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We derive the semiclassical contributions from the real and complex bions in the two-
dimensional CPY~! sigma model on R x S' with a twisted boundary condition. The bion
configurations are saddle points of the complexified Euclidean action, which can be viewed
as bound states of a pair of fractional instantons with opposite topological charges. We first
derive the bion solutions by solving the equation of motion in the model with a potential
which simulates an interaction induced by fermions in the CPY~! quantum mechanics. The
bion solutions have quasi-moduli parameters corresponding to the relative distance and phase
between the constituent fractional instantons. By summing over the Kaluza-Klein modes of
the quantum fluctuations around the bion backgrounds, we find that the effective action
for the quasi-moduli parameters is renormalized and becomes a function of the dynamical
scale (or the renormalized coupling constant). Based on the renormalized effective action,
we obtain the semiclassical bion contribution in a weak coupling limit by making use of the
Lefschetz thimble method. We find that the non-perturbative contribution vanishes in the
supersymmetric case and it has an imaginary ambiguity which is consistent with the expected
infrared renormalon ambiguity in non-supersymmetric cases. This is the first explicit result

indicating the relation between the complex bion and the infrared renormalon.
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I. INTRODUCTION

Understanding the non-perturbative aspects of quantum field theory (QFT) is one of the most long-
standing problems in theoretical physics. Although lattice simulations may uncover non-perturbative
phenomena such as confinement and dynamical mass generation in asymptotically free field theories in-
cluding quantum chromodynamics (QCD), a systematic and analytical method to study non-perturbative
aspects of QFT has not yet been established in general.

The “infrared renormalon” observed in the perturbative expansion in QFT ﬂ, B] is believed to be
related to non-perturbative phenomena. In QCD, a specific set of Feynman diagrams with an internal
chain of loops gives a factorial divergence of perturbation series with respect to the coupling constant
as(p) renormalized at the energy scale p. The Borel transform of such a divergent series has singularities
on the positive real axis of the Borel plane, leading to imaginary ambiguities of the Borel resummation.
The first Borel singularity, which gives the leading imaginary ambiguity for small a,(u), is located at
t = —2857 /o, and hence the corresponding imaginary ambiguity is proportional to e251/% ~ |[Aqep/plt,
where 5y (< 0) is the beta function coefficient, Sy is the instanton action and Aqcp is the dynamical
QCD scale. This indicates that the ambiguity arising in the perturbation series is associated with the
low-energy non-perturbative physics. It is notable that the location of the Borel singularity is not
twice of the instanton action 257, but —2S;/5y. Thus this singularity cannot be identified with an
instanton—antiinstanton contribution unlike the quantum mechanical systems such as the double-well
and sine-Gordon models |. The ambiguities of perturbation series associated with this type of
Borel singularity in asymptotic-free QFTs are called “infrared renormalon ambiguities”.

The resurgence theory |, which was originally discussed in the study of ordinary differential
equations, has been investigated in various contexts including matrix models and supersymmetric gauge
theories @@] From the viewpoint of the resurgence theory, it has been conjectured in four-dimensional
(4D) QCD(adj.) and two-dimensional (2D) CP™~! models compactified on S with a small compact-
ification radius @@] that the renormalon could be identified as an object called the bion, which is
composed of a pair of fractional instanton and anti-instanton. In these models, fractional instantons
with fractional topological charges (Q = 1/N) emerge M@] due to the Zy-symmetric Polyakov-loop
holonomy in the compactified dimension (equivalent to the Z n-symmetric twisted boundary condition).
The conjecture states that the Borel singularity corresponding to the bion could become the renormalon
singularity at —2S7/8y due to renormalization or decompactification. In spite of the recent progress on
compactified CPN~! models with twisted boundary conditions M] and the intensive studies on
the resurgence in the 2D models |, the conjecture has not yet been verified even in the 2D sigma
models.

In the CPN~! quantum mechanics corresponding to the small compactification radius limit of the
CPN=1 model on R x S' with the twisted boundary condition, it was shown that the semiclassical
contributions from the bion saddle points of the complexified action cancel the imaginary ambiguity in
the Borel resummation of the perturbation series. Furthermore, it was confirmed that the full resurgent

trans-series composed of the contributions from an infinite tower of the complex saddle points correctly



gives the exact result ﬂg, |£|, @] It is notable that the single complex bion solution is a composite
of a kink and an anti-kink corresponding to the fractional instanton and fractional anti-instanton in
2D, respectively. This fact indicates that in the 2D CPMN~! sigma model, bion solutions composed
of fractional instantons with opposite topological charges are the saddle points corresponding to the
perturbative Borel singularity. The question is whether the 2D complex bion can be identified as the
infrared renormalon.

In this work, we discuss bions in the CPV ! sigma model on R x S! with a twisted boundary condition.
In particular, we show that the semiclassical bion contribution have the imaginary ambiguity, which is
consistent with that of the infrared renormalon. We start with the N' = (2,2) supersymmetric (SUSY)
model with a SUSY breaking deformation parameter de. Generalization to non-supersymmetric cases
is also discussed by introducing ng copies of the fermionic degrees of freedom. We derive the real and
complex bion solutions by solving the complexified equations of motion derived from the holomorphic
action. The summation over the Kaluza-Klein (KK) modes of the quantum fluctuations around the bion
configurations correctly renormalizes the coupling constant in the bion effective action and gives the
dimensionally transmuted dynamical mass scale Acpn-1. Based on this renormalized effective action,
we compute the semiclassical bion contributions to the vacuum energy. In the undeformed case (de = 0),
we find that the bion contribution vanishes due to a cancellation between the real and complex bions
when the fermion number np satisfies the condition 1+ N (ng — 1)/2 € Z. This shows that the complex
saddle point solutions play an important role to ensure £ = 0 in the vacuum of the supersymmetric
model (ng = 1). When the above condition for ny is not satisfied, there are non-vanishing contributions
to the vacuum energy with imaginary ambiguities. Even when the condition for ng is satisfied, non-
trivial bion contributions with the imaginary ambiguities appear once the deformation parameter de is
turned on. These imaginary ambiguities are in agreement with the expected renormalon ambiguity of
the Borel resummation of the perturbation series. This implies that the bion solutions can be identified
as the infrared renormalon in the 2D field theory.

This paper is constructed as follows: In Sec.[[], the complex bion solutions in the CP* model on R x S*
are derived. In Sec.[IIl the renormalized effective action on the quasi-moduli space of the bion solution
is obtained. Based on the effective action, we calculate the contribution of the bions and compare it
with the renormalon imaginary ambiguity. In Sec.[V] the calculation for the CP' model is extended
to the CPV~1 models. Sec.[Vlis devoted to a summary and discussion. In Appendix.[A]l we illustrate
the concept of the quasi-moduli space and valley solution using a simple zero-dimensional model. In
Appendices[Bland [C], the detailed calculations of one-loop determinants are summarized for the CP' and

CPN=! models, respectively. The Lefschetz thimble integral is summarized in Appendix [Dl

II. CP! SIGMA MODEL AND BION SOLUTIONS

In the present and next sections, we investigate bions in the 2D CP! sigma model on R x S with
emphasis on their relevance to the renormalon problem. We derive their semiclassical contributions in

both supersymmetric and non-supersymmetric cases. The procedure here will be generalized to the



CPN-1 model in Sec.MV]

A. CP! sigma model on R x S*

Let us consider the 2D CP! sigma model on R x S!. For convenience, we start with the 2D A" = (2,2)
supersymmetric model. The discussion in this section can also be generalized to the non-supersymmetric
models with np copies of fermions'. The bosonic degree of freedom ¢ (the inhomogeneous coordinate of
the target space CP!) and the fermionic degrees of freedom (vy,,) form a chiral multiplet of the 2D
N = (2,2) supersymmetry. The Lagrangian takes the form

2 s A A T - 1 o
L=2 G(asoawaeoaso—wmwz—wmwr)+W¢lwl¢rwr + Liop, (IL.1)

where 0 and 0 are the derivatives with respect to the Euclidean spacetime coordinates z = x + iy and
Z=x—1y
0=

(05 — i0y), 0= =(0; +1i0,), (I11.2)

N | —
N —

and D and D are the pullbacks of the covariant derivatives onto 2D spacetime
Dy = (0 +T0p) iy, Dy = (0 +T0p) ¢y (IL.3)

Here T' denotes the Christoffel symbol for the CP' Fubini-Study metric G

_1 0 2 1
r=G'-G=-—""-, G= —— . I1.4
550 = TP T+ 0P 1)
The topological 0-term Ly, is given by
10 S_ A -
Liop = —G(0p0p — 900p). (IL5)

For the moment, the coupling constant is denoted as g2 in (ILI]) and we will regard it as the renormalized
coupling g% when we discuss the renormalized bion effective action in Sec.[ITIBl

This model admits 1/2 Bogomol'nyi-Prasad-Sommerfield (BPS) instanton solutions satisfying the
BPS equation dp = 0 ] They are characterized by non-trivial values of the topological charge. For

an instanton solution with topological charge k, the Euclidean action is given by

l

.t (IL6)

. 0
S |k—instanton = 2mkiT, T = % —

1 When the models with nr copies of fermions are reduced to quantum mechanics by compactification, they are called
a quasi-exactly-solvable models @, @] and enjoy a number of similar properties as the supersymmetric model, even
though they are not supersymmetric.



Throughout this paper, we regard x and y as the (non-compact) Euclidean time and the (compact)
spatial coordinate, respectively. Since the spatial direction y is compactified on S with the radius R, we
must specify boundary conditions for the fields. Here we impose the following common twisted boundary
condition for all the fields

o(y +2mR) = 2™y (y), Ue(y + 27 R) = ™My (y), (IL.7)

where R is the radius of S' and m is the twist angle (in unit of 27) satisfying 0 < mR < 1. It is well
known that this twisted boundary condition works as the nontrivial holonomy for the global symmetry in
the compactified direction @, g@] We can find the potential of the 2D CP! model with the twisted
boundary condition by evaluating the action for the lightest mode in the KK expansion ¢(z,y) = e

with constant ¢g

2 2
yom el (IL.8)

9% (1+ lgol?)?
This potential exhibits two degenerate discrete minima at ¢g = 0 (north pole) and ¢y = oo (south pole),
in contrast to the vacuum manifold CP"' of the untwisted model.
In the presence of the nontrivial background holonomy, the BPS instanton solution decomposes into
fractional instantons. Fach fractional instanton also satisfies the BPS equation and its explicit form is

given by M@]
op = ae™@F), a = e mTotie (I1.9)

where a is a complex moduli parameter corresponding to the position xg = —(log|a|)/m and internal
phase ¢ = arg a of the fractional instanton. We note that this fractional instanton can be viewed as a BPS
kink solution connecting the two discrete vacua. Since the topological charge of a fractional instanton
is smaller than that of an ordinary integer instanton, it may give a leading order non-perturbative

contribution to some physical quantities. The contribution of a single fractional instanton is of order

2
me>7 (I1.10)

lexp (—Sk)| = exp <— /2

since the action of the fractional instanton is Re Sy = 2mmR/g?. However, such a non-perturbative
contribution cannot be seen in physical quantities such as the vacuum energy. This is because the path
integral for the partition function in the zero temperature limit?, from which the vacuum energy can be
obtained, receives contributions only from configurations approaching the same field value at * — 4o0.
Therefore, the lowest order non-perturbative effect is given by a fractional instanton-antiinstanton pair.
Such a composite configuration is called the bion ‘j ]. Tt is notable that the bion configurations

have no topological charge (Siop = 0), and tend to decay into the vacuum configuration. However, it

2 The zero temperature limit corresponds to the limit 8 — oo, where 3 is the period of the Euclidean time x.



becomes an approximate solution of the equation of motion when the constituent fractional instanton and
anti-instanton are well separated. In the next subsection, instead of dealing with such an approximate
solution of bion, we introduce a deformation parameter so that the equation of motion admits an exact

bion solution.

B. A deformation and exact single bion solution

To analyze the bion configuration and its contribution to the path integral, it is convenient to consider

the following operator which is proportional to the height function

1— 2
Ap = mig, (I1.11)
1+ [e]

where A is the Laplacian on CP! and p = m|p|?/(1 + |¢|?) is the moment map for the U(1) symmetry

@ — €%p. To calculate the generating function for Ay, we introduce the source term
0oL = ——Aupu, (I1.12)
and evaluate the path integral for the partition function in the presence of §L

Z(6€) = / Dy exp (—S), S = / d*z (L +6L). (I1.13)

We compactify the Euclidean time direction x ~ x + 8 with the periodic boundary condition, and take a
decompactification limit 5 — oo. The vacuum expectation value (Au) can be obtained by differentiating

Z(0¢€) with respect to the parameter de

.19
(Ap) =l Tim E%ng(ée), (11.14)

where (O) denotes the expectation value of an operator O evaluated in one of the two vacua (corre-
sponding to the classical vacuum ¢ = 0). Since Ay is not invariant under the SUSY transformation, the
addition of 0L can be regarded as a SUSY breaking deformation of the Lagrangian®. In the deformed

model, the vacuum energy can be expanded around the SUSY point de = 0 as
E(%¢) = —ﬁlim %log Z(6¢) = B9 4+ EWge + E@ge? 4. | (IL.15)
— 00
where the expansion coefficients are given by

EO —0, ED = _(Ap), E(2):—ﬁ / P [(Au(e)An(0) — (Ap)?], - (16)

3 This deformation is motivated by the form of the potential induced when the Hilbert space is projected to the fermion
number eigenspace in CP! supersymmetric quantum mechanics @]



The zeroth order expansion coefficient E(©) vanishes due to the unbroken supersymmetry at de = 0.
The first order expansion coefficient E() is given by the vacuum expectation value (Ap), which implies
that (Ap) can also be interpreted as the response of the vacuum energy to the small SUSY breaking
deformation. In general, the n-th order coefficients correspond to the n-point functions of Ay integrated
over the spacetime coordinates.

To calculate Z(de), let us find saddle point solutions of the deformed action S by solving the Euclidean
equation of motion. The deformation term ([LII) causes a splitting of the two degenerate vacua of the
undeformed model in such a way that only ¢ = 0 remains the global minimum of the potential. This
implies that only saddle point solutions satisfying the boundary condition ¢ — 0 at the spatial infinity
xr — +o0o can contribute to the partition function in the limit § — oco. The simplest solution which

satisfies this boundary condition is a single bion configuration, whose explicit form is given by

w oimytido
LA sinhw(x — zq)’

where arbitrary constants xy and ¢y are moduli parameters corresponding to the overall position and

(11.17)

phase and w is the mass of the scalar field fluctuation around ¢ =0

g2de
™mR’

w=m\/1l+ (I1.18)

This bion solution can be viewed as a bound state of fractional instantons with opposite topological

charges. We can see this more clearly by rewriting the solution as
o = eimy (e—w(m—xrj’)—i(brj’ + ew(w—mf)—wf)_l’ (1119)

where the position and phase of the fractional instanton (a:ﬂ]_o,(bf’) and those of the fractional anti-

instanton (2P, ¢*P) are given by

1 4w?
rb

=29+ —log ————=
T TA0E 9,08 2

P _ 4 gido, 11.20
— e e (IL.20)

The superscript “rb” indicates that these are the values of the parameters corresponding to the “real

bion”. In the weak coupling limit, which we will consider in the subsequent sections, the relative distance

\xf’ — 2'P| becomes large and diverges as \xf’ — 2| ~ % log g%. In such a situation, we can see that the

bion solution is approximately given by a superposition of fractional instanton and anti-instanton

__ b b
e M) HOT for 4o gD
@~ 00 forz ~zo - (I1.21)
_ 5__.rb - orb
e~MEER) IO for ¢~ P

In the semiclassical method, we need to take into account of all possible saddle point solutions not only

in the original configuration space but also in the complexified field space. The CP! sigma model can



be complexified by regarding (¢, ¢) as independent holomorphic coordinates (p, @) of the complexified
target space (CPN® = SU(2)®/U(1)® = SL(2,C)/C* = T*CP'. Then we can obtain another single
bion solution [25]
w ieimy—l—id)o ~ w ieimy—iqﬁo
YT e coshw(z — zq)’ LN/ — coshw(z — )
This is not a proper solution before the complexification since ¢ is not the complex conjugate of ¢, so

that the saddle point solution (IL22)) is called “the complex bion”, whereas (ILI7) is called “the real

bion”. The complex bion solution can also be rewritten into the same form as the real bion in Eq. (IL19])

(I1.22)

but with the following complex values of the relative separation and phase
cb 1 4w? ; 6P _ igo
ZE:t = X0 + % lOg m —+ s et =e . (1123)

The superscript “cb” stands for the “complex bion”. In the next section, we will derive the semiclassical
contribution from these bion solutions by calculating the associated one-loop determinants and quasi-

moduli integrals.

IIT. NON-PERTURBATIVE BION CONTRIBUTION TO PARTITION FUNCTION

In this section, we calculate the non-perturbative contributions of the real and complex bions. We
focus only on the leading non-perturbative contributions in the weak coupling limit, and hence we always

ignore irrelevant terms in the limit ¢ — 0 in the following.

A. Quasi-moduli space of single bion configuration

To calculate the bion contributions to the partition function, we need to complexify the configuration
space and evaluate the path integral along an appropriate path integral contour emanating from each
bion saddle point. Although, in principle, such a contour can be determined by the Lefschetz thimble
method, it is not easy to apply it in the infinite dimensional configuration space. Instead, let us consider
a reduction of the degrees of freedom from the infinite dimensional field space to a finite dimensional
subspace called “the quasi-moduli space.”

In the weak coupling limit ¢ — 0, almost all massive modes can be integrated out and their con-
tribution can eventually be expressed as one-loop determinants. However, there are four modes which
become massless in the limit ¢ — 0. Two of them are the exact zero modes associated with the two
moduli parameters: the overall position and phase (g, ¢o). The others are called the quasi zero modes,
corresponding to the relative position and phase of the constituent fractional instantons. To evaluate
the integral along such “nearly flat directions” (flat directions in the limit of g — 0), let us define “valley
solution” pp(n) (quasi-solution) ] as a bion ansatz satisfying the following properties:

e ©p(n) is parameterized by the positions and phases of the constituent fractional instantons n® =



10

(‘T—7 ¢—7 Ty, ¢+)7

e ©p(n) becomes the exact real and complex bion solutions when these quasi-moduli parameters n®

are at the saddle point values (IL20) and (IL.23).

e ¢p(n) satisfies the equation of motion up to a linear combination of dpp/dn®. In other words, it
is a solution of the equation

o5 _ gaeden

0P lp=pp one

(111.1)

Here, the metric G is the CP' Fubini-Study metric, and the coefficients of the linear combination

A® can be determined by taking the inner product of Eq. (IILT)) and d,¢p

0Ser 3
AY = == 6P I11.2
where Seg(n) is the bion effective action and g,5 is the induced metric
dpp 0pp
S, = Slpx], = | d*zG . 111.3
«) = Slesl, a5 = [ PaGTEE (1L3)

We call the set of valley solutions “the quasi-moduli space M”. The quasi-moduli parameters n can be
regarded as coordinates of M and g,5 is the metric on M. Roughly speaking, the quasi-moduli space
is a valley of the action, where the gradient of S is tangent to the valley. In Appendix [Al the concept
of the quasi-moduli space is explained in more detail by using an example of a simple zero dimensional
model.

To evaluate the path integral, let us decompose the bosonic degree of freedom into the bion background
vp(n) (parametrized by the quasi-moduli parameters n®) and a fluctuation field d¢ which is orthogonal

to the quasi-zero modes

¢ = pp(n) + dp, / d*z G—5<,0 = 0. (IIL.4)

Then the path integral decomposes into that for dp and the quasi-moduli integral over M. Note that
d¢p stands for all the modes which remain massive in the weak coupling limit ¢ — 0. It is convenient to

redefine the bosonic fluctuation? and fermionic fields as

5o =g(1+ lopl) ¢, Y= g(1+ lesl?) X (IIL5)

Thanks to the definition of the valley solution (I[ILI]) and the orthogonality condition in (IIL4]), no linear

4 Tt would be more convenient to use the Riemann normal coordinates I@] or Kahler normal coordinates @7 @] for
higher loop computations



11

term of the fluctuation fields appears in the action expanded in powers of g

S = Seff(n) - /d2z[£ﬁuc(£75) + 2)ZlVXl + ZerXr + 0(92)7 (IH'6)

where Seg(n) = S[ep(n)] is the bion effective action and Lgu.(§,€) is a quadratic term of the bosonic

fluctuation, whose variation gives the following linearized equation of motion for the fluctuation

Ap (2_) =0, (IIL7)

_ {V.V} —dpp€ 1 O0ipp0iop —0ipBOivR
—4ppE {V*,V*} (I+lesl?)* \ —0ippdipn  0ippdipn

with
) +O(g%). (I11.8)

Here we have defined £ as®

Dopp 1 < 20B

1+ |ppl?

= I n |(’pB|2 = 1 n |90B|2 ath> ath. (1119)

The differential operators V, V, V* and V* are given by
V=0+2iA,, V=0+24;, V*'=0-2iA,, V'=0-2iA;, (I11.10)

with A, = (A, —iA,)/2 and A; = (A, +1i4,)/2 defined as®

i ¢BlipB — ¢BYiPB
2 1+ |ep/?

A; = (ITI.11)
It is notable that the expression ([IL8) is valid for arbitrary values of de as long as we work in the weak
coupling limit g2 — 0 since all the e dependence is included in the O(g?) term.

Let Sy be the quantum correction induced by the bosonic and fermionic fluctuations
exp (—Sq) = / DPDVY exp [— (S — Serr) |, (I11.12)

where D® DV denotes the path integral measure for the fluctuation. In principle, this can be evaluated
by the standard perturbation expansion. In particular, the leading order term is given by the one-loop

determinants

det Ap [
det’AB

exp (—9¢) = +0(g%)] - (I11.13)

5 £ =0 is the equation of motion without the deformation term.
6 A; are auxiliary gauge fields in the gauged linear sigma model realization of the CP' sigma model, and the corresponding
field strength is the topological charge density.
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det Ar is the fermionic one-loop determinant and det’ Ap is the bosonic one-loop determinant excluding

the quasi-zero modes. Then the single bion contribution to the partition function can be rewritten as

Z = / dv exp (—Set — Sq) - (IT1.14)
M

where dv denotes the volume form on the quasi-moduli space M.

B. Single bion effective action and renormalization

Let us first calculate the classical effective bion action Seg(n) = S[ep(n)] in the weak coupling limit.
As we can see from Eqs. (IL20) and ([T.23]), the saddle points run away to infinity as g — 0. To focus on
the vicinity of the saddle points in the configuration space, we take the weak coupling limit as

4?

1
g — 0 with fixed éz, = 24y —2_ — —log—5——
w

i (111.15)

where dx, is the deviation of the relative distance from the value at the real bion saddle point: dx, =0
and 0z, = mi/w for the real and complex bions, respectively (see Eqs. (IL20) and (IL23)). Since the

relative distance |z — x_| is always large in this limit, we can regard
exp(—w|zL —x_|) ~ O(g?). (I11.16)
In the weak coupling limit, the valley equation ([ILI)) can be solved as
ep(n) = €™ <e_“(m_x*)_i¢* + e‘“(m_“)_id’*)_l . (I11.17)

We can show that this satisfies the valley equation in the weak coupling limit by substituting ¢5(n) into
the equation of motion §S/8p and by checking that it is of order O(g?) everywhere on R x S'. It is
notable that this bion ansatz becomes the exact bion solution ([LIT) or (IL22) when the quasi-moduli
parameters n® = (x4, ¢+ ) sit at the saddle point ([L20) or at ([L.23]), respectively. As in the case of the
saddle point configuration, ¢p(n) can be viewed as a superposition of fractional instantons (I[L2T]).

By substituting the bion ansatz ([IL17) into the original action with the deformation term, we obtain

the single bion effective action”

47 R
Set(n) = % [m —2mcos(py — p_)e ™EFH T L 95em(zy —z_) + O (9%). (ITI.18)
The first term in [- - -] is the asymptotic value of the classical bion action, the second term in [ -] is the

interaction between the constituent fractional instantons at large separation, and the term proportional

" It is notable that the effective action contains a subleading term of order O(1) even though it is derived from the leading
order valley solution ([ILIT). This is justified because the subleading correction d¢p does not contribute to the subleading
term in Seqr, thanks to the definition of the valley solution ([IL]) and the orthogonality between dpp and the quasi-zero
modes dpp/on®.
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to (x4 —x_) represents the confining potential due to the deformation potential. As mentioned above, we
have neglected terms of order O(e=2"(@+=2-) /¢2) since the leading order contribution of the quasi-moduli
integral comes from the vicinity of the saddle points, where O(e=2™(#+=7-) /g2) ~ O(g?).

Next, let us integrate out the bosonic and fermionic fluctuations in Eq. (ILG). By evaluating the
Gaussian integral for the fluctuations, the single bion contribution to the partition function can be

rewritten into the quasi-moduli integral

7 = / d%]% exp (—Sef) + (9(92), (I11.19)
M det AB

where J is volume factor associated with the metric of the quasi-moduli space, det Ag is the fermionic
one-loop determinant, and det’ Ap is the bosonic one-loop determinant excluding the quasi-zero modes.
The divergent integral with respect to the center of mass position z + z_ can be regularized by com-
pactifying the z-direction as x ~ x + 3. Then, the single bion contribution to the vacuum energy can

be written as

ElE—I. 1Zl

Jim 57 —27?/ Td:ETd(JSTj exp (—Sr), (I11.20)

where M, is the space of relative quasi-moduli parameterized by x, = x4y —z_ and ¢, = ¢+ — ¢_. The

quantum corrections from the fluctuations is included into the renormalized effective action

det Ap det/AB

r@Pr) = Oe ry@r) —1 T AO0
SR(x qb ) ff(:E ¢ ) 0og det A% og detA%

(111.21)

where det A% and det A% are the one-loop determinants around the trivial saddle point ¢ = 0.

Now let us calculate the one-loop determinants. Since the background bion ansatz ([ILI7) is inde-
pendent of the compactified coordinate y (except the twisting factor dictated by the twisted boundary
condition), it is convenient to decompose the bosonic and fermionic fluctuations into infinite towers of

KK modes. The total contribution from the non-zero bosonic KK modes takes the form

det’AB
det A%

log =2 Z [Xn + Yy, cos ¢ e+ O(g?) ], (I11.22)

KK n=1

where X, and Y,, are respectively calculated in Appendices [B1] and [B2] as

n_
i m

d4mR
=—+

X, = log : Y, O(n=?2). (I11.23)

n
R—i—m

By using the zeta function regularization shown in (B.I6) and (B19), we find that

- (1
> X, = —2mR log RAg + log r( +mR)

— > Y, =4mRlog RAg+ - , (I11.24)
(1 —mR) —

n=1

where A is a parameter corresponding to the cutoff scale and - - - denotes terms without Ag-dependence,
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which give only subleading contributions in the weak coupling limit. The Ag-dependent terms in the one-
loop determinant can be absorbed into the bare coupling constant, i.e. they are canceled by appropriate
counter terms. The renormalized effective action can be written in terms of the dynamical scale A defined
by

T 1 1 A2
A=A —— — =6, = —1log 2 I11.2
0 €Xp < gg 9 0) ) <TO 2mri og A2> ) ( 5)
where the symbols with subscript 0 denote the bare parameters. In the following, we explicitly denote

the coupling constant g which has been used above as the renormalized coupling constant gr at the scale

1/R

1 1 1
= ——log |RA| < = — — —log ]RA0]> , (II1.26)
T g

and interpret that the UV divergent terms in the one-loop determinant are canceled by the corresponding
counter terms in the renormalized perturbation theory.

The contributions of the fermionic KK modes with positive and negative KK momenta cancel out
(see Appendix [B3l for details)

det AF
det A%

— 0. (111.27)
KK

log

The contributions of the bosonic and fermionic KK zero modes (and the volume factor [J) are essentially
the same as in the 1D case ]

det’Ap Am2R\” det Ap Ima
=5 e eI L I11.28
J det A% |, < 9% > i det A%, c * ( )
where - -- denotes terms which are irrelevant in the weak coupling limit g% — 0.

Finally, by combining the one-loop determinants ([IL22]), (ITL.27) and ([IL28), we obtain the renor-
malized effective bion action ([IL2I]), from which we find that the integrand for the quasi-moduli integral

([IL2Q) is given by

4m’R\’
Jexp(—Sgr) = < m2R> exp <—X + 87TZLR cos ¢ e~ " — 2mexr> +--, (I11.29)
IR IR

where € is the effective deformation parameter, which is shifted due to the fermionic contribution

=1+ (111.30)
and X is the constant term
4 (1
x = TR g (1+mF) (IIL.31)

g% I'(l—mR)
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This implies that the single bion contribution is of order
Ey o |RA[P™R = =4mBr/gp(R) (I11.32)

Here we denote g% as g%(R) to emphasize that it is renormalized at the energy scale ~ 1/R. The
renormalized effective action Sg can be rewritten in terms of log | RA| by replacing 1/¢% with —1 log | RA|.
We note that the emergence of the renormalized coupling (or the dynamical scale A) is a consequence of
the renormalization procedure in the semiclassical calculation of bion contributions. The renormalized

coupling constant is NOT inserted by hand but it naturally appears in the semiclassical calculation.

C. Lefschetz thimble analysis and imaginary ambiguity

Next let us calculate the single bion contribution to the vacuum energy Fy by evaluating the quasi-

moduli integral

4m?R\° 8TmR
B, = —27r< m2 > e X /d:nrdqbr exp( an cos ¢ e~ M — 2mexr> 4+ (I11.33)
9r IR
where --- denotes irrelevant terms in the weak coupling limit. Since this is essentially the same integral
as in the case of the CP' quantum mechanics, we can apply the Lefschetz thimble method JET] in

the same manner as in the 1D case ] to evaluate the quasi-moduli integral. As shown in Ref. ] and
briefly summarized in Appendix [Dl Sr has saddle points corresponding to the real and complex bions

and their contributions to £ contain an imaginary ambiguity due to the Stokes phenomena

B I(e) [4nmRT(1—mR)]? (4nmR (x:\ "> o0&
E, = sz(l—e)[ 2 T +mR) o e 2 |RA| +, (IT1.34)

where the upper (lower) sign corresponds to the positive (negative) imaginary part given to g% in
order to avoid the coupling constant being on the Stokes line. For the Zs-twisted boundary condition
(m = 1/(2R)), the result is of order |RA|?, which is the expected order of the well-known imaginary
ambiguity from the infrared renormalon.

The resurgence theory states that there is a cancellation between the imaginary part of the non-
perturbative contribution Im F, , and that of the perturbation series Im E¢¢. Since the single bion
imaginary part Im F is the dominant term in Im F, , , it cancels the leading order part of Im Epep.
This implies that the difference of Im E,¢, for positive and negative Im gr has the following asymptotic

behavior in the weak coupling limit ggr — 0

2
Alm Epery ~ —AImE; = —4mm 1 ra mR)] (47TmR

2(1—¢)
A|PE (111
I'(1—¢€)T(1+mR) g% > | RA| (IT1.35)
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From this imaginary part, we can read off the large order behavior of the perturbation series as

[e.9]

Bpert = ) ok _\" ith a, — —2 1 T-mk) 2P( +2(1 —¢)). (IIL.36)
pert = 20\ g ) VO O "ra-oTa+mry| " R

n=0

This large order behavior of the perturbation series is the prediction of the resurgence theory. In the
limit R — 0 with fixed g%, = g%/(27R), this system reduces to the CP! quantum mechanics and it has
been shown that the 1D limit of Eq. (IIL36) is the correct large order behavior in quantum mechanics
|. Tt would be interesting to check if the result ([IL3@) obtained by the resurgence argument gives
the consistent large order behavior of the perturbation series also in the 2D case.
Next, let us consider the generalization to the case with np copies of fermions. Since in this case, the
fermionic contribution to the bion effective action is multiplied by ng, the single bion contribution FEj

can be obtained by redefining the constant ¢ in Eq. (IIL34) as

e = 1+0e = € = np + de. (IT1.37)
Expanding Fy around e = np =1, 2, ---, we find that
AmR drmR _ mi 2
E, = C|RA] de +2( (np) —log —5— F 5 de* + - |, (I11.38)
IR

where 1(np) = O 1og T(€) emnp = —7 4+ .7 1 is the digamma function and

r=1

C=-2m |T'(np)

(I11.39)

(1 —mR) [4xmR\ " ’
F(l—l—mR)( g% > ] '

Eq. ([IL3Y) implies that the single bion contribution vanishes for de = 0. In the supersymmetric case
ngp = 1, this is consistent with the fact that the vacuum energy vanishes. The absence of the non-
perturbative correction at ¢ = np = 1, 2, --- is due to the cancellation between the real and complex
bion saddle points®. This cancellation happens because of a particular high symmetry at these points,
whereas the non-perturbative corrections exist ubiquitously anywhere away from these particular points.
We can see from Eq. (IIL38)) that a non-trivial non-perturbative correction and an imaginary ambiguity
appear in the leading and subleading order terms in the small de expansion, respectively. We emphasize
that for the Zo-twisted boundary condition, the imaginary ambiguity is of order | RA|?, which is consistent
with that from the infrared renormalon. This result indicates that the renormalon ambiguity can be

canceled by the bion contribution, and hence the bion could be identified as the infrared renormalon.

8 This phenomenon can also be seen in some quantum mechanical models in which the so-called quasi-exact-solvability
plays an important role @, @]
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IV. GENERALIZATION TO CP¥~! MODEL

In this section, we consider the generalization of the analysis in the previous section to the CPN~!
model. We compute the single bion contribution to the vacuum energy by embedding the single bion
solutions of the CP! model, calculating the one-loop determinant and evaluating the quasi-moduli inte-

gral.

A. Embedding single bion solution

Let us consider the 2D A/ = (2,2) CPN~! sigma model described by the Lagrangian
2 o o . o
L = 7 [Gaz; (3cpf18<,5b + 0@ 0@ — b Dt — P Dw;'f) + §RGBCJ¢7¢;’¢§¢;¥ + Liop,  (IV.1)

where Ly, is the topological term

Liop = =Gy (09°08" = 0p"02") (IV.2)

G, (a,b=1,--- N —1) is the standard Fubini-Study metric

2

P N-—1
G ;= _log [ 1+ 2, V.3
b= e 0g< ; |°] ) (IV.3)

D and D are pullbacks of the covariant derivative
Dyt = Of' + T5.00"f, Dyt = Oy + T5.06"7, (IV.4)
and I'j, fgé and Rj.; are the Christoffel symbol and curvature tensor
I, = G295 TL =G"09Ga, R%.qg=0.1%. (IV.5)
As in the case of the CP' model, we impose the twisted boundary conditions
0" (y +2mR) = 2T % (y), U (y + 20R) = T YR (y), (IV.6)

and introduce the following deformation potential which breaks the N' = (2,2) supersymmetry

or = — 2 Ay = 2 —iNim :Ni Mal"[* (IV.7)
R = A= SR s P |

where A is the Laplacian on the CPY~! and p is the moment map of the U(1) symmetry used for
the twisted boundary condition in EEIEI) Again, this deformation is inspired by the term induced

by fermions in quantum mechanics

| . With this potential term, we can embed the single bion
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configuration ¢p in Eq. (IL1D) as a valley solution in the CPY~! model. For example, pp can be
embedded into the b-th component as

. . . -1
(pa =0 (a #* b)7 (pb =y = ey (e—wb(w—rf)—wﬁf + ewb(x—m+)—z¢+) , (IVS)

where we have defined the parameter wy, by replacing the parameter w in (ILIS) as

g%de
= 1 . V.9
w = wp=myy 1+ —" ( )

As in the CP! case, the valley solution satisfies the equation of motion of the deformed CPV~! sigma

model if the quasi-moduli parameters x4+ are adjusted to the values at the saddle points: for the real

bion, for instance,

1 L )

P = rg+ — log ——>—, ewf = +elifo, IV.10
=+ 2 2 2
Wy m

Wy =Y
The classical bion effective action Seg(n) in the weak coupling limit (IILI5) now becomes

4drmp R

Sets(n) = — (1= 2c08(04 — ¢ )e ™=+ 4 Bemplay — 2|+ O (¢7), (VA1)

where we have assumed that e="»@+=2-) ~ O(¢?) as in the CP! case.
Generalizing ([IL20) for the CP! case, the single bion contribution of the CPY~! model is given as

a sum over the bion backgrounds as

N—-1
Z
E, = - lim —— = —2r Z/ dx,dor Ty exp (—Sgrp) (Iv.12)
b=1 7 Mrsp

where J;, is the volume factor of the relative quasi-moduli space M, ; and Sg is the renormalized

effective action including all the contributions from the fluctuations

det’A B

det A
Sno = Sura+ Y (log g ;
a B

8 det A%

> . (IV.13)

a

In the next subsections, we discuss the renormalization of the bion effective action due to the fluctuations
around the bion background ([V.g]).

B. One-loop determinants

Let us consider the bosonic and fermionic fluctuations around the bion configuration in Eq. (V).
We can show that the fluctuations of the fields in the b-th component (¢, 1[)?, Y?) (the same component
as the bion background) give the identical contribution as in the CP! case.

The one-loop determinant for the bosonic fluctuation d¢® (a # b) can be calculated by the KK
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expansion. The contributions from the KK zero modes have been calculated in Ref. @]

det/A B
det A%

= log (M) — myz, + O(g%). (Iv.14)
n=0,a Ma

log

As shown in Appendix [C] the total contribution of the KK modes is given by

det’AB > J
Z 8 ot AC = Z [Xn,a + Y q 08 ¢ €7 4 (9(92)], (IV.15)
n#0 CUSBIna n=1

Mg 4mp R
) Yn,a =
m

a

+0(n™?), (IV.16)

|
B
8
3
I=v/Eji=viE
+

respectively. The zeta function regularization gives

S I'(14 (mqg —my)R) T (1 —m,R)

Xna = -2 1 A —1 , V.1
;::1 , my R log RAo — log o ms i (IV.17)
Y Yua = 4myRlog RAg + -, (IV.18)
n=1

where - -- denotes irrelevant terms in the weak-coupling limit.

The one-loop determinant of the fermionic fluctuations can also be calculated by the KK decompo-
sition. As in the CP' case, the contributions from the non-zero modes cancel out and only the KK
zero modes contribute to the determinant. In the weak coupling limit, the total contribution from the

fermionic fluctuations is given by (see Appendix.[C3)

N-1

Z 10g det AF

= —Nmyx, 2. V.1
detA% mpx, + O(g7) (IV.19)

a=1 a

C. Contribution to partition function

The one-loop determinants of the b-th component fields can be obtained from Eqs. (ITT.22)-([11.24)
and (IIL28)) by replacing m — m;. Combining it with the classical bion effective action (IV.I1]) and the

one-loop determinants of the a-th components (a # b) given in Eqs. (IV.14), (IV.I5) and ([V.19), we
find that the integrand of the quasi-moduli integral (IV.12]) is given by

4m2R\ > 4
Tpexp (—=Srp) = Ay < m2b > exp <— msz> exp(gmsz cos ¢ e T — 2mbexr> + -+, (IV.20)
9r IR 9r
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where we have defined the constant A, as

r(l— mbR)} ’ e mg T (1A (me —mp)R)T (1 —maR) (IV.21)

Av = [F(l—i—mbR) a—mp (1= (mg—mp)R)T (1 +meR)

ab

The parameter € is the the effective deformation parameter defined in the same way as in the CP! model?
e =1+ e (IV.22)

Note that g% in the renormalized effective action Eq. (IV.20) is the coupling constant renormalized at
1/R, which appeared as a result of the renormalization procedure. The renormalized effective action can

also be written in terms of A related to g% as

1

N
g% 2

N 1
= ——log |RA] < = — — log|RA0|> . (IV.23)
27 9
Since the renormalized effective action in Eq. ((K20) has the same form as that in the CP! case, we
can apply the Lefschetz thimble method to the quasi-moduli integral (IV.12)) as in the previous case.
Using the results of the thimble integral summarized in Appendix [D] we finally obtain the single bion

contribution to the vacuum energy

N-1 2(1—¢)
r . 4
By = L&) _mic § meAb< W;bR> IRAPNmR (IV.24)
I'(l—e — 9%

where the upper (lower sign) corresponds to the positive (negative) imaginary part given to g% in order
to avoid the Stokes line in the parameter space. Again, the single bion contribution vanishes when the
deformation parameter de is turned off (¢ = 1). This is consistent with the fact that the vacuum energy
is exactly zero for a supersymmetric vacuum. A similar phenomenon can be seen in the model with ng
copies of fermionic degrees of freedom. For ng = 1,2,---, the one-loop determinant from the fermion
fluctuations (IV.19) is multiplied by ng so that the result (IV.24]) can be easily generalized to the case

of ng copies of fermion by redefining ¢ as
N
e=1+4+d — ezl+5e+§(np—1). (IV.25)

In the case of quantum mechanics, the general theorem states B, @] that the vacuum energy vanishes
when this € becomes a positive integer. Also in the 2D case, Eq. (IV.24]) implies that E; vanishes for
€ € Z>p. Hence in the absence of the deformation de, the single bion contribution vanishes for any ng
when N is even. On the other hand, when N is odd, there is a non-trivial non-perturbative correction for

even nr. Such a case provides a simple example of a non-trivial bion correction and resurgence structure

It would be helpful to comment that the linear term —2mpz, in Eq. (I.20) emerges due to the bosonic KK zero modes
in Eq. (V.14) and the fermionic KK zero modes in Eq. (V.19) as (N — 2)mpz, — Nmpz, = —2mpx,.
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without the deformation parameter de.
When E; = 0 in the absence of the deformation, we need to consider expansion in powers of the

deformation parameter de in order to see non-vanishing non-perturbative contributions

N-1

4 .
E, = Z Cy| RA|PN ™R [(56 +2 <w(eo) —log W;ZbR F %) 5% 4 - } ; (IV.26)
b=1 R
where 1(€p) is the digamma function, €y = € |sc—g € Z>0 and
drmpR\ 1 ?
Ob = —meAb [F(EO) ( g2b > ] . (IV.Z?)
R

Although the imaginary ambiguity disappears at the leading order of the expansion, the higher order
expansion coefficients have non-trivial imaginary parts with ambiguous signs. Since these ambiguities
in the non-perturbative bion contribution should be canceled by the Borel resummation ambiguity of
the perturbation series, the large order behavior of the perturbation series can be determined from this
single bion contribution as in the case of the CP! model.

For the Zy-symmetric boundary condition, which is realized by setting the parameters m, (a =
1,--+,N —1) as mgq = %}%, the leading term of the result Eq. (V28] is of order |RA[%. This is
consistent with the renormalon contribution |A|? o e=27/ @%N). This result again indicates that the
renormalon ambiguity can be canceled by the bion contribution, and hence the bion could be identified

as the infrared renormalon.

V. SUMMARY AND DISCUSSION

In this paper, we have calculated the semiclassical contributions from the bion saddle points in the
CPN~1! models on R x S' with twisted boundary conditions, with emphasis on its consistency with the in-
frared renormalon. We have discussed the bion contributions in the 2D N = (2, 2) supersymmetric model
and its non-supersymmetric generalization with ng copies of fermions and the deformation parameter
d¢, including the cases corresponding to quasi-exactly-solvable model upon the dimensional reduction to
quantum mechanics. We have derived the bion solutions composed of a pair of fractional instanton and
anti-instanton by promoting that of the CPY~! quantum mechanics to the 2D system. We discussed
the renormalization of the effective action on the quasi-moduli space of the bion configurations, which
is parametrized by the relative distance and phase between the fractional instanton and anti-instanton.
The quantum fluctuation around the bion background renormalizes the coupling constant in the effec-
tive action, leading to the emergence of the dynamical scale. From the renormalized effective action,
we obtained the bion contribution to the vacuum energy. Although the vacuum energy vanishes for the
SUSY and quasi-exactly-solvable cases, we have shown that there are non-vanishing bion contributions
exhibiting the structure expected from the resurgence theory by expanding the vacuum energy in powers

of the deformation parameter de. We showed that the imaginary ambiguity in the bion contributions is
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consistent with the expected infrared renormalon ambiguity. This is the first result revealing the explicit
relation between the bion contribution and the infrared renormalon ambiguity in quantum field theories.

One of topics left for future works is the large-N limit with the Zy twisted boundary condition.
Since the Zy symmetric phase has been shown to be continuous M] as the compactification radius is
increased, it would be interesting to study whether the bion contribution survives in the large-/N limit.
Studying the large radius limit will make the relation between the bion and the renormalon more direct.

In this paper we have not considered the twisted masses for the chiral multiplets, which can be
introduced without breaking the N' = (2,2) supersymmetry. The twisted masses give a potential term
proportional to a squared norm of a linear combination of the Killing vectors for the holomorphic
isometries. Although there is no essential change in the single bion solutions, such potential terms can
modify the one-loop determinants. It would be interesting to discuss how the bion contributions and
imaginary ambiguities are modified in the presence of the twisted masses.

We here comment on the full trans-series and complex multi-bion solutions. In the CPY~! quantum
mechanics, the multi-bion contributions are building blocks of the full trans-series of physical quantities.
Such multi-bion solutions give non-perturbative contributions also in the present field theoretical case.
However, we should remember that they are not enough in the 2D CPN~! quantum field theory. In
addition to them, there are bion configurations composed of instanton and anti-instanton each of which
has an integer topological charge. Such configurations also contribute to the full trans-series and it is
quite possible that they may become more important as we increase the compactification radius R.

Since the CP! manifold can be embedded into any Kéhler manifolds of the form of coset spaces G/ H,
our work can be generalized to 2D N = 2 SUSY nonlinear sigma models on Kahler G/H manifolds and
their SUSY breaking deformations.

In 4D gauge theory such as Yang-Mills and QCD with an appropriate compactification, we may be
able to take a similar procedure to derive contributions from bion configurations. One of the important
questions in these theories is what are quasi-moduli and whether one can perform the quasi-moduli
integral. Another question is whether bions are complex solutions of the complexified gauge theory.

Future works are devoted to the investigation on these questions.
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Appendix A: An example of quasi-moduli space

In this appendix, we illustrate the concept of the quasi-moduli space by using an example of a simple

zero dimensional model. Let us consider the perturbation expansion of the following integral on R?
2
Z = /d% exp (—5/g%) with S=Sp+¢°S, So= [((151)2 + (@22 —1] , So=2e(ph)? (A1)

The leading order part Sy is invariant under the rotation and has degenerate minima corresponding to
the spontaneously broken rotational symmetry

1
0% _y — < 7 > ( cost) > . (A.2)
0¢ d=¢o %0 S

This flat direction is lifted by the symmetry breaking term Ss, so that 1 can be viewed as the pseudo-

Nambu-Goldstone mode and only two points (7 = 47) remain the discrete minima of S. Since the
symmetry breaking term vanishes in the weak coupling limit ¢ — 0, the parameter 1 can also be viewed
as the quasi-modulus, which becomes exact flat direction for ¢ = 0. Let us determine the quasi-moduli

space, which is described by the embedding n — ¢' = *(n) satisfying the valley equation!®

=p(n)

where P is the projection operator onto the “massive” direction

_ 1 et 1 2
Pt (09 (0t 00t). (a4)

Starting from ¢f(n), we can perturbatively solve the valley solution. Let £'(n) be the deviation from

©b(n) satisfying the orthogonality condition

1 1 1
( 902(77) ) _ ( zggzi 12283 > : & Oyl = 0. (A.5)

10 This valley equation can be obtained from Egs. (ILI) and (IIL2) for the CP* model by replacing G — §;; and gP =
9" = 1/(9n¢")?.
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Expanding & as £4(n) = ¢g2¢4(n) + g*¢i(n) + - - -, the valley equation can be solved order-by-order

1 1
1
h 2 = —4cos’y cosT 2 = ——ecos’n oSt ,
3 sin7 3 2 sin7

1 1
1
h & =2(3 cos? n—4) cos? 7 oS &2 =—(3 cos? n—4) cos? n ot )
&2 sinn 2 4 sin 7

where h is the Hessian of Sy

2 .

oS sinn cos

h=8 G (A.6)
sinpcosn  sin’n

Actually, in the case of this simple example, we can exactly solve the valley equation without expansion.

o' (1) cos 1)
_ 7 AT
( ¥?(n) ) g ( sin7 ) A

the valley equation can be rewritten as

By setting

B rX ( Oy (rsinn)

2 (Oyr)? > . with X = g%ecosn 9, (rsinn) +r(r* - 1). (A-8)
n

—0y(rcosn)

The solution of X = 0 satisfying lim, o7 = 1 is an ellipse

1— g2 1
=\ (o =), (A9)

On this quasi-moduli space, the effective action is given by

Se(n) = Slompy = [rm)? —1]° —2(1 — g%¢) [r(n)? - 1]. (A.10)

By changing the valuables from (¢!, ¢?) to (1, d¢)

¢1 - (,01 (77) 95(’0 877()02
<¢2 ) - <<,02(77) > + VO + (0,0°)2 ( oy > ; (A.11)

the original integral can be rewritten as

27 So
Z = /0 dn /G exp <_g—gﬁ - Sq) , (A.12)
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where §, is given by

exp (—Sg) = g/d&p % exp <— S;;C> , Sfue = S — Seft, (A.13)
with
Vim _ VOGP OGP gbe ( - )3. (A.14)
VI (0o + (0y0?)? L=g% \V/r2+(0y7)
Thanks to the definition of the valley solution, there is no linear term of dp in Sgyc
Sflue 552 5 22 ? 27‘2(8777")2 B 9

so that we can integrate out 6 by expanding the integrand in powers of g? as in the standard perturbation

theory
exp (—9;) = @ [1 + 9726 cos’n+ O(gh) | . (A.16)
Then the integrand for Z can be expanded as
7z = @/0 dn [1+ g°€®cos’ n+ O(g")] exp (—2ecos® 7). (A.17)

Evaluating the quasi-moduli integral, we obtain the perturbation series of Z

2

Z = m3ge<Iy(e) [1 + % <2e — (1+2¢) 28) + (9(94)], (A.18)

where Iy(€) denotes the modified Bessel function of the first kind. We can check that the perturbation

series derived in this way is consistent with that which can be obtained from the Borel resummed form
of Z

/dt — V) + (- Vi)

7 , f(z) = e “Iy(ez), (A.19)

which can be obtained by the change of variables (¢!, ¢?) = r(t) (cosn,sin ) with

() = V14t for [¢f2 > 1
V1=t for |2 <1’

(A.20)

and the 7 integration.
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Appendix B: One-loop determinants around single bion background in CP' model

In this appendix, we calculate the one-loop determinant around the single bion ansatz ([ILI7)) in the
CP! model. For simplicity, we fix the center of mass position and overall phase and set r4 = +x,/2
and ¢+ = +¢,/2. We will use the following theorem to calculate functional determinants (see, e.g.,
Appendix B of Ref. ]) Let £* be functions such that

(=2 +V)eE =0, lim & =TT, (M? =V (z — £0)). (B.1)

z—+o0

Then the functional determinant of —92 4 V is given by

det(—=92+ V) £ Mz o+
det(—02 +0%) — anle & (B:2)

1. Bosonic one-loop determinant in the KK decomposition

Let us first consider the functional determinant of Ap defined in Eq. (IL8). Since the background
is independent of y except for the twist factor, it is convenient to use the KK expansion for the bosonic

fluctuation

o0
£= > &ula)ellitmy, (B.3)
n=-—oo
Then the functional determinant det Ap decomposes into an infinite product of the contributions from
the KK modes det Ap|,. Since the contribution from the KK zero mode is essentially the same as the
1D case ], we focus on the non-zero mode (n # 0) in the following.
As explained in Sec.[[IIB] we consider the weak coupling limit keeping the background bion ansatz
in the vicinity of the saddle points. In other words, we fix the deviation from the saddle point
4ev?

1
ox, = $T——10g27
w

B4
e (B.4)

and take the weak coupling limit g — 0. In this limit, the operator Ap in Eq. (IILY) becomes a diagonal
matrix, i.e. the equations for ¢ and € become independent. For the n-th KK mode of &, the leading
order part of Ap is given by

[ax +n— mtanh(md_)} [am —ng mtanh(md_)] +O(g?) forz~ —x,/2
Aply = [aﬁ%—m} {am—%—l—m} +O(?) forz~0 , (B5)

[395 -5 mtanh(der)} {Gx + 5+ mtanh(md+)] + O0(¢?) for o =~ x,/2
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where d4+ are the distances from the constituent fractional instantons

T
dy = F 5" (B.6)

By applying the theorem (B.2)), we can determine det A gl,,, from the solution of the differential equation

Apl, & = 0. Solving the equation in each region, we obtain the solution as

%e%x_% sech(md_) [al - (IQF_(:E):| + O0(¢g?) forx~ —x,/2

E=4q b elf=m)z 4 b, e~ (F—m)x + O(g%) forx ~0 , (B.7)

%e_%x_% sech(md.) [cl + 02F+(a:)} + O(g?) for x ~ 2,2

where Fy(x) are given by

n

Fy(x) = 8( —I—m) emmr/dxei%xcoshz(mdi). (B.8)

Let us consider the KK modes with n > 0. The solution £~ which degreases exponentially for x — —o0o
can be obtained by setting a; = 1, as = 0 in the general solution (B). Then, by connecting the

solutions in the neighboring regions, we can determine the coefficients b; and ¢y as

3

by = e—mxr’ Co =

3|

L 2mar (B.9)
R +m

From the asymptotic form of {_ for large x, we find that det Ag|,, for n > 0 is given by

3

T S

—2mx,
_— e T, B.10
det A% n T—00 5 + me ( )

3|

For n < 0, the solution £~ which degreases exponentially for + — —oo can be obtained by setting

a1 = 0, as = 1. Connecting the solution, we can determine by and ¢y as

5 +m 5 +m
by = f e, 1 = 75 ermaer, (B.11)
R M R~
Therefore, det Ag|, for n < 0 is given by
det AB . (ﬁ—l—m)m _ % +m 2ma.,
RO mll_)n;oe R & = = ?e . (B.12)

Combining the contributions from the positive and negative KK modes in Eqs. (B.10Q) and (B.12), we
find that the total contribution of bosonic KK modes is given by

i o det Ap
gdetA%

n=1

n

i - —m
} = 2) log g o (B.13)
-n n=1

o det Ap
& det A%

n
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Since this infinite sum is divergent, let us consider the zeta function regularization

o ﬁ—’I’fL . 8 > A() 5 > A() s
log £ = lim — — B.14
;Og%—i—m 20 Ds [;(%—i—m) Z(%—m)]’ ( )

n=1

where Ag is an arbitrary parameter which can be identified with a UV cutoff scale. Using the Hurwitz

zeta function ((s, z), which satisfies

B 1 B 1 3} . T(»)
C(37Z) - nzz;] ma <(07 Z) =—z+ 57 ll_H)%)& (37'2) - log \/%7 (B15)

we obtain the following regularized KK mode contribution with the cutoff dependence

Z log 1L~ lim 2, [(RAQ)S{C(S, 1+ mR) — ((s,1— mR)H

2+
I'(14+mR)

= —2mR log RAO + log m,

(B.16)

This result gives the first equality in Eq. (IIL24).

2. Large KK momentum expansion

Here, we discuss the UV divergence of the bosonic one-loop determinant in more detail by using the
large KK momentum expansion. For large KK momentum (large n), the bosonic one-loop determinant

can be expanded as

det Ap
det A% n

=1+ %A +0(n™?). (B.17)

The expansion coefficient A determines the UV divergent part as

. detA
Z log ¢ 63 = Alog RAg+ {UV finite terms}, (B.18)
‘= TdetAgp|,
where we have used the relation
1
Z = log RAg + 7, (B.19)
n=1

which can be obtained by differentiating Eq. (B.I6) with respect to m and setting m = 0. Eq. (B8]
implies that if we are interested only in the UV divergent part, it is sufficient to calculate the constant

A by using the large KK momentum expansion.
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By expanding the fluctuation as

fay) = Y Gl@eE gy = 3 g ellETm, (B-20)

n=—oo n=—oo

the equation for the bosonic fluctuations become

Ap <§) — AB‘n (Z:) , (B.Ql)

where Ap|, is the operator which can be obtained by replacing V, V, V* and V* in Eq. (ILY) as

VA % <81 + % +m> +2iA., VA % (81 - % - m) +2iAs, (B.22)
v % (al + % - m> — %A, VA % <81 = % + m> %A (B.23)

By generalizing the theorem (B.2)), the functional determinant of Ap|, can be calculated as follows (see
Appendix B of Ref. ]) For n > 0, let =, be a 2-by-2 matrix (a linearly independent pair of solutions

of the linearized equation) such that
_ _ e(%+m) 0
AplnE, =0, Bp = 0o exp W, (B.24)

where W is a 2-by-2matrix which converges in the limit x — —oo

lim W, = const. (B.25)

Tr——00
Then the one-loop determinant can be written as

det AB

1 - -
%8 det A

= / dx 0, logdetexp W), = / dx Tr 0, W, (B.26)
By expandong W), in powers of 1/n as
1 1
W, = Wmo + EWn,l + ﬁWnQ + - (B.27)

we can recursively determine 0,W), j, by solving Ag|, =, = 0 order-by-order. Then we can show that

2R [ |9epBl* +mPlpp|?

T e TOTY (B28)

/ dx Tr 0, W,, =

The KK modes with n < 0 gives the same contribution to the divergent part. As in the case of the
classical bion effective action (see footnote 7), we can evaluate the integral in Eq. (B28]) up to the

subleading order in the weak coupling limit. By using the zeta function regularization in Eq. (B19), we
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find that
- det Ap det Ap e, A
n; [log det A% | % det A _n] = —4mRlog RAg |1 —2cos ¢, e ™ + O(g")| + -+ . (B.29)

This correctly renormalizes the coupling constant g in the effective action. From this expression, we can
read the second equality in Eq. ([IL24).

3. Fermionic one-loop determinant

Next, let us consider the fermionic one-loop determinant in the bion background. For a single pair

of (x1,Xxr) in Eq. (IL6), the one-loop determinant is given by
det Ap = det(VV) = det(VV), det A% = det (D). (B.30)

Note that both V and V defined in Eq. ([ILI0) have no zero mode in the bion background. It is

convenient to expand the fluctuations into the KK modes as
o0 (o @]
xilwy) = e B A A N My (@), x(r,y) = e 2T A ST My (2), (B.31)
n=—oo n=—oo
where M, is the KK mass

M, = % +m. (B.32)

Since each KK sector is an eigen subspace of the operators Ap and A%, we can decompose the determi-

nants as
det Ap > det Ap
T A0 1 B.33
©8 det A% :z_:oo ©8 det A% n ( )
In the n-th KK sector, the explicit form of the operators are given by
_ 1 9
vv‘n 4 (0 + 24y + M) (0r — 24y — My), 00 = 1 (02 — M7). (B.34)

Let us calculate the determinant by using the theorem (B.2)). Let x4 be the solutions of V?‘n x+ =0

with the following asymptotic behaviors

(B.35)

eFlMnlz for  — 400
X+ — .
CEeFlMnlz | DEEIMulz for o — 400
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Then the ratio of the determinants is given by

det(VV)

N /) —ct =, B.36
det (00) |, ¢ ( )

The solution of Vy = 0 gives xy_ for n > 0 and . for n < 0

Y- = eMTexp [2/ da’ Ay(azl)] (for n > 0), (B.37)
Yy = eMTexp [2/ dx’ Ay($/):| (for n < 0). (B.38)

Therefore the determinant is given by

det(VV)
det (00) |,

= exp [i2/ dx Ay(az)} (for n > 0 and n < 0 respectively). (B.39)

— 00

It follows that all the fermionic contributions cancel out except for the KK zero mode

det Ap > det( VV
= 1
det AU, 2 o5 g m)

log

/ dr Ay(z) = —2maz, + O(g%). (B.40)

This result gives Eqs. (IIL27) and ([IL28)).

Appendix C: One-loop determinants around single bion background in CPY~! model

In this appendix, we discuss the one-loop determinants around the single bion backgrounds in the
CPN~! model in Eq. (I.8). As in the CP! case, we fix the center of mass position and overall phase
and set x4 = +x,/2 and ¢ = +¢, /2.

1. Bosonic one-loop determinant in the KK decomposition

When the single bion ansatz of the CP! model is embedded in the b-th component field ¢°, the
fluctuation of ® gives the same determinant as in the CP" case in Eqs. (IL22)-([IL24) and ([IL28) with
m replaced by my. For dp® (a # b), it is convenient to redefine the fields as

50" = g7/ P exp (—z' | d:n’Am/)) &, (1)

and expand the normalized fluctuation £ into the KK modes

o0

e= 3 dlimaug (C2)

n=—oo
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Then the linearized equation for the n-th KK mode of £ becomes

n 2 |0pB)? + miles|?
B o ma+ Ay) R (i

. G+OlD. (3

0 = AB‘n,aggz = [ai - (
The leading order part of the operator Ag|, 4 is given by

[(% + My o — %] [850 — Mpo+ :Helnlebdi} + O0(g?) for o~ —x,/2

+672mbd,

ABlna = [&B + M, 4 — mb] [890 — My + mb} + O(g?) forz =~ 0 , (C4)

(00 = M+ 2 | [0+ Moo — 8]+ O(e) for o~ /2

eZmbd+ 1+62mbd+

where M,, , is the KK mass and d+ are the distances from the fractional instantons

Mo = % ¥ e, dy =z F % (C.5)

The leading order solution of Ag|, , &% can be obtained by connecting the solutions in the neighboring

regions. For n > 0, the decreasing solution as x — —oo is given by

(1+ emed*)_% for v = —x, /2
€0 = eMna® & exp[—mpd_] + - - for x =~ 0 . (C.6)
(1+ e—2mbd+)—% <7M’]’\’/}‘n_amb eI 4 e‘zmbx> +.-- forz~a,/2

Similarly, for n < 0 the decreasing solution as x — oo is given by

2mypd— -1 Mna myT . ~ _
(1+e ) e for © = —x,/2
a Mp,ax Mn.a —mpdy . ~
& o= e p A + for z =~ 0 . (C.7)

n,a—Mp

(1+ e‘zmb‘”)_% (1 + 7MM”"1 e‘2mbd+> for z ~ z,/2
\

From the asymptotic behavior of these solutions, the one-loop determinant can be read off as

det Ap

T bl CS
o8 xh oz, (€5)

n
- m,
E—Fma—mb

n,a

where — is for n > 0 and + is for n < 0. Therefore, the contribution of the a-th component of the

bosonic fluctuation to the one-loop determinant is given by

det Ap > 5+ mg —my E+mg o
o = E lo —log & — log ——— — ma,. C.9
® det Ay, n:l|: O ety R ma] e —my " (C.9)
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By using the zeta function regularization in Eq. (B4]), we find

det Ap
det A% “

L1+ (mg—mp)R)T(1 —myR) m,
I'(1 — (mg — mp)R) T(1 + mgR) mg — my

log —max,. (C.10)

= —2myuR log RAg — log

This gives Eq. (IV.14]) and the first term of Eq. (IV.15]).

2. Large KK momentum expansion

To see the UV divergence in more detail, let us consider the large KK momentum expansion. The

solution of the linearized equation (C.3]) which decreases as x — —oo can be obtained by setting

§p = exp

i( —i—ma)x—i-z Wnak] (C.11)

and expanding the equation in powers of n. Here + is for n > 0 and — is for n < 0. We can show that

0y W, a1 satisfy

R [|0s8* + mi|eopl? ( 1 ﬂ
0:Whao=£Ay, 0:Wna :$—[ +mpdy | —— )|, ---. (C.12
0 v T T+ [esP)? "\ 1+ sl (C.12)

By using the theorem (B.2)), we find that the total contribution of the KK modes is given by

ZZ/ dl’[ GWMH( )aW—nak:| (C.13)

a,KK k=0n=1

o det AB
& det A%

For k = 1, the summation with respect to n is divergent. By applying the zeta function regularization

(B.19), we find that the divergent part is given by

det AB
& det A%

> |0eBl? + miles|?
= —Rlog RA / dx
B T sl

a, KK

= —2mpRlog RAg [1 — 2cos gpe” M 4 (9(94)] + - (C.14)

This divergence consistently renormalizes by the coupling constant in the classical bion effective action.

From this result, we can read off the second term of Eq. (V.I5).

3. Fermionic one-loop determinant

Next, let us calculate the fermionic one-loop determinant for a single pair of fermions (f,¥%). It is

convenient to redefine the fermionic fields as

a 2 fora=15
Ot = g1+ el 5 xf,,  with g, = . C.15
I (1+[esl") 2 X) | fora b (C.15)
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Then the linearized equations for the fermionic fluctuations become
(a + iQaAz) X? =0, (5 + iQaAE) X;} =0, (C'16)

The fermionic one-loop determinant can be calculated in an analogous way as in the case of the CP!
model. Generalizing the formula (B.40) to each component, we find that the fermionic contributions to

the determinant is given by

i det Ap = °
1 = a A = —N r 2 . 1
> legg], = L A = ~Nma +O) 4

This gives the fermionic one-loop determinant in Eq. ([V.19)).

Appendix D: Lefschetz thimble integral

In this appendix, we summarize the procedure to evaluate the quasi-moduli integral by means of the
Lefschetz thimble method following the argument of Ref. [25]. The quasi-moduli integrals discussed in

this paper take the form

1] = / dxr/ do, e, S(xr, ¢r) = —w cos ¢ e 4 2mex, + O(g?). (D.1)
—00 —7 9dnr
We first complexify g% as g% — g%ew to avoid the Stokes line. The variables z, and ¢, are also
complexified as x, = xr+ixs € C, ¢, = ¢pr+i¢; € C. By solving the equations d,,5 = 0 and 95,5 = 0,
we find that the saddle points are labeled by an integer o € Z

1 4™mR {
L= 1 Y (om — ), y = —(0—1 2r) D.2
x — log < ) > + m(mr 0) ) (0 —1)m  (mod27) (D.2)

where 0 = 0 and o = +1 corresponds to the real and complex bions, respectively. The thimbles 7, and
the dual thimbles K, associated with these saddle points are obtained by solving the flow equations
dz, 1 9S8 dp. m IS

e &~ 200, (D-3)

where the coefficients in the right hand sides of these equations are determined by the metric of the

quasi-moduli space. By solving these equations, we find that the thimbles J, are the planes specified by
mx; =om — 0, ¢r=—(oc—1)m, (D.4)

while the dual thimbles K, are specified by the equations

1 .
ikt —Slny] ; mxg + ¢ = log 23
€95

gy Y

4mmAR sin j/
mrgr — ¢; = log —
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where V and Y are given by
Y=mar+o¢p—n+0, YV=mz;—¢r— 20—-Dn+0, —-1<Y<m, —-n<Y<n (D6)

By looking into these thimbles and dual thimbles, we find that the intersection numbers (n_1,ng,n;) of

the original integration contour and the dual thimbles _1, K1 and Ky are given by

0,-1,1 for 8 >0
(n—17 no, ’I’Ll) — ( ) . (D?)
(=1,1,0) forf<0
Therefore, in the limit & — +0, the integral (D.I]) has the ambiguity depending on the sign of 6
_ gl — Lyg— for § — 40
1) = § T e (D.8)
ZJ:() — Za:—l for  — —0
where Z, denotes the integral along the thimble 7,
. 4 —2e )
Zy = dr.dp, exp [—S(l‘r, gbr)] = - < W?R> e T (6)2 : (D'Q)
To 2m \ 9gp
Therefore, the integral (D.I)) is evaluated as
B 1 4 —2¢ —mie for = +0
77] = — < ”TR> snerl (2 x{ & 0=t (D.10)
m IR et™e  for = —0
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