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Abstract

We study effects of perturbation Hamiltonian to quantum spin systems which can include quenched
disorder. Model-independent inequalities are derived, using an additional artificial disordered per-
turbation. These inequalities enable us to prove that the variance of the perturbation Hamiltonian
density vanishes in the infinite volume limit even if the artificial perturbation is switched off. This
theorem is applied to spontaneous symmetry breaking phenomena in a disordered classical spin model,
a quantum spin model without disorder and a disordered quantum spin model.

1 Introduction

We study quantum spin systems on a lattice Vv which consists of N sites. A spin operator Sf (p==x,y,2)
at a site 5 € Vy on a Hilbert space H := ®jevN H; is defined by a tensor product of the spin matrix
acting on H; ~ C2?*1 and unities, where S is an arbitrary fixed half integer. These operators are
self-adjoint and satisfy the commutation relations

[S7,S7] = i6; %57, [S’Jy, Sl =16 xS7, [S7, k] = iéj)ks‘;-l, (1)
and the spin at each site i € Viy has a fixed magnitude

> (S5 =5(S+ 11 (2)

a=x,yY,z

We define an unperturbed Hamiltonian Hy (S) first. P(Vx) denotes the collection of all subsets of Vi .
Let Cy C P(Vn) be a collection of interaction ranges and let J = (Jx)xec, be a sequence of real valued
random variables with a finite expectation E|Jx | for each X € Cy, where E denotes the expectation over
J for its functions. Sy denotes a sequence of spin operators (S})jex p=z,y,- On a subset X and ¢ is a
self-adjoint valued function of Sx. We consider a model defined by the following Hamiltonian with Cy,
pand J

Hy(S,J):= ) Jxp(Sx). (3)

XelCn

One can assume a symmetry of the Hamiltonian Hy (S, J), if one is interested in symmetry breaking
phenomena. To detect a spontaneous symmetry breaking, long-range order of order operator hy(S) is
utilized in the symmetric Gibbs state. Although the symmetric Gibbs state with long-range order is
mathematically well defined, such state is unstable due to strong fluctuation and it cannot be realized.
On the other hand, it is believed that a perturbed Gibbs state with infinitesimal symmetry breaking
Hamiltonian is stable and realistic. Consider a perturbed Hamiltonian as a function of spin operators
S = (S?)jGVN,p:z,y,z

H := Hn(S,J) — NAhn(S), (4)

where hn(S) is a bounded operator and A € R. Assume upper bounds on hy(S)
[hn(S)|| < Ch, (5)

where C}, is a positive constant independent of the system size N. The operator norm is defined by
lO]]? = SUP(g,¢)=1(0¢, O¢) for an arbitrary linear operator O on H. To study spontaneous symmetry
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breaking, one can regard hy(S) as an order operator which breaks the symmetry. For instance, hy is a
spin density

hw(s) =+ 3 S (6)

JEVN

Define Gibbs state with the Hamiltonian ({@). For 8 > 0, the partition function is defined by
ZNn(B, A\, J) = Tre  PHN(SDHBNMN(S) (7)

where the trace is taken over the Hilbert space H. Let f be an arbitrary function of spin operators. The
expectation of f in the Gibbs state is given by

(f(S)a = mﬂf(s)e—ﬁHw(S,J)—i—BN)\hN(S)' ®)

Define the following function from the partition function
1
wN(Bu)‘aJ) = NlOgZN(Bu)‘aJ)a (9)

and its expectation
pn (B, A) = En (8, A, J). (10)

where E denotes the expectation over J. The function —%z/;N is called free energy of the sample in
statistical physics.

In the present paper, we require the following three assumptions on the Gibbs state defined by the
perturbed Hamiltonian ().

Assumption 1 The infinite volume limit of the function py
p(B,A) = lim pn (B, ), (11)
exists for each (8,A) € (0,00) x R.
Assumption 2 The variance of ¢y vanishes in the infinite volume limit
lim E — 2=
for each (B,A) € (0,00) x R
Assumption 3 The following commutator of the perturbation operator hn and the Hamiltonian vanishes

in the infinite volume limit

dim [l (8),[H(S.3), ki (S)]] = 0. (12)

for an arbitrarily fixed sequence J.
In the present paper, we prove the following main theorem for an arbitrary spin model with the

Hamiltonian (@) satisfying Assumptions 1, 2 and 3.

Theorem 1.1 Consider a quantum spin model defined by the Hamiltonian ({{)) satisfying Assumptions
1, 2 and 3. The expectation of the perturbation operator

A}i}n@E(hN(S»)\, (13)

exists in the infinite volume limit for almost all A and its variance in the Gibbs state and the distribution
of disorder vanishes

Jim E((h(8) ~ Elhy (8))2))r = 0. (14)

in the infinite volume limit for almost all A € R.



Theorem [T implies also the existence of the following infinite volume limit for almost all A € R
. 2\ _ (1 2
N E(hn(S) ) = (A}gnoo E(hn(8)))". (15)

The perturbation operator hy is self-averaging in the perturbed model. Although the claim of Theorem
[LTlis physically quite natural and physicists believe it by their experiences supported by lots of examples,
it has never been proved rigorously in general setting. In section 2, we prove Theorem [[LTl In section 3,
we apply Theorem [I.1] to spontaneous symmetry breaking phenomena in several examples.

2 Proof

In this section, we introduce an extra perturbation Hamiltonian with a quenched disorder to prove
Theorem [Tl Consider the following perturbed Hamiltonian

H = Hy(S,J) — (NA + N®ug)hn(S). (16)

where g is a standard Gaussian random variable with pu € R, and a € (0,1). The introduced random
variable g is artificial and our final goal is to study the model at y = 0. In this section, the symbol E
denotes the expectation over all random variables J, g. and E, denotes that over only g. In this section,
we regard the following functions for the Hamiltonian (L8]

Zn(B AT, pg) = Tre—BHN(57J)-i-,@(]\U\-i-l\f“;w)hzv(S)7 (17)
and ]
T/JN(@)\,J,HQ) = NlOgZN(ﬂ,A,J,,UJg), (18)
as functions of (8, \,J, ng) The expectation of 1y is
For an arbitrary function f, of spin operators. the Gibbs expectation of f is
1 «
S - Trf(S)e PHNSI)FBNAEN T ug)hn (S) 20
<f( )>)\;Hg ZN(/B,A,J,IU/Q) f( )6 ( )

Here, we introduce a fictitious time ¢ € [0,1] and define a time evolution of operators with the
Hamiltonian. Let O be an arbitrary self-adjoint operator, and we define an operator valued function O(t)
of t € [0,1] by

O(t) == e et (21)
Furthermore, we define the Duhamel product of time independent operators Oy, O3, --- , Ok by
(01,02, , Ok) g 1:/ Lty dt(T[O1(t81)O2(t2) -+~ Ok (te) ) ang, (22)
[0,1]
where the symbol T is a multilinear mapping of the chronological ordering. If we define a partition
function with arbitrary self adjoint operators Oq, - -- , O and real numbers x1,--- , g
k
Z(wy,-- ap) =TrexpB |—H + Y _2;0i|, (23)
i=1
the Duhamel product of k operators represents the k-th order derivative of the partition function [3] [8],22]
1 okz
k
O1,---,0 ==\ 24
ﬂ ( 1 ) k))\,,ug 7 8$1 . '6(Ek ( )
Furthermore, a truncated Duhamel product is defined by
k
k
O1;---;0 =——logZ. 25
BE(O13-++  Ok) g 010z, 8 (25)

The following lemma can be shown in the standard convexity argument to obtain the Ghirlanda-
Guerra identities [II, 4} [7, [I5] [T6], 20} 24] in classical and quantum disordered systems. The proof can be
done on the basis of of convexity of functions ¥, pn, p and their almost everywhere differentiability and
Assumptions 1 and 2.



Lemma 2.1 For almost all A € R, the infinite volume limit
(26)

FRBA0) = lim FE(hy(S))as

exists and the following variance vanishes
lim [E(hn(S))3,0 — (E(hn(S))r0)°] =0,

N oo

for each B € (0,00).
Proof. In this proof, regard py(A) p(A) and ¥ (X) as functions of A for lighter notation. Define the

following functions
wn(e) = R (A +0) = pa(r+ O] + [ (A — ) — (A= )] + [on () — o (V)]
en(e) = %HPN()‘ +€) —=pA+ 6|+ [pn(A =€) = p(A =€) + [pn (A) = p(V)]], (28)
for € > 0. Assumption 1 and Assumption 2 on 9 give
Jim Ewy (€) = 0, Jim_en(e) =0, (29)
for any € > 0. Since ¥y, py and p are convex functions of A, we have
0 0 1 0
PN ()= 23y < Lo+ ) — o (V)] - 2 (30)
< SN+ v+ )+ py (A4 )~ py(N) + pa (V) — U (V)
0,
“p(A+ )+ PN+ ) + () — pN] — T (V) (31)
1
Z[WN()\ +e€) =pnA+ )|+ [pn(A) =N (V)] + [pn (A +€) = p(A + €
1 0
o () = p)] + A+ ) = pN] — 2 (V) (32)
0
< ww(e) +en(e) + Fr(A+e) = 500N, (33)
As in the same calculation, we have
0 0 1 0
DN () = 22(3) 2 ~[uw(Y) — (A — ) — 2 () (31)
6 0
> —un(e) = en(e) + Fr (A =€) = 5o (M. (35)
Then,
0 0 0 0
B[ 2% () — 20| < Buw(e) +en(d) + LA+~ P (r—e). (36)
Convergence of py in the infinite volume limit implies
0 0, 0
S| < S+ - (A -, (37)

s Elpnsino - 2
The right hand side vanishes, since the convex functionp(A) is continuously differentiable almost every-

where and € > 0 is arbitrary. Therefore
lim E[3(hx ()0~ 2(N)| =0 (38)
N Soo N A0 oA e

for almost all A. Jensen’s inequality gives
: op
Jim_ BB (S))xo — 57 (V)] =0. (39)



This implies the first equality (26]). Since the p()) is continuously differentiable almost everywhere in R,
these equalities imply also

J\}i}(nooEKhN(S»A,O — E{hn(S))r0l = 0. (40)
The bound on hy(S) concludes the following limit
A}i/moo E((hn (S))x0 — E(hn(8))r0)* < 2Ch A}gﬂoo E[{(hn(S))x0 — E(hn (S))a,0l = 0. (41)
This completes the proof. [J

Note that Lemma 2] guarantees the existence of the following infinite volume limit for almost all
AeR

Nim E(hn(S))30 = (]Vli/r{loo E(hn (S))x0)? (42)

Lemma 2.2 Let f(S) be a function of spin operators which is self-adjoint and bounded by a constant Cy
independent of N

IF (S < C. (43)

For any (B8, A\, 1) € [0,00) x R2, any positive integer N and k, arbitrarily fived J, an upper bound on the
following k-th order derivative is given by

ak

Eo g

F(8))ag| < VRICs ||~ NFO=), (44)
where B, denotes the expectation only over the standard Gaussian random variable g.

Proof. Let g,¢" be i.i.d. standard Gaussian random variables and define a function with a parameter

u € [0,1]
G(u) :=Vug+V1—ug' (45)

Define a generating function x of the parameter u € [0,1] for f by

Xf(u) = IEg [E;<f(s)>)\,uG(u)]27 (46)

where E| is expectation over only g’ and E, is expectation over only random variables g and g'. This
generating function x s is a generalization of a function introduced by Chatterjee [3]. First we prove the
following formula

def 2(a—1)k , 2k 9" 2

() = NN (B 2o (S e (47)
The following inductivity for a positive integer k proves this formula.

For k£ =1, the first derivative of x is

/

Xp(u) = NaﬂﬂEgE;<f(s)>>\,uG(u)E;(%_\/ig_—u)(f(s);hN(S)))\,uG(u)
1 0, ,
= Ny [ 5 B (8D iy (F(8): (S asctw
B (8)) By s (9 (S ) (49)
= NGB} (£(S): hv(S)r e ) (49)
_ Nz<a_1>uz]Eg[E;%U(smw(u)r, (50)

where integration by parts over g and ¢’ has been used. If the validity of the formula (1) is assumed for
an arbitrary positive integer k, then (@) for k + 1 can be proved using integration by parts. The formula
([@7) shows that k-th derivative of xr(u) is positive semi-definite for any k, then it is a monotonically
increasing function of u. From Taylor’s theorem, there exists v € (0,u) such that

k—1

n k
U n u k
X)) = D7 =X 0) + o (). (51)



Each term in this series is bounded from the above by

Xr(1) = Eg(£(S))3 g < I < CF. (52)

The definition of G(u) and the formula (@) give

. ak 9 o ak 2
N2k 2R R ONk (F(S)rng = NAOTURE, E;WU(S»/\’MG(O)
k
- %(o) < klxs(1) < kIC3. (53)

This completes the proof. O

Lemma 2.3 The infinite volume limit
exists for each (v, B, A, 1) € (0,1) x (0,00) x R, and p(B, \, 1) = p(B, \,0).

Proof. Integration of the derivative function of py over the interval (0, x) and integration by parts with
respect to g give

(B — w3 A0 = | [ o500 )
PN s Ay PN 5 N\ - 0 IaxpN » AT
"
= / deNailﬂgmN(S»)\,Ig (56)
0
= /#d:CIENM*lB%(hN(S);hN(S))A,wg (57)
0
= /#d;va2a_2B%E<hN(S)>/\,w (58)
0
& 0
< N2 [ dolal Bt () (59)
"
< N4 / dr| = N7 50l (60)
0

We have used Lemma The right hand side vanishes in the infinite volume limit can be taken for
a < 1, and this completes the proof. O

Lemma 2.3 and Assumption 1 guarantee the existence of p(5, A, u) for each (8, A\, u) € (0,00) x R.
Next, we prove an identity between expectation values of an arbitrary bounded operator for y # 0 and
i =0 in a method similar to that used in Ref [17].

Lemma 2.4 Let [ be a bounded function of spin operators whose infinite volume limit

am E(f(S))ro (61)

exists at = 0. Then the infinite volume limit at p # 0 exists for « < 1 and for almost all A € R, and

Jim E(/(S))au = Jim E(/(S))ro. (62)

Proof. Integration of the derivative function over the interval (0, u) for an arbitrary p € R gives

B~ EUS)ao = [ dog By (63)

_/O#d:rIENO‘ﬂg(f(S);hN(S))A,mg (64)

:/O#deEN2O‘ﬂ2:C(f(S);hN(S)§hN(S))A,wg (65)
i 2

= [ dmoN DSB8 (66)



Integration over an arbitrary interval of A and Lemma imply

JRCCTCTE N (67
=| [ danNHe D [ LBy — 5B S (63)
<| [ datal 0 | LB S| + [ B S (69)
< 2N“_1’/H daCy| = 2N°1Cyll. (70)

0

The right hand side vanishes in the infinite volume limit for & < 1. Since the integration interval (a, ) is
arbitrary, the integrand in the left hand side vanishes for almost all A in the infinite volume limit. This
completes the proof. [J

Lemma 2.5 The infinit volume limit of the following function

Jim B (S)) g ()
exists for a < 1 for almost all A € R, and it is identical to that at =0
Jim B ($)3 5 = Jim Elh(8)3 0 (72)
Proof. Integration of the derivative function over the interval (0, ) for an arbitrary pu € R gives
2 2 ) 2
E<hN(S)>)\,ug - E<hN(S)>)\,O = 0 dw%E<hN(S)>>\,wq (73)
m
=2 [ daN® By (S)i o (8) g (v (S (74)
0
w 0
=2 [ BN B (8): v (S)) o (8)) . (75)
0
" 0
=26 [ daa N S (8):hav(S)) e iy (8)) . (76)
0
Integration over an arbitrary interval of A and Lemma imply
b
| [ OB (93,1~ BU(9)3.0] (1)
n
= 25/ drz N2~ [E(hN(S); A (S))b,2g (N (S))b,ag
0
—E(hn(S); hN(S))a,wg<hN(S)>a,wg} (78)
m
<24 / a2 N2 [E| (v (S); hov (S) gl {1 (8))o.
E| (0 (8): A (S) )l (13 (8) g (79)
m
< wch\ / da|z|N?*~ [E(hN<S>; h (8))b.wg + E(hn (S); hN<S)>a,mg] (80)
0
— 20,1‘/” dz|z|N2(@~D [ﬁm}m(sm + ﬁth(s» H (81)
0 Ob w9 da g
"
< 4N°H’/ dxc,‘j" — 4ANLO2| . (82)
0

The right hand side vanishes in the infinite volume limit for ov < 1. Since the integration interval (a, b) is
arbitrary, the integrand in the left hand side vanishes for almost all A in the infinite volume limit. This
completes the proof. [J



Now, we prove Theorem [[LTl Lemma [2.2] indicates that the artificial random perturbation suppresses
the variance of the corresponding perturbation operator even in the weak coupling and it vanishes in the
infinite volume limit. Lemmas 2.4 and imply that the variance at u = 0 is identical to that at p # 0
for almost all non-random perturbation A in the infinite volume limit. Assumption 3 is necessary to prove
Theorem [[.1] for quantum systems.

Proof of Theorem [I]

Lemma 22 for f(S) = hn(S) and k =1 yields

C

N (83)
Blul

for an arbitrary A € R and g # 0. Harris’ inequality of the Bogolyubov type between the Duhamel
product and the Gibbs expectation of the square of arbitrary self-adjoint operator O [14]

(0,0),\#g < <02>>\7u9 < (0,0),\#g + %([O, [H, O]D)\,ugv (84)

E(hN(S)§ hN(S))/\MJ <

and Assumption 3 enable us to obtain
]\}i/moo E<hN(S)2>>\7ug = A}g‘noo E(hn(S), hN(S))A,ug' (85)
This and the bound (&3]) for u # 0 imply
A}i}‘noo E[<hN(S)2>>\7ug - <hN(S)>§,ug] = A}g‘noo E(hn(S); An(S))aug =0 (86)

This is true also for 4 = 0 by Lemma 24l and Lemma with by a uniform bound on h%

i E{((S)%)30 — (o (8)3.0] = 0. (s7)
This and Lemma 2.T] give
]Vli/r{loo[E<hN(S)2>A,o — (E(hn(8))2,0)%] = 0. (88)

This completes the proof of Theorem [T} O

3 Applications to several models

3.1 Random energy model

Random energy model is a well known simple model where replica symmetry breaking appears. This

model contains only (57);ev, with spin S = 1. In the definition of the unperturbed Hamiltonian (),

Cy := P(Vn) and the function ¢ is defined by

p(Sx) =[] b2s:1 [ 02851 (89)

ieX jeXxe

The possible state in H is represented in a spin configuration o = (0;)icvy € S := {1, —1}V¥, which
is a sequence of eigenvalues of the operators (257);cv,. The function ¢ defines a natural bijection
P(Vn) — X, such that 257 =1 for i € X and 257 = —1 for ¢ € X°. We identify a subset X and the
corresponding spin configuration o with this bijection. Let us represent the Hamiltonian in terms of spin
configurations. Let (Jx)xecy be i.i.d. standard Gaussian random variables in the Hamiltonian (B]), and
identify them to J = (J,)sesx - The Hamiltonian defines a partition function

Zn(B,3) = Y exp(—BHn(0)), (90)

oEXN

where the unperturbed Hamiltonian on Vi can be written in

Hy(0) :== —V/NJ,. (91)



Consider a n-replicated random energy model whose state is given by n spin configurations (¢, --- ,0") €
Y% . The Hamiltonian of this model is given by

Hy (o', ,0") = Hy(o%). (92)

Here we attach index V to the Hamiltonian on Vi for later convenience. This Hamiltonian is invariant
under a permutation s

HN,H(US(l)v"' 70,5(77.)) :HN(Ulv"' 70,71)7 (93)
where s: {1,2,--- ,n} = {1,2,--- ,n} is an arbitrary bijection. This symmetry is replica symmetry. To
study the spontaneous replica symmetry breaking, consider the following symmetry breaking perturbation

hn(ot, o) = H Oo1 o2 (94)
i€EVN

This order parameter becomes finite if and only if two replicated spin configurations ¢! and o2 are
identical (0} )icvy = (02)icvy, otherwise it vanishes. Note the upper bound for this operator

Ihn (ot o®)] < 1. (95)
The partition function is defined by
Znn(BANT) = > exp[-BHnn(o", -+, 0") + BNy (0", 07)]. (96)
Dfine .
Una(BAT) 1= 5108 Zn (B ), (97)
and
pN,n(ﬂv )\) = EwN,n (ﬂa A)v (98)
whose infinite volume limit is
Pu(B) = lim_ pva(B,N). (99)

Guerra obtains the following explicit form [10]

pn(ﬂa A) = HlaX{npl(ﬂ, O)a p1(2ﬂv 0) + ﬂ)‘ + (n - 2)pl(ﬂa 0)}7 (100)
where

_{ ByTEZ (B> vIToEY)

This shows Assumption 1.

Assumption 2 is proved in the following lemma.

Lemma 3.1 The variance of Yn »(8, \, J) vanishes in the model defined by (T7) for any positive integers
N and for any (8,)) € (0,00) x R

Proof. Let (Jya)sesy.a=1,n (Joa)oenn,a=1,- nbe 1.i.d. standard Gaussian random variables. Define
J(u) = (Joa(u))seesy of u € [0,1] by

Too (u) := Vudga + V1 —ud., (102)
for each spin configuration o € ¥y and a = 1,2. Define a function y(u) by

Y(w) = E[E YN (8, T ()], (103)



where E E’ denote the expectation over J and J’ respectively. Its derivative is evaluated as

e / Jpa  Jga \ePHNAG o)
N EE YN (B, A T (u))E az‘;gl ..Zg;ez (\/ﬂ \/m> Zn (B A, T ()

1 ye PN (" 0™
-, T [ 0m G

v (u) =

]E/ )\ j ]E/ 1 3 eiﬁHN’"(Ulv"'agn) 104
- wN,n(Bv ) (u)) \/m@!]é’a ZN,n(Bu )\,j(u))} ( )
3 / e BHN (0} 0") = BHN (7"
=—E E'épa b E (105)
N Ul)...)an7;,,7T7leZN 1§§Sn 7 ZNv"(B7)\7‘7(u)) ZNJl(ﬁ?)\?j(u))
2,2
<P - (106)
for any u € [0,1]. Then the variance of ¥ n (5, A) is
) ) 1 ﬁ2n2
0

for any positive integers N and for any (5, ) € (0,00) x R. O

Assumption 3 is satisfied trivially, since the Hamiltonian of this model commutes with hy. The
following corollary for the perturbed random energy model is obtained from Theorem [Tl

Corollary 3.2 In the n replicated random energy model perturbed by the Hamiltonian (94) in the infinite
volume limit, for almost all A € R, the expectation of the perturbing operator takes the value

J\}i/r(nooE<hN(ol,02)>,\ =0orl. (108)
Proof. Note the relation
hn(ot,0?)? = hy(ot, 0?). (109)
Then, Theorem [Tl implies
J\}i}nooE<hN(Ul, V(1 = E(hy(ct,0?))s) = 0. (110)

Therefore, lim E(hy(o",0%))x takes the value either 0 orl. [J
n—r oo

Note that this corollary is also true for an arbitrary projection operator satisfying h3%, = hy in other
models.

It is well known that the observation of 11{‘% J\}g‘n E(hy(c',0?))x = 1 implies the spontaneous replica
o0
symmetry breaking. The replica symmetry breaking is also detect by the replica symmetric Gibbs state.

If the replica symmetric calculation shows

. 1 2
0< A}gﬂ@]E(hN(a ,0°))o <1, (111)

then this implies the finite variance
lim [E(hn(ct,02)%)0 — (E{(hn (o, 0%))0)?] >0 (112)

N oo

which gives an instability of the replica symmetric Gibbs state due to the large fluctuation. At the same
time, this implies the non-commutativity of limiting procedure
lim lim E(h lim lim E(hn (o', 02))n. 113
Jim lim (hn (o, Um#f%z&n@o (hn(o",0%))x (113)
This is a typical phenomenon in spontaneous symmetry breaking.
Here, we point out an agreement between Corollary [3.2] and Guerra’s result [I0]. Guerra has studied

the replica symmetry breaking in the random energy model as a spontaneous symmetry breaking phe-
nomenon. For § < 8. = 1/2log?2 and for a sufficiently small A, p,,(8, A) = p,(8,0), then Guerra’s formula

(I00) gives

lim lim E(hyn(c',0%))x = L 9pn

A0 N oo T B oA =0 (114)

10



For B > . becomes

nBylog2+ A (A >0)

which implies

. . . 1op

12y _ 10Pn _

Jim lim Ehy (o7, 07))x = lim, 5o (B,A) =1, (116)
and

lim Tim E(hy (o), 0%)s = lim = 222(3,3) = 0 (117)

AJON Joo VAT AT 08 N '

Corollary B2 agrees with these results. The non-differentiability of p, (8, A) at A = 0 is pointed out also

by Mukaida [?]. On the other hand, Guerra’s replica symmetric calculation of the order parameter shows
lim lim E(hx(ot,0%))y = lim E(hn(ot,0%))o=1— Pe < 1. (118)

N Moo A—0 N /oo B

These show the non-commutativity of two limiting procedures. Since the finite variance of hy shows

the instability of the replica symmetric Gibbs state, it is not realistic and the replica symmetry breaking

Gibbs state with the vanishing variance should be realized. In this case, the identity (18] implies that

two replicated spin configurations o'and o2 are identical.

3.2 Quantum Heisenberg model without disorder

Here we study spontaneous symmetry breaking of SU(2) invariance in the antiferromagnetic quantum
Heisenberg model without disorder. Let Vi be a hyper cubic lattice Vy := [1, L] N Z¢ and bipartite,
namely there exist two subsets A and B of Vy such that Vy = AUB and AN B = ¢. The model
Hamiltonian is defined by

HN(S) = Z Z JLJSlpSf, (119)

i€A,jEB p=z,y,z

where J; ; > 0 is short-ranged and translationally invariant, i.e. there exists ¢ > 1 such that J; ; = 0 for
any |i — j| > ¢, and Jity j+0 = J;; for any i, j,v € V. Consider an antiferromagnetic order operator as

a perturbation operator
1 z z
h(S) ;:N(Zsi —Zsj). (120)
icA jeB

This operator is bounded by ||hx(S)|| < S. Define a perturbed Hamiltonian by
H := Hn(S) — NAhn(S). (121)

In this model, Assumption 1 is proved in a standard method to show the sequence py (8, A) for positive
integers N becomes Cauchy for any (3, A) € (0,00) x R. Assumption 2 is trivial for the model without
disorder and Assumption 3 is obvious for short-range interactions.

Theorem [T] J\}i/r(noo[<hN(S)2>/\ — (hn(S))3] = 0 and SU(2) invariance (hy(S))o = 0 yield the following

corollary.

Corollary 3.3 If the SU(2) invariant Gibbs state of the antiferromagnetic quantum Heisenberg model
has a long-range order

Nli}noo<hN(S)2>o # 0, (122)
then we have
lim L [y (8)%) — (h(8))3) # lim_lim[(hv(8)%)x — (b ())3). (123)

The right hand side is non-zero, since the long-range order of the Gibbs state and its SU(2) invariance
recovered by taking the limit A — 0 first. On the other hand, Theorem [I.T] states that the left hand
side vanishes. The non-commutativity of limiting procedures in Corollary claims the spontaneous
SU(2) symmetry breaking, when a long-range order exists. Koma and Tasaki have shown that the long-
range order ( equivalent to a finite variance of order operator ) in the symmetric Gibbs state implies the
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spontaneous symmetry breaking in the quantum Heisenberg model with short-range antiferromagnetic
interactions [I8]. They have proved

: 5 -
A}gﬂm@N(S) Jo < ;1{‘% A}gﬂmmN(S»/\- (124)

For ferromagnetic case, the corresponding inequality was proved by Griffiths [9]. Even though the sym-
metric Gibbs state with the long-range order is unstable and unrealistic, it is mathematically well defined
and can detect the symmetry breaking in the evaluation result of the finite variance of order operator.
Recently, Tasaki has shown that the variance of order operator vanishes in the symmetry breaking ground
state in the infinite volume limit [25]. Theorem [Tl for quantum spin systems is consistent with his result.

3.3 Quantum Edwards-Anderson model

It is quite interesting whether or not, a replica symmetry breaking occurs in short-range disordered spin
systems as in the Sherrington-Kirkpatrick model described by the Parisi formula [21] 23] 24]. Here, we
discuss a replica symmetry breaking as a spontaneous symmetry breaking phenomenon in the quantum
Edwards-Anderson model [6].

Let (S7)jevy p=x,y,» be spin operators on a d-dimensional hyper cubic lattice Vi := [1, L)¢NZ%, where
N = |Vn| = L% Let A be a bounded subset of Vi, such that |A| < C, where C is a positive constant
independent of N. Define a collection of interaction ranges by

Oy ={X|X=A+vCVy,veVyh (125)
Define
Sko=T] ¢ (126)
jex

for X € Cy and for p = z,y, 2. The Hamiltonian has disordered short-range interaction

Hy(8,3):=— > > JxK"S%, (127)

XeCn p=z,y,z

where (Jx)xecy are i.i.d standard Gaussian random variables and positive constants (K?)p—z ... The
interaction is short-ranged and translationally invariant, where |Cy| < |A|N. Consider a n-replicated
model with spin operators (Sf’l, o+, 89™) jevn p=z,y,- and define a replica symmetric Hamiltonian

n

> Hy(s%,3). (128)

a=1
Define a spin overlap as a perturbing operator
1
1 2\ . z,1 oz,2
hn(S',8%) =+ _Z S2lg?, (129)
A%

which breaks the replica symmetry. Note the following bound

[hn (ST, 8%)] < 5% (130)
Consider the model defined by
Hyn(S',--+,8",J):= > Hy(S8*J) — NAhy(S',S?). (131)
a=1

To consider replica symmetry breaking, we attach the index n to several functions in this subsection as
in Subsection 3.1. In this model, Assumption 1 is proved in a standard method to show the sequence
PN (B, A, 0) for positive integers N becomes Cauchy for any (8, ,0) € (0,00) x R as in the previous
model. Assumption 3 is obvious for short-range interactions. Assumption 2 is proved in the following
lemma.

Lemma 3.4 The variance of Yn..(8,\,J) defined by the Hamiltonian ([I31) vanishes in the infinite vol-
ume limit for each (B, \) € (0,00) x R.

12



Proof. To prove this, we employ the generating function y(u). Let J' := (J%)xecy be ii.d. standard
Gaussian random variables, and define

T (u) == vVuI +v1—ul (132)
with w € [0.1]. Define a generating function
Y(u) = E[E/"/}Nﬂl(ﬁv A, j(u))]zv (133)

where E’ stands for the expectation over only J’. Its derivative in u is evaluated in the integration by
parts

’ _ ! J}( 8¢N,n
7'(w) = EEYna(8,\JT(u X;NE( N m) o (134)
_ i_ / a"/]N,n
- X;NE[IW B (8.0, 7 (1) 5 2 (135)
/ ’ 1 0 81/)N,n
_ /61/1N,n 2
= X;NE[E Tk } (137)
2 n 5
= % >OE(E Y Y KM(SE) (138)
XeCn p=x,y,za=1
|4
- BQIAIZ:S2 (Y KR (139)
p=z,y,

where we denote

(S, 8™ = !

ZNJl(ﬁv )‘7 j(u))

for the Gibbs expectation of an arbitrary function f of spin operators. The variance of ¥ is given by

TI‘[f(Sl7 - ,S")efﬁHN,n(Sl,--- ,S”,J(u))]

3

1 2| AIn2S2IAl
Bt (B N)? — pivn(B, )2 /0 dury () < THAETT 5 gy, (140)

N
p=z,y,2

Then the variance of ¥ (5, A) vanishes in the infinite volume limit for arbitrary (5, A) € (0,00) x R. O

Chatterjee’s definition of replica symmetry breaking [2] is the following finite variance of spin overlap
in the replica symmetric Gibbs state with A =pu =0

A}i/m E((hn (S, S?) — E(hn(S',S%))0)?)o > 0. (141)
Theorem [I.1] gives
1 Q2 @2y, )2y,
lim Tim B((hy (', %) — Bl (S',8%)1)2) =0, (142)

then this yields the following corollary.

Corollary 3.5 If the replica symmetry breaking defined by Chatterjee occurs in the model defined by the
Hamiltonian [I28), the following limiting procedures do not commute

Jim_ lim EB((uy (', 5%) — E(ha (S, 8?3 # lim lim B((hy (S',5%) — E(hn (S, 8H))%. (143

Ref. [I7] indicates that the variance of the order operator (I29) vanishes by the disordered replica
symmetry breaking perturbation

S (vgi + NS 572, (144)
icVy
with Gaussian random variables g; and constants (\,v) € R. Even for v = 0, however, Theorem [Tl
implies that the variance of the order operator (I29) vanishes for almost all A € R.
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