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FROM WIGNER-YANASE-DYSON CONJECTURE TO
CARLEN-FRANK-LIEB CONJECTURE

HAONAN ZHANG

ABSTRACT. In this paper we study the joint convexity/concavity of the trace
functions

Uy 4.5(A,B) = Te(BS K*APKB3)*, p,q,s € R,
where A and B are positive definite matrices and K is any fixed invertible
matrix. We will give full range of (p,q,s) € R3 for ¥, 4 5 to be jointly con-
vex/concave for all K. As a consequence, we confirm a conjecture of Carlen,
Frank and Lieb. In particular, we confirm a weaker conjecture of Audenaert
and Datta and obtain the full range of (a, z) for a-z Rényi relative entropies
to be monotone under completely positive trace preserving maps. We also give
simpler proofs of many known results, including the concavity of ¥, g1/, for
0 < p < 1 which was first proved by Epstein using complex analysis. The key
is to reduce the problem to the joint convexity/concavity of the trace functions

U, 1-p1(A,B) = TTK*APKB'™P, —1<p<1,

using a variational method.

1. INTRODUCTION
The joint convexity/concavity of the trace functions
(1.1) U, ,4(A, B) =Tr(B*K*APKB%)*, p,q,s € R,

has played an important role in mathematical physics and quantum information.
Its study can be traced back to the celebrated Lieb’s Concavity Theorem [Lie73],
which states that ¥, ;1 is jointly concave for all 0 < p,q¢ < 1,p+¢q <1 and for all
K. Using this, Lieb confirmed the Wigner-Yanase-Dyson conjecture [WY63]: for
0 <p <1 and any self-adjoint K, the function

1
(1.2) Sp(p, K) = §Tr[pp,K] [p' P, K] = —TrpK? + Trp? Kp' PK,

is concave in p, where [A,B] = AB — BA. We refer to [WY63, Lie73] for more
details about the skew information —Sy(p, K).

Since then, a lot of work around the joint convexity/concavity of ¥, , s has
emerged [And79, Bek04, CFL16, CL08, CL99, Eps73, FL13, Hial3, Hial6], follow-
ing [Lie73]. Through this line of research many methods have been developed.
Two main methods are the “analytic method” and the “variational method”. We
refer to a very nice survey paper [CFL18] for more historical information and the
explanation of these two methods.

Another motivation to study the joint convexity/concavity of ¥,, , s comes from
quantum information theory. Indeed, the joint convexity/concavity of W, ;1 /(ptq)
is closely related to the monotonicity (or Data Processing Inequality) of the a-z
Rényi relative entropies, which has become a frontier topic in recent years. We
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shall recall this in Section 2. Starting from this Audenaert and Datta conjectured
that:

Conjecture 1. [AD15, Conjecture 1] If 1 <p <2, -1 < g < 0and (p,q) # (1,—1),
then for any matrix K, the function
U, 01 /(i) (A, B) = (B2 K* APK B# )75,

is jointly convex in (A, B), where A and B are positive definite matrices.

We cheat a little bit here, since the original form of their conjecture concerns

1

the convexity of A — Tr(AZ K*APKA3)w+a for all K. However, by doubling
dimension, a standard argument shows that they are equivalent. See the discussions

after [CFL18, Conjecture 1] for example.
In this paper we confirm a stronger conjecture of Carlen, Frank and Lieb:

Conjecture 2. [CFL18, Conjecture 4] If 1 <p <2, -1 < ¢ <0, (p,q) # (1,-1)
and s > ﬁ, then for any matrix K, the function

U, ,s(A, B) =Tr(B*K*APK B%)*,

is jointly convex in (A4, B), where A and B are positive definite matrices.
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FIGURE 1.1. Joint convexity/concavity (for all K) of ¥, 4 s

Consequently, we give the full range of (p, ¢, s) for ¥, , ; to be jointly convex or
jointly concave for any invertible K. See Figure 1.1 (note that (1,—1) and (—1,1)
do not belong to the area of convexity) and the following
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Theorem 1.1. Fiz any invertible matriz K. Suppose that p > q and s > 0. Then
U, 4.5 defined in (1.1) is
(1) jointly concave if 0 < qg<p<1and0<s < -

p+a’
(2) jointly convex if —1 < q<p <0 and s > 0;

(8) jointly conver if —1<¢<0, 1<p<2 (p,q)#(1,-1) and s> ﬁ.

We remark here that the symmetric property of ¥,, , ; allows us to assume p > ¢
and s > 0. See the discussions before Proposition 2.2. Moreover, the above result
is sharp, in view of Proposition 2.3.

As a corollary of Theorem 1.1, Proposition 2.1 and Proposition 2.3, we obtain
all (o, z) such that D, , is monotone under completely positive trace preserving
maps (or satisfies Data Processing Inequality, see (2.6) for the precise definition).

Theorem 1.2. The a-z relative Rényi entropy D, . is monotone under completely
positive trace preserving maps if and only if one of the following holds

(1) 0 < a<1and z > max{a,1 — a};
(2)1<a<2and § <z<a;
(3) 2<a<ocanda-1<z<a.

As we mentioned earlier, in the history two main methods have been developed
to study the convexity/concavity of the trace functions ¥, , ,: the analytic method
and the variational method. The analytic method, which is the methodology em-
ploying the theory of Herglotz functions, was first introduced by Epstein [Eps73].
The variational method was first used by Carlen and Lieb in [CL08]. Both of them
have their own advantages, as the authors wrote in [CFL18, Page 8]: “It appears
that the analyticity method is especially useful for proving concavity and the vari-
ational method is more useful for proving convexity, but this is not meant to be
an absolute distinction.” In this paper we confirm Conjecture 2 by developing only
the variational method.

The main value of this paper is twofold. Firstly, we develop the variational
method in a very simple way such that it is useful to prove both convexity and
concavity, and it reduces the convexity/concavity of ¥, , s to three very particular
cases, which were already known (see Theorem 3.7). In this way we obtain the full
range of (p, ¢, s) such that ¥, ., is jointly convex/concave and confirm Conjecture
1 and Conjecture 2. Secondly, using our variational method in a slightly different
way, we can furthermore reduce these three very particular cases to Lieb’s concavity
result [Lie73] of ¥}, 1,1 for 0 < p < 1 and Ando’s convexity result [And79] of
Wy, 1-p1 for =1 < p < 0. In other words, from Lieb’s and Ando’s classical joint
convexity/concavity results (which admit many simple proofs) on

Up1-p1(A,B) = TrK*APKB'™P,

the subsequent results on joint convexity/concavity of ¥, , s can be derived easily
via our variational method. In this way we recover many classical results immedi-
ately. Moreover, we emphasize here that the analytic method can be avoided.

In the past half a century we have developed a lot of tools to tackle the con-
vexity /concavity of trace functions, and have witnessed a number of applications
of the convexity/concavity of trace functions to many areas, like mathematical
physics and quantum information. Now our variational method helps us to reduce
the Carlen-Frank-Lieb conjecture (in fact the joint convexity/concavity of the whole
family ¥, , 5) to the convexity/concavity of the trace function (1.2) (in which the
essential part is U, 1_p 1) in the Wigner-Yanase-Dyson conjecture. This brings us
back to the origin of the whole story.
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This paper is organized as follows. In Section 2 we recall the background of
Conjecture 1 and Conjecture 2. In Section 3 we give the proof of our main result
Theorem 1.1.

We fix some notations in this paper. We use H to denote a finite-dimensional
Hilbert space. We use B(#H) to denote the family of bounded linear operators
on H, P(H) to denote the family of positive linear operators on H (or n-by-n
positive semi-definite matrices with dimH = n), and D(H) to denote the family
of density operators, i.e., positive linear operators on H with unit trace (or n-by-n
positive semi-definite matrices having unit trace with dimH = n). Moreover, we
use B(H)™ (reps. P(H)™ and D(H)™) to denote the family of invertible operators
in B(H) (resp. P(H) and D(H)). We use Tr to denote the usual trace on matrix
algebra and we use I to denote the identity matrix. For any matrix A we use |A]
to denote its modulus (A*A)z.

We close this section with a remark. In this paper we are mainly dealing with
the invertible matrices, to avoid some technical problems and make the paper more
readable. In this case for A € P(H)* and a € R, A is always well-defined.
Some results in this paper are still valid in the non-invertible case, by using an
approximation argument. For example, in Conjectures 1 and 2, K is not assumed
to be invertible, since X* is always well-defined for positive semi-definite X and
s > 0. When K is not invertible, one can approximate K with invertible K, =
K + €I, where € > 0 is small enough. Then the convexity of Tr(B%K*APKB%)S,
which is the limit of Tr(B2 K*APK.B?%)* as ¢ tends to 0, follows from that of
Tr(B? K*APK.B%)*, since the convexity is stable under taking limits.

2. BACKGROUND

In this section we collect necessary background information for this paper. Most
of them are borrowed from the survey paper [CFL18]. One can refer to [CFL18]
and the references therein for further details. Experts may skip this section without
any difficulty.

Given two probability density functions P and @ on R, the relative entropy, or
Kullback-Leibler divergence of P with respect to @ is given by

(2.1) S(PIIQ) = / P(x)(log P(x) — log Q(x))da-

For a € (0,1) U (1,00), the a-Rényi relative entropy of P with respect to @ is
defined as [Rén61]

(2.2) Sa(PllQ) =

(07

1
. log/RP(z)”‘Q(x)lf‘ldz.

Both classical relative entropies (2.1) and (2.2) have been generalized to quantum
setting, where the density functions are replaced by the density operators, and the
integral is replaced by the trace, respectively. However, their quantum analogues
might take various forms.

Fix p,o € D(H)™ with H being any finite-dimensional Hilbert space. A natural
quantum analogue of (2.1), is the so-called Umegaki relative entropy [Ume62]

(2.3) D(p||o) := Trp(log p — log o).
It is monotone under completely positive trace preserving (CPTP) maps [Lin75].
That is,

(2.4) D(&(p)l|€(a)) < D(pllo),
for all CPTP maps & : B(H) — B(H) and all density operators p,o € D(H)™.



FROM WIGNER-YANASE-DYSON CONJECTURE TO CARLEN-FRANK-LIEB CONJECTURES5

The inequality (2.4) is known as the Data Processing Inequality (DPI). As one
of the most fundamental inequalities in quantum information, DPI has strong links
with the Strong Subadditivity (SSA) of the von Neumann entropy [LR73], the un-
certainty principle [TR11], the quantum hypothesis testing [MO15] and the Holevo
bound for the accessible information [Hol73]. Not every quantum analogue of (2.1)
satisfies DPI. For example, it is known that [CL18]

D'(pllo) := Trplog(o~2po~2),

as a generalization of (2.1), does not satisfy DPI.
A natural generalization of (2.2) is the family of quantum a-Rényi relative en-

tropies
1

Da(pllo) :=

Another important generalization of (2.2), introduced by Miiller-Lennert, Dupuis,
Szehr, Fehr, Tomamichel [MLDS'13] and Wilde, Winter, Yang [WWY14], are the

sandwiched a-Rényi entropies:
Da(pllo) :=

Audenaert and Datta [AD15] introduced a new family of quantum Rényi relative
entropies by using two parameters, called the a-z Rényi relative entropies:

. log Tr(p®a'™®), a € (0,1)U(1,00).

1 l—« l—a
. log Tr(c 72 po7a )*, a € (0,1)U(1,00).

e

= )* a€(—oc0,1)U(1,00), 2z>0.

e

1
(2.5) Dq x(pllo) == 1longr(a =
a

p=o

It unifies D, and l~)a by taking z = 1 and z = «, respectively. We comment here
that the a-z Rényi relative entropies have appeared earlier in a paper by Jaksic,
Ogata, Pautrat and Pillet [JOPP12].

A natural question is, for which («, z) does the a-z Rényi relative entropy D, .
satisfy DPI, that is,

(2.6) Do, (E(p)IE€(0)) < Do,z (pllo),

for any CPTP map £ on B(H) and all density operators p,oc € D(H)*? This
remained open for some range of (o, z) before the present paper. It is well-known
that DPT is essentially equivalent to the joint convexity/concavity of the trace
functions inside the definition of D, ..

Proposition 2.1. [CFL18, Proposition 7] Let o € (—o0,1)U(1,00) and z > 0. Set
p=2 and ¢ = 1=2. Then (2.6) holds for any CPTP map & : B(H) — B(H), all
density operators p,o € D(H)™ and any finite-dimensional Hilbert space H if and
only if one of the following holds

(1) a <1 and Y, 4 1/(p4q) with K = I is jointly concave;
(2) a>1 and ¥, ¢ 1/(p4q) with K = I is jointly convex.

For the reader’s convenience, we present its proof in the end of this section. From
some known results on the joint convexity/concavity of W, ;1 /e with K = I,
Audenaert and Datta obtained DPI for D,, , for some—but not full—range of (o, 2)
[AD15, Theorem 1]. By saying full we mean necessary and sufficient conditions on
(a, ). Tt is then natural to ask whether DPT holds for the remaining range of (o, z).
This motivated Audenaert and Datta to raise Conjecture 1.

More generally, consider the joint convexity/concavity of trace functions
U,.0.5(A, B) = Tr(B: K*APK B%)*,
where A,B € P(H)*, K € B(H)* and p,q,s € R. Note that ¥, , (B, A) =

U,.q.s(A, B) with K replaced by K*, and ¥_, _, _s(A4,B) = ¥, , (A, B) with K
replaced by (K ~1)*. So in the sequel we assume that p > ¢ and s > 0.
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The knowledge of the joint convexity/concavity of ¥, , s before the survey paper
[CFL18] is summarized in the following proposition in [CFL18] or the figure therein.

Proposition 2.2. [CFL18, Theorem 2] Fiz K € B(H)™. Then ¥, 45 is

(1) jointly concave if 0 < g<p<1land0<s< p_<1Fq"

(2) jointly convex if —1 < q<p <0 and s > 0;

(8) jointly conver if =1 < ¢ < 0, 1 < p < 2, (p,q) # (1,-1) and s >
min{ﬁ,qﬁ} orp=2, —1<¢g<0ands> qﬁ.

For more historical details of these results, see the discussions after [CFL1S,
Theorem 2]. We only comment here that the case s = 1, which was first studied
in the history, is due to Lieb [Lie73] for 0 < ¢ < p < 1 with p+ ¢ < 1, as well
as for —1 < ¢ < p <0, and due to Ando [And79] for —1 < ¢ <0, 1 < p < 2,
with p + ¢ > 1. Their work played an important role in the development of matrix
analysis.

The following proposition, due to Hiai [Hial3], gives the necessary conditions for

W, 4,5 to be jointly convex or jointly concave.

Proposition 2.3. [Hial3, Propositions 5.1(2) and 5.4(2)][CFL18, Proposition 3]
Let p > q and s > 0. Suppose that (p,q) # (0,0) and K = 1.

(1) If Wy, s is jointly concave for H = C2, then0 < ¢<p<1land0 < s < ﬁ.
(2) If Wy 45 is jointly convex for H = C*, then either —1 < ¢ < p < 0 and

5>00r—1<g<0, 1<p<2, (pg) # (1,—1) and s > 1.

From the above two propositions, Carlen, Frank and Lieb raised Conjecture
2. Some partial results were known before the present paper, as pointed out in
Proposition 2.2 (3).

We close this section with the proof of Proposition 2.1. Tt comes from [CFL18,

Proposition 7], following a well-known argument due to Lindblad [Lin75] and Uhlmann
[Uhl73].

Proof of Proposition 2.1. We use ¥ to denote ¥, 1/(ptq) With K = I. We only
prove the case a > 1, since the proof for o < 1 is similar. Then it is equivalent to
show that W satisfies the inequality

U(E(p),E(0)) < ¥(p,0),
for any CPTP map £ on B(H), for all p,o € D(H)™ and for all H if and only if ¥

is jointly convex.

To show the “if” part, take any CPTP map & : B(H) — B(#H). Then we can
write £ as

E(y) = TreU(y @ 6)U”,

where 6 € D(H’'), U is unitary on H ® H’, and H’ is a Hilbert space such that
N’ :=dimH < (dim H)Q. Here Try denotes the usual partial trace over H’. For a
proof, see for example [Lin75, Lemma 5]. It origins in the celebrated Stinespring’s
Theorem [Sti55]. Let du denote the normalized Haar measure on the group of all
unitaries on H’, then

(2.7) £(y) @ 1 — /(IH ®u)U(y ® §U* (Iy @ u*)du,

NI
where Iy; and Iy are the identity maps over H and H', respectively. By the tensor
property of ¥, we have

WERE@) =¥ (£ 8 T E0) o 7).
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From the joint convexity of ¥ and (2.7) it follows that
V(E(P)E(0) < [ U(InowU (pod)U" (o). (Iu@u)U (80" (I s ) du

By the unitary invariance and the tensor property of ¥ we obtain that

¥(E(p),E(0)) < ¥(p,0),
as desired.

To show the “only if” part, for any p1, pa, 01,00 € D(H)™ and any 0 < X < 1,

define
o )\Pl 0 . )\0‘1 0
p(o (1—)\)/)2) and"(o (1—)\)02>’

in D(H ® H)*. Since the map

a b\ 1 fa+d 0
(28) 5(c d)_§( 0 a+d)’

is a CPTP map, we obtain from the monotonicity of ¥ that
W(E(p), E(0)) < W(p,0),
which is nothing but
\I/()\pl + (1 — )\)pg,)\al + (1 — )\)0’2) < )\\I/(pl,dl) + (1 — )\)\I/(pQ,O'Q).

This finishes the proof of the joint convexity of . (]

3. THE PROOFS

This section is devoted to the proof of Theorem 1.1. The following classical
results will serve as the building blocks to achieve the joint convexity/concavity of
U, q.s- The concavity result is due to Lieb [Lie73] and the convexity result is due to
Ando [And79]. They have now many simple proofs, see for example [NEE13]. We
only comment here that they are based on the operator convexity of A — AP when
—1<p<O0orl<p<2, and the operator concavity of A — AP when 0 < p < 1.

Lemma 3.1. [Lie73, And79] For any K € B(H)™, the function
Up1 p1(A,B)=TeK*APKB'™P A, B € P(H)",
18
(1) jointly concave if 0 < p < 1;
(2) jointly convez if —1 < p < 0.

Theorem 1.1 will be reduced to Lemma 3.1 in three steps, using a variational
method. The idea of the variational method is based on the following lemma
[CFL18, Lemma 13]. We give the proof here for the reader’s convenience.

Lemma 3.2. Let X,Y be two convex subsets of vector spaces and f: X XY — R
a function.

(1) If f(-,y) is convex (resp. concave) for anyy € Y, then x v sup,cy f(z,y)
(resp. x> infyey f(x,y)) is convex (resp. concave).

(2) If f is jointly convex (resp. concave) on X XY, then x — infy ey f(z,y)
(resp. x = sup,ey f(z,y)) is convex (resp. concave).

Proof. (1) This follows immediately from the definition.
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(2) We only prove the convexity here. The proof of the concavity is similar.
For any z1,22 € X and any 0 < A < 1, set & := Azy + (1 — A)a2. Then
for any € > 0 and i = 1,2, there exists y; € Y such that f(z;,v;) <
infyey f(x;,y) + €. By the joint convexity of f, we have

<A (w1, y1) + (1= X) f(22,y2)
< Adnf f(z1,y) + (1= X) inf f(z2,9) +e.

Then the proof finishes by letting ¢ — 0.
O

The following variational method is the key of the proof. It originates in [CLO08]
and the special cases (either rg =1 or 71 = 1) have been widely used [CFL18].

Theorem 3.3. For r; > 0,i = 0,1,2 such that % = % + %, we have for any
XY € B(H)™ that

(3.1) Tr[XY|™ = min {r—omxzrl + T—OTr|Z_1Y|T2} ,
zeB(H)* (T1 T2

and

(3.2) Tr|XY|" = max {ﬂmxzro - T—lTr|Y_1Z|T2}.
zeB(H)* (To T2

Proof. For any p > 0 define || - ||, as || A% := Tr|A[P. For any Z € B(H)™, we have
by Hoélder’s inequality that
0

TXY | < X201 271 g = (X 207 12ty )

T2

For a proof of Holder’s inequality, see [Bha97, Exercise IV.2.7]. Actually it is a
special case of [Bha97, Exercise IV.2.7] by choosing the unitarily invariant norm
Il to be || - |l1- And [Bha97, Exercise IV.2.7] can be proved by almost the same
argument as the proof of [Bha97, Corollary IV.2.6], since [Bha97, Theorem IV.2.5]
is valid for all » > 0.

Then from Young’s inequality for numbers (or AM-GM inequality): z®y® <
ax + By for positive x,y and positive a, 5 such that a4+ 8 = 1, it follows that

To

(3.3) Tr[XY|™ < [Tr|XZ|"]7 [Tr|Z~ Y]] < 2Te|XZ|™ + 2Te|Z 1Y |,
1 T2
By exchanging Y and Z, we have
(3.4) T XY™ > 2T Xz — 2oy -lz)m.
To T2

In view of (3.3), to prove (3.1) it suffices to find a minimizer. For this let
Y*X* = U|Y*X*| be the polar decomposition of Y*X*, then XYU = |Y*X*|. Set
Z:=YU|Y*X*| 7772, then we have

XZ = XYU|Y*X*| 7t = [Y*X*|7i4s, 271 = |Y*X*[risU*.

Using the facts that || - ||, is unitarily invariant and ||A||, = ||A*||, for all A, we
have
Tr| X Z|™ = Tr|Y* X *| 7172 = Tr| XY |71 +2 = Tr| XY,
and
172

Tr|Z7 Y™ = Te|Y* X*| 775 = Ty| XY |7ire = Tr|XY]™.
Hence Tr| XY™ = 2Tr|XZ|™ + :—ZTr|Z’1Y|T2, which proves (3.1).
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In view of (3.4), to prove (3.2) it suffices to find a maximizer. For this let U be
as above and choose Z to be YU|Y*X*|%, then

T1

1 ) 1
XZ =XYU|Y* X" =|YV*X*| = |, Y_lZ:U|Y*X*|G.
It follows that

(r1+r2)ro
2

Te| X Z|"™ = Te|Y*X*| = = Te[Y*X*|" = Te|XY|",

and
Tr|Y ~1Z|" = Te|[Y* X*|™ = Te| XY™
Hence Tr| XY | = ZLTr[XZ|™ — :—;Tr|Y*1Z|’”2 and the proof of (3.2) is finished.
(]

Remark 3.4. Tt is possible to generalize this variational method to the infinite
dimensional case or to more general norm functions, which is beyond the aim of
this paper. It is also possible to apply this variational method to trace functions
with n > 3 variables. Let ; > 0,5 = 0,1,...,n such that % =" L. Then we

j=17;
have for Xi,..., X, € B(H)™ that

Tr| Xy -+ X"
G5 ind yx, 2 n_ITOT 27V X750 + o)z X, |
=min H | X121 +;E r| i—1 iZ;] +E v 2,21 Xx| )
and
Tr| Xy - X, |™
3.6 !
L A— Dmvxizi)e =Y BTz X - AT X 2y
To = Trj Tn
where min and max run over all Zy, ..., Z,_1 € B(H)”. The proof is similar to the

two variables case. We only explain here that min is indeed achieved for (3.5). Let
Xio- Xy =U|X}--- X{]| be the polar decomposition of X --- X;. Then set

J

* *| Qg To
2= Xppr o XU XTI, 0y =301
k=1'F
for 1 < j < n—1. One can check that
n—1
Te| X Xl = CT|X0 20| + > T 25 X 2500+ T 2 X
T1 = Tj Tn

Now we are ready to proceed with the three steps of reductions. Note that Step
1 is enough to finish the proof of Theorem 1.1 and confirm Conjectures 1 and 2.

Step 1: In the first step we reduce the joint convexity/concavity of ¥, , s to the
convexity /concavity of

T,s(A) :=Tr(K*APK)®*, Ac P(H),
for all K € B(H)™, which has already been thoroughly studied.

Theorem 3.5. [CFL18, Proposition 5] For any K € B(H)™, Y, is

(1) concave if0<p§1and0<s§%;
(2) convex if —1 <p <0 and s > 0;
(3) convexiflﬁpﬁQandsZ%.
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See the discussions after Proposition 5 in [CFL18] for more historical information.
We only comment here that the proof of concavity for 0 < p < 1 with s = % is due
to Epstein [Eps73]. His analytic method is nowadays developed as an important
tool in matrix analysis, in particular to deal with concavity (rather than convexity)
of trace functions. We will give a simpler proof of this theorem later, without using
Epstein’s analytic approach.

Proof of Theorem 1.1 given Theorem 3.5. Before proceeding with the proof note
first that
U,4.s(A,B) = Te(B* K*APK B%)* = Tr|A% KB |.

(1) If ¢ = 0, then the claim reduces to Theorem 3.5 (1). To show the case
0<g<p<land0<s< ﬁ, set A := s(p+q) € (0,1] and we apply (3.1) to

(ro,r1,m2) = (25,2, 2%) and (X,Y) = (A% K, B%);

(3.7)  U,,.(A,B)= min {LTY|A§KZ|%+%TY|ZlB%|%}.
pTq

zeBH)* P+ ¢
Since 0 < % < % and 0 < % < %, from Theorem 3.5 (1) it follows that the maps
A P Tr|AgKZ|% __P Tr(Z*K*ApKZ)%
p+gq p+q
and . X
B q TI“|Zle% = _ LTI“(Z%B‘](ZA)*)E
p+q p+q

are both concave. Hence they are both jointly concave as functions in (A4, B) and
so is ¥p, 4.s by Lemma 3.2 (1) and (3.7).

(2) If p = 0, then the claim reduces to Theorem 3.5 (2). Suppose —1 < ¢<p <0
and s > 0, then we apply (3.2) to (rg,r1,72) = (2t,2s, _lq) with % = % — ¢ and
(X,Y) = (A% K, B?):

(3.8) U,,.(A,B) = max {fmA%KZPt + qur|B—%Z|%q} .
zeB(H)* L
Note that ¢ > 0, s¢ < 0 and 0 < —¢ < 1. By Theorem 3.5 (1) and (2), the maps

Ay %Tr|A§KZ|2t = ;Tr(Z*K*ApKZ)t

and L .
B sqTr|B™ 27|74 = sqTe(Z*B~9Z)=a
are both convex. Hence they are both jointly convex as functions in (A, B) and so
is ¥p, 4.5 by Lemma 3.2 (1) and (3.8).
(3) If ¢ = 0, then the claim reduces to Theorem 3.5 (3). Suppose —1 < ¢ <0, 1 <
p<2, (p,q) #(1,—1)and s > ﬁ, then we apply (3.2) to (ro,r1,72) = (2t,2s, _iq)
with + =1 —gand (X,Y) = (A% K, B?):

(3:9) Upqs(A4,B) = max {§Tr|A§KZ|2t + qur|B*%Z|%q} .
zeB(H)* Lt
Since s < 0,0< —g<1land t= S,llfq > %, we have by Theorem 3.5 (1) and (3)

that the maps
Ay %Tr|A§KZ|2t = ;Tr(Z*K*ApKZ)t
and ) .
B sqTr|B~2 27|71 = sqTr(Z*B™9Z)~a
are both convex. Hence they are both jointly convex as functions in (A, B) and so
is ¥p, 4, by Lemma 3.2 (1) and (3.9). O
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Remark 3.6. One can understand this step of reduction in the following heuristic
way. In Figure 1.1, the green region [0, 1] x [0,1] is generated by two intervals of
the p-axis and the g-axis: [0,1] x {0} and {0} x [0,1]. That is how we deduce the
joint concavity of ¥, , s (Theorem 1.1 (1)) from the concavity of T, s (Theorem
3.5 (1)) in the above proof. The proof of the yellow region of the Figure 1.1 can be
understood in a similar way.

Step 2: In our second step we reduce Theorem 3.5 to three particular cases.

Theorem 3.7. [Eps73, Hial3, CLO8] Fiz K € B(H)™, then
(1) Yp.1/p is concave when 0 < p < 1 (Epstein);
(2) Yps is convexr when —1 <p <0 and 0 < s <1 (Hiai);
(3) Yp1/p is conver when 1 < p <2 (Carlen-Lieb).

Proof of Theorem 3.5 given 3.7. Indeed, when 0 < p <1,0< s < % and % = p-l—%,
by applying (3.1) to (ro,r1,72) = (2s, %, 2t) and (X,Y) = (A%, K) we obtain that

LK) = min {2 A2) 4 T2 2K .

Then by Lemma 3.2 (1), the concavity of T implies the concavity of T, ;.

p,1/p
When —1 < p < 0 and s > 1, by applying (3.2) to (ro,r1,72) = (2,25, %) and
(X,Y) = (A%, K) we obtain that

Tr(K*APK)® = panax (sTeZ*APZ — (s — 1)Tr(Z*(K~1)*K~1Z)=7 ).

Then by Lemma 3.2 (1), the convexity of YT, ; implies the convexity of T, .
When 1 < p <2, s > % and p = 1 + 1 by applying (3.2) to (ro,r1,72) =
(2,25,2t) and (X,Y) = (A%, K) we obtain that

Tr(K*APK)® = max {spTr(Z*ApZ)%—

Tr(Z*(K’l)*K’lZ)t} :
ZeB(H)*

S
t

Then by Lemma 3.2 (1), the convexity of T implies the convexity of T, ;. O

p,1/p

Step 3: In the last step we reduce Theorem 3.7 to Lemma 3.1.

Proof of Theorem 3.7 given Lemma 8.1. The proof is inspired by the proof of (2)
in [CFL18]. Let us recall it first. If s = 1, the convexity of Y, 1 follows from the
operator convexity of A — AP for —1 < p < 0. If 0 < s < 1, by applying (3.1) to
(ro,71,72) = (25,2, 72) and (X,Y) = (A3 K, I), we have

s s

Tr(K*APK)* = min {sTr|A%KZ|2 T (- s)Tr|Z*1|f%s}

ZEB(H)*

= min {sTrK*ApKZ +(1- s)TrZs—fl}
ZeP(H)*

= min K APKZ P4 (1 9Tz
ZeP(H)™

- s(1—p) s(1—p)
Since % < 0, the function t — ¢ 1 is convex. Thus Z — TrZ =1 is convex
(see for example [Carl0, Theorem 2.10]). This, together with Ando’s convexity

).
result (Lemma 3.1 (2)) and Lemma 3.2 (2), yields the convexity of Y, .
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Now we prove (1). There is nothing to prove when p = 1. For 0 < p < 1, by

applying (3.2) to (ro,71,72) = (2, 2, = p) and (X,Y) = (A2 K, I), we have

Tr(K*APK)» = max { Tr|AS K22 — 1Ly 2] }
ZeBH)* | D p

1
= max {—TrK*ApKZ AT }
ZeP(H)*
—  max { TeK*APK 77 — =P TrZ}
ZeP(H)™
Then by Lieb’s concavity result (Lemma 3.1 (1)) and Lemma 3.2 (2), T, 1/, is

concave.

(3) can be shown similarly. Indeed, the case p = 1 is trivial. For 1 < p < 2, by

applying (3.1) to (rg,r1,72) = (%,2, pzl) and (X,Y) = (A2 K, I), we have

Tr(K*APK)» = min { TeAS K2+ P Ly 1)t 1}
ZeB(H)> p

1 1 .
= min {—TrK*ApKZ + P gt }
ZeP(H)* p

= min { TeK*APK 7P 4 P2 TrZ}
ZeP(H)* P p

Then by Ando’s convexity result (Lemma 3.1 (2)) and Lemma 3.2 (2), 1,4/, is
convex. g

Remark 3.8. Although the variational methods (3.1) and (3.2) admit analogues
(3.5) and (3.6) of n(> 3) variables, the joint convexity/concavity of

POH) oo x POH) 3 (Arsoy Ag) o Tr(AE Ky KFAD K - Ky A )

n—1"

can not be derived directly from Theorem 3.5 because of the appearance of the
term Tr|Zj:11Xij|’”ﬂ'. For example, we have

TI‘|X1X2X3|TO
(3.10)

=  min { Tr|X1Z1|”+ Tr|Z 1X222|’”2+ Tr|Z 1X3|T3}.
Z1,Z2€B(H)*

To obtain the joint concavity of

P(H)* x P(H) x P(H)* 5 (A1, Ay, Ag)  Te(Ay KA7 KFAD K AF KyAQ ),

via the variational method (3.10), the concavity of the function of the form
P(H)* 3 Ao = TelYi Ay Yol = Tr(¥s A, Yivia) o) ?

is required. Unfortunately, little is known for general Y*Y; # I. Indeed, Carlen,
Frank and Lieb proved that [CFL16, Corollary 3.3] for p, ¢, € R\ {0}, the function

(A,B,C) = TrC*B? APBi ('3

is never concave, and it is convex if and only if ¢ = 2, p,r <0 and —1 <p+r <0.
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