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ABSTRACT: Using known estimates for the kaon—antikaon transitions, the mean lifetime
of the muon and the mean lifetime of the tau, we place new and stronger constraints on
the scales of the multi-fractional theories with weighted and g-derivatives. These scenarios
reproduce a quantum-gravity regime where fields live on a continuous spacetime with a
scale-dependent Hausdorff dimension. In the case with weighted derivatives, constraints
from the muon lifetime are various orders of magnitude stronger than those from the tau
lifetime and the kaon—antikaon transitions. The characteristic energy scale of the theory
cannot be greater than E, > 3 x 10?2 TeV, and is tightened to E, > 9 x 108 TeV for the
typical value o = 1/2 of the fractional exponents in the spacetime measure. We also find
an upper bound dy < 2.9 on the spacetime Hausdorff dimension in the ultraviolet. In the
case with g¢-derivatives, the strongest bound comes from the tau lifetime, but it is about
10 orders of magnitude weaker than for the theory with weighted derivatives.
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1 Introduction

The search for signatures of a quantum theory of gravity has been gradually increasing in
the last few years, thanks to the theoretical advances in the field and to the new generations
of experiments in particle physics, astrophysics and cosmology. Aside from checking specific
proposals, there is interest in probing dimensional flow, a feature common to all quantum
gravities. This is the change of spacetime dimensionality with the observation scale [1-5].
The idea that we can observe deviations from the topological dimension D = 4 dates back
to early attempts to constrain toy models in D = 4 — ¢ dimensional regularization from
quantum electrodynamics (QED) and cosmology [6-9]. It was then revived in more realistic
quantum-gravity-related scenarios, multi-scale spacetimes, where geometry is endowed with



intrinsic scales and spacetime dimensionality (defined differently from the naive topological
dimension D) varies continuously from small to large scales; see [4] for a review. The
presence of just one fundamental length scale ¢, (inversely proportional to a fundamental
energy scale F,) is sufficient to have dimensional flow.

While multi-scale spacetimes can describe generic backgrounds realized by any quan-
tum gravity admitting a continuum limit and realizing dimensional flow as an emergent
property, they also host stand-alone theories where dimensional flow is explicit. The phe-
nomenology of these multi-fractional theories has been intensely scrutinized. In particular,
the Standard Model of electroweak and strong interactions has been constructed both in
the so-called theory with weighted derivatives [10, 11| and in the one with g-derivatives
[11, 12]. In the case with weighted derivatives, constraints on ¢, and F, were found from
the electron g — 2 factor, the fine-structure constant and the Lamb shift, while in the case
with g-derivatives there are no constraints from the fine-structure constant and a rather
weak bound from the muon lifetime was considered.

In this paper, we find new Standard Model constraints of these two theories. For both,
we will consider kaon-antikaon transitions and the tau lifetime, while for the theory with
weighted derivatives we will also get information from the muon lifetime. The latter is the
strongest bound to date on the scales of this theory, while in the case with g-derivatives
astrophysical constraints are more compelling [4]. Independently of the value of these
bounds for these specific theories, the main point is that particle-physics experiments can
unravel non-perturbative signatures of quantum gravity, or at least constrain the geom-
etry of spacetime efficiently, contrary to what one would be led to believe by oft-quoted
perturbative arguments.

This paper is not the first one to consider K — K° processes to test quantum gravity.
In [13], the Hamiltonian contribution H — HT # 0 of generic effects violating standard
quantum mechanics in the Standard Model were constrained very tightly. The main dif-
ference between the seminal analysis of Ref. [13] and our scenario is in the Hamiltonian
mass-matrix sector of the kaon—antikaon system. The authors of [13] considered, in a
model-independent way, the case of CPT violating phases, leading to a loss of hermiticity
of the mass matrix. This is thought to be induced by quantum-gravity decoherence effects
—for example, from virtual black-hole pairs. On the other hand, in our case the mass
matrix remains hermitian, i.e., no CPT violation or quantum decoherence arise from a
multi-scale spacetime; see section 3. Thus, H — H' = 0 and we evade the strong bound
of [13]. In our scenarios we get different observables in the kaon—antikaon mass matrix.
For the theory with weighted derivatives, the main effect is encoded into a spacetime-
dependence of the Long-time kaon and Short-time antikaon mass difference, while having
no CPT violating phases. In the theory with ¢-derivatives, what changes is the relation
between the decay rate and the physical lifetime.

Such a crucial difference between the case of [13] and ours is related to the fact that,
even if the Lorentz symmetry is broken in multi-scale backgrounds, the CPT symmetry is
not violated necessarily. This situation loosely reminds us of other cases, in which CPT
invariance is subtly compatible with the simultaneous violation of two of its constituent
discrete symmetries.



In section 2, we review multi-fractional theories in a self-contained way and clarify how
observables are computed; the only detail of importance we omit is the exact form of the
full SU(3) x SU(2) x U(1) multi-fractional Standard Model actions, which can be found
in [11]. In sections 3-5, we calculate the bounds from, respectively, the kaon-antikaon
transitions, the muon lifetime and the tau lifetime. Summary plots and conclusions are in
section 6.

2 Theories with multi-scale spacetimes

When one allows the dimension of spacetime to vary with the probed scale, there are
two possible modifications to the effective-continuum action depending on what varies,
the Hausdorff dimension dy (the scaling exponent of D-volumes, areas, and so on, with
respect to the linear size £) or the spectral dimension dg (the energy-momentum scaling of
dispersion relations), or both. In quantum gravity, usually dg is scale-dependent and dy
is constant, although in multi-fractional theories and in discrete-pregeometry approaches
such as group field theory, spin foams and loop quantum gravity also dp runs.

2.1 Spacetime measure

On very general and dynamics-independent grounds, when dy; varies and spacetime admits
a continuum limit, one can write an action such that the measure becomes d”z — dPz v(z),
and the measure weight is uniquely defined parametrically as [4, 14]

D-1 I Oéﬂ—l
x
U(.%') = H UM(.%'M) ’ UM(I'M) = |1+ g_u Fw(xu) ’ (21)
p=0 *
RS T x
F,(x) = Ag+ Z A, cos|nwln|-—| | + B,sin | nwln |— ) (2.2)
ot U b
where o, are D constants such that 0 < o, < 1 for all p = 0,1,...,D — 1. The values

a, =1/2 and a, = 1/3 are selected by quantum-gravity arguments [4, 15, 16]. Measures
factorizable in the coordinates characterize multi-fractional spacetimes, while the general
category of multi-scale spacetimes also includes non-factorizable versions of v. Effective
spacetimes arising in quantum gravities are multi-scale. Many of them preserve Lorentz
invariance fully or in part, and their effective measure is not factorized in all coordinates,
although the measure scaling is similar or identical to (2.1).

The log-oscillatory part in (2.1) stems from a fundamental discrete scaling symmetry
x# — exp(—27mn/w)zt in the ultraviolet (UV). This symmetry [14, 17] is part of the defi-
nition of multi-fractional spacetime and represents a geometry classified as a deterministic
fractal. In other quantum gravity models, it is either absent or under search [17, 18]. At
scales loo < U < Uy, F,, is averaged out and only its zero mode survives,

<Fw> = AO . (2.3)

According to the n-dependence of the amplitudes A, and B,, and to the value of Ay (1 or
0), the measure behaves in two very different ways, which have been called (respectively)

deterministic picture and stochastic picture [15, 16].



The deterministic picture is realized when Ay = 1 and A,, and B,, are specific functions
of n (usually, they decay as power laws or as exponentials). Without loss of generality [4],
we consider a simplified isotropic profile under the coarse-graining approximation (2.3):

ot a,—1

v(at) =1+ "

(deterministic view), (2.4)

with the spatial a; = a and ¢4 = ¢, all equal. In the time direction, we denote /0 = t,
the characteristic time scale at which effects of anomalous geometry become important. A
problem with this picture in flat spacetime is that, since (2.4) is a deterministic function of
the coordinate z#, the frame origin is fixed for all observers —in (2.1) and (2.4), the origin
is at z# = 0. As we will see below, the couplings and observables of the theory have a
measure dependence. Therefore, the same experiment done at different places or times will
not give the same output. For instance, an observable O(t) may experience an absolute
time running due to its measure dependence, from the big bang at ¢ = 0 until today 14
billion years later. This is similar to the old proposal by Dirac of running couplings [19, 20]
and has a strong parallel with recent varying-coupling and varying-speed-of-light models
[10, 21, 22]. However, from the perspective of quantum field theory on flat spacetime this
arrangement may result unsatisfactory. On a curved background, the problem disappears
because (2.1) or (2.4) is the measure in the local inertial frame of the observer, so that the
coordinate origin in the measure can be interpreted as the beginning of the experiment.
The stochastic view is realized when Ay = 0 (log oscillations average to zero) and
the amplitudes A4,, and B,, contain random n-dependent phases [16, 17]. Then, the log-
oscillatory part is interpreted as a stochastic noise or fuzziness intrinsic to the fabric of
spacetime. The profile (2.4) is replaced by one where the power-law correction is the

maximal possible fluctuation (the index p is mute as before):
xﬂ Q’H—l
o

vu(2h) =1+ 6vy, |dv,| < (stochastic view) . (2.5)

For our purpose, either view can be implemented, since observations will give an upper
bound on /¢, and t.. In the deterministic view, this implies that the approximation (2.4) is
sufficient, since particle-physics experiments at the LHC scales may be sensitive to £, but
not to smaller scales (such as £, = ¢p; or others omitted in (2.1) [4]) in the hierarchy of the
measure. In the stochastic view, one uses (2.5) instead of (2.4) and the final upper bound
is the same. In both cases, the sign in front of the power law will be unimportant, since
we will compare the absolute value of the correction with the experimental error. There
may be experiments where the upper and lower error bars are different and the sign of the
correction becomes important, but this will not happen for the estimates in this paper. In
the formulee below, we will write the geometry corrections as in (2.4) for simplicity.

To conclude the review on the measure, we recall that the deep-UV scales to, and £
can be identified with the Planck scale, and that the time and length scales t, and £, are
related to each other and define an energy scale E,. In ¢ =1 units [4],

_ tpily

_ Epilpy  Epitp
t, = -

0.t

, E, :

= (2.6)



where tp; &~ 5.3912 x 10~**s, fp; ~ 1.6163 x 1073° m and Ep; ~ 1.2209 x 10" GeV.

2.2 Multi-fractional theory with weighted derivatives

When also the spectral dimension dg is scale-dependent, modified dispersion relations arise
from exotic kinetic terms ¢/K¢ in the action. The integral structure given by the measure
weight v(x) and the symmetries imposed on the Lagrangian determine the differential struc-
ture of the derivative operator K. One specific multi-scale scenario is the multi-fractional
theory with weighted derivatives [11, 22-26]. Instead of going through yet another review
on the subject [4, 27], we summarize here the main features of the theory.

2.2.1 Symmetries and dimensions

Poincaré and Lorentz invariance are broken explicitly by the measure weight v(z), which
selects a preferred frame where all physical observables should be computed. In this physical
(also called fractional) frame, the measure weight has the profile (2.1) or its coarse-grained
version (2.4).
In the fractional frame, clocks and rods measure a varying Hausdorff dimension of
spacetime, which is
Ay ~ag+ (D -1a<D, d¥~D, (2.7)

where 0 < ag,a < 1. The spectral dimension is constant, dgs = D, implying that this
spacetime is multi-scale, but not multi-fractal [24].

2.2.2 Fractional frame and integer frame

The dynamics of the theory with weighted derivatives is heavily affected by measure factors
v(z), non-standard kinetic terms and varying couplings. Fortunately, the problem can be
simplified with a trick. There exists a non-physical frame [4, 28], called integer frame or
picture, which is connected by field and coupling redefinitions of the form

b; < &i = /v, ci(z) & ¢ = M = const, (2.8)

NG

so that the fractional Standard Model reduces exactly to the ordinary one in this frame,
with standard kinetic terms and constant linear gauge couplings' &. The & are constant
because, by construction, the fractional-frame couplings ¢;(x) must carry a /v dependence
for gauge derivatives to scale homogeneously [11].

In the integer frame, one can use ordinary quantum-field-theory techniques and borrow
all calculations from the ordinary Standard Model, until almost the end. Unlike most
scalar-tensor models of gravity, where the Jordan and the Einstein frame are equivalent,
there is no physical equivalence between the fractional and the integer frame and, when
comparing the theory with experiments, one must revert back to the fractional frame where
physical couplings are spacetime-dependent. The reason of the inequivalence is that only in

!The theory in the integer frame is not trivialized in the presence of gravity, and there is a non-trivial
coupling between matter and the non-metric structure of the geometry (i.e., the measure weight v) also in
the integer frame [4].



the fractional frame is spacetime multi-scale and thus dimensional flow, a definitory feature
of the theory, occurs. When a spacetime is endowed with one or more intrinsic scales and
Lorentz invariance is broken, a special frame is selected.

2.2.3 Observables

Let fexp and texp be the physical length and time scale of the physical process observed
in the experiment, which are typically larger than the fundamental scales ¢, and ¢, of the
geometry. Similarly to (2.6), all experimental scales are related to one another:

o 7fPlfexp

_ Ep/lpy  Epitp
fow = lp) B

Eexp ==

éexp 7fexp ’ (29)
in ¢ = 1 units. Therefore, for definiteness we will concentrate on feyp.

Suppose we want to measure an observable O(¢;) built from some couplings ¢;. These
couplings are spacetime-dependent in the physical frame and it is very difficult to handle
perturbative quantum field theory therein [22]. By field redefinitions, one moves to the
integer frame where, in the absence of gravity, the multi-fractional Standard Model reduces
to the usual one with constant couplings ¢;, indicated by a tilde. Thus, one can do all
calculations in the non-physical (integer) frame to get O(¢;) and then revert back to the
physical (fractional) frame via (2.8), to get O[c;(x)/+/v(x)]. Expanding powers of the
measure weight (2.4) as

G\ " Ly
V" (lexp) = [1 —i—6v<€ >] ~1 —|—n5v<€ ) , (2.10)
exp exp

¢i(Lexp)
U(fexr))

where 00O is a dv-dependent correction to the standard expression. As we said above, in

we get

OE) =0 [

~ O[ci(bexp)] + 6O [51)( b >] ;

eexp

the stochastic picture dv is a noise with a certain scaling and it cannot be eliminated in any
measurement. Therefore, while O[c;(fexp)] is measured by the apparatus, O[0v(ly /Lexp)]
adds to the experimental noise 0Qey,. Detection of anomalous-geometry effects would
happen if [00| > 6Oexp. If nothing unusual is observed, then the opposite inequality

£,
00 |ov < 00exp (2.11)
gexp
constrains the parameter space («, £y).
Typically, O = av™, where a is a constant of either sign, so that, in D = 4 topological
dimensions, to leading order in geometry corrections and using (2.6) and (2.9), from (2.4)

one has
tl—ao gl—a o . gl—ao 3(1—0{ 0 519
60 ~b | 22— 432 =b( = +37 : :
(i 31 ) 0= (i 9355 (212

where b = an is a constant of either sign. When allowing «qg to be different from «, the

prefactor 3 in the second term makes it dominant over the first, which can be dropped.



If oy = «, the time and spatial corrections sum together and the overall effect becomes
stronger, §O =~ 4b(L, [leyp)'~*O. We will make the former choice, which is less restrictive.
Then, the inequality (2.11) becomes

1
1

00 exp | 1T-2 .
l < ‘ 3b§9p Loxp (direct), (2.13)
while the constraints on t, and E, are derived from (2.13):
1 1
0Oy | 7= 360 |T-a ..
¢, < ‘ 3beo p texp E, > '5Oexp FEexp (indirect). (2.14)

If multi-scale effects are confined to time or space directions, a conservative one-parameter
upper bound on the time scale ¢, and on the length scale ¢, is, respectively, (2.13) and

1
l—ag

00 texp (direct), (2.15)

Ty —
<10

if we took time and spatial corrections separately. However, due to the larger numerical

factor in the denominator the direct length bound (2.13) is always stronger than the in-
direct length bound coming from the direct time bound (2.15). Therefore, the strongest
constraints come from the direct length bound (2.13) and the indirect time bound (2.14).

2.2.4 Standard Model

The Standard Model of electroweak and strong interactions was developed in [11] for this
theory. All masses are constant in both frames, including the vector boson masses My
and My, the Higgs mass and the quark masses. This is due to a conspiracy of v-factors
from couplings and the Higgs vacuum expectation value eliding one another.

All couplings in the integer frame will be denoted with a tilde. In the specific case of
the electroweak sector, the gauge couplings ¢ and ¢’ in the fractional frame are measure-
dependent, while their counterparts § = g/y/v and § = ¢’/+/v in the integer frame are
constant. In particular, the Fermi coupling in the integer picture is [11]

~2
Gr = \/72—2 (integer frame, non-physical) , (2.16)
8 My,
while the physical Fermi coupling is given by (2.16) with g replaced by the physical gauge
coupling g(x) in the fractional frame:

2
Gr(x) = J ~(2£C)GF = v(x) G (fractional frame, physical) , (2.17)
g
where we used the fact that the W mass

/ ~/ ~

gw gw

My = *— = >=—

L) 2

is constant in both frames, where ¢'(z) = /v(z)§ is the SU(2);, gauge coupling and
w(z) = w/+/v(x) is proportional to the vacuum expectation value of the Higgs boson [11].
In the integer frame where the theory is trivialized, the coupling ¢’ and vacuum expectation
value W are constant. In the physical frame, the physical quantities ¢'(x) and w(z) are
spacetime-dependent, but their product is constant.



2.3 Multi-fractional theory with g-derivatives
2.3.1 Symmetries and dimensions

The theory with g-derivatives [4, 12, 24-26] is possibly the simplest of all multi-fractional
proposals. It is defined by replacing the coordinates z* in the standard (gravitational
and/or particle) action with the profiles (no summation over indices)

g (M) = /m da'" v, (") . (2.18)

All derivatives become 8, — 8/dg"(x#) = v, (x#) 8, hence the name of this proposal.
In this theory, the Hausdorff dimension is the same as in (2.7), while dg = dp and
also the spectral dimension varies with the scale [24]. The underlying geometry is that of

a multi-fractal.

2.3.2 Fractional frame and integer frame

The mapping
xt gt (zt) (2.19)

is not a change of coordinates, since physical rulers and clocks are defined upon the co-
ordinate system z*, where spacetime is multi-scale. Contrary to this fractional frame,
the integer frame spanned by the composite coordinates (2.18) is not associated with a
multi-scale geometry, since all scales are hidden in the profiles ¢ (z*) [4, 28].

The fractional (physical) frame is defined by the coordinates z*, while the integer frame
is defined the the geometric profiles ¢, treated as scale-independent (i.e., non-composite)
objects. The map (2.19) relates one frame to the other.

2.3.3 Observables and Standard Model

In terms of the coordinates ¢/, the Standard Model is the same as the ordinary one [12].
Therefore, one can do all calculations in the integer frame and then move back to the
fractional frame, making explicit the scale dependence in the physical observables.

In this paper, we will be interested in decay rates I' of particle-physics processes of the
type ® — &Py, where @ is a particle decaying into several products ®;, ®2, and so
on. In the ordinary Standard Model, the inverse of the decay rate T' defines the lifetime 7
of the particle &, 7 := 1/ . However, in the theory with ¢g-derivatives the time 7 is not the
one physically measured, which will be denoted by 7 without a tilde. The two expressions
are related by the mapping ¢°(¢), which is found from (2.18) to be

0 te [T\
7= ~r+— (=] . 2.20
=P (1) (2.20)
Measuring 7 with a 20-level experimental error 207, no multi-scale effects are observed if
1
b @0 20007\ =20
il <1> <21 = t< < L T> “r. (2.21)
ag \ t T



Bounds on the length scale /, and the energy scale E, can be found from the constraint
(2.21) on t, via (2.6).

Note that (2.21) has a maximum at some value &g which has no significance in the
theory. Therefore, for ag = qp one gets an absolute bound, the weakest possible constraint
on the theory for a given observation. Any other value of o will give rise to stronger
bounds.

3 K°— K° transitions

3.1 Weighted derivatives

It is well known that the strangeness (S) quantum number is not conserved by weak inter-
actions. The K — K transition violates the S-number by two units. In the integer frame,
the theory is exactly the same as the ordinary Standard Model and all the formulae below
can be taken from the literature (see [29] for more details on the kaon-antikaon transitions).
In particular, the 2 x 2 mixing matrix of K — K° can be written as

. M M (T T
Mg = JFo12 ) L T (3.1)
My, Mg 2 s T

where the diagonal elements My (kaon mass) and I' (kaon decay rates) are real parameters
in the integer frame. The decay rates in the fractional frame I',I'1o are expected to be
different from I',T1o with a factor we will estimate later on. On the other hand, the
kaon and antikaon masses are the same in both frames: Mg = M k. The kaon mass is
generated by the quantum chromodynamics (QCD) phase dimensional transmutation and
it is proportional to the QCD phase, while quark-mass contributions are negligible. Both
the QCD scale and the quark masses do not change in the two frames. In the case of the
QCD scale, this is because it is given by the chiral symmetry breaking condensate

(0lgql0) = (O]~ (x)v(x) ¢4|0) = Adcp (3.2)

where the v(x) = vy (z!)va(2?)v3(2?) factor (the spatial part of the measure weight) comes
from two quark-field transformations and v~!(x) comes from the transformation of the
vacuum state |0) in the fractional frame to the integer one |0). However, subtly, the fact
that the integer and the fractional frames have different spacetime measures does not imply
that the off-diagonal masses will be the same in the two frames as well: we will see that
they are generated from the electroweak mixing among quarks. This will imply that the
mass eigenvalues of the mass matrix (3.1) change in the fractional frame.

Before going into the details of the analysis, let us make an important observation:
since the v factor enters democratically between diagonal terms and off-diagonal terms, but
it is not factorized out democratically, there is no violation of hermiticity in the Hamiltonian
mass matrix in the fractional frame. In other words, even if Lorentz symmetry is violated
no CPT violating phases appear, at least at the one-loop level in the strong and electroweak
sectors. In [11], CPT invariance was shown only at the classical level.



The physical eigenstates in the integer frame are

1

|KLg) = ———=—
VIpI? + gl

. 1
_loe (M5l ) (3.4)
L+e M — $T1

(B|K°) F g|K°)), (3.3)

where

I

The imaginary parts of Mjs and 'y are CP violating: if Im(Mm) =0= Im(f’lg), then
¢ = p and the two eigenstates R’LS trivialize to two orthogonal eigenvectors (a CP-odd
and a CP-even state). In other words, the departure from CP-symmetry is parametrized
by p,q or €:

1pI* — lal*
P>+ g1
Thus, in the theory with weighted derivatives the product of states is the same in both

(KL|Ks) = (KL|Ks) = (3.5)

reference frames, since any multiplicative dependence of ¢,p from v(z) is elided in the
numerator and the denominator.
The CP-violation signal is encoded into asymmetry parameters in hadronic channels:

(K, —»7ntn)

B (K, — 7%70)
== I'Kg — ntn—)

I'(Kg — 797Y)

= |100|€?%0 ~ € —2¢’
(3.6)

where € and €' are the CP violating parameters. Experimentally, Re(€'/€) is a measure of

= [n4—[e"t= ~e+e€, ny =

the CP violation determined from decay rates as

[(Ky — 7t7")/T(Ks — 7t - :
(L—HHT)/(S—””T):’”(:HGRe ). (3.7)
I'(Kp, — 7970)/T(Kg — 7079) 700 €

For small |¢' /e[, Im(€'/¢) is related to the phases of ny_ and ngy by

¢4— >~ ¢+ Im <%> ) P00 =~ ¢ — 2Im <%> ; P00 — ¢+— ~ —3Im <€6> - (38)

In the multi-fractional Standard Model, observable quantities depend on decay rates in
the fractional reference frame. The dependence of kaon parameters from v(x) is determined
by the microscopic parameters of the theory.

The Standard Model diagrams contributing to the K° — K transitions are displayed
in Fig. 1, which corresponds to the effective Hamiltonian interaction terms

&z ) ] )
Has=s = > 755 VaaVViaVighmemy [ (14 36)slldy (1 + 35)s], - (3.9)
a,q'

where Gy is the Fermi coupling (a constant, in this case), V,, are the Cabibbo-Kobayashi-
Maskawa (CKM) matrix elements of two quark species ¢, ¢’, and my o are the quark masses.
Let us remark that, in (3.9), the quark masses and CKM matrix elements are invariant
under the frame change from integer to fractional and vice versa. Also, the Hamiltonian

,10,
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Figure 1. K° — K transitions. ¢,q' = {u,c,t} are the quark species contributing to the virtual
box diagram. The dominant channel is given by the exchange of charm quarks.

interaction violates the Strange number by two units, as well as CP symmetry. The effective
Hamiltonian must be evaluated as a matrix element (K°|Hag—2|K°). Using the so-called
vacuum saturation approzimation (see [34] for details), one obtains

GQ * *
AMjc ~ My, = Mics = Y =5 Fic[Vaa Vi ViraVeg | Micmgmy (3.10)

0,9’

where fx and My are, respectively, the kaon decay constant and mass. The dominant
contribution is provided by the charm and the top virtual quarks.
From a more detailed one-loop calculation, one obtains

62
AMy = 6—75MV2VMKf[2(B F(x,0,), (3.11)

where

F(z3,05) = [(ReAc)” + (ImAe)’Jm f (zc) + [(ReAr)? — (TImAe)?Jpa f (x2)

+2(RedReX; — ImAImA)ns f (24, 7)., (3.12)

Fz) = @i E + %(1 o ;(1 —z) + g [xx_ 1]3 Iz, (3.13)
Plaiay) = g [7+ 20— = 20— )] xi“f;i () o 2)

=21 -, (3.14)

N = ViVis, 2 = mgi/M2 , ; are hadronic QCD corrections (71 ~ 0.85, n ~ 0.6 and
n3 ~ 0.39), and B is a scale- and scheme-independent quantity [30, 31] that captures
numerical factors of the matrix element (K°|dy*(1 + 75)sdv,(1 + v5)s|K?).

On the other hand, the kaon decay into the hadronic channel K — 77 is

=~ 10
Han(88 = 1) = ZEV.aVi, Y Cln @il + e (3.15)
=1

where C; are the Wilson coefficient, @); are the local four-fermion operators controlling the

decay and “h.c.” denotes hermitian conjugate.
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In the multi-fractional theory with weighted derivatives, all the aforementioned calcu-
lations are valid in the integer frame, but (3.11) is not what is observed in experiments.
To extract the physical observable, we must reconsider carefully all the relations we wrote
down explicitly and keep track of their measure dependence. It turns out that the only
non-trivial modification comes from the relation (2.17) between G and the physical Fermi
coupling Gg(z). The Wilson coefficients multiplying the operators in (3.15) do not depend
on v(z) at the leading order, i.e., they can be considered as constant factors. This implies

P o mm) = — - TR sam) = - L (120 gy L (54
)= v2(x) ) = vi(x) T8 tl—ao flma ) g’ ’
The “—” signs in the multi-fractional corrections hold in the deterministic view, while they

become a “£” in the stochastic view (see section 2.1). Since we will take the absolute
value, this difference is irrelevant.

As we stressed above, the masses of the W boson and of the quarks are constant
in both frames [11], and so is the kaon mass Mg. Regarding the mass-splitting formula
(3.10), in the integer frame (ordinary Standard Model) fx is defined as the correlator
(0lju|K) = frqu, where |0) is the leptonic state. A similar expression holds for the pion.
Therefore, at the tree level fx depends only on the properties of the meson and scales as
its mass. Thus fx remains constant also in the fractional frame, and the only effect of

geometry comes from the Fermi coupling:

1 Gp oo 5 M2 5o o g 0
_ C ~ _ * _ *
AMK = mmeMKfK M‘%V CCSC ~ <1 2t1_a’0 661_04> AMK7 (317)

where AMY- is the mass splitting of the standard theory with physical Fermi coupling.
We can put stringent constraints on the multi-fractional scales from KTeV data [29, 32],
measuring the decay rates of kaons into two pions. The best fit of KTeV with 75, A, ¢, €' /€

parameters is as follow (in & = 1 units):

5
75 = (89.598 £0.070) x 10725 = 5 ~8x 1074, (3.18)
7S

OAMg

AM = (5279.7 +£19.5) x 106571
K ( ) X S = AMK

~4x 1073, (3.19)

be = (43.86 £0.63)°, Re(€'/e) = (21.10 £ 3.43) x 1074, Im(€’/e) = (—17.20 +20.20) x 10~4.
The fit is performed using the oscillating function counting for the number of pion events:

N™(p,t) = NoF (p)Treg(p) % [|lp(p)|? exp(—t/7s) + |n|* exp(—t/7L)
+2|p(p)|n] cos[AMkt + ¢p(p) — ¢y(p)] exp(=t/7),

where p is the kaon momentum, Ny is a normalization factor, p(p) is the momentum-
dependent coherent regeneration amplitude in the experiment, ¢,(p) = arg(p), 1/7 =
(1/7s+1/71)/2, Treg(p) is the relative kaon flux transmission in the regenerator beam, and
F(p) is the kaon flux function. The time parameter here is t = z Mg /p, where z is the

interaction vertex position in the detector.
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In the multi-fractional model with weighted derivatives, ¢, and € /e are dimensionless
quantities independent of the measure weight, which is the reason why we did not decorate
them with a tilde. This implies that the CP violating phases are not spacetime dependent
in the fractional frame and do not give constraints on new physics. However, 7¢ and A Mg
are both modified as in (3.16) and (3.17), respectively. Bounds on v(x) can be inferred
from the best fit of the observables ¢ and AMp. The relative error on the mass splitting
(3.19) is slightly bigger than for 7g and it gives milder bounds. Therefore, we will use 7g.
From (3.16) and dropping the time correction as argued in section 2.2.3, we find

1 1 1
57-8 T—o 57-8 T—a EP1€P1 57-8 T-a
t* - t 7€) e* b 6 K s E* — b E Ky
< <3 S> KK < <3 S> KK e* > 3S KK

where we used the experimental error in (3.18) at the 20-level (hence the factor 2/6 = 1/3).

Taking the lifetime 75 or the mass splitting AM[;1 as the characteristic time scale ¢ leads
to very weak bounds, while taking instead the mass of the kaon,

tplE (pE
Epi = Mg ~494MeV,  tpp = — 2~ 102s, lep= P 24 x100m,
EKf( EKf(
(3.21)
we obtain the bounds
—28 —19 1
te <3x107s, ly <107 m, E,>19TeV, ap, a K 2 (3.22)
1
te <9 x1073%g, 0, <3%x10Bm, E, >7x10%GeV, a =3 =a, (3.23)

which are stronger than previous constraints from any other observation [4] (except the
ap = 1/2 bounds from the fine-structure constant; see section 6) but weaker than the
constraints from the muon lifetime we will find below.

3.2 ¢-derivatives

In the theory with g-derivatives, there is no correction from couplings, which are constant
both in the integer and in the fractional frame. However, particle lifetimes are measured
differently in the two frames and, after replacing 7g above (it should wear a tilde) with
q°(1s), we get the bound (2.21). For oy = ag ~ 0.11, we get an absolute bound for the
theory:

te <5x1071s, 0, <2x10%m, E,>10"1°GeV, (3.24)

while for ag = 1/2
—17 —8 —8 1
e <H5x107""s, b, <2x10"°m, E, >107°GeV, ao = ;- (3.25)

4 Muon lifetime

4.1 'Weighted derivatives

In the ordinary Standard Model, the muon decay rate I' is calculated from the W-mediated
decay process pu~ — e~ o, Neglecting the masses of the electron e™ and the neutrino v,

,13,



one has o s
Gmeu
19273

where Gp is constant. In the multi-fractional theory with weighted derivatives, this expres-

= + radiative corrections, (4.1)

sion is valid in the integer frame, where all couplings are constant. However, this frame is
non-physical and to get the expression to be compared with experiments we have to use
(2.17) to transform back to the fractional (physical) frame:

1 Gim?
= —E M padiative corrections, (4.2)

v2(z) 19273
where G is the bare Fermi coupling. The muon mass m,, is constant in both frames.
Once again, it is worth to emphasize that 1/I" is the physical mean lifetime of the muon,
while Gp(x) and my,, are the observables measured in experiments. In particular, the
non-constant Fermi coupling Gr depends on the spacetime scale at which one is taking
measurements. The factor 1/v%(z) = 1 + (corrections) gives a contribution that cannot be
greater than the experimental error. From here, we can place a bound on the parameters

a—1 2
)] )

both in ordinary Minkowski and in multi-fractional spacetime with weighted derivatives.
Experiments yield an estimate of the Fermi constant G = 1.1663787(6) x 107> GeV 2 and
of the muon mass My, = 105.6583745(24) MeV, giving a 7, ~ 70 = 2.1969811(22) x 10~ s
with an error 67y, ~ 2.2 x 107125 at the 1o-level [29].

We can place constraints on the theory by considering the 20-level experimental relative

ag, a, t, and £, in v.

Using (2.4), the mean lifetime of the muon is (in 7 = 1 units)
" i
te

Tmu -—

e

1 19273 19273
2) = o (1 ;

_ = —7 =
2..,5 2.5
r  Gim3, Ggm3,,

error 28Ty /Tmu ~ 2x 1076 on the muon lifetime as an upper bound on multi-scale-geometry

effects:
19273 tp Epy [ ti70 (17 N
26T > ——r el (2 f 16 ’;a> — T (2’;—(1 +6 ’;a>, (4.4)
Gmeu mu 0 Emu tmu 0 Emu

where we inserted appropriate Planck units to make the constants in brackets dimensionless,
and Tyy ~ 70 is the standard Standard-Model muon lifetime. The one-parameter upper

bounds on the geometry scales are

1 1 1
5111 T-a 5111 T-a 3Tm T—a
by < ( n “> tou, L < ( i “) b, B> ( d “> By . (45)

3Tmu

The scales ty,, and £, are those typical of muonic processes. If we set t,, = 79, wWe
would have t, = 70 ~ 107%s and £, ~ 300m. As functions of the fractional exponents,
the bounds (4.5) would be much weaker than if we set the energy scale to the mass of the
muon, F, = mmny. In the latter case,

E E
tn = 2 A 6x 107 Ms, gy = 2 22 x 10 P m. (4.6)
Mmu Mmu
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Then, from (4.5) we get
1
ty <2x107%0g, l, <6x107%2m, E, >3 x10° GeV, ag, @ < 3, (4.7)

where the bounds on ¢, and E, are indirect and the one on £, is direct. These correspond to
scales above the LHC center-of-mass energy and are the strongest absolute (a-independent)
bounds to date for the multi-fractional theory with weighted derivatives.

On the other hand, for the intermediate value ay = 1/2 = «, we get (here the bound
on t, is derived from that on £,)

1
te <T7x107%7g, 0, <2x107%m, E,>9x 10" GeV, a =5 =a, (4.8)

slightly below the grand-unification scale.

Note that both (4.7) and (4.8) are considerably stronger than their counterparts in the
theory with g-derivatives for the same observation [11]. Other experiments give stronger
bounds for the theory with g-derivatives, but not for the theory with weighted derivatives
[4].

We can also get an upper bound on the Hausdorff dimension of spacetime dgv in the
ultraviolet by inverting (2.15) and (2.13) and assuming the smallest admissible ¢, to be the
Planck scale, ¢, = {py:

ap < —2 ~0.84, a<—"—2 068, dy =ap+3a<287, (4.9)
In &L In gPl
T0 mu

if 0 < ag,a < 1. Note that both bounds are direct, hence the one in the time direction is
weaker. As in [33], as soon as one allows the spacetime dimension to vary, one can obtain
counter-intuitive upper bounds on the dimension in the UV.

4.2 ¢-derivatives

Applying (2.21) to T = Ty and Iy, the loosest bound is obtained for ay ~ 0.06:
te <1078, (. <3x10°m, E,>7x1072GeV, (4.10)
while for ap = 1/2
te < 2x10718g, 0, <T7x107%m, E,>3x%x107"GeV, ap = % (4.11)

These bounds [11, 12] are much weaker than those in the theory with weighted derivative.

5 Tau lifetime

5.1 Weighted derivatives

The tau decay rate I'ty, can be calculated from processes such as the electron channel

T~ — vre” U, and the muon channel 7= — v;p~7,. In the ordinary Standard Model, I'tay,
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is exactly the same as the muon decay rate with the muon mass replaced by the tau mass
Mtay. Therefore, the bounds have the same functional expression as in (4.5):

1 1 1
0 1—a ) 1—a 3 1—a
t* < ( Ttau) ttau ) E* < < Ttau) étau ) E* > < Ttau) Etau . (51)

3Ttau Ttau OTtau

In (5.1), we use the value T, = (2.903 £ 0.005) x 1071° s taken from [29], while 267y =
10775 denotes the 20-level error. Furthermore, we take the tau mass ma, ~ 1.776 GeV
as a reference scale:

tplE ¢ E
ton = D 4 x 10708, ly = 0 21070 m (5.2)

Mtau Mmu

Then,
1
te < 6x 107285, 0, <2x107¥m, E,>1.0TeV, Qg @ < 3, (5.3)
1

t, < 10730, 0, <3%x107%2m, E, > 6 x 10° GeV, a =5 =a, (5.4)

slightly weaker than the bounds from kaons.

5.2 g-derivatives

Expression (2.21) with 7 = T4y and 7 = d7ay gives the weakest constraint at ag ~ 0.12
and a tighter one at ag = 1/2:

te <4x107sg, (., <107 1%m, E,>2x107%GeV, (5.5)
t, <9x107%tg, (., <3x107%m, E,>8x107°GeV, a==. (5.6)

These constraints are stronger than the bounds from the kaon transitions and from the
muon lifetime.

6 Conclusions

The allowed regions in the (o, ¢,) and (o, E,) planes from the muon lifetime, the tau lifetime
and the kaon mass splitting are showed in Figs. 2 and 3 for the theory with, respectively,
weighted and g¢-derivatives, while the bounds at @ < 1 and o = 1/2 are summarized in
Table 1.

The muon lifetime bounds are the strongest to date for the theory with weighted
derivatives. The former strongest bound came from the anomalous magnetic moment of
the electron [11], which is g—2 = Gqup /7 at one loop in the integer picture. In the fractional
picture, Ggep = aqgep v(t) [10], and one gets the upper bounds

1

1 1
dorqep \ 120 dagep \ -0 Qgep |\ T-°0

t* < <— tQED 9 g* < - gQED 9 E* > EQED 3
QQED QQED 5aQED

where

Critqen ~7x 107 GeV

Epit
~3x10%m,  Egp= 0

—16
toep = 10 S, Lon =
Pl tQED
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Figure 2. Allowed values of the characteristic scales £, (top) and F. (bottom) and the fractional
exponent « for the theory with weighted derivatives. Shaded areas correspond to the tau lifetime
(blue, outer region), the kaon—antikaon transitions (red, intermediate region) and the muon lifetime
bound (green, inner region). The vertical axis is truncated at the Planck scale in both cases.

are the characteristic scale of the quantum electrodynamics processes. Noting that the

20-level relative error is 26aqsp /aqep = 6.6 x 10719 one gets [11]
—26 —17 1
E<Tx107%s,  £<2x1077m, B >10GV,  ap<s,  (61)

1
t, <4x107%s, £, <107%®m,  E,>2x10"°GeV, a=3. (62)

Both bounds (6.1) and (6.2) are weaker than their analogues (4.7) and (4.8) from the muon
lifetime.

Particle-physics bounds on the theory with g-derivatives are nowhere nearly as compet-
itive as those on the theory with weighted derivatives, all constraints being about 10 orders
of magnitude weaker. In this case, the strongest bound (coming from the tau lifetime) is
still considerably weaker than the bound from the Lamb shift [11, 12], which by itself is
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Figure 3. Allowed values of the characteristic scales £, (top) and F. (bottom) and the fractional
exponent o for the theory with g-derivatives. Shaded areas correspond to the tau lifetime (blue,
inner region), the kaon—antikaon transitions (red, intermediate region) and the muon lifetime bound
(green, outer region). The vertical axis is truncated at the Planck scale in both cases.

not especially compelling (E, below 1 GeV). In general, in the theory with ¢-derivatives
particle physics is less sensitive to multi-scale effects and one must turn to astrophysical
observations to reduce the parameter space of the theory significantly [4].

Future directions include the development of the last multi-fractional theory remain-
ing to explore, with fractional derivatives. This proposal, so far not studied in depth
because it has no integer frame where calculations simplify, has several features that make
it potentially interesting, including an improved renormalizability that the theories with
weighted and g-derivatives do not have [4]. The exploration of all these models, whether
renormalizable or not, demonstrates that not all quantum-gravity effects reduce to naive
(and unobservable) curvature corrections, and that electroweak and strong processes may
have a say in their verification or constraint. Here we saw that dimensional flow, a non-
perturbative byproduct of quantum gravitation, can leave an imprint even on quantum
perturbative particle phenomena.
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Weighted derivatives (absolute) Ly () l (m) E, (GeV)
Tau lifetime <6x107® <2x107Y  >1x10°
K9 — KO transitions <3x107%® <1x107Y >2x10°
Muon lifetime <2x10730 <6x10722 >3x10°
Weighted derivatives (o = 1/2) ty (s) l (m) E, (GeV)
Tau lifetime <1x107%0 <3x10722 >6x10°
K9 — KO transitions <9x107%2 <3x107% >7x10°
Muon lifetime <7Tx107% <2x10728 >9x 101!
g-derivatives (absolute) ty (8) l (m) E, (GeV)
Tau lifetime <4x107Y <1x1071% >2x1076
K9 — KO transitions <5x107P% <2x10% >1x10"10
Muon lifetime <1x1078 <3x107° >7x10"12
g-derivatives (g = 1/2) ts (s) l (m) E, (GeV)
Tau lifetime <9x1072 <3x1071?2 >8x107°
K% — K9 transitions <5x107Y7 <2x10°8 >1x108
Muon lifetime <2x1071® <7x10719 >3x1077

Table 1. Constraints on the multi-fractional theories with weighted and g-derivatives from the tau
and muon lifetimes and from kaon-antikaon transitions.
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