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Abstract

We study effects of perturbation Hamiltonian to quantum spin systems which can include quenched
disorder. Model-independent inequalities are derived, using an additional artificial disordered per-
turbation. These inequalities enable us to prove that the variance of the perturbation Hamiltonian
density vanishes in the infinite volume limit even if the artificial perturbation is switched off. This
theorem is applied to spontaneous symmetry breaking phenomena in a disordered classical spin model,
a quantum spin model without disorder and a disordered quantum spin model.

1 Introduction

We study quantum spin systems on a finite set Vy := [1, N]NZ. A spin operator Sf (p==x,y,2) at a
site j € Viy on a Hilbert space H := &) jevy Ty s defined by a tensor product of the spin matrix acting
on H; ~ C**! and unities, where S is an arbitrary fixed half integer. These operators are self-adjoint
and satisfies the commutation relations

(S, Skl =i0;xS5,  [S],Si] =i6; kS5, [S],5K] = id;kS],
and the spin at each site ¢ € Viy has a fixed magnitude

> (88 =S(S+ 1L

a=x,y,z

Let us consider an unperturbed Hamiltonian Hy (S), which can include also a sequence of i.i.d. random
variables J = (Jx)xcvy as quenched disorder. One can assume a symmetry of the Hamiltonian Hy (S),
if one is interested in symmetry breaking phenomena. To detect a spontaneous symmetry breaking, long-
range order of order operator hy (S) is utilized in the symmetric Gibbs state. Although the symmetric
Gibbs state with long-range order is mathematically well defined, such state is unstable due to strong
fluctuation and it cannot be realized. On the other hand, it is believed that a perturbed Gibbs state with
infinitesimal symmetry breaking Hamiltonian is stable and realistic. Consider a perturbed Hamiltonian
as a function of spin operators S = (S7)jevy p=zy,2

H := Hy(S,3) — NAhy(S), (1)

where hy (S) is a bounded operator and A € R. To study spontaneous symmetry breaking, one can regard
hy (S) as an order operator which breaks the symmetry. Assume an upper bound on the operator hy (S)

[Py (S)II < Ch, (2)

where the operator norm is defined by [|O|| := sup,ey (¢, O)| for an arbitrary linear operator O on H
and C}, is a constant independent of the system size N. For instance, hy is a spin density

hy (S) :% 3 s

JEVN

In the present paper, to evaluate correlations of order operators in their perturbing models, we consider
an extra perturbation Hamiltonian with a quenched disorder. Let us consider the following perturbed

Hamiltonian
H = Hy(S,3) — (NA+ N*ug)hy (S). (3)
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where ¢ is a standard Gaussian random variable and g € R is a coupling constant. We choose an
exponent a > 0 to take the infinite volume limit after evaluations of physical quantities depending on
the unperturbed Hamiltonian Hy . The introduced random variable g is artificial and our final goal is to
study the model at ¢ = 0. The symbol [E denotes the expectation over all random variables J, g.

Define Gibbs state with the Hamiltonian ({l). For 8 > 0, the partition function is defined by

Zn (B, A, pg) = Tre” 1 (4)

where the trace is taken over the Hilbert space H. Let f be an arbitrary function of spin operators. The
expectation of f in the Gibbs state is given by

IR DO

Define the following function from the partition function

1
1/}N(ﬂ7)\a:ug) = N 1OgZN(ﬂa A,/Lg),

and its expectation
P (B, A, ) == Bapn (B, A, pg).
The function —%z/w is called free energy of the sample in statistical physics.

Here, we introduce a fictitious time ¢ € [0,1] and define a time evolution of operators with the
Hamiltonian. Let O be an arbitrary self-adjoint operator, and we define an operator valued function O(t)
of t € [0,1] by

O(t) := e H e, (6)

Furthermore, we define the Duhamel expectation of time dependent operators O1(t1),- -, Ok(tx) by

(01,02, ,Or)x g 2=/ dty -+ - dti(T[O1(t1)O2(t2) - - - Ok (tr)]) x g
[0,1]*

where the symbol T is a multilinear mapping of the chronological ordering. If we define a partition

function with arbitrary self adjoint operators Oy, - -- , O and real numbers x1,--- , g
k
Z(x1,-- ,x5) :=Trexpf | —-H + inOi )

i=1

the Duhamel function of k operators represents the k-th order derivative of the partition function [5l [8], 23]
1 oz

k
O1,--+,0 ==\
B(O1,- -, Ok)a,ug Z 9. 0z

Furthermore, a truncated Duhamel function is defined by
BE(Or;- ;O pg = 7k10gz-
o Ox1 -+ Oxy,
In the present paper, we prove the following main theorem for an arbitrary spin model with a Hamiltonian
defined by @) at = 0.

Theorem 1.1 Consider a quantum spin model defined by the Hamiltonian (J) at u = 0. The expectation
of the perturbation operator

J\}g{nooEmv(S)%\,o,

exists in the infinite volume limit for almost all A and its variance in the Gibbs state and the distribution
of disorder vanishes

Jim E((hy(S) ~ E(hv(S))2,0)*)r0 = 0, (7)

in the infinite volume limit for almost all A € R.
Theorem [Tl implies also the existence of the following infinite volume limit for almost all A € R

Jim By (8)*)n0 = (Jim E(hy (S))x0)*

The perturbation operator hy is self-averaging in the perturbed model. We apply Theorem [I.1] to
spontaneous symmetry breaking phenomena in several examples.



2 Proof

First, we assume some properties of the perturbed model defined by the Hamiltonian ().
Assumption 1 The infinite volume limit of the function py

P(8.A.0) = lim pr(8,).0).
exists for each (8, ) € (0,00) x R.
Assumption 2 The variance of ¥ vanishes at =0 in the infinite volume limit
. o 2 _

for each (B,A) € (0,00) x R

Assumption 3 The following commutation relation of the perturbation operator hy and the Hamiltonian
vanishes in the infinite volume limit

Jim_ by (). [H. by (S)]] = 0.

The following lemma can be shown in the standard convexity argument to obtain the Ghirlanda-
Guerra identities [T}, 4} [7, [16, 17, 21} 25] in classical and quantum disordered systems. The proof can be
done on the basis of of convexity of functions ¥, py, p and their almost everywhere differentiability.

Lemma 2.1 For almost all A € R, the infinite volume limit

Ip :
5(67 A, 0) = ng(nooE<hV(S)>>\,0 (8)
exists and the following variance vanishes
i [E(hy (8))30 — (E(hy (S))r.0)%] = 0. (9)

Proof. Regard pn () p(A) and ¢ (A) as functions of A for lighter notation. Define the following functions

wn(e) = —[YnA+€) —pnA+ e+ [Un(A =€) —pn(A =)+ [¢Yn(A) —pv(A)]]

L
€
1
en(e) = —llpn(A+e) =pA+e)l+Ipnv(A =€) =p(A =€)+ |pn(}) —p(I],
for € > 0. Assumption 1 and Assumption 2 on 9 give

lim E =0 li =0 10
Ng‘noo WN (6) ) Ng‘noo eN (6) ) ( )
for any € > 0. Since ¥y, py and p are convex functions of A, we have

D% (3 = 223y < Liw(r ) — (0] - 2
< %WN()\ +e€) —pn(A+€) +pn(A+¢€) —pn(A) +pn(A) — ¥n(A)

CpAt )+ pr+ ) () — pV)] — 22 ()

)
< Lew €~ oA+ )]+ v () — )]+ v (A -+ ) — (3 + o)
Hpw ) = POV + Lp(A +€) — pV] ~ 52 ()
<wn(e) +en(e) + %(A—i— €) — %(A)
As in the same calculation, we have
PN ()= 20y 2 Lo ()~ ewr - 9l - )
> —wn(e) —en(e) + %(/\ —€) — %()\)



Then,
op

OYn p
N £ < £ — =)
E| S () = 55| < Buw(9) +en(6) + 5r(A+6) = 52 (A =€)
Convergence of py in the infinite volume limit implies
. Op dp Op
_r < £ _ 2 _
Jim E[Blhy ($)ao - ZL | < LA+ = (A -0,

0
The right hand side vanishes, since the convex functionp(A) is continuously differentiable almost every-
where and € > 0 is arbitrary. Therefore

. I\
Jim B[y (8))10 — 5 (V)] = 0. (11)
for almost all A. Jensen’s inequality gives
, Ip
Jim_[EB(hy ()0~ 55 (V)] = 0. (12)

This implies the first equality ([8). These equalities imply also
A B[y (8))x0 — Ehy ()0l = 0.
The bound on hy (S) concludes the following limit
i E((hv (S))r0 - E(hy (S))r0)* < 20y, A B[y (8))x0 = Ehy (S))a0 = 0.
This completes the proof. [

Note that Lemma 2] guarantees the existence of the following infinite volume limit for almost all
AeR

: 2 2
i E((8))3 = (Jim Efhy (S))a0)
Lemma 2.2 Let f be a function of spin operators bounded by constant Cy independent of N

IF (S < C.

For any (B, \, 1) € [0,00) x R?, any positive integer N and k, an upper bound on the following k-th order
deriative is given by

8k
ANk
Proof. Let g,g" be i.i.d. standard Gaussian random variables and define a function with a parameter

u € [0,1]
G(u) == Vug + V1 —ug'.
Define a generating function y s of the parameter u € [0,1] for f by

Xf(u) :=EE (f(S)rucw)’ (14)

where E’ is expectation over only ¢’ and E is expectation over all random variables. This generating
function x is a generalization of a function introduced by Chatterjee [3]. First we prove the following
formula

B (F(S)) g | < VAIC b NFI-2), (13)

d* s o o 2
() = N2OTINE R S (S)) )| (15)

The following inductivity for a positive integer k proves this formula.
For k =1, the first derivative of ¢ is

Xplu) = NaﬁNEE/<f(S)>A,uG(u)E/(%_\/ig_—u
0
= N“ﬁuE[% a_gE/<f(S>>)\,uG(u)El(f(s); hy (S))xuc(w)
0
—]E/<f(s)>,\,uc(u)E/\/1%—ua—g,
2

= NzaﬂQﬂQE[E/(f(s);hv(s))x,ua(u)]Q:NQ(Q*DHQ]E[E/%U(S)M,MG(U) ,

YIS (S e

(f(S); hV(S)))\,uG(u)}



where integration by parts over g and ¢’ has been used. If the validity of the formula (T is assumed for
an arbitrary positive integer k, then (IH) for &+ 1 can be proved using integration by parts. The formula
(IE) shows that k-th derivative of x(u) is positive semi-definite for any k, then it is a monotonically
increasing function of u. From Taylor’s theorem, there exists v € (0,u) such that

k=1,

k
U n u k
xr() =3 x5 (0) + o (o).
n=0 ’

Each term in this series is bounded from the above by

xs(1) = E(f(S)3 .y < IIFI* < CF.
Jensen’s inequality gives

- ak 9 o ak 2

N2(a=Dk 2k {Ea)\k <f(S)>)\”uG(u)} < N2a-Dk zkE{E’w\k <f(S)>A,#G(u)}
d*
—ka(o) < klxy(1) < KIC.

This completes the proof. O

Lemma 2.3 The function p(B, A\, p) is continuous at u = 0 for arbitrary (B8,\) € (0,00) x R and for
a <1, namely

lim p(B, A, 1) = p(B; A, 0).
n—0

Proof. Integration of the derivative function of py over the interval (0, u) gives
L9 1 ot
px(B0m) = py(B00) = [ o pa(BNz) = [ deEN1Gg(hy ().
0 0

I I
:/ dx]EN2a—1ﬂ2x(hV(S);hV(S))Mg:/ da:a:NQO‘_QB%IE<hV(S)>)\@g
0 0

o
< / dzNo18C, = N*~1uCh.
0

We have used Lemma The infinite volume limit can be taken for o < 1, and we have the continuity
ofpat p=0. 0
Lemma 2.3 and Assumption 1 guarantee the existence of p(3, A, u) for each (8, A\, u) € (0,00) x R.

Lemma 2.4 The variance of (B, A, J, ng) vanishes in the infinite volume limit for « < 1 for each
(B,\, 1) € (0,00) x R2,

Proof. Here, we regard the function ¥y (J,ug) as the ii.d. standard Gaussian random variables
J = (Jx)xcvy and g. Define interpolating function

J ) = VuJ + V1 —u), Gu) :=+Vug+ V1 —ug

and a generating function
V(u, 1) = EE YN (T (), nG(w)))?,

where J' = (J%)xcvy and ¢’ are also i.i.d. standard Gaussian random variables and E’ stands for the
expectation over only J’, and ¢’. Its derivative in u is evaluated as

a%v(u,u) = E]Ew [ Z B T (u 8¢N+NQ E/(\Fg_x/ll——ug/)ag—g}

= u(u,0)+ Nz“ 252u2E(E’<hv>u)2 < Yu(u,0) + N2~V E200 12,

The variance of ¢y is given by

1
Eyn (B, N 119)> — pn (B, A, p1)? = / duryy (u, p) < v(1,0) —(0,0) + N2~DC2 a2y
0

< Eyn(B, A, 0)? — pn (B, A, 0)2 + N2V 2522,



From Assumption 2, the variance of ¥n (8, A, 1) vanishes in the infinite volume limit for o < 1 and for
arbitrary (3, A, p) € (0,00) x R2. O

Lemma [2.4] shows that the perturbed model for u # 0 and o < 1 has a healthy behavior as well as
the original model at u = 0. Next, we prove a continuity of an expectation value of an arbitrary bounded
operator at 4 = 0 in a method similar to that used in Ref [18].

Lemma 2.5 Let f be a bounded function of spin operators, such that
ng‘noo E<f(s)>)\,ug

exists for sufficiently small |u|. Then the following function is continuous at p = 0 in the infinite volume
limit for a <1 for almost all A € R

lim lim E(7(8))rp = lim E(/(S))r0. (16)

Proof. Integration of the derivative function over the interval (0, u) for an arbitrary p € R gives

0

B0~ B0 = [ dog BUS)nay = [ dEN59(£(8):h (S

I I 92

— [ BN e F(S)i i (8) v (8))ng = [ dral¥@ D B ()
0 0

Integration over an arbitrary interval of A and Lemma imply

| [ BN r0 O Nral| = | [ eV [ DB~ 2T

0
< + | 5B (S)as

" Y
/O Ao N2 [| 2 E(7(8))nvo

The right hand side converges in the infinite volume limit for oo < 1. Since the integration interval (a,b)
is arbitrary, the integrand in the left hand side vanishes for almost all A in the limit u — 0 after the
infinite volume limit. This completes the proof. [

"
| < 2N°H‘/ drCy| = 2N°71Cyul.
0

Lemma 2.6 The following function is continuous at p = 0 in the infinite volume limit for o < 1 for
almost all A € R

. . 2 . 2
lim dim E(hy (S))3,9 = A}gnoomhv(s)h,o- (17)

Proof. Integration of the derivative function over the interval (0, ) for an arbitrary pu € R gives

Bl (8)3 15 ~ Bl (SR 00 = [ dog Blhv ()

= 2/0“ dzEN*Bg(hy (S); hv (S)) xaq(hv (S))A.zg
= 2/0” deNaﬁaﬁg(hv(S);hV(S)))\,mg<hV(S)>>\7wg

Yy / " dee N LBy (8): hy ()00 (v (S))
= A T B3N v sy X,zg\NV Azg

Integration over an arbitrary interval of A and Lemma imply

b
/ AAE(hv ()3 ., — E<hv(S)>§,o,o]’

26 [ dme2 3 [Ehy (8)5hv (8)) v (8))zg — By (): v (8))rg (S|

<24 / " a2 [ (8): v () gl (S))n.25] -+ 1y ()b () g |y (8)) |

< 26@‘ /O# dez N2~ []E(hV(S); hv (S))p.ag + E(hy (S); hV(S))a@g}

. 2(a—1) 9 9
= 2G| [ dean (B (b0 + 5y (S)) .z

"
< 4Na—1‘/0 d;vC,%‘ — AN ).



The right hand side converges in the infinite volume limit for o < 1. Since the integration interval (a, b)
is arbitrary, the integrand in the left hand side vanishes for almost all A in the limit © — 0 after the
infinite volume limit. This completes the proof. [J

Proof of Theorem [T
Lemma yields

< Cn
M= Bl

for arbitrary A\, u € R. Harris’ inequality of the Bogolyubov type between the Duhamel function and the
Gibbs expectation of the square of arbitrary self-adjoint operator O [13]

(0,001 < (025 < (0, Oy + 1210, 1H, Ol]r (19)

E(hv (S); hv (S))a N~ (18)

and Assumption 3 enable us to obtain
J\}i/r(nooE<hV(S)2>/\7ug = J\}g(noo E(hV(S)th(S))/\wg'
This for u = 0 and the bound (I8]) imply
i Bl (912200 — v (9)3 g) = Jim Bl (8): v (8)) g = 0,
for pu # 0. This is true also for g = 0 by Lemma 2.5 and Lemma 2.6]
i El{hy (8110 — (v (8)3.0] = 0.
Therefore, this and Lemma 2.1] give

i [E(by (80 — (Bl (8))0)2) = 0. (20)

This completes the proof of Theorem [T} O

3 Applications to several models

3.1 Random energy model

Random energy model is a well known simple model where replica symmetry breaking appears. This
model contains only (S7);cv, with spin S = % The possible state is represented in a spin configuration
o = (0,)icvy € XN = {1,—1}Y~ which is a sequence of eigenvalues of the operators (257);cv,. The

unperturbed Hamiltonian on Vi is defined by
Hy (o) = —VNJ,

where J = (Jy)sexy are id.d. standard Gaussian random variables. The Hamiltonian defines a partition
function

Zn(B,J) ==Y exp(BH(0)). (21)
gEXN
Consider a n-replicated random energy model whose state is given by n spin configurations (o!,---,0") €

Y% . The Hamiltonian of this model is given by

Here we attach index V to the Hamiltonian on Vi for later convenience. This Hamiltonian is invariant
under a permutation s
Hy(o*M ... ¢*™) = Hy(c',-- ,0™),



where s: {1,2,--- ,n} — {1,2,--- ,n} is an arbitrary bijection. This symmetry is replica symmetry. To
study the spontaneous replica symmetry breaking, consider the following symmetry breaking perturbation

hy (o!, %) = H 0ol o2 (22)
ieVN
Note the upper bound for this operator
Ihv (ot o) < 1.

Define the function
Py(B,A) :==Elog > exp[-BH],

ol om
where the Hamiltonian is given by
H:= Hy(o',--- ,0") — NAhy (o', 0?). (23)

The following lemma shows that the model satisfies Assumption 1. It is proved by the square root
interpolation of two models [IT], 12| 25].

Lemma 3.1 In the n replicated random energy model perturbed by the Hamiltonian (23), the sequence
Py (B, A) is sub-additive for each (8,\) € (0,00) X R, namely for arbitrary positive integers L, M
PL+M([35A) < PL(ﬂv)\) +PM(B7)\)

Proof. For positive integers L, M, define N := L+ M and two sets V :=[1,L]NZ and W :=[L+ 1, L+
M]NZ. Note Vy =UUW and UNW = ¢. Decompose the spin configuration o = (7,v) € X into two
parts 7 € X, and v € Xy, and define square root interpolation of the Hamiltonians

H(t) := +tHy(c', - ,0") +V1—tHy(r', -, 7") + V1 - tHwy (0!, - ,0")
tNAhy (o', 0%) — (1 — t) LAy (7, 72) — (1 — ) M Ahy (01, v?)

Define the following function
U(t) :=Elog Z exp —(SH(t)

ol o 7071
and calculate the derivative function using integration by parts with respect to all random variables and
hy = huhw

U'(t) = LAXE(hy (', 7°)(hw (v',0%) = 1))
+  MBXE(hw (v',v*)(hu(t",7%) = 1)) <0,
where (-); denotes the Gibbs expectation defined by the Hamiltonian H (¢). This implies

and thus the sequence Py is sub-additive. [J

Lemma [B1] and Fekete’s sub-additive lemma guarantees the infinite volume limit

Assumption 2 is proved in the following lemma.

Lemma 3.2 The variance of ¥n (8, A, J) vanishes in the model defined by (23) for any positive integers
N and for any (8,\) € (0,00) x R
Proof. The derivative of the function y(u,0) defined in Lemma [2Z4] can be evaluated as

0 B B2
%7(“‘7 O) - Na

for any u € [0,1]. Then the variance of ¥ (8, \) is

1 2
9 B
for any positive integers N and for any (8,A) € (0,00) x R. O

The following corollary for the perturbed random energy model is obtained from Theorem [I.1]



Corollary 3.3 In the n replicated random energy model perturbed by the Hamiltonian (23) in the infinite
volume limit, for almost all A € R and for . = 0 the expectation of the perturbing operator takes the value

: 12 _
A}gﬂ@E(hv(a ,0 ) x0=0or 1.
Proof. Note the relation
hy (o', 0%)? = hy (o', 0?).
Then, Theorem [LI] implies

ng{n E(hy (a*,0%))x0(1 — E(hy(a',0%))r0) = 0.

Therefore, lim E(hy(o!,5?))x0 takes the value either 0 orl. OJ
n—oo

Note that this corollary is also true for an arbitrary projection operator satisfying hf, = hy in other
models.

It is well known that the observation of )1\1{(% ngn E(hy (o', 0%))x0 = 1 implies the spontaneous replica
o0

symmetry breaking. The replica symmetry breaking is also detect by the replica symmetric Gibbs state.
In the replica symmetric calculation, if the replica symmetric calculation shows

: 1 2
0< ngnmmv(a ,0°))o,0 <1,

then this implies the finite variance

Jim [Efhy (07,0700 — (E{hv(0",0%))00)’] > 0

which gives an instability of the replica symmetric Gibbs state due to the large fluctuation. At the same
time, this implies the non-commutativity of limiting procedure

. . 1 2 : : 1 2
A}gﬂooigwhv(ff ;07 ))A0, #;{%ngnmwhv(a ;07 ))Ix0-

This is typical phenomenon in spontaneous symmetry breaking. Guerra has studied the replica symmetry
breaking in the random energy model as a spontaneous symmetry breaking phenomenon [I0]. He has
shown that the function p(5, \) for 8 < 8. = v/21og2 for n = 2 becomes

28yTog2+ A (> 0)
(B, = {w@ (A <0)

and the order parameter is evaluated as

3

lim E(hy(ct,0?)? :1—&<1.
Jim B{hy (0 0%00 =1 -5
The non-differentiability of p at A = 0 is observed as pointed out by Mukaida [15]. Corollary B3 agrees

with these results.

3.2 Quantum Heisenberg model without disorder

Here we study spontaneous symmetry breaking of SU(2) invariance in the antiferromagnetic quantum
Heisenberg model without disorder. Let Vi be a hyper cubic lattice Viy := L4NZ< and bipartite, namely
there exist two subsets A and B of V such that Vy = AU B and AN B = ¢. The model Hamiltonian
is defined by

Hy(S):= > > Ji;SPse, (24)

i€A,jEB p=,y,z

where J; ; > 0 is short-ranged and translationally invariant, i.e. there exists ¢ > 1 such that J; ; = 0 for
any |i — j| > ¢, and Jity j+0 = J;; for any i, j,v € V. Consider an antiferromagnetic order operator as

a perturbation operator
1 z z
hy (S) ;:N(Zsi —Zsj). (25)
i€A jeEB



This operator is bounded by ||y (S)|| < S. Define a perturbed Hamiltonian by
H = Hv(S) - N)\hv(S)

In this model, Assumption 1 is proved in a standard method to show the sequence py (8, \) for positive
integers N becomes Cauchy for any (3, A) € (0,00) x R. Assumption 2 is trivial for the model without
disorder and Assumption 3 is obvious for short-range interactions.

Theorem [ ]\;i/moo[<hV(S)2>>\,0 — (hv(8))30] = 0 and SU(2) invariance (hy(S))o,0 = 0 yield the

following corollary.

Corollary 3.4 If the SU(2) invariant Gibbs state of the antiferromagnetic quantum Heisenberg model
has a long-range order

]\}im <hv(S)2>070 75 0,

oo

then we have

lim, lim (v (S))r0 = (v ($)30) # lim_lim (b (8)*)x0 = (hy () o]

for almost all A € R.

The non-commutativity of limiting procedures in Corollary [3.4] claims the spontaneous SU(2) symme-
try breaking, when a long-range order exists. Koma and Tasaki have shown that the long-range order (
equivalent to a finite variance of order operator ) in the symmetric Gibbs state implies the spontaneous
symmetry breaking in the quantum Heisenberg model with short-range antiferromagnetic interactions
[19]. They have proved

\/ Jim (hy(8)?)o0 < lim lim (A (S))xo-

For ferromagnetic case, the corresponding inequality was proved by Griffiths [9]. Even though the sym-
metric Gibbs state with the long-range order is unstable and unrealistic, it is mathematically well defined
and can detect the symmetry breaking in the evaluation result of the finite variance of order operator.
Recently, Tasaki has shown that the variance of order operator vanishes in the symmetry breaking ground
state in the infinite volume limit [26]. Theorem [[LT] for quantum spin models is consistent with his result.

3.3 Quantum Edwards-Anderson model

It is quite interesting whether or not, a replica symmetry breaking occurs in short-range disordered spin
systems as in the Sherrington-Kirkpatrick model described by the Parisi formula [22] 24] 25]. Here, we
discuss a replica symmetry breaking as a spontaneous symmetry breaking phenomenon in the quantum
Edwards-Anderson model [6].

Let (S7)jeviy p=x,y,» be spin operators on a d-dimensional hyper cubic lattice Vi := [1, L)4NZ%, where
N = |Vn| = L. Let A be a bounded subset of Vi, such that |A| < C, where C is a positive constant
independent of N. Define a collection of interaction ranges by

Cn = {X|X=A+vCVy,veVy} (26)

Define

Sk =] %

jex
for X € Cy and for p = z,y, 2. The Hamiltonian has disordered short-range interaction

Hy(S,3):=— Y > JxK"S%, (27)

XeCln p=z,y,z

where (Jx)xecy are i.i.d standard Gaussian random variables and positive constants (K?)p—y , .. The
interaction is short-ranged and translationally invariant, where |Cy| < |A|N. Consider a n-replicated

model with spin operators (Sf’l, o+, S7™) jevn p=z,y,> and define a replica symmetric Hamiltonian
Hy(S',--,8",3):=)  Hy(8"J). (28)
a=1

10



Define a spin overlap as a perturbing operator
hy(St,8?) Z SPleP?, (29)
ZEVN

which breaks the replica symmetry. Note the following bound
Ihv (8%, 8%)] < 5%,
Consider the model defined by
H := Hy(S',--- ,8",J) — NAhy(S!,8?). (30)

In this model, Assumption 1 is proved in a standard method to show the sequence py (8, A, 0) for positive
integers N becomes Cauchy for any (8,A,0) € (0,00) x R as in the previous model. Assumption 3 is
obvious for short-range interactions. Assumption 2 is proved in the following lemma.

Lemma 3.5 The variance of n (5, A, J) defined by the Hamiltonian (30) vanishes in the infinite volume
limit for each (B, \) € (0,00) x R.

Proof. To prove this, we employ the generating function 7(u, 0) defined in Lemmal[Z4l Namely, regarding
the function ¢y (J) as the i.i.d. standard Gaussian random variables J = (Jx)xecy, and

v(u,0) := E[E ¢y (vVuT + 1 —ud))?,

where J' = (Jx')xecy are also i.i.d. standard Gaussian random variables and E’ stands for the expec-
tation over only J’. Its derivative in u is evaluated as

2 n 2
(u,0) = %E 3 (E’ 3 ZKP<S§5“>U)) (31)

XeCn p=x,y,za=1
ﬁ2|A|n282\A\
< SRS (Y KR (32)
b=y,

The variance of ¥y is given by

1 2 2 02| A|
B (00— pe 5 0? = [ it 0) < RS 5 ooy,

N
p=z,y,2

Then the variance of ¥ (5, A) vanishes in the infinite volume limit for arbitrary (5, A) € (0,00) x R. O
Chatterjee’s definition of replica symmetry breaking [2] is the following finite variance of spin overlap
in the replica symmetric Gibbs state with A =p =0

Jim E{(hy (81,8%) ~E{hy (8',5%)00)*)o0 > 0.

Theorem [L1] gives

lim lim E((hy (S',5?) — E(hy (8", 8%)10)*)r0 = 0.

then this yields the following corollary.

Corollary 3.6 If the replica symmetry breaking defined by Chatterjee occurs in the model defined by the
Hamiltonian (28), the following limiting procedures do not commute

Aim Kﬂ)E((hv(Sl S%) —E(hy (S",58%))x0)%)r0 # lim 1§nooE<(hV(sl S?) —E(hv(S",8%))x.0)*)x0-

Ref. [I8] indicates that the variance of the order operator (29)) vanishes by the disordered replica
symmetry breaking perturbation

> (vgi + N8P S,

i€EVN
with Gaussian random variables g; and constants (A, v) € R. Even for v = 0, however, Theorem [Tl
implies that the variance of the order operator (29) vanishes for almost all A € R.
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