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Abstract

There are two main approaches to duality covariant first order higher derivative corrections
to the heterotic string, one extending the duality structure and the other deforming the gauge
transformations. In this paper we introduce a framework from which both approaches can be

derived, proving their equivalence and extending them to higher orders.


http://arxiv.org/abs/1810.01427v2

Contents

1 Introduction

2 From extended to double

3 The generalized Bergshoeff-de Roo identification

3.1 Firstorder. . . . . . ... e

ElElem = =

3.2 Second order . . ... e

E]

4 Supersymmetry

5]

5 Outlook

El

A Alternative identifications

1 Introduction

T-duality is an exact symmetry of (super)string theories. It leaves hidden imprints in the low-
energy supergravity limits, which can be unmasked through toroidal compactifications. They
are however already present even before dimensional reduction, as realized from the advent of
duality symmetric approaches. Double Field Theory (DFT) [1], [2] (for reviews see [3]) is a
framework that makes the T-duality symmetry manifest, thus highly constraining the allowed
interactions of the effective theories under its reach. There are many variants and extensions,
but the ones that are of interest here are the frame-like [4] or flux [44] formulations of the
D =10 and N = 1 supersymmetric [6], [7] heterotic DFT [§].

Higher derivative corrections to (super)gravity arising from string theory also share these
hidden imprints. Toroidal compactifications can again make them appear in the form of a sym-
metry in the lower dimensional theory [9], though it turns out that the problem is a little more
involved than the two-derivative case because unconventional non-covariant field redefinitions
are required. Many methods have been proposed to learn about higher derivative interactions
based on the way in which duality organizes the lower dimensional theories [10].

The natural scenario to study how T-duality constrains higher derivative interactions is
DFT, as it encodes duality symmetries from the onset in a background independent fashion, so
it is not surprising that this long standing problem has resurfaced in such a context [11]. Inter-
estingly, two seemingly different approaches arise in this scenario for the case of the heterotic

string to first order in o:

e One scenario considers a generalized version of the Green-Schwarz transformation. In

the standard picture [12] the Kalb-Ramond field is not Lorentz invariant, which requires



Lorentz Chern-Simons corrections to its three-form field strength H with respect to a cer-
tain torsionful spin connection w_ = w — %];AI , due to Hull [I3] (recently discussed in [14]).
The first order T-duality covariant generalization was introduced in [I5], [I6]. There, the
fields are O(D, D) multiplets transforming as usual under generalized diffeomorphisms
but receiving a first order generalized Green-Schwarz transformation that deforms the
double Lorentz symmetry. After a GL(D) decomposition, choice of solution to the strong
constraint and proper field redefinitions the standard Green-Schwarz transformation is re-
covered from the generalized one. Due to the T-duality covariance the Kalb-Ramond and
gravitational sectors mix in such a way that the generalized Green-Schwarz transforma-
tion demands the well-known quadratic Riemann interactions, on top of the Chern-Simons

terms.

e Another scenario is based on the work of Bergshoeff and de Roo [17], [I8]. There, the
torsionful spin connection w_ and the gravitino curvature were shown to behave effectively
as a gauge multiplet with respect to supersymmetry to first order in o/. We refer to this
as the Bergshoeff-de Roo identification between independent and composite degrees of
freedom. This fact was exploited to compute the first order corrections to the action [17],
and later extended up to quartic Riemann interactions through a Noether procedure
[18]. In [I9], [20] this idea was engineered by considering the extended duality structure
O(D, D + k) of the heterotic setup [8], such that after a GL(D) decomposition the one-
form gauge fields were identified with (a component of) the generalized spin connection for
O(1,D—1) € O(1, D+k—1), extensively discussed in the literature [1], [4], [21], [22], [23].
Since the identification between independent and composite degrees of freedom is done
after the GL(D) decomposition, duality covariance is not manifest and must be checked
explicitly.

Both approaches look rather orthogonal as in the first case the duality structure is extended
and the local symmetries remain intact, whereas in the second case the duality group stays
unmodified but the local symmetries are deformed. The link between them remains unclear
-though they lead to the same first order heterotic action- and higher order corrections to these
approaches have been so far elusive. In this paper we introduce a general setup from which
both approaches can be derived and extended to all orders in a derivative expansion. Let us
provide some highlights of the route we follow and the results we encounter:

e We consider a hybrid between both approaches. Starting from a G = O(D, D+k) extended
space, we perform a G = O(D, D) decomposition -as opposed to the standard GL(D)
decomposition- in the lines of [24]. This leaves us with a G-valued generalized frame plus
additional covariantly constrained G-vectors, thus fully preserving T-duality covariance.

e The G generalized diffeomorphisms induce a generalized Green-Schwarz transformation
for the G-valued frame with respect to the extra G-vectors.

e The G-vectors are identified in a duality covariant way -by matching gauge and super-
symmetry transformations- with generalized fluxes playing the role of a generalized spin
connection for the full O(1, D + k —1). We do the same between the gauginos and a gen-



eralized notion of gravitino curvature. This is what we call the generalized Berghshoeff-de
Roo identification.

Contrary to the standard identification, the generalized one is exact. This is possible because
the gauge group is identified with the full O(1, D + k — 1) rather than its O(1, D — 1) subgroup,
so the generalized identification that we propose here would be impossible to implement in
supergravity. An interesting consequence of our results is that the tangent space must be
infinite dimensional. This might sound strange, but is somewhat expected given that the
identification is exact, which presumably means that it captures an infinite tower of higher
derivative corrections. We test this proposal by performing an o’ perturbative expansion. To
first order we recover the well known heterotic generalized Green-Schwarz transformation of [15],
and to second order we obtain a novel consistent correction that preserves the constraints and
closes.

The paper is organized as follows. In Section 2l we introduce the G structure of the extended
space and reduce it to the double space in a G-covariant way. Section [ is devoted to lock
the vector degrees of freedom in terms of (derivatives of) the G-covariant generalized frame
(the generalized Bergshoeff-de Roo identification). As a consistency check of the approach we
perform a derivative expansion, finding the second order completion of the heterotic general-
ized Green-Schwarz transformation of [I5]. The full supersymmetric treatment is presented in
Section @ An outlook is given in the last section, together with a list of possible future lines of
research.

2 From extended to double

The starting point of this section is the generalized frame formalism [4] (mostly following the
conventions in [44]) in the

Global t =0(D,D+k
Extended space obal symmetry g (D, D+ k) , (2.1)
Local symmetry H =0(D —1,1) xO(1,D +k — 1)
and the goal is to re-formulate it in terms of multiplets of the
lobal t =0(D,D
Double space Global symmetry G = O(D, D) S (2.2)
Local symmetry H = O(D —1,1) x O(1,D —1)

The notation is presented in Table [l The degrees of freedom in the extended case are a
generalized dilaton d and a generalized frame " which is a constrained field, satisfying

nmn = Epm nas EXFE (2.3)

The generalized dilaton plays no role whatsoever in our analysis, so it will be ignored. The
gauge transformations of the extended generalized frame are given in terms of extended and
gauged generalized diffeomorphisms, plus extended Lorentz H-transformations

SEMA = EPIPEMA + (0T — 0T Em) Ep™ + g frunTEVEP + EMP T (2.4)



Name Group Indices Metric
G O(D, D) M NMN
g O(k) @ Rap
0
g O(D,D +k) M = (M, @) NMN = (”MN
0 Kag
H=H oD —1,1) A=a Pys = Py
H O(1,D —1) a P=
_ _ _ P 0
H O1,D+k-1) | A= (a, @) _B:<ab >
0 H@
— — P 0
H HxH A=A A = (g aa) |np=| 28
0 Pup
— Py 0
H Hx H A= (a, =" _
H (a, @) NAB < 0 Pab>

Table 1: Notation used throughout the paper. Modulo a few exceptions, calligraphic letters refer to the

extended space while conventional ones to the double space. The metrics and their inverses

are used to raise and lower indices.

We included a dimensional coupling g2

sionless. The extended Lorentz parameters satisfy
Pup=Tiag, Tug=0,
and the gaugings obey linear and quadratic constraints
fane = founr) s faan fect =0
The gauge transformations close
[01, 2] = —d12 ,
with respect to the following brackets
SIS

Foas =

2 opey" + M opp + g np™EV L
26 0pT 948 + T11a T
provided a strong constraint is imposed

"N ou®ay =0, funTop =0.

~ o/ to render the structure constants fynvp dimen-

(2.5)

(2.6)



We now want to write everything in terms of G = O(D, D) € G multiplets. Taking a close
look into Table [l we see that derivatives and parameters split as follows

O = (0m, 0a) , M= (€M, ¢) . (2.11)

Since we intend to preserve G-invariance, we need to annihilate all the G components of the
gaugings fanp, such that only the f,g, survive. The extended strong constraint (ZI0) then
implies the double strong constraint

0a=0, nMNoy®dy=0. (2.12)

As for the parameters, the £M components now generate double generalized diffeomorphisms,
and the £* generate gauge transformations of a given gauge group K defined by its structure

constants f,3.

The extended generalized frame satisfies the constraint (2.3]) implying that it contains dim/[J]
degrees of freedom (dof)

dim[O(D, D + k)| = dim[O(D, D)] + 2Dk + dim[O(k)] , (2.13)
%,A_z m ——
En ea?®

where Ep? is a double generalized frame satisfying
nun = Ex*napEn” (2.14)
and e,® is a bijective map between h and g

KaB = eaaﬂ;@egﬁ . (2.15)

Then, the extended dof admit a general G and H decomposition of the form

vt = ()uN Ex?,

En® = —AuPes”, (2.16)
A = AM Ey?,

S = (D%)aﬁeﬁay

where we introduced the following quantities
XMN =uN — Au® Ana ;Do = Kag — Anta A (2.17)

that satisfy the identity
An” F(0)5% = FOOMY An® (2.18)
for any function f.
Due to the original H symmetry, there are many non-physical gauge dof. It will then turn

out to be convenient to perform a gauge fixing to remove some of them

EMTAy* =0, ea® = constant . (2.19)



Demanding that these constraints are gauge invariant 6£,% = 0 and de,® = 0 freezes the
following components of the H parameters

Tsz = €*z(072)a 0ps By (2.20)
1 1 1
I = e’z (072)d" (5(52)~y5 — 0P, Apg — g f157 € (DQ)Aﬁ) ,
forcing a dependence on the generators of .

We now compute from the gauge transformations in the extended space (2.4]) how the double
dof in ([ZTI6)) transform. The transformations turn out to have simpler expressions in terms of
a redefined vector field Cp¢

Cr® = —ApP(073)5% ,  An® = —CaP(A73)" (2.21)
which is also covariantly constrained EM?Cy;* = 0, and we define
Aag = kap +CraC”s . Emn = nun +CuCra (2.22)
which relate to the previous definitions as follows
Apg=O0ONag, xunv=CE Hun, Cu’f(A)s" = fE)mCN. (2.23)
The transformations of the double fields are
0By = LeBa®+ Ex® Ay + BT 9p€® Cta (2.24)
SEm® = LeBy™+ B Ay — 05p€® Con B (225)
SCr® = LeCur® + 0p&™ — 0576PC05C2% + Cot® 0P €4 Cp® + g f5,°€°CarY , (2.26)

where £ denotes the standard generalized Lie derivative in the double space, and we have
redefined the double Lorentz parameters so that both projections of the frame field look slightly
more symmetric

A = Ta— EMEVy (@0 (0@ 5)py +0p€Can(E %) . (227)
Ay = I'm.
In addition we defined the standard projected derivatives
om =Pu™on , Oy =DPu"oy, (2.28)

in terms of the projectors

1 _ _ 1
— (N —Hun) , Punv=Eum"Eng == Ounv+Hun) . (2.29)

Pun = Ev®Eng =
M N M ENa = 5 5

In terms of the collective H indices of Table [Tl the transformation of the frame field can be
recast as
0EM™ = LeEy™ + Ex®Ap® — 20376 Cyjo BN (2.30)

and this reproduces the schematic form of generalized Green-Schwarz transformations discussed
in [15] for a given choice in the bi-parametric freedom discussed there. The difference is that



here Cp/™ is an independent degree of freedom, corresponding to the duality covariant gauge

«

vectors of a gauge group K. Normally, in the heterotic supergravity Cp/® would undergo a

GL(D) parameterization in terms of one-form gauge fields 4,“ and the gauge group would
be K = SO(32) or K = Eg x Eg, or further enhancements [25], [26], [27] (see also [28] for
an alternative approach to heterotic DFT). In this paper we will ignore the gauge sector of
heterotic supergravity, so we have different plans for Cp;“.

We have then extracted the double field transformations from those in the extended space.
Closure is guaranteed by construction, and the brackets can be obtained either through direct
inspection or from the G and H decomposition of the extended brackets (2.8])-(2.9). In the latter
case, the field-dependent redefinition of the H parameter (Z27) must be properly accounted
for. The double brackets are

&y = 2hopey +oMelgyp+ M.
£y = 2AL0pes +gfs €0E] | (2.31)
Mgz = 26h0pAggg + 2015 Ay + 2B BNy OnELONED Nus

Aioay = 2§ﬁapA2}@ + 2A[1EQA2]@ + C[QQCQ]B HMNE?M&QGN&B + 2EM[EENQ]8M§‘1*8N§2Q .

We include here a few words on the generalized metric formulation, mostly intended to show
that the O(D, D) decomposition we use is exactly the one introduced in [24]. The extended
generalized metric is defined as follows

- 7 Hun C.
Haan = EmE g — EmPEna = [ FY 2P (2.32)
CNa Naﬁ

The components can be computed directly from (2I0) and after implementing the redefinition

[221) we find
Hun = Hun + 200 (A7 asCn" |
5Ma = QCMB(A_l)Ba , (2.33)

~

Naﬁ = —/ﬁ:ag—l—Q(A_l)aﬁ.

This is precisely the parameterization of the extended space generalized metric in terms of
O(D, D) multiplets as presented in [24]. We are using the same letters, but strictly the tensors
in [24] contain scalars in the context of heterotic compactifications on tori, while here we are
dealing with the full generalized fields and not assuming a compactification. For completeness
we give the transformation of the double generalized metric

SHarn = LeHarn + 40778" Covya (2.34)

which again takes the form of a generalized Green-Schwarz transformation as in [15].



Key to the forthcoming analysis are the extended generalized fluxes
Fase = 3DuEMEN eynpn + 9 frnp EMaEN5ET (2.35)

where we have defined Dy = M 400, which are generalized diffeomorphism scalars and
transform anomalously under extended Lorentz transformations

6Fapc = P 0pFapec — 3 (Dpal'se) + Ta” Foepp) - (2.36)

As a consequence of the strong constraint (Z.10]) and due to the linear and quadratic constraints
for the gaugings (2.0]), the generalized fluxes satisfy Bianchi identities

3
[Da, Pg]l = Fas“De, DaFpep) — Zf[ABng’D}S =0. (2.37)
Generalized fluxes can also be defined in the double space
Fapc = 3D EY g EN cynuw (2.38)
where we defined double flat derivatives Dy = EM 40y;. They satisfy their own Bianchi iden-
tities 3
[Da, D] = Fag® Dc,  DiaFpep) — ZF[ABEFCD}E =0. (2.39)

The extended fluxes can then be cast in terms of the double ones. The projections that are
relevant to our discussion are

N
]:g% = (Xz)g_ FQE ) (240)
Iy e 1 o
Fai = = |03 (EalFrye + Difac) — D(Oh)a” Ega| €5 | (2.41)
Fap = 015" &4 (070 (0%) 5 ez e’y (2.42)

+(0P)a" € e | Fuuals” + (2 Doy — Do)

tef e’5 Dy(0F)7, [(X%)QQ(D%W t &5 569] :

3 The generalized Bergshoeff-de Roo identification

In the previous section we saw that the generalized frame in the extended space can undergo a
G and H decomposition in terms of a double generalized frame Ej;4, fundamental G-vectors
Ay playing the role of gauge fields of the gauge group K, and a g-valued matrix e,®. Our
intention here is to lock the extended dof Ap® and e,% in terms of (derivatives of) the double

generalized frame Ej;?, leaving it as the unique dof of the theory.

To avoid detours, we include an appendix where we discuss different possibilities for locking
the extended dof, also comparing with previous attempts. Here we go straight to the point.
The identification we make is the following

K=%H. (3.1)



A priori this would seem impossible because

(D +k)(D +k — 1)
: ,

dimK =k, dimH = (3.2)

and so there is no way to match both dimensions for finite k. However, the identification we
make forces k — 00, so there is no conflict in making this choice as long as the dictionary
between both groups is well established. Since the indices in K and H are noted differently, we
need to introduce a map between them

Vol = —gV, ()55, (3.3)

where (ta)jg denote the generators of the gauge algebra, and satisfy [to,t5] = fos"ty.

The locking is accompanied by the gauge fixing discussed in the previous section, Aj;, = 0
and e,® = constant, which required non vanishing 'y and ', 5 parameters (220)). The only
dof that one has to identify is then &,, = EM aAra = Aga, that transforms as a projected

generalized connection
0Aa = LeAga — Daba + 9fap" €  Agy + AgaT% - (3.4)
Using the map (B.3]), this can be rewritten as
0A 5z = LeAze — Dabpe + 2A,50 €05 + Age T (3.5)
and this is precisely the way in which the following projection of the extended fluxes transforms
0F e = LeFoe — Palge + 2F el g + Fusela - (3.6)

a

The resemblance between ([B.5)) and ([B.6]) turns into an exact identity provided

= 9% 25 = Tzz (3.7)

Agﬁ =9 gﬂ@ (ta)ﬁ = ]:QW :

This is the key identity of the paper: it corresponds to an exact locking of the extended
degrees of freedom, and it is what we call the generalized Bergshoeff-de Roo identification. Its

supersymmetric extension will be discussed on a separate section.

We assume the generators to define invertible mapsﬁl

(%5 (ts)"F = Xgpdd, (3.8)
(t") 5 (ta) T = Xg 6T, (3.9)

where Xg denotes the Dynkin index of the representation. Notice that consistency of the

equations above requires

4 — —

Kapg = —far’ fos7 = “Xn (tw)z[— (ta)ﬁm(tﬁ)w (7" = Xr (N —2) kqp . (3.10)

IThis assumption might actually be too strong, as in the second identity the Kroneker delta must be replaced
by the projector to the adjoint representation. We leave for future work to provide a more rigorous treatment of
this infinite-dimensional mathematical structure.



Hence X = N 5, where N = 5“4 In the limit we consider this would vanish. Nevertheless it
will play a fundamental role as a regulator of certain divergent traces and so, we will still keep

track of this factor until the end of the computation.

It is worth noting that the identification ([B.7) holds independently of the gauge fixing con-
ditions discussed in the previous section. Without such a gauge fixing the identification would
generate infinitely many gauge dof £,; and e,® with an infinite amount of gauge symmetry
parameterized by I'gg and F@. The gauge fixing eliminates the redundant gauge dof, and to-
gether with the locking leaves the double generalized frame Ej;4 as the unique dynamical field.
In addition, (2.20]) defines I'gzz and F@ in terms of £%, which due to the identification depends
again on I'zz. The iteration can be pursued order by order to obtain a derivative expansion.

For later use we display here the first contributions to the o/ ~ O(g~2) expansion

1

=5 =5 ,. 7B 1
CD C CD AB
Iag = —gXReﬁaDEF@ )" — 5%z X2 & F 45 Foop Dal P (tg)*F + O (?) . (3.11)
T o s T (1) B el — — L DAr  F (1) ()77 e co(2).
aB Xp'© AB \by aC BT g2 X% ABY aCD [a€ } g4

(3.12)

Analogously we can solve iteratively for the relevant components of the generalized fluxes

Fuo = Fyee ﬁ Fon FP Fy + 0 (g—ﬂ) , (3.13)
Fum = Xll%g (F FAB 4 Dy }"AB> ca® ()5 + O (g%) , (3.14)
Fan =~ fones s Fogn ()7

+ﬁ <F@ FeaFep + (Dgfgﬁ —2 Dgfgﬁ) Ccp) o €5 (ta) B (t5)P

1 e a TF 1
tvs3 2l SiasFeen S e ¢l Bm (™ (té) ()" +0 — ] - (3.15)
Xpng g

Let us conclude with some words on how the extended space becomes infinite after the
identification. First we identify K indices o with H indices AB, through the generators (ta) 45
The H indices now split under an H decomposition as A = (a, @), such that a — AB —
(ab, af3, ab, aff). We have also introduced a bijective map e : b — g in ([Z.I5) that allows to con-
vert h indices @ back to K indices a, such that « — AB — (ab, a3, ab, af) — (ab, @B, ab, af).
Repeating this procedure over and over leads to an infinite dimensional tangent space. As we
will see, interestingly, contractions in this space converge yielding finite order by order expres-
sions. We show the first and second order expansion in what follows.

3.1 First order

We show here that the exact identification ([3.7]), when expanded to first order in o/ ~ O (g_2),
reproduces the expected first-order generalized Green-Schwarz transformation of [I5]. To this

10



end, we begin with the H projection of the the generalized frame, whose exact transformation
was written in (Z.24)) B
SEM® = LeEy™ + En® A" + D"*Caya - (3.16)

In 221)) the gauge vector Cp® was related to another one Ap“ and these dof were locked
in B.1) by identifying them with the generalized flux component F z-. Implementing these

relations yields

O S 1 5 1
SEMT = LeEy® + En® A7 — —gQXREMQ Fyep DTP + 0 (g—4> . (3.17)

The contracted factor on the last term splits as follows
Fyep DTCP = Fyy DT + oy DT 4 2 Fye DT (3.18)

In the last term the mixed contraction 2 Fyzz DTP¢ ~ O (g~2) by virtue of 3II), (BI4) and
so it can be ignored at this stage. For the second term we need to take the leading order from

BI5) and [B12), obtaining
— 1 . 1
Fyag DT = X—Rf@ DT 1 0 <9—2> : (3.19)

Remarkably the RHS of ([3I9) contains the exact same expression appearing in the LHS of
(BI8). Then, replacing (19 in BI8]) we read off

_ o X _ = 1 X _ = 1
Fyep DreP — R Fym DT + O <?> R F— DT + O <?> . (3.20)

-1+ Xp ? :—1—|-XR =

where in the last equality we used the fact that extended and double fluxes are equal to leading

order (240). Then (B.IT) becomes

a -~ a b a b a _C 1
OEM® = LBy + En? Ay — 3 EMQFQQD A+ 0O <g_4> , (3.21)
were we defined
2
b= —— 3.22
g*(—1+ Xg) (3.22)

and used (2.27)) to rename the Lorentz parameter. We then find that the first non-trivial order
in o B2I) exactly reproduces the first order generalized Green-Schwarz transformation of

DFT [15].

Let us now focus on the transformation of the H projection (225
SEn® = LeEar® 4 En® Ay® — 0376% Con EQC . (3.23)

To first order in o/ we find

1 ool 1
— 0:76%Coq B¢ = O TP Fe S+ O <—> , 3.24
M Qo 92XR M CD 94 ( )
and in addition we can decompose
O3 TP Fiap = OpT U gD P Fos 4 205 T Fl (3.25)

11



Again the last term can be neglected as it contributes to higher order, and the second one gives

o8 ra 1 CD ra L
Oy Fe s = X0 Pl +0 (@) : (3.26)
which reinserting into (8.25]) and replacing by double fluxes yields

XR

__ — 1
5D ra__ _ O—-TFa_ 1 O <_> , 3.27
M CD 1— XR M cd 92 ( )

in analogy with (3.20]). We can now replace (3.27) into (824 into (3.23)), and use the leading
order redefinition of Lorentz parameters (Z27]) to arrive at

a =~ a a b be a 1
OE 2 = ﬁgEM— + EMQAQ— + §%Ab Foo + (@) (E) . (3.28)

This matches the other projection of the first order generalized Green-Schwarz transformation
[15].

As previously anticipated, the final result is finite and non vanishing in the limit Xp — 0
leading to the simple identification b — —2/g¢2.

3.2 Second order

Now we obtain the so far unknown O(c/?) deformations of the generalized Green-Schwarz
transformation. Once again we start considering the H projection of the generalized frame

©24)

_ ~ _ - 1 e
SEM" = LeEy" + Ep® Ay® = 2 Ene© (X_%)CQ Fyep DT (3.29)
g°AR -
After repeating the steps of the previous section for the last term but keeping the following
order terms that were previously neglected, gives
== Xr
Fpep DTV = ———
bep (—1+ Xg)
2
9* (—1+ Xg)

- (DEF@) <F@f e FlGT + DyFesrFeg’ =2 DeFygzF C*g?>

Foeq DT (3.30)

[ Fosr ]_-ga? ( FeCG DEI%E _ FeCE Daréﬁ)

~ FigzD" (DTFGT) — DD (e Py + DeFisr )|
+0(g7%) .

Notice that the x factor in (3.29]) has the effect of switching the extended into the double fluxes

(X_%)QQ fba = F__; in the first line of ([B.30) whereas it is equivalent to a Kronecker delta on

the second to fourth lines, at this order.

We can try to reproduce the logic of the first order computation, namely to split indices
A — (a,a), replace [BII)-B.I5), discard terms with mixed indices (as they are subleading)
and get rid of terms with Greek dummy indices by noting that they are proportional to the

12



same terms with H indices. This procedure turns out not to work for each individual term at
O (g_4) but remarkably it does for the whole sum in ([B:30]). Hence, we conclude

A . . b
0EM" = LeBn™ + Bn” A" — 5 EvF DAY
1 — —
— 5V En® | DDA (Fe g + Doy ) — FiypFg (FDPAF — FP<DAGT)
+ F<; DA% <F@F@ — DyFST 42 DJﬁ) — Fy D" (DQ/@FQE?)]

+0(g7°% .

(3.31)

It is quite remarkable that all the dependence on the Dynkin coefficient Xz and the coupling
constant g has arranged once again in the same parameter b as before (3.22)).

The transformation of the H projection (2.28]) is completely analogous

1 _1
SEv® = LeEa®+ Ex A+ e ——— 05 TP (x72)% Flop - (3.32)
Repeating the procedure for the previous projection one readily arrives at

b e pa
SO e

5EM£ = ESEMQ + EMQAQQ +
1 J— —
+ 5 U B’ | DyDAT (Pt 2+ DeF ) = F* (F ) (PR — FPDA)

+ P DA (PP — DR 42 DP9l ) — oDy (DeA“FT )|

+ O(g_ﬁ) .

(3.33)

As a non-trivial check we have verified closure. The brackets receive second order corrections,
and are given by

&y = fang +0 fpfz]P

b M 2 | gM c 1 M caef 3
—5 A 0V Ay + b [a A DAy g + 50 (DAY ) Doz | + 0

A = 26YONAY — 2AT Ao + b DAF Dy + 0| DAY DPAS FO g Py

— DDA D'Dehgj— 2 DF (DEA? Fgf) DE}AZH] +O0) , (3.34)

A% = 2 fgaNAz 2 A?_CA2]C + b DaA[l DbAz} + b2 [DGA[Cd DbAe]ngcd FE

— DDA DEDelgy — 2 DI (DA FgT) DAy | + 00 .

The first order exactly reproduces [I5] and the second order is a new result. These expressions
could also be obtained from the extended brackets (2Z31]) after performing the identification,
but one has to take care of the fact that the identification introduces field dependence in the
parameter components, which must be properly accounted for.
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4 Supersymmetry

We now consider the A/ = 1 and D = 10 supersymmetric formulation of extended gauged DFT
[6], [7]. The fermionic degrees of freedom are two Majorana spinors: an extended generalized
gravitino W— (which is an H vector and an 7 spinor) that contains the gravitino U5 and gauginos
U4 from the point of view of the double space, and a generalized dilatino p (which is an H
singlet and an A spinor) which will be ignored as it plays no relevant role in our analysis. Both
are scalars under extended generalized diffeomorphisms and G invariant. The supersymmetry
parameter € is also a Majorana H spinor. The gamma matrices satisfy a Clifford algebra for H

{124t} =2pP2 (4.1)
and we use the standard convention for antisymmetrization of y-matrices y%=0 = ~la A8l
The Clifford relation (II) implies the following useful identities

YaVb = Yab + Fab
YabYe = Yabe + 2V(aPhle = YaVoe T 2o Pap - (4.2)
YapY! = v + 47 1Py + 2Pyl Py
Crucial to the analysis is the derivative
VAV =DV —wasVe (4.3)
which is H covariant provided the generalized spin connection transforms as follows
drwasc = —Dalse + wppel” 4 + wapclP s+ waspI Vs - (4.4)

Compatibility with the A invariants and vanishing generalized torsion impose constraints on
the connection

wape) =0, wyue=0, (4.5)
and generalized frame compatibility determines some projections of the connection in terms of
the dynamical fields

3wiane) = Fasc - (4.6)

Together these imply
w,pe = fgﬁ W = ]:7@ . (4.7)
There are additional relations involving the generalized dilaton, but we ignore them here as

they have no relevance in the analysis.

Let us now move on to the covariant derivative of a spinorial object. When we consider
spinors, the covariant derivative takes an extra contribution. For example, the covariant deriva-
tive of the gravitino and the adjoint gravitino are

oo 1 — — o— 1 -
Valg =DaVp — w5 Ve — jwact* Vg, Valg=Dalg—wg Vz+ jwae V5™,

where the adjoint spinor is defined through ¥ = ¥!C and the charge conjugation matrix satisfies

cl=ct=-C, CcyCcl=-4". (4.8)
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We will only work to leading order in fermions, such that supersymmetric transformations of
bosons are at most quadratic in fermions, and supersymmetric transformations of fermions are
linear in fermions. On top of the extended generalized diffeomorphisms and H transformations,

the extended generalized frame receives supersymmetric transformations given by

1 —
56‘5’./\/1Q = _5 EVQ \PEgMB )
_ 1 N
0EMY = 5@’79\1/&5/\/(1_, , (4.9)
a 1 — by
565/\/( = 5 E’yf\I’ EMQ .

The gravitino and gaugino on the other hand transform as follows

5 1
5\1’6 = gMaM\I’E + \I’EFBE - ZFZWZ\I’E + VEE ’ (410)
5 1
Vs = EMOMUg+ WPy — ZFM@% + Vae . (4.11)

The composition of these transformations closes to leading order in fermions with respect to

the following brackets

1
g = 2wfiopeft + M eyp + g fnrMEE - SEMaa e
Tioas = 26[0pTya8+ Tpa’ Tyse (4.12)
1
€12 = 26[7;87362} — §P[1a_b’ya—b62] .

We now proceed as before making the same G € G and H € H decomposition and gauge
fixing. Imposing £,% = 0 and Je,® = 0 now gives a supersymmetric completion of the locked

H gauge parameters (B.11]), (B12)

1
3 EVb‘I’aEMQAMa> , (4.13)

1
e = eaa(D_E)aﬁ <6Pfﬁ Ef; -

N

_1 1 1_
Top = e’ (872)a" (5(52%5 — 078 Apg — g f157 € (B2)s — 5 € ‘I’éeﬁéEMbAMv> :

We now want to lock the extended dof (A,, and Vg) in terms of the double fields EyA
and Uz. We have a starting point based on the pure bosonic locking, so lets begin by exploring
wether that identification survives supersymmetry or not. On the one hand, the G-vectors

transform as
0 Age = Enga —Doéa + gfag“’fﬁAm + A@FQE — % €Va \I/ZSQA , (4.14)
which using the map (B3] can be rewritten as
8 A0 = LeAgge — Datpe + 2 A5 05 + Agge T + €7 [gmz Ea(t)ge| - (415)
On the other hand the projected flux transforms as
0Fme = LeFype—Dalge+2F 52l 5 + Fugel % + @1 Vse + VEera ¥z - (4.16)
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where we defined

Vg = Viz¥s — 1w P Us = = D7V — 1]:[ACd’}/Cd\IfB] fﬁc s (4.17)
We will call this the gravitino curvature with the caveats that (i) it is not fully covariant, as it
includes a non-covariant term to render it fully determined, (ii) it represents in fact a curvature
for the full ¥, which includes gauginos as well. So strictly this is a misnomer, but it helps in
highlighting the similarity with the identification in [I7]. Comparing with (ZI5]) we see that
the last term in (AI6]) must be canceled. To cure the mismatch, we must redefine the flux as
follows

* 1
Fape = FaBe ~ 5‘1’87@1’@7 (4.18)

such that now

OF*

dzacrda + 7. ¥ge - (4.19)

[ }

The following identification equates ([EI5]) with (ZI9)

(=98 () = T'ag

Agﬁ =—9&a(")ge = ‘7::30 ) (4.20)
D/
W = S5 €T () 15 = Vg

In particular, the last identification can be solved for the gaugino dof in terms of derivatives of
the double generalized frame and gravitino. This is the supersymmetric extension of what we
previously called the generalized Bergshoeff-de Roo identification.

This identification is self-consistent because both sides of the last line transform equally.
On the one hand, the extended gravitino curvature ({I7) transforms as

o5 = opUgy - 2\1/6[Ar B~ 1rab VLY + \IICD =T
45 P Dee - <D[ Ao+ Fia® Fipe — 3o }"ag?) yibe - (4.21)
On the other, the combination it is identified with in (£.20)
Vo= g U5 Ea® (%) 25 » (4.22)
transforms as

1
Ve = Fopl —2\11’[ Agc Loy Y2 U+ 5 szC Dabag

4
1 c 1 C 1 ab
+ 5 .Aw'DQE + 1 DQAQE + ./4271 "4@@ 2ACAB ]:ab . (4.23)
In deriving the last expression we used the following identity
ElFpy = —EaFeab + 2D uEop) + 9fapnE Ty - (4.24)
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Employing the identifications ({20, all the terms in [@21]) and ([@23]) can be identified straight-
forwardly, except for the terms in brackets. It is easy to see however that also those terms co-
incide exactly using the following projected form of the extended generalized Bianchi identities

2.37)

1
C c

Note that in these equations there is no distinction between F and F* because we are working
to leading order in fermions only. We would also like to emphasize that the identifications (£20])
are exact, and totally independent of the gauge fixing.

A perturbative treatment of the supersymmetric case and the proof that it exactly repro-
duces the results of [I8] to first order in o/ will be presented in [29].

5 Outlook

We considered the NV = 1 supersymmetric heterotic DFT. The duality group G = O(10,10+ k)
was decomposed in terms of G = O(10,10) multiplets. The physical G-covariant dof are a
generalized frame and a constrained G-vector. We pointed out that the G-vector could be
identified with certain generalized fluxes provided the heterotic gauge group K were taken
to coincide with H = O(1,9 + k). A priori this generalized Bergshoeff-de Roo identification
seems unlikely to succeed because the dimension of both groups differs for finite k. We are then
forced to consider infinite-dimensional groups and establish a dictionary between them. A more
rigourous treatment of this mathematical structure is lacking, and deserves more attention in
the future. The procedure allowed us to lock the G-vector in terms of the projected generalized
fluxes. This is not a gauge fixing, but a mechanism that actually reduces the physical dof. A
similar locking is necessary in the supersymmetric sector, where the gauginos must be locked
in terms of a generalized gravitino curvature. The generalized identification is imposed by hand
and it would be nice to find a broader framework from which it arose naturally. Interestingly
the identification is exact, so it presumably captures an infinite tower of o/ corrections, giving
rise to an exact heterotic generalized Green-Schwarz transformation that closes and preserves
the constraints on the fields by construction. We show that a perturbative o expansion is
possible, finding at first order the known heterotic generalized Green-Schwarz transformation
of [I5]. We tested the proposal by computing the following O(a/?) order, finding a consistent
higher derivative completion that was previously unknown.

The results open the door to a large number of questions and future directions. We elaborate
on some important points:

e Gauge fields. We got rid of gauge fields by identifying them with generalized fluxes. This
was just a procedure implemented to reach the gravitational higher derivative corrections
in a duality covariant form. However, the heterotic string and gauged supergravities in
general contain gauge fields as proper independent dof (e.g. those of K = SO(32) or
K = Eg x Eg). Reincorporating these fields is a relatively simple task that can be done in
two ways. (i) Starting from a G = O(D, D + k + k'), one can lock k-vectors and leave the
other k' free. This was done for instance in [19], [20], [30]. (ii) Alternatively, one could
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consider the o/ expansion of the O(D, D) generalized Green-Schwarz transformation, and
promote the O(D, D) to an O(D, D + k) thus incorporating k" dynamical vector fields.
This was done in [I6] for generic gauged supergravities, finding in the heterotic case up
to quartic powers of the gauge curvatures F4 in exact coincidence with those computed

in [1g].

Quartic Riemann interactions. Our results provide an all-order supersymmetric du-
ality covariant completion of the Green-Schwarz transformation. A natural question is
what kind of interactions are under its reach.

The standard bosonic Green-Schwarz transformation of the Kalb-Ramond field gener-
ates Chern-Simons terms in its three-form curvature. Its first order duality covariant
completion [I5] fixes the connection to the heterotic one, and moreover requires and
fizes quadratic Riemann interactions. This is not surprising because T-duality mixes the
Kalb-Ramond and the gravitational sectors. Supersymmetry is another ingredient that
constrains interactions. It was shown in [I8] that the supersymmetric completion of the
Lorentz Chern-Simons terms induced by the Green-Schwarz transformation require de-
formed supersymmetric transformations that lead to quartic Riemann interactions (which
are mirrored to their corresponding gauge field analogs). There is a different set of quartic
Riemann terms that have no analog in the gauge sector. Based on the symmetries shared
with the construction in [I8], it is possible that the framework presented here captures
the first set, but not the second set of interactions.

Bi-parametric deformations. The first order heterotic Green-Schwarz transformation
belongs to a bi-parametric family of deformations [I5] (see also [31])

OBy = ExPAp* + a0 AL Fy S BN — b0 Fyp” BN + 0(0), (5.1)

corresponding to the cases a = 0 or b = 0 (which are the same up to a change of sign of
the Kalb-Ramond field), that more generally captures the gauge transformations of the
bosonic string [32] (a = b) and the HSZ theory [I1] (a = —b).

First one can ask wether there is an extension of the framework considered here featuring
both deformations. Since the two parameters a and b account for the different groups
H and H respectively, it seems likely that these deformations will arise from a further
extended tangent space G = O(D + k, D + k), whose physical dof can be parameterized
in terms of a double frame, two pairs of covariantly constrained O(D, D) vectors and also
scalars in the coset %. The identifications would then be a little more involved
because, although the vector fields are likely to be identifiable with projections of the
extended generalized fluxes, the scalar fields would have to be identified as well, with the
complication that they are also covariantly constrained to be an element of O(k, k). We
plan to study the general case in the future. Of course, yet another question is whether

new deformations start beyond the first order.

Notice that in the supersymmetric formulation the fermions are H spinors. In 10 dimen-
sions we would then need H = O(9,1) thus forbidding the supersymmetrization of the
case a # 0. N = 1 Supersymmetry then reduces the space of parameters to a single
deformation parameterized by b (for the supersymmetry conventions employed in this
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paper). This is expected because the bosonic string and the HSZ theory do not admit a
supersymmetric completion.

Maximal supersymmetry. The proper framework to address duality covariant higher
derivative corrections in theories with maximal supersymmetry is Exceptional Field The-
ory. Consider as an example the case of 4 space-time dimensions [33] with E7 ) duality
symmetry. In order to examine a possible uplift of the deformations considered here to
the maximal theory, the natural route would be to first take this DFT construction to a
four-dimensional Kaluza-Klein formulation [34] and then explore how the duality group
embeds into E7(7y. While this is certainly possible when the duality group is O(6,6), the
case O(6,6 + k) does not admit such an uplift. This makes us believe that the defor-
mations considered here are not consistent with maximal supergravity, nor exceptional

symmetries. Perhaps the results in [35] shed light on this point.

Instead, the higher derivatives in maximal theories start at eight derivatives O(a’3)
through quartic Riemann interactions -which however are different in structure from
the heterotic ones-, among others beyond the gravitational sector. A possibility is that
generating these corrections would require a new deformation starting at this order, in
which case the standard EFT action would not be invariant, and duality covariant eight-
derivative terms (and higher) would be necessary.

Extended tangent space approach. Previous treatments of first-order higher deriva-
tives through finite extensions of the generalized tangent space [I9] must be put into
scrutiny in light of the results discussed here. The identification performed here gener-
ates an infinite extension of the generalized tangent space that accommodates all higher
orders. The extended generalized frame Ey* contains extra directions £, and 7,
beyond the double ones £y;4. The extended directions take values in the adjoint of K,
which after being identified with H becomes infinite-dimensional. There is a subtlety
though, in that when converting indices o — (AB) = (ab, a3, ab,af), the components
ab and «off were shown to start at the same order in perturbations. The @ indices are
then further identified over and over generating the infinite dimensional extended tangent
space -see discussion below equation (B.ID])-. The point we want to make is that first
order corrections are distributed all over the infinite dimensional tangent space, and not
only through a single finite extension as in [I9], but through infinite first order replicas.
We have seen that all these contributions converge and add up to the expected first or-
der deformation, so both approaches are effectively equivalent to first order: lifting the
first order deformations ([B:2I]) and ([B28]) to generalized diffeomorphisms in an extended
tangent space is a trivial task. However, seeking a lift for the second order deformations
to the generalized Green-Schwarz transformations 331l B.33) looks more complicated,
casting doubts on further higher derivatives being accounted for through finite extensions
of the generalized tangent space.

Action. We have only discussed exact gauge transformations, but finding the exact gauge
invariant action can be done by following the same procedure. One should start from the
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G invariant heterotic N' = 1 supersymmetric DFT action [8], [6]
Sney = / d2D+k X o—2d (R(S,d) — TN, 1 — 50V, p — 204V Ap) . (5.2)

Decomposing the extended generalized frame with respect to G-multiplets as in ([2I6]),
and performing the identifications ([Z20]) should lead to the final action. One could then
realize a perturbative o/ expansion to find the action order by order. The only non
trivial step here is that we should get rid of the Greek dummy indices by implementing

manipulations similar to those discussed above (3.31]).

It is possible that apart from (5.2), there exist higher derivative invariants that trigger
their own tower of o/ corrections. They should be invariant under duality symmetries,
extended generalized diffeomorphisms, extended Lorentz transformations and supersym-
metry. If they exist, the G-decomposition, identifications, and derivative expansion would
proceed in exactly the same way as here.

Non-perturbative treatment. Possibly the most important question is how to deal
with this deformation exactly, without performing an o’ expansion. A similar question
has been addressed is the HSZ setup [11]. Both frameworks are similar in that there is a
closed non-perturbative form of the gauge transformations and action, which can then be
perturbed in a derivative expansion (see [36], [37], [38], [39], [40]), such that when written
in terms of an O(D, D) generalized frame or metric acquires infinite o corrections. It is
certainly desirable to learn what kind of information can be extracted from these closed

and exact expressions.

Solutions. Exact all order equations of motion (eom) can be derived from (52). One
could then explore higher derivative corrections to supergravity solutions (first order de-
formations were considered in [41], [42]), and even aim at obtaining exact solutions to all
orders. Interestingly, one can perform generalized Scherk-Schwarz reductions [43], [44] of
the o/-DFT action obtained from (5.2]) to generate higher derivatives corrections in gauged
supergravity. In [16] the first order scalar potential of half-maximal gauged supergravity
was computed in the embedding tensor formalism and a moduli stabilization analysis was
addressed to first order. The results here could in principle allow for a non-perturbative
treatment that could shed light on issues such as moduli stabilization, supersymmetry
breaking, etc. in lower dimensional half-maximal gauged supergravities.

On a slightly different page, using these results as a solution generating technique in super-
gravity would require the knowledge of finite double Lorentz transformations, as opposed
to the infinitesimal ones considered here. This is due to the fact that in supergravity the
double Lorentz group H x H is broken to a single Lorentz group, and then after generic
T-dualities a finite compensating double Lorentz transformation would be required.

Background independence. It was argued in [45] that in order to achieve manifest
background independence, a duality symmetric formulation of higher derivative interac-
tions would require gauge degrees of freedom for enhanced gauged symmetries. This is
known in the context of first order o corrections to DFT [I5] which highly rely on the
frame formulation for double Lorentz symmetries. A natural question is wether higher
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derivatives would require further enhanced gauge symmetries. We see that in the heterotic
case the standard double Lorentz symmetries of DFT are already enough to account for
all the o/ corrections in the universal gravitational sector considered here in a manifestly
background independent way.

Acknowledgments

We are in debt to O. Hohm for exceedingly interesting remarks and comments, and collaboration
at early stages of this project. We also thank C. Nuniez and A. Rodriguez for sharing their
project with us, and C. Hull, D. Waldram and B. Zwiebach for enlightening discussions. WB
receives financial support from ANPCyT-FONCyT (PICT-2015-1525). Our work is supported
by CONICET.

Appendix

A Alternative identifications

We have discussed equivalences between (composite) dof based on the their gauge and super-
symmetric transformations. These equivalences were then used to lock or fix one set of dof in
terms of the other. The procedure is not a gauge fixing, as it reduces the number of physical
degrees of freedom rather that eliminating gauge redundancies. In the context of higher deriva-
tives in heterotic string theory, these equivalences go back to [17], where the gauge fields (for the
S0O(32) or Eg x Eg) and a specific Lorentz SO(1,9) spin connection (containing torsion propor-
tional to three-form curvature of the Kalb-Ramond field) were shown to transform somewhat
symmetrically, something obvious for gauge symmetries but less clear for supersymmetry, in
which case also the gauginos must be identified with the gravitino curvature. This equivalence
was exploited to compute the first order in o’ action, and later expanded to quartic Riemann
interactions in [I8] through a Noether procedure. These ideas were employed in a number of
recent works, some of which we mention below:

e In the context of generalized geometry, [20] considered an extended tangent space decom-
posed with respect to GL(D) € G. The identification was established after the GL(D)
decomposition between the one-form components of the generalized frame, and a gener-
alized spin connection compatible with a reduced structure H € H. It was argued there
that this is only possible if the connection contains a non-vanishing intrinsic torsion.

e In the context of DFT, [30] considered an extended tangent space decomposed with respect
to G € G, as we do. The difference is that there, the O(D, D) vectors are covariantly
constrained in a strong sense, namely they are self-orthogonal and also orthogonal to the
generalized derivatives as in [46], and the identification is performed after solving the
constraint. So again this approach fails to provide O(D, D) covariant higher derivative

corrections.
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e Also in the context of DFT, [I9] considered an extended tangent space decomposed with
respect to GL(D) € G. The approach here is similar to that in [20], with the difference
that the identification relates the one-forms to a component of the generalized H spin
connection of DFT, which is O(D, D) covariant. So this approach gets closer to the goal
of finding O(D, D) covariant higher derivatives, but still fails to achieve the purpose.

In this paper we decided to follow a different route: we are interested in a fully G = O(D, D)
covariant identification between the G-vector that arises from the G € G decomposition of
the extended generalized frame, and (derivatives of) the generalized gravitational degrees of
freedom. On top of the one we presented in the paper, which is exact to all orders in derivatives,
we also considered some other possibilities which turned out to fail in one way or another. For
completion we discuss briefly those that looked more promising:

e The natural possibility, aligned with the three attempts discussed above is to relate K
with H € H in a G-covariant way. As we discussed, performing the gauge fixing £,z = 0
and de,® = 0, leaves the double frame Fjp;4 and the vector Aga = Eg] Apra as the
unique degrees of freedom. We should then identify A,, with the H components F, 5o of
the generalized H spin connection (and not the full # generalized spin connection as we
do in this paper). We would then need a map between K and H given by the Lorentz

generators (to)=

[t t] = fag "ty (E)g(te)™ = X6,  (t%)g5(ta)™ = Xp 0, (A1)
such that indices can be converted from one group to the other
Vi = gV () - (A.2)
The gauge transformations of both quantities are

0A . = PopA

abc

+ T4 Ay — Dabo + 2A@Egﬁg] : (A.3)

abc

0F g = EP0pF g+ T Fpo — Dl + 2F 0% + 2F 5% . (A4)

a

There is a clear mapping between these transformations, except for the last term in (A.4]),
which cannot be set to zero because the gauge fixing locks the off-diagonal component
of the H parameter to a non-vanishing value. An identification is then not possible in
general. However, after taking the parameter to its gauge fixed value (2:20]) it can be
seen that the last term in (A.4) starts from one order higher in derivatives than the
rest, and so this approach is perfectly consistent to first order in o', in which case the
extended fluxes can be replaced by double fluxes F ;- without any loss of generality. It is
easy to check that this identification reproduces the first order generalized Green-Schwarz
transformation, and also gives rise to the extended tangent space approach of [19] after a
GL(D) decomposition.

e One could try to avoid the gauge fixing, so as to have freedom to set I'zgz = 0, thus solving
the problem of the previous attempt. If so, one should now also identify the degrees of
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freedom Ag, = £,z which can no longer be set to zero. Using the relation between K and
H above we find

OA 3 = fpap.AA% + FDA Apie — Da&y, + 2AA3[E§EB] ) (A.5)

which is exactly the way in which the H components of the generalized spin connection
transform (an extended tangent space containing the generalized spin connection was also
considered in [47])

&’uAE = EPOPWAE + FDA Wppe — ’DAFE + QWAg[EFda . (A-6)

Identifying these degrees of freedom wouldn’t really solve the problem then, because only
some projections like Wiabe] = %]—'@ are determined, and the transformation of the double

frame would depend on undetermined components.

Independently of what one identifies £, with, a different question is wether the de-
pendence on this component can be eliminated from the gauge transformations through
field-redefinitions. Assuming E,4 is of first order in o/, the leading order transformations

of the double frame and &, 4 are given by
SEu? = LeEy? + EvPUp? — Exyp DHEE,5) 1+ 0(?) (A7)
0an = Lefan — Daba+ gfag €60a+ EanTPa+0() . (A.8)
If we now redefine the Lorentz parameters to first order
ree — A%y plagag b (A.9)
r* = A%y plagag Bl (A.10)
the transformations of the double frame become

~ _ - - 1 _ 1 =
SEM" = LeEy" + EMbABa - §EMQ D7 gL + §EMQ D¢ £,7 + O(a’?) , (A.11)

- 1 ;o1 7
SEM® = LeEnm®+ Ex®Ay® — 5 Pars D€ &b+ 5P D¢ £,% 4+ O(a'?) . (A.12)

Our purpose is to eliminate £,z through redefinitions. Redefining the double frame as

follows
Ey® = Ey®+ %&ﬁ EL By (A.13)
Ey® = Ey*-— %5(1&5“5 Evi (A.14)
achieves the purpose
SEM® = LeEn®+ EnPA" — Eng D¢ €2+ 0(?) (A.15)
SEM® = LeEn®+ ExPA + E, ;5 DY €, + 0(a'?) . (A.16)

We tried to pursue this procedure to the next order, but the treatment becomes cumber-
some, and then one wonders if the effort is worth considering we already have an exact
identification that can be treated easily and expanded perturbatively order by order.
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