
h,h ,ha+hs

1
El—i‘ﬁg—ﬁ—i‘n

(n € Zsy) , (3.46)

coming from the regime of the integral (3.37)) near Y = 0. These correspond to the case where
O is a double-twist operator built out of Oy, O,, with h =hy+hy+nand h = h+ J, where
J is arbitrary.ﬁ By tetrahedral symmetry (3.2]), we deduce that every vertex of the tetrahedron

corresponding to a three-point structure (0;0;0y) contributes poles of the form

1 1 1

- - (3.47)
hi+hj—hk—|—n hj+hk—hi—|—n hk+hi—hj+n

Y

There are also poles in h at shadow locations, e.g. E =h; + hi +n.
This is a general feature of 65 symbols: in all spacetime dimensions d, each vertex contributes

double-twist poles

1
Ai—J; A;—J; _ Ag—Jy
T 5 TN

(Tl S Zzo). (348)

When external dimensions are pairwise equal (e.g. hiz3 = hoy = 0), the 65 symbol develops double

26Tn our conventions, h = %, and h = %.
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poles. We can see these features directly from the d-dimensional Lorentzian inversion formula
(3.11) without having to compute the full 65 symbol, where we take the double commutator to
be the dDisc of a t-channel partial wave. For simplicity, let us take all external operators to be
identical, O; = ¢. Focusing on the first line of (the second line will contribute identically
up to a (—1)7), we substitute the following;

([03,05][O1, O4])
Ta:

= —2dDisc;

— Ay
XX Ay Ay ~A - ! N/
((1 )) (Kﬁ,, TGN x1=X) + (A e A )) (3.49)

-x)(1-%X

— Ay
_ 2 / _ XX A¢,A¢ A¢ . = / ~/
— —dsin(w(h — Ay)) ((1 3 X)) (Ker Gl = 1-%) + (& & &)

The relevant poles in h come from the region of the integral near y = 0. Taking the y < 1 limit

of the “funny block” in the measure yields

A; _ _q_(A=J _
G aan (X € 1Y) ~ x5k, (0) (3.50)

On the other hand, the x < 1 limit of (3.49)) takes the block near its radius of convergence, where

its leading order behavior is

G (1= X1 =)t ~ fi(X)g1 () log x + fo(X)ga(X) (3.51)

where the functions f; and g; are regular at Y = 1 and y = 0, respectively. Collecting factors, the
first line of (3.11)) becomes proportional to

L v = Ag _ 1 L facg _ _
/ X_ZC (ﬁ) kays(X) / dxx )24 (£ ()91 () log X + fa()92(X)) (3.52)

0 0
The  integral generates both single and double poles at twists A — J = 2A4 4 2n for all n € Z>

and any J. As explained in the introduction, these are the twists of the double-twist operatorﬂ

[0Bn.s = $(0*)"D,, ... 0y, — (traces) (3.53)

The parameter n is correlated with the order in the power series expansions of g;(x) and gs(x)
around y = 0.
We are now in a position to extract the CF'T data that we are after, because the residues of the

poles give the contribution to the double-twist OPE data: double poles encode their anomalous

2"The log x term, and hence the anomalous dimensions, is absent when external operators do not have pairwise
equal dimensions.
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dimensions, and single poles encode their OPE coefficients with the external operators ¢. The
residues are determined by the X integral, which depends on the form of the conformal blocks
via f;(X). In all even dimensions, the f;(Y) may be derived from the explicit expressions for the
blocks [62,63]. In d = 2 for instance,

fiX) = ko (1 = X). (3.54)

Plugging into ([3.52)), the Y integral is just sz,}fg,’l]:f’h‘i’, previously defined in ([3.37). This is exactly
what one finds by analyzing the singularities of the two-dimensional 67 symbol , as we did in
(3.46). By keeping track of the various constant factors above and using the explicit form of the
conformal blocks in any even d, one can derive all anomalous dimensions and OPE coefficients of
the double-twist operators .

In particular, let us consider the contribution to anomalous dimensions from a single ¢-channel
conformal block. These are coefficients of double-poles in the Lorentzian inversion of the block,
divided by OPE coefficients of MFT. OPE coefficients of MFT are themselves residues of single
poles of the Lorentzian inversion of the unit operator. For example, consider equal external oper-
ators h; = hyg, hi = E¢ in d = 2. We find the following elegant formula for the contribution of a
t-channel operator with quantum numbers (A’ ,E/) to leading-twist (n = 0) anomalous dimensions

in the s-channel,

By
2d hhl,[h R
%()’J) B A:I}EGSJFJ [’%}E[qs ]

¢ (82)[11,%],[0,0]

~ 2sin®(n( — 2hy)) T(h)*T(2K) T(h — 2hy + 1) U o, (3.55)
sin?(7(—2hy)) F(Zh)lﬂ(ﬁl)2 P(h+2hy = 1) T(1 = 2hy)? A=dhy+J

Here, B, represents the Lorentzian inversion of a single conformal block, and is given in (3.36]).

Similarly, in d = 4, for the contribution of an operator with quantum numbers A’ J" we find

R o
=28t/ <B4)A,¢J,0,0
2T(Ay)?  T(EHE)?2 DA — Ay +1) 1
B~ ST TS T TR+ 6, 757 A7
—J - ' / N A
X (FEWA(A"T‘}{‘Q)Qz)Q%wW,Aqb-l - F&i—éﬁﬂgyw’%%) e (3.56)

where By is given in (3.42)). These results agree with large-spin perturbation theory [27,28,64165| 33|
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when expanded at large J. @ In addition to capturing the contribution to anomalous dimensions
of a single t-channel block, these formulas can also be interpreted as the contribution of a t-channel
Witten diagram for the exchange of a bulk field with quantum numbers A’ J’, since the dDisc
of a Witten diagram is the same as the dDisc of a block [66]. (See Sec. [1.1]) It is completely
straightforward to obtain anomalous dimensions for higher n = 1,2,... by taking residues of other
families of poles A = 2A, + 2n + J. By using the 65 symbol itself, [, instead of the Lorentzian
inversion of a block, By, we can determine the contribution of a partial wave in the ¢-channel to
anomalous dimensions in the s-channel. The resulting formulae match, for example, the anomalous
dimensions derived in Egs. 4.11 and 4.20 of [30].

3.4. 65 open questions

We computed general 65 symbols in d = 1,2 and a large class of 65 symbols in 4d using the
Lorentzian inversion formula. (All other 65 symbols in 4d can be obtained by applying weight-
shifting operators to the case we computed [40], or by applying the generalized Lorentzian inversion
formula [25].) For other values of d, we do not know a simple way to proceed using this technique:
in odd d, the explicit form of the partial waves is not known, while in even d > 4, somewhat
surprisingly, the Lorentzian inversion integral does not factorize into one-dimensional integrals. It

would obviously be useful to find a way to perform these integrals.

28 Our results I i disagree with those of [31] for an interesting reason. The calculations of [31] used an
exact formula for an integral [23]

1 L'(h)? T(h—a-1)
I(—a)2T(2h—-1)T(h+a+1)’

1 d? )
/O O Rk (2)dDise ] = (3.57)

where § = % and ko, is given in [23]. By expanding ¢-channel blocks in powers of 7, one can attempt to perform
the Lorentzian inversion term-by-term using and then resum the result. This precisely reproduces the solution
to large-spin perturbation theory originally derived in [65]. (The right-hand side of is Sy (h), defined in [65].)
However, while the expansion in j works well near Z = 1, it is poorly behaved near Z = 0. This is reflected on the
right-hand side of which has poles at h = a+ 1 —k, k € Z>o. For larger a, these poles move farther to the
right, resulting in a highly oscillatory function of h. Because the expansion in 7 is only convergent for z € [1/2, 1],
it ultimately only gives an asymptotic large-spin expansion for OPE data (which is determined by Z ~ 1) — it does
not give correct result at finite spin (which depends on all Z € [0, 1]).

The Mellin-space version of expanding in % is to miss certain poles in Mellin variables that contribute when
inverting a block. The inverse of a block with dimension A’ should decay in the right-half A’ plane, so that it is
picked up when deforming the contour in the spectral integral over A’.

If instead of inverting y® and resumming, one directly inverts kop/ (1 — Z) (or any function well-behaved near
Z = 0), then unphysical poles are not present. Indeed, unphysical poles cancel between the two 4F3’s in the formula
1D for Qth/’ - We have checked that if we take our result (3.56f) for 7((;}?) and artificially remove one of the 4F3’s
rom each of the Q’s, then we reproduce the formulas of [31]. This procedure of removing a 4F3 also reproduces
the formulas of |32}|33], which resummed the asymptotic large-spin expansion but did not provide formulas at finite
spin. Unphysical poles in h of the form appear in all of [31H33| and are discussed in [33].

These subtleties show why the Lorentzian inversion formula is a concrete improvement over the naive procedure
of solving the all-orders large-spin expansion and trying to resum it manually.

We thank David Poland, Soner Albayrak, Charlotte Sleight, and Massimo Taronna for discussion on these points.
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Our method of computing 65 symbols breaks most of the manifest tetrahedral symmetry of
the starting point . Nevertheless, we have checked numerically that the resulting expressions
exhibit tetrahedral symmetry. In all cases, the result can be written in terms of so-called “balanced”
+F3 hypergeometric functions, i.e. 4 F3’s where the sum of the arguments in the first row minus the
arguments in the second row is —1. These functions enjoy nontrivial identities that are presumably

responsible for tetrahedral symmetry@ The same functions appear in the 65 symbol for SU(2).

4. AdS applications of 65 symbols

We now show how the 65 symbol plays a central role in the computation of AdS amplitudes.

4.1. Tree-level

Consider a four-point function of identical scalars ¢ for simplicity. Restricting to tree-level in
AdS, the ¢ x ¢ OPE contains the operators

oo o0

DX P~ Z Onr g + (0D n.s (tree-level) (4.1)

AL n=0 J=0

where Oa/ jr are single-trace conformal primaries. The AdS amplitude Ayee = (PPPP)tree is @ sum
of exchange diagrams in the s-, t- and wu-channels, with one such diagram for every bulk cubic
coupling Aggp,, ,,» Where ¢ar v is dual to Oar . There may also be ¢*-type contact interactions.

The information contained in A, is the set of OPE data in . Given some set of single-
traces {Oas v}, the double-trace OPE data in — i.e. the leading corrections to the MFT
dimensions A, ; = 2A4 + 2n + J and three-point functions (p¢[d¢|,.;) — receive contributions
fixed by crossing symmetry. In fact, the 65 symbol compactly packages essentially all of the
double-trace OPE data. Writing Aj.c. in contour-integral form , the main observation, to be

explained below, is the following:

The OPE function Ia j/na.y is a sum of 65 symbols, one for each single-trace operator Oas y,

plus terms non-analytic in J.

By “65 symbol” we mean the inversion of the conformal block G/ rather than the partial wave
War o — that is, By, not J;. Note that for Oas j exchange, the 65 symbol fully determines the
OPE data only for spins J > J', due to the Regge bound discussed below . In particular, this
excludes the conformal block for Oas ;v itself, a fact to which we return in Section . Likewise,

Airee may have contact contributions with Ny derivatives, which contribute only to double-trace

29We thank Petr Kravchuk for these observations.
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OPE data of spin J < | Ny/2]; these are also not captured by the 65 symbol. In all, we may write

I
&J - Z /\¢¢0A/ p <Bd (A, T A T Ay Ay, Dy, Ay) + (J < T’ terms)> + (contact terms) (4.2)

na.Jg AT

In other words, the double-trace part of the OPE decomposition of the AdS exchange diagrams is,
modulo low-spin non-analyticities, determined by the residues of the inverted blocks By.

It is straightforward to prove (4.2)). The idea is that dDisc of the sum of exchange diagrams
kills all but the single-trace conformal blocks, whose Lorentzian inversion is the definition of the

67 symbol. Consider the sum of exchange diagrams from a single Oy,
Wary = W8, + W, + W, (4.3)
The first statement is that dDisc of a crossed-channel exchange diagram vanishes: e.g.
dDisc,[WS ] = dDisc,[W5 ] = 0 (4.4)

This follows from the fact that a crossed-channel exchange diagram branches into direct-channel

double-trace blocks only, and dDisc kills direct-channel double-trace blocks:

A —J
dDisct[G(AQ,J/] = 25sin” <7T ( 5 S A¢>) G(AQJ, (4.5)

These zeroes are visible in our 65 symbols (3.35)) and (3.41), and are present in all d. Next, dDisc

of a direct-channel exchange diagram is equivalent to dDisc of the single-trace block alone:
dDisc, [WA,) ] = dDisc, [GX27J/] (4.6)

This follows because the exchange diagram branches into one single-trace block plus a sum of
double-trace blocks, but the latter are killed by the zeroes (4.5)). Altogether, then

dDisc;[War 1] = dDisc,[G%) ] (4.7)

Plugging the result into the Lorentzian inversion formula by recalling the definitions
and (3.29), and adding the dDisc, pieces (which just multiplies by an overall 1 + (—1)7),
the LHS yields the s-channel OPE function Ia j/na s for the exchange diagrams, while the RHS
yields the 67 symbol with the shadow contribution projected away. This concludes the proof.

An interesting aspect of is that conformal blocks are represented in AdS as geodesic
Witten diagrams [66]. Thus, the geometrization of the dDisc action (4.7)) is that the integration
over bulk vertices becomes restricted to geodesics.

A holographic CF'T with a weakly coupled, local bulk dual has a gap to single-trace higher-spin
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operators (Ag,, — 00): all single-trace operators have J < 2. Likewise, there are only three quartic
interactions — ¢*, (9¢)*, (0¢)?(9%¢)? — that are consistent with the chaos bound [67], all of which
contribute only to J' < 2@ So for such theories, the 65 term in gives the complete answer
for J > 2. Such CFTs typically have a finite number of light single-trace operators (“sparseness”),
SO is a finite sum.

To summarize, 65 symbols determine the full OPE content of AdS tree-level exchange diagrams
Was p forall J > J': all double-trace data for [¢¢],, s~ are sums of residues of the 65 symbol, in the
manner described in Sec. . (The J < J' corrections as determined from crossing symmetry may
be found in [29].) In (3.55)) and (3.56)), we gave explicit formulas for the leading-twist anomalous

dimensions in d = 2,4. This is a concrete situation where dDisc[A] is simpler than A, but can

nevertheless be used to construct (almost) the full amplitude.ﬂ The preceding discussion applies

without modification to the case of distinct external operators.

4.2. One-loop

We now compute one-loop diagrams in AdS — specifically, n-gons, which have n external legs
of arbitrary spin, connected by cubic vertices to an internal loop made of scalars, and show that

they can be written as glued 65 symbols. The procedure used to prove this is simple:
1) Write all internal propagators in the split representation.
2) Do the AdS three-point integrals.

From our expressions, it will be apparent that structure of the one-loop n-gon AdS diagram
is the same as that of the SYK bilinear n-point planar diagrams with no exchanged melons.
Let us first set up our notations@ We work in Poincaré AdS, with bulk coordinates y = (z, %),

where the radial coordinate is z. We use shorthand

dy = dy\/gly) , dx=d'z . (4.8)

We write scalar bulk-boundary propagators as Ka(z1,y), bulk-bulk propagators as Ga(y1,y2), and
harmonic functions as Qa(y1,y2). The latter may be defined by
w

Qu(ybyZ) = %(Gu(yb?b) - G—u(yl,y2)) ) (4.9)

300f these, the last two are expected to be suppressed by powers of Ag,, predicted by dimensional analysis,
based on studies of higher-derivative contributions to cubic vertices and effective field theory reasoning [23}/68470].
However, this has not been proven.

310ne may construct the amplitude using a dispersion relation of the form A(z,%) =
[ dz'dz'K(z,%; 2, 7' )dDisc[A(z’,Z')] for some kernel K(z,%;2',Z'), which can be determined by plugging the
inversion formula back into the original expression for the four-point function |71].

32Various identities used below may be found in many works, e.g. [10,[72]. We use the conventions of [30].
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Figure 7: The AdS three-point triangle, Aj5°°". Orange points denote AdS integration.

where we have introduced the spectral parameter v,

d
A= +iv. (4.10)

We sometimes use v as a subscript, with the understanding that it is related to A by (4.10]), in order
to make the shadow transformation more obvious. We normalize the bulk-boundary propagators

as

A
z
K = 4.11
A(l.l7y) CA (22 + (5_51)2) ) ( )
where
I'(A)

Ca= 27921 (A +1—dJ2)

(4.12)

With this choice of normalization of the bulk-to-boundary propagator, the two-point function of

the dual operator is normalized as

(O(21)O0(22)) = 5 - (4.13)

The analogous normalization constant for a spinning operator is Ca,; = Ca (A;i"]). In all that

follows, we set the bulk cubic couplings to one.

4.2.1. Three-point triangle

We start with the one-loop, three-point triangle diagram in AdS. For simplicity, we take all
operators to be scalars; the generalization to external spins will follow trivially. The external legs
are labeled O, 23, and the internal legs are O, 5 ¢, with corresponding conformal dimensions, as in

Fig. [7] The diagram is computed as

39



A%;;OOP(%) = /dgldg?dyfiKm(xlayl)Ku2<=7327yQ)Ku3<x37y3>G1/4(y17y2>G1/5(y27y3>GV6(y3ay1) )
(4.14)

where the three integrals run over all of AdS. Due to conformal symmetry,
Aty (1) = Ci° " (01 (1) Os () O5(w5)) (4.15)

Let’s first study the simpler object — call it A};?}OOP — where the propagators GG,’s are replaced

by harmonic functions €2,:

A*® (z;) = / dy1dy2dys Ko, (21, Y1) Koy (2, y2) Koy (23, Y3) Qs (Y15 y2) Qs (Y2, Y3) Qs (Y3, 1) -

(4.16)

As we will recall in a moment, A" is simply a triple spectral integral over A};,°% . Again,

by conformal symmetry,

Alg™ () = Clzg ™ (01 (1) O(2) Os(w3)) - (4.17)
for some C|53°. To evaluate this, we use the split representation for the €, s,
2
Q(y1,12) = P /dCE Ky (z1, 1) Koo (21, 92) (4.18)

to write A};;OOP as three three-point functions stitched together along the boundary, as in Fig. :

oo v?
Aiggl () = ( H ?> /d$4d965d1’6 (/dlem(Ilay1>K—V6($6>yl)KV4(x4ay1))

1=4,5,6

X (/ dy2Ku2<I27y2>KV4(:L’4,y2)KV5(x57y2)) (4.19)

X (/ dy3KV2<x37y3>K—V5(x57y3)Kl/6(x67y2))

Each object in parenthesis is itself a boundary three-point function, times a factor obtained by

33For this reason, A}Q_?}OOP was referred to as a pre-amplitude in |73|. We point out that pre-amplitudes correspond
to physical quantities: namely, they may be seen as linear combinations of amplitudes (i.e. CFT correlators) in
which one employs either standard or alternative quantization for the fields propagating in the internal lines. This
is a loop-level version of the interpretation of the conformal partial wave, represented in AdS as an exchange
diagram with a harmonic function, as a difference of four-point functions in two CFTs related by a double-trace
RG flow [74,30].
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Figure 8: The AdS harmonic three-point triangle, A};;OOP, after using the split representation on

internal lines. Boundary vertices arising from the split representation are also integrated over.

performing the AdS integral:

/dleul (21, 91) K s (6, Y1) Koy (24, 1) = bn—g.a (O1 (1) O () Oa(4)) (4.20)

where, in terms of the A’s (e.g. [75},/72]),

,/Td/QF( A1+A2+A3+J3—d)r( A1+A2—Ag+J3 )F( Ao+Az—A1+J3 )F( Az+A1—As+J3 )
ba,nyny = CA1CA2CA3,J3 2 1_J. 2 2 2
AT (A1) (D) T (Dg £ Ja)

(4.21)
(We have included the spin of O3 for later generalization to the spinning case.) The AdS integrals

are now gone, and we have
AT (2;) = A x I (z; 4.22
123 (%) = faas(Ai) {Ai}(xz) ) (4.22)

where faqs(4;) is a kinematic prefactor,

2,,2,,2
fAdS<Ai> = V47VT53V6 bVl:*V67V4bV27*V47V5bVS»*V5,V6 ) (4'2?’)
and P4
I () = / dzgdasdug (O (21)Og(26) O (24)) (O (22) O (1:4) O5 (25) (O3 (23) Os (25) Og (26) ) -

(4.24)

347t is perhaps useful to write the bulk diagram slightly differently, using the bulk-boundary identity
Kouln,9) = =2iv [ doak, (a2.9)(Os(1)Onlax)

where we normalize the shadow two-point function as in (4.13]). This allows us to trade shadow operators O’s for

O’s in (4.24)).
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Contracting both sides of (4.22)) with a shadow three-point structure,

—loo 1 00 N AN A
Clz"™ = % — (A1 (), (010,05)) (4.25)

where tg = ((010,05), (0,0,05)) = (2%vol(SO(d — 1)))~* was computed in (2.38). The confor-

mally covariant pairing is proportional to the 65 symbol computed earlier,
(B, 058,086, A1, B, Bg) = (12, (1), (0:0:05)) (4.26)

Therefore, C}5° equals a d-dimensional 65 symbol times a universal kinematic prefactor:

A, - ~
O350 = Jaas(2i) x Ja(Ayg, 0; Ay, 01Aq, Ay, As, As) (4.27)

to

Note that if we had used the split representation on only two of the three internal legs, we would
have obtained a convolution of two three-point functions and a conformal partial wave, the latter
being represented as a bulk four-point exchange diagram with 25 exchange. This makes the
relation to the overlap of two four-point conformal partial waves more transparent; the operators
O3 and O, are the internal operators when the diagram is viewed as an overlap of conformal partial
waves, as is visible in Fig.

Now we return to the full one-loop triangle diagram, A%z}}o‘)p (x;), where the Q4 are replaced

by bulk-to-bulk propagators Ga,. The propagators admit a split representation

> dv
Gatnm) = | (g (4.29

which implies that A]5° is also a spectral integral over A}5,°%,

iz:sloop H / (2 + (A, — 4)2 )Aizgloop(l’z) . (4.29)
2

1=4,5,6

Since Ay are only internal leg variables, the OPE coefficient Cjy3°°® is just a spectral integral
1—loop
over Clas

1 loop / leloop (4 30>
123 123 ) .
<z 14_£ 6 V + %l)2> >

where Cl53°°® was determined in (4.27).

We have thus reached our final result: in any dimension d, the one-loop correction to (O;O203)
is a spectral integral over the 65 symbol for the conformal group, times the universal kinematic
factor faqs(A;). Both the 65 symbol and fags(4;) are meromorphic functions, whose poles and

zeroes may be read off from our explicit expressions and the discussions in Secs. and [A.1}, this
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Figure 9: The AdS n-gon.

concludes our computation.
The generalization of the above to the case of external spinning operators O, 3, still with
internal scalars Oy 56, is immediate. The result follows from the same manipulations, which only

really involve the internal scalar propagators. Now we have a sum over structures,

A" (; 20112313013 (O1(21)O2(22) O5(3)) (4.31)

The result for C|5;% . 1s given by essentially the same formula, now with a sum over structures:
Ciasa™ = faas(As) X (tg 1) Ta(Ba, 05 Ag, Js| A, Ay, Ag, As), (4:32)
where (t9)® was defined in (2.49)).

4.2.2. n-gons

This story generalizes to more legs, with arbitrary external spins. We focus on n-gons, which
are one-loop diagrams with n external legs and only cubic vertices. We take the external legs to
have labels i = 1,2,...,n, and internal legs with labels i = n+ 1,n+2,...,2n, as in Fig. [0 Let
us introduce the n-point pre-amplitude AX~°°P(z;), which is the n-gon with harmonic functions in

the internal legs. Equivalently, it is the integrand of the n spectral integrals of AL~1°P(z,):

where v; are spectral parameters of the n internal legs.

One can perform the same straightforward procedure for AL71°°P(x;) as was done in the previ-
ous section for the triangle diagram, Aéfl(mp (x;): one uses the split representation for the €, and

then does the AdS integrals. For the 4-gon (box diagram) the result is a gluing of four three-point
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structures,

AVTOP (1) = Frasa(A) / dx5dx6dx7dx8<((91(x1)66(x6)05(x5))(02(x2)67(x7)06(x6))

- - (4.34)
<O3($3)Os($8)@7(ﬂf7)><O4($4)O5(175)@8($8)>) ,

where faqs4(4;) is the n = 4 analog of . The n-gon generalization is evident.

This integral, and the integral in the evaluation of the AdS triangle diagram , are of
course familiar from our study of the SYK correlation function. Indeed, the integral that appeared
in the evaluation of the AdS triangle diagram, Eq. , is identical to the one that appeared
in the planar bilinear three-point diagram in SYK, Eq. ([2.46)), while Eq. is identical to
the one that appeared in the evaluation of the planar bilinear four-point diagram in SYK with no
exchanged melons, Eq. . ﬁ

This connection continues to hold for any n: AL71°°P equals a simple prefactor times the planar

bilinear n-point function of SYK with no exchanged melons,
ALTOP (1) = fagsn(A;) X (SYK bilinear n-point planar diagram with no exchanged melons)

where the relevant SYK diagram for n = 3 was shown in Fig. (a), for n = 4 in Fig. , and
the generalization to higher n is evident. In addition, the right hand side above denotes just the
functional form of the integral that appears — i.e. without factors of b, J,ca s or shadow factors
from amputation — in the same sense observed above in the connection between the AdS triangle
diagram and the SYK bilinear three-point planar diagram. The prefactor above is given by the

product of AdS kinematic factors arising from each use of the split representation:

2n
2

fAdS,n(Ai) = H ?zbwﬂ—m—VuViH ) where Vontj = Vn+j - (4'35>
1=n+1

4.2.3. Example: Box diagram (n = 4) and OPE structure

Let us give a further treatment of the particularly interesting case n = 4, the box diagram,
with internal scalars Os ¢ 75 and external operators O 3 3 4 with spins J; 2 34. We follow the labeling
convention of Fig. [9]

The pre-amplitude for the box diagram was given by Eq. . It would be useful to have
an expression that is in terms of conformal blocks. In fact, since already appeared in the
context of the SYK model (in the form of Eq. , we can use the results found there, which
showed that Eq. is equal to the conformal block expansion Eq.[2.63] We need only to generalize

35The AdS diagrams were set up to be slightly more general, in that there are distinct internal operators instead
of just one (¢). To generalize on the SYK side, one can generalize the diagrams to involve multiple species ¢,
something like what occurs in the flavored SYK model [50].
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Eq. [2.63, to account for the distinct internal operators Qs 675. This involves using pM*T (A, J) for
the disconnected correlator (O505)(0;07), which is, following the same steps that led to (2.40)),

t
MFT _ b0 GAs[AJ] oA7A, J]
p (A, J) = A JSA7 S X, (4.36)

Thus, the conformal block expansion of A}~ is,

+zoo dA
1—loo 1 100 Al,JZ,ab
Ay Z =TI S (4.37)
where
—loo _ As,A 2 2
pzll;a,b p(A7 ‘]> = fAdSA(Ai) X K[A5J] 7pMFT(A’ J) I(AB,JLA%J%A:J;G I(A7)J7A37J3,A47J4;b : <4'38>

Recalling that I(Azl)jJLAZ,J%AJ;a and I(AQLA&J&A%JM are just 65 symbols, we have
TR ) svmae = ()" Ta(D, 0;A, J|Ay, A, A, Ay)y

> o R 3 (439
IA7(]7A37J37A47J4;G - (to ) jd(A&O;AaJ|A57A47A3aA7>b

This is our final expression for the conformal block decomposition of the box pre-amplitude A; P,
with external operators O; 234 of arbitrary spins and arbitrary internal scalars Os 7, in the s-
channel 12 — 34. One may thus view the construction of the box diagram as two 65 symbols
“glued together” by the conformal block.

In general, diagrams involving glued three-point functions can be simplified into products of
65 symbols by repeatedly applying crossing transformations . For example, in the case of a

box diagram, we can write schematically

:ZJ:/dA{ } o
:ZJ:/dA{ }{ }>A—J< (4.40)

In the notation above, the dots represent conformal three-point functions, and lines between them

represent conformally-invariant integrals over common points [ d%x O(2)O(z). The {-- -} represent
67 symbols, and we suppress their arguments for brevity. In the first line, we have interpreted the

right-half of the box diagram as a partial wave and applied a crossing transformation, expressing
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it as an integral of a 67 symbol times a partial wave in the other channel. In the second line, we
use the fact that a triangle diagram is itself a 65 symbol to obtain the integral of a partial wave
times a product of two 67 symbols. This is what the formulas and express in more
detail for the case of the box pre-amplitude in AdS, which we previously showed to be a gluing of
four three-point functions.ﬁ Note that when some of the lines represent identical operators, the
box diagram can be automatically crossing-symmetric. In this case, the expression on the last line
of is a crossing symmetric combination of partial waves. This solution to crossing symmetry
was written down in [1]. One can apply similar manipulations to to express n-gon diagrams
in terms of integrals of multi-point partial waves times products of 65 symbols, and similarly for
higher-loop amplitudes.

The full amplitude A}flOOp, and hence its conformal block decomposition, follows from spectral
integration of . One new feature of the conformal block decomposition of the one-loop
diagrams, relative to tree-level, is the exchange of the double-trace operators [O;O7],,¢. In the bulk,
these come from the “AdS unitarity cut” that crosses the two internal lines [12,/13]. Consequently,

the full amplitude A} '°® must have simple poles at twists
T = A5 + A7 + 2n (n S ZZO) . (441)

(There are also other poles, already present at tree-level, due to [O1 03], ¢ and [O304], s exchanges.)
Bearing in mind that A} '°°" is a pre-amplitude, we can ask whether p}l;{Z"p(A, J) has the right
poles. The poles (4.41]) should be visible already in the pre-amplitude, because they do not come
from the region of integration where the bulk points collide (unlike the [O1Os),,, and [O304],.¢
poles) Examining pi;:gol’ (A, J), we find these poles in S?;’[A’J]:

GAT A5t AT+t ]] (=1t 2092 T (8 — A5) T(As + J +n)

(4.42)

Indeed, these are the only poles of pi;{ZOI’(A, J) at A = A5+ A7+ 2n+ J. This provides a check

on our computation.@

36Tn this case, the right half of the box in is literally the AdS geometrization of a partial wave (up to a
constant prefactor).

3TA useful analogy at tree-level is the following. A four-point exchange Witten diagram where the internal line
is a harmonic function, not a propagator, is dual to a conformal partial wave for single-trace exchange. In the
direct-channel decomposition, there are obviously no double-traces. In the bulk, this happens because the diagram
is a difference of two exchange diagrams for bulk-bulk propagators with different quantizations, and the contact
region of integration, which gives rise to the double-trace exchanges in the dual CFT, cancels in the difference.

38Note that the operators [0507], ¢ are singlet bilinears from the SYK perspective of this diagram.
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4.3. AdS open questions

In d = 2, one can also define a 65 symbol for the Virasoro algebra. This has, in fact, been
computed explicitly as a contour integral in [76,77]. In a semiclassical limit, the Virasoro 65 symbol
may be computed as the volume of a tetrahedron in hyperbolic space [7§]. One might ask whether
there is an analogous geometric picture in Euclidean AdS for the higher-dimensional 65 symbols
for the conformal group, perhaps involving the gluing of two geodesic Witten diagrams [66].

In our tree-level discussion, recall the absence of the single-trace OPE data in the Lorentzian
inversion of exchange Witten diagrams Wa- j: since the inversion formula is only valid down to
spins greater than the Regge spin of the object being inverted, it is not possible to recover the
Oar.y exchange in CFT from Lorentzian inversion of Wa, j, despite the obvious fact that Was p
includes the Oa j» conformal block. Nor does the 65 symbol, whose only poles are at double-trace
twists, have a pole at twist A’ — J’. This reflects the fact that light single-trace operators in
holographic CFTs seem not to belong to families analytic in spin: in CF'Ts with parametrically
large higher spin gap, Ag,p > 1, all higher-spin members parametrically decoupleﬁ This suggests
the possibility of relating the spectra of low-energy elementary fields and high-energy states in
consistent theories of AdS quantum gravity, by combining the demand for single-trace poles from
Lorentzian inversion with the requirement of consistent Regge behavior.

We have computed the four-point box diagram in AdS for internal scalars and external spinning
operators. It would be worthwhile to do a thorough analysis of our result, e.g. extracting the dual
CFT OPE data for all double-trace operators. It also would be valuable to derive our result for
the box diagram in different ways: for instance, using a crossing symmetry-based derivation a
14 [13] or the Lorentzian inversion formula, or in Mellin space. Further extension of the crossing
technique in |14,/17,/79] has essentially developed the necessary ingredients. On the other hand,
our derivation provides an interpretation of the one-loop amplitudes as a gluing of 65 symbols. It
would be interesting to develop a set of “Feynman rules” for this gluing with which one generates
higher-loop amplitudes.

A simple case of our result is the pre-amplitude of the box diagram in ¢ theory, or other
pure-scalar theories in AdS. Together with previous results for the four-point bubble and triangle
diagrams [10}/12,/13], we now have a catalog of all one-loop, four-point amplitudes of scalar theories
in AdS. In flat space, four-point boxes, three-point triangles, two-point bubbles and tadpoles form
a basis for all one-loop amplitudes [80]; moreover, the one-loop scalar amplitudes appear after

imposing unitarity cuts of higher-loop amplitudes. Are there sharp analogous statements in AdS?

39A stark version of this issue concerns a theory of “pure” Einstein gravity, i.e. general relativity with no other
parametrically light elementary fields, dual to a large N CFT whose only light operators are the unit operator and
the stress tensor. In this case, the question is how to recover the stress tensor contribution from the Lorentzian
inversion formula.
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A. Further properties of the four-point function

In this Appendix we discuss some properties of the four-point function of fundamentals in the
d-dimensional SYK model.

Non-singlet operator dimensions from large spin asymptotics

As is by now well-known, the large spin spectrum of any CFT contains double-twist operators
of asymptotically large spin [27,/28]. For any two conformal primaries ¢; and ¢q, there exist

“double-twist” primaries [¢1¢2),, s, of schematic form

[109)n.g = 01070, ... D, 2 — (traces) (A1)

with twists 7 = A — J asymptotically approaching A; + Ay + 2n at large spin J > 1, where
n € Zso. At large N, these are double-trace operators, that exist for all J.

In Sec. we computed the four-point function (¢;¢;¢;¢;), expanding it in terms of confor-
mal blocks of the singlet operators [¢;¢;],,. 7, whose dimensions are given by solutions to k(A, J) = 1,
where k(A J) are the eigenvalues of the kernel, . Here we will look at the kernel at large
spin, and extract the anomalous dimensions 7, ; of [¢;¢;], s in a 1/J expansion. Applying the
lightcone bootstrap to this correlator, computed above in the singlet channel ¢;¢; — ¢;¢;, allows
us to read off the dimensions of low-twist non-singlet operators in the crossed channel ¢;¢; — ¢;¢;.

We evaluate the kernel (A, J) at A = %d + J 4+ Y00, expand in J > 1 and vy < 1, and set

k(A,J) = 1. This yields the anomalous dimension g o for the leading scalar double-twist operator,
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[¢i¢i]0,03
20— U (520 (*5) r

U ()
2q q q

Note that this is negative for all unitary ¢, and becomes zero precisely at the unitarity bound

(A.2)

q < dQTdQ. We now match this to the lightcone bootstrap formula [27,28],
Yoo R —Cr ST (A.3)
where 7, is the twist of O;;, the lowest-twist operator in the ¢; x ¢; OPE. The coefficient is

C 2V (4 200 DA fls0,
L5+ 2)"T (8 - 5)7 ChuCoo

Cr

(A.4)

*

where fy,4,0,, is the OPE coefficient, and with norms defined as (O(z)O(0)) = Coo/|z|**. By
matching to (A.2), we read off the dimension of the tensor operator O;;,

AOy) = §<q 9. (A5)

This simple result — with vanishing order one anomalous dimension — may be motivated heuris-
ticallylﬂ by cutting the ladder diagram (Fig. |3) “along the middle”, representing the ¢;¢; — ¢;¢;
channel. The cut crosses (¢ — 2) lines, each of which represents a ¢ field with A = d/q. The fact
that A(O;;) is given by the free value implies that in the large N melonic limit, the two-point
function of this class of operators receives no renormalization due to ladder diagrams. Similar
behavior was observed for bilinears of the form ®¢9"%%* in fermionic ¢ = 4 tensor models in
d =1 [81]. Highly systematic approaches to large spin perturbation theory have been developed
in many works, e.g. [64,65,123], which could be applied to the present case.

Central charge
The contribution of the stress tensor to the conformal block expansion of a four point function

in the limit y < ¥ < 1is [82]

dA?ﬁ Cfreel
d—1Cr 4

(p(x1)p(x2)P(23)P(24)) D ()22 (A.6)

40We thank Douglas Stanford for this observation.
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where Ch. is the central charge for the free boson in d dimensions. In d-dimensional SYK, the

coefficient of these powers in y, is

pMFT<A7 2) Ay,Ag

A2
— ’ : A.
R TNG) A7)
Thus we have
CT 1 dAi pMFT(A72) 227A¢
Cr(d,q) = = —— Res ’
Cheo | dd—1\A%  1-k(A,2)
— (4 gip(dmle=2
_ _F(l +d— 9T(5) sin(=5—)
2mqD(5)(59)
x (dla —2) (m ot(HE2) + H(HeL) — H(9)) - 2) | (A.8)
where
H(z)=9¢x+1)+~ (A.9)

is the analytic continuation of the harmonic number to non-integer argument and v is the Euler-

Mascheroni constant. Setting d = 2, we recover the result from [7] ,

For ¢ < d% such that an infrared fixed point exists, the central charge is always positive, and
obeys dCr(d, q)/dq > 0, i.e. a “Cp-theorem” in the space of SYK-like models due to the possibility
of flowing from larger to smaller q. While the central charge shows no pathology, the bosonic
d-dimensional SYK models are certainly unphysical, due to the Lagrangian being unbounded from
below, as noted previously. This manifests itself in, for instance, the presence of bilinear operators

of complex dimension [9).

B. One dimensional 65 symbol

In this appendix we compute the 65 symbols in one dimension. An operator in one dimension
has no spin, and its dimension is labeled by h. In this notation, the 65 symbols (3.4) are

dxy---dx Ty Toahah
T T ) W ) (B

where, as before, h = 1 — h is the dimension of the shadow operator. The partial wave in
one dimension is a sum of a conformal block — a hypergeometric function of one cross ratio —

and the shadow block. The above integral is thus similar to an integral we encountered earlier,
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see Eq. ; however, the integration range above is over the entire z; axis. As a result, to
evaluate the integral in this manner, we would need to split it into different integration regions;
a straightforward but tedious exercise. A faster route is to use the form of the 65 symbol as an
integral of four three-point functions , which we write out as,

dzidzodz, !
T = | S O )0, (a2 Ol I (.2 (B2)

where we defined,

LM (24,21, 20) = /dfczdmdfcb(Oh(%)Olh3(373)@1h4(174)>

X (Ohy (23) Ony (22) Opr () ) (O () O,y (21) Oy (24)) - (B.3)
By conformal invariance, I }};’h/ will take the form of a three-point function,
hoh! h,h'
Ihi (Z‘a, L1, 132) = Ihz- <Oh(xa>oh1 (Il)ohz (ZE2)> ) (B4>

and the 67 symbol becomes, J; = Iggh/. Let us now evaluate [ ,Z’h/. Written out, we have,

hths+ha—2 hos—h' hia—h'
hh T A e F T
Ly = | drsdrdz, h—h h+h hatha—h' |y |W/+h B+h hitha—h (B-5)
|xa3| 34’%4’ 34|.’L‘23| 2+hs3 |m2b| 23|1‘1b| 14|$14| 1+hy
where we use notation xz;; = x; — z; and h;; = h; — h;. We do a change of variables,
Tp1Tq2 T1aTpa TopTa3
A= “ ., B=—- , C= = (B.6)
Tp2Tq1 T1pT a4 L26T03
which gives,
b
Ih,- = | dAdBdC x
1— ABC h+hz+hy—2
| | (B.7)

|A[ - Fhatha|] — A[LHh—hi—ha| B[I-W—hithi[| — Q|- LW hitha|C[h=hstha|[] — C[kaths—h °

We evaluate this integral using the method in [6], where a similar integral appeared in the evaluation

of the SYK three-point function of bilinears. The result is,

Tifto =T = (7 Fppehata 4 nfﬁl,;ﬁ?’h&ﬁ‘*) +(1e3204he bl «h). (B.8)

o1



Figure 10: The contribution of the “contact” diagrams to the SYK bilinear three-point function.
Even though this diagram is nonplanar, it appears at the same order in 1/N as the planar diagram,
shown previously in Fig. 2| (a).

where,
G o v i) B
and
=Bl e B e g g = B e B e g (B0)
where we defined,
s _ AL DO () -

L(g) T(g) D(E=4==)

2 2 2

C. Contact diagram in higher dimensions

In the main body of the paper we focused on the contribution of the planar Feynman diagrams
to the SYK three-point function of bilinears. There is, however, an additional contribution to
the three-point function, shown in Fig. [I0] which was named the contact diagram in [52]. In
one dimension, the result for the contact diagram was found to be a generalized hypergeometric
function, 3F%, which simplified to a ratio of gamma functions [6].

In this appendix we evaluate the contact diagram in two and four dimensions. Our strategy
will be similar to the one used in the evaluation of the 65 symbols: we apply the Lorentzian
inversion formula, factorizing the integral into a product of two one-dimensional integrals, and
find a result that is expressed as a product of two 3F5 functions.

The contribution of the contact diagrams is,

<OA1,J1 ($1)OA2,J2 (x2)0A3,J3 <x3)>1

3

— (g (g -2)7 / Ay G(1)"™ [[ (O (@02 b(@s)hpns - (C.1)

i=1

52



Separating the coefficients from the functional form of the arguments, this becomes

(O, (1) Ong, 1, (22) Oy sy (£3))1 = €A, Cagot Cag s (0 — 1)(g — 2)T9IL) (), (C.2)
where
3
I(Al)J (Qfl) /ddxaddxb |x b|2d 3A¢ H OA i .Z'Z )¢($b)> . (03)
=1

By conformal invariance, the result after integration will take the form of a conformal three-point

function. As in the discussion of the planar diagrams in Sec. 2.2 we extract the coefficient of the

integral by contracting with a three-point function of shadow operators, see Egs. (2.47) and ({2.48]),

to get

dy. gd.. gd.. gd.. id 3
(1) 1 d*r1d®zod®rs dx,d%xy,
A = (t5 ), .
auta = f7) b/ vol(SO(d+1,1)) |z, b‘2d 304) Jll (On,0(@:)d(a)P(21))

<0A1,J1 <x1)0A2 J2 (xQ)OA:% J3 (x3>>b : (C4>
We now recognize that, for instance, the integral over (say) z; yields a conformal partial wave.

d.. id d,. d ~ =
1) d®zod® s dw,d®my Ay A, R A
Ang — ~ (fL’a,fL'b, $2,I3)

vol(SO(d+1,1)) Auh

Hz 2<OA O(xl)(b(Ia)gb(xb» (C5>

205|200 38)

where, for simplicity, we set the spins Jo = J3 = 0. This integral is now of the type we are familiar
with: an inner product between a four-point function and a partial wave@

It is convenient at this stage to change notation. We will evaluate

A%z d%xodiasdia,
d_/vol(SO(d—l—l,l)) (0:0:0:04 3, () (C6)
where
1 1 1 1 1

(0,0,050,) = (C.7)

IQAN_A?)_

|$12 A |£T323|A3 ’SL“13|AS |£13’24|A4 |$Cl4|A4 '

and Ay = Ay = A,.. We get back toI(Ali)Ji by sending A, — £¢, Az — Ay, Ay — Az, and
A, J — Al, Ji.

4IThe integrand is actually independent of Ay, as is evident by writing it out explicitly.
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C.1. Two dimensions

We begin in two dimensions. In the notation of h;, h;, the integral U, is

P21 dP 2o d?23d? 2 ;=
Zbi/VQQQBfKMMQ@MM@@@»%#@% (C.8)
where,
1 1 1 1 1
©1020:04) = : C.9
< 1V2U3 4> [212]2h,€—h3—h4 [232]h3 [214]h4 [213]h3 [Z42]h4 ( )

and hy = hy = h,, and h; = hy = h,. We will evaluate this integral by applying the Lorentzian
inversion formula, (3.25)). The four-point function with external factors stripped off, as a function

of the cross-ratio, is,

(010:,0;04)
| 75|

h — \hath _h. I
g X) = = x| ) - T X (C.10)

From this we compute the double commutator, to get,

((05,05][01,04]) _ ([O4,05][01,03]) —dr? _
¥ ¥ I R

The two regions of integration, Ry and R, will contribute equally when jg is even and will
cancel when jg is odd, where jy was defined previously, below (3.22]). The result is,

szz(h)F(E43 —|— 1 — E)F(Eg;l + 1 — E)
4T (2R)T(2 — 2R)T (h3)T (1 — hs)T(hy)T(1 — hy)

1
/ dy X" 2 (1 = )T %o Fy (b + has, b, 2h; X)
0

Uy = (14 (—1)")

1 o _ — _ _ _ —
/ dx X" = X) TG R (1= By 1= Bt hug, 2 = 285X) (C.12)
0

The integrals that appear are just the definition of 3F5, so we arrive at

B 7'('2 Jm F2(h)F(h3 + h4 —I— h — 1)F(1 — hg)
Up = T+ (=0") (2T (s + )

4
X 3F2(h + h43,h,h3 + hy+h— 1; 2h, ha + h, 1)
« F(E43 +1-— E)F(Eg;l +1-— E)F(Eg + E4 — E)
['(2 = 2R)T(hg)T(hy)T(1 — hy)T(hy — h + 1)

X 3Fy(1 —h,1 — h+ hyg,hs +hy — h;2 —2h, hy —h +1;1) . (C.13)
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C.2. Four dimensions
The computation in four dimensions is similar to the one in two dimensions. The result is,

Ay
ANy

U =

1,45 1 (2),A; 1,45 1 (2),A;
(A4 A(E)H - A%)H AR (C.14)

where

N —87m2aa g ((‘DJ + 1)
A8 T (AT = 8y 2T (BT (1= AJ3)

W,a,  D(BE5E2 —1P(1 - 52) A A=Ay Mg+ A+A A A
AA - AsLA X3 2(_7 ) - 1; Aa ) 1) ;
[(2452) 2 2 2 2
A@)’Ai_r(%—z)r(l—%) . A A=Az Ag+A+A AN
A = ArA X3 Fy(—, ) —2;A, —1;1)
T(28 1) 27 2 2 2

where aa ; was defined earlier, in (3.13)).

D. Shadow transforms of three-point functions

In this section, we give explicit computations of some shadow factors obtained by shadow
transforming scalar-scalar-spin-.J three point functions. These are generalizations of the famous
star-triangle relation [41]. Shadow factors can also be computed efficiently using weight-shifting
operators [40,51]. Here we give elementary computations using embedding-space integrals. We
follow the notation of [83,84].

D.1. Shadow transforming the scalar

The shadow transform of an operator was defined earlier in Eq. [2.23] Let’s compute the
shadow transform of the three-point function (¢ (x)@a(x2)OF1 "/ (x3)) with respect to z1. In the

embedding space, the three-point structure is given by

V3J12
<¢1(X1>¢2<X2)O(X3’ Z3)> = A1 +Ag9—Ag A2+’A37A1 A1+Az3—Ay ) (D'l)
X 7 Xog ? Xz 7
where
(23 X0)(Xo - X3) — (23 Xo) (X1 - X3) X4
Vaip = —2 1/2 1/2 v 1/2 T 1/21/2+-1/2 0
X157 X5 X3 X157 X935 X3
X4 = Zg(Xg . Xg) — Xg(Zg : XQ) . (D2)
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Note that
Xf:O, X4'X2:0, X4'X3:0. (D?))

Thus, the shadow integral we’d like to perform is

1 1 X7
<S[¢1](XO)¢2<X2)O(X3’Z3)> - Ag+Az—Aj+J /DXm Xd—Al XA1+A2 Az+J = A1+A3 Agt+J (D4>
2 01
2

23

X13

Let us temporarily think of J as continuous and treat this as a conformal four-point integral. It
will be simpler than the usual four-point integral because of the orthogonality conditions (D.3]).

We will need the following result for a simple conformal integral [84]

d
1 mel(4) 1
DX = 2 D.5
| P ey e _—
and also the following formula for combining factors using Feynman /Schwinger parameters
1 L a) 17 dai 1
__Tua) / T . - (D.6)
Hi Ail Hz F(az> % (Al + ZZ‘ZQ azAz)Zl @i

As a special case of the latter formula, we have

da o 1 F(c— Hr') 1
/ : (D.7)

A+ aB)e T(c) Aebpb’

Let us define

AL +Ay— A3+ J AL+ Ay — Ny +J
a1:d—A1, Gy = 5 I 9 )

ay = —J 5 (D8>
which satisfy a; + as + a3 + a4 = d. We start by combining the factors in (D.4)) using , and
then applying (D.5)

1
D4xX
/ L X XXX

r(d) o ol L [ 1
 T(a1)T(az)l(a3)T (a )/ a B 5" / Xl(_2X1‘(X0+04X2+5X3+7X4))d
I'(d) m2l(§ )/da anﬁﬁaddv a 1
['(a1)T(a2)l(a3)l(as) T(d) a B (aXo2 + X0 + S Xas + 7 Xoa)¥2
(D.9)

N\S..

The factor in the denominator is relatively simple because of the orthogonality conditions (D.3]).
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Now we repeatedly use (D.7)), first for v, then 3, then «, giving

_ ng(g —ag — a4)F(g — ag — a4)F(g —ay) 1 (D.10)
F(CLl)F(CLQ)F(ag,) Xogg az— a4X023 az— a4X§3—a1ng . .
Plugging everything back in, we find
(S[61](X0)$2(X2)O(X5, Zs)) = S35 61 (X0)62(X2) O(X, Zs))
A2, [Aad] _ TiT(A, — HT(Arthefar )P (Akda-iat)) D11
Ay (d A ) <A1+A2 AJ+J>F(A1+A3 A2-i-J) ( : )
D.2. Shadow transforming the spinning operator
Let us also compute the shadow transform with respect to the spinning operator,
IL —2( m”(X Y)-YmX™)
S[Olmy -, / piyll TOX YA Onyoony (Y (D.12)
or in index-free notation
1
S[0](X,Z) = /DdY(_2X : Y)HHO(Y, 2X(Z-Y)-2Z(X-Y)), (D.13)
Thus, we would like to compute
1
/Dng =y X3)d_A3+J<(’)(X3, 2X0(Zy - X3) — 2Z0(Xo - X3))o1(X7)h2(Xs))
_ [ piy 1 (—2(2X0(Zo - X3) — 2Z(Xo - X3)) - (X1(Xo - X3) — Xo(X; - X5)))”
— 3 (—2X0 . Xg)d_A3+J A1+Ag—Agz+J Ag+Az—A1+J A1+A3—Aq+J
Xy 7 Xog 7 X3 7
(D.14)

The factor in the numerator is given by
—2(2X0(ZO . Xg) — QZQ(XO . Xg)) . (Xl(XQ . Xg) — XQ(Xl . Xg)) = X23X31/ — X13X32/ , <D15>

where

X1 = (X1 Z0)Xo — (X1 - X0) % ,
Xé = (X2 : Z())XO - (X2 . X())ZO . <D16>
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We have defined X| and X} in this way because many dot products involving them vanish, using

X2 =Zy- Xo= Z2 = 0. The only nonzero dot products involving them are
Xov = — X1z = —2((Xs - Xo) (X1 - Zo) — (Xa - Zo)(X1 - Xo))

111
= Vo2 X5 X5 X - (D.17)

In terms of these quantities, our integral becomes

J
Dix (Xo3 X531 — X13X39)

35 d— A3+J A1+A2 Azt+J A2+A3 ArtJ A1+A3 Agt+J

Xos T x

Xo3 X3
J J—n
1 J 1 X X
= WZ (n)( /DdX3Xd Rot] _ Bathy A1y S:L iZHAg;AﬁJMJ . (D.18)
Xio n=0 Xo3 X3

We can evaluate the integral over X3 using the same techniques as before: combining factors using
, applying the basic conformal integral (D.5)), and then repeatedly using (D.7) to split the

factors apart. The result is

ng“(al + a9 — g)F(g — a1 — bl)l“(%l — Q9 — bg) a2+b2_,

X Xath=h ymets y byt (g
['(ap)l(a1)T(as) 10 12/ 21 ( )

Plugging this in to the above and performing the sum over n, we obtain

(61(X1)2(X2)S[0](Xo, Zo)) = Sial5H (1 (X1) ¢ (X2) O(Xo, Zo))
SA1,A2 B wzF(Ag _ _) (A3+ J— 1)F(A3+A1 A2+J)F(A3+A2 A1+J)
[As,J] F(A3—1) (d—Ag—i—J) (A3+A1 A2+J)P(A3+A2 A1+J)
(D.20)

As a check, when J = 0, we have S[AA1 %]2 = Sﬁl 18201
3
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