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Abstract

This work extracts, by means of an exact analysis, the singular behaviour of the dynamical response functions
-the Fourier transforms of dynamical two-point functions- in the vicinity of the various excitation thresholds in
the massless regime of the XXZ spin-1/2 chain. The analysis yields the edge exponents and associated amplitudes
which describe the local behaviour of the response function near a threshold. The singular behaviour is derived
starting from first principle considerations: the method of analysis does not rely, at any stage, on some hypothetical
correspondence with a field theory or other phenomenological approaches. The analysis builds on the massless
form factor expansion for the response functions of the XXZ chain obtained recently by the author. It confirms the
non-linear Luttinger based predictions relative to the power-law behaviour and of the associated edge exponents
which arise in the vicinity of the dispersion relation of one massive excitation (hole, particle or bound state). In
addition, the present analysis shows that, due to the lack of strict convexity of the particles dispersion relation and
due to the presence of slow velocity branches of the bound states, there exist excitation thresholds with a different
structure of edge exponents. These origin from multi-particle/hole/bound state excitations maximising the energy
at fixed momentum.

Contents

1 An outline of the problem and main results 3
L1 The XXZChain . . . oo oo oo
1.1.1  Singularities of response functions . . . . . . . . .. ... L L L 4

1.2 The main achievementof thework . . . . . . . ... ... ... L oL 4

1.3 The principal theorems . . . . . . . . . . . L 5

1.4 Outlineof thepaper . . . . . . . . . . . . 9

1.5 Some history of the analysis of dynamic response functions . . . . . . .. ... ... ... .... 9
1.5.1 Heuristic approaches . . . . . . . . . . . . e e 9

1.5.2 Exactapproaches . . . . . . . . . .. L (L1

1.5.3 Numerical and Bethe Ansatz based approaches . . . . . . . ... ... .. ... ..... 12

le-mail: karol.kozlowski@ens-lyon.fr


http://arxiv.org/abs/1811.06076v1

=

a = »

1.5.4 Therestricted sum approach . . . . . . . . . . .. ... [12

Main results 13
2.1 The setting and some generalities on the model . . . . . . ... .. ... ... ... ... .. 13
2.2 The behaviour of the longitudinal dynamic response function in the two hole excitations in .”@ (k, w) 14
2.3 The series representation for the dynamic response functions . . . . . . . ... ... ... ....

The edge singular behaviour of dynamic response functions k1
3.1 Theone free rapidity sector . . . . . . . . . .. L e e k1
3.1.1 The one-hole contributions . . . . . . . . .. L L k1
3.1.2 The one r-string contributions . . . . . . . ... L. e 3
3.2 The multi-hole/r-string excitation SECtOr . . . . . . . . . . . . . oL R4
3.2.1 Excitations built up from holes and, possibly, particles . . . . . ... ... ... .. ... ks
3.2.2  Excitations built up from holes and a fixed r-string species . . . . . . ... ... ... .. kd

Conclusion

Main notations

Observables in the infinite XXZ chain
C.1 Solutions to linear integral equations . . . . . . . . . . . . ... .
C.2 The velocity of individual excitations . . . . . . . . . . . . .. Lo

3d
3d
Auxiliary theorems 32
34
34
34

Asymptotics of a one-dimensional 3-like integral 38
D.1 The structural theorem in the one-dimensional case . . . . . . . .. ... ... ... ....... 4
D.2 Auxiliary lemmata . . . . . ..o e e e 43

Asymptotics of multi-dimensional 3-like integral 47
E.1 General assumptions . . . . . . . . . .. e e e e e e e e 47
E.2 The structural theorem in the multidimensional setting . . . . . . . ... ... ... ....... lug
Auxiliary results [zd
F1 Avregularity lemma . . . . . . . .. . oL lzd
F.2 Localrectification of 3, . . . . . . . . . . . e
F3 Factorisationof themapsZ, . . . . . . . . . . . . .. . [Rd
F.4 Local expansion of a Vandermonde determinant . . . . . . . . . .. ... .. .. ......... 82
E5 Asymptotic behaviour of alocal integral . . . . . . . ... ... . L L oL &3
F5.1  The integral associated with the u|(ko)| < vregime . . . .. ... ..... ... ... .. 83
F5.2  The integral associated with the Iu’1 (ko)l >vregime . . . . ... ... ...
Asymptotic behaviour of a model integral [od
G.1 Reduction of the model integral into regular and singular parts . . . . . . . .. ... ... .... fod
G.2 Asymptotic behaviour of the model integral . . . . . ... ... .. ... .. ........... lod
G.3 Asymptotics of auxiliary functions . . . . . .. ... oL 104



1 An outline of the problem and main results

1.1 The XXZ chain

Due to the substantial progress which took place in experimental condensed matter physics, one-dimensional
models of quantum many body physics evolved from a status of purely theoretical toy-models of many body
physics to concrete compounds exhibiting a genuine one-dimensional behaviour. Even more remarkably, there
exist a plethora of compounds whose properties are grasped, within a very good precision, by one-dimensional
quantum integrable Hamiltonians. The most prominent example is probably given by the XXZ spin-1/2 chain in
an external longitudinal magnetic 4. The Hamiltonian of the model takes the form

L L
H=J) [olol, +ouo, +Acios, | - gzaﬁ. (1.1)

Here J > O represents the so-called exchange interaction, A is the anisotropy parameter, 4 > 0 the external
magnetic field and L € 2N corresponds to the number of sites. H acts on the Hilbert space hxxz = ®§:1ba with
b, ~ C%, 0%, w = x, ¥, z, are the Pauli matrices and the operator o)) acts as the Pauli matrix o on b, and as the
identity on all the other spaces, viz.

o) =d®---Rider"®id®---®id . (1.2)
a—1 times L—a times

. . . . . .o, . ’y _ ’y
Finally, the model is subject to periodic boundary conditions, viz. o, = 0.

Crystals such as KCuF3 [60] or Cu(C4H4N,)(NO3), [61] have been identified to be well-grasped by the
isotropic XXX Hamiltonian, viz. the Hamiltonian H given in (I.I) when A is set to 1. In its turn, the behaviour of
CsCoCl; has been found to be well-captured [35] by the XXZ antiferromagnetic Heisenberg chain with A ~ 10
while certain aspects of the behaviour of the spin-ladder compound (CsH,N),CuBry4 are well-described [13]] by
an effective XXZ Hamiltonian with A = 1/2.

Most experiments on the above and many other effectively one-dimensional materials measure the Fourier
transforms of two-point correlation functions -the so-called dynamic response functions (DRF)- and typically rely
on techniques such as Bragg [67] or photoemission spectroscopy or inelastic neutron scattering [52} [55]]. In fact,
most experiments take place at rather low temperatures, what effectively means that they measure, with good
accuracy, the zero-temperature DRF. In the case of the XXZ chain, the zero temperature DRFSY take the form

S w) = f (D o? (), e mdr . (1.3)
R

mezZ

Above, T stands for the Hermitian conjugation, and the integrand refers to the presumably existin infinite volume
limit of the connected dynamical two-point function at zero temperature

(@)W, ), = LETW{(Q, (@)1 07,,(0),9) - ‘(Q o, Q)‘z}, (1.4)

$The connectedness of the correlator allows one to regularise the convergence of the transforms at infinity.

#The results of [44] 50, [69] put together entail the existence of the limit at # = 0 in that they provide a rigorous derivation of a well-
defined multiple integral representation for the reduced density matrix of the chain. An appropriate trace thereof allows one to compute
<(O’T)T(0) crfn +l(0)>c' Note that the existence of the limit at t = 0 also follows from the general theory developed in [63]. It is also fairly
easy to see that the limit (T.4) exists for extracted subsequences in L.



Here Q stands for the model’s ground state while the time and space evolution of a spin operator takes the form

Y _ AimP+iHt Y  —itH—imP
ol (0 =™ L gl e (1.5)

where P is the momentum operator and, hence, e’ the translation operator by one-site.

1.1.1 Singularities of response functions

Taken that dynamic response functions are natural experimental observables, there is a clear demand to build ef-
fective and reliable theoretical tools allowing for their study, at least in some limiting regimes, and providing a sat-
isfactory explanation of the experimental observations. Typically, dynamic response functions in one-dimensional
models are observed to exhibit a singular structure in the momentum k — frequency w plane. Namely, at fixed
momentum k, they exhibit a power-law behaviour (w)* in dw = w — E(k), this in the vicinity of certain curves
(k,E(k)). The curves k — &(k) correspond to dispersion relations of the excitations that are at the root of gen-
erating the given non-analytic behaviour. The edge exponent u governing a given singularity may be positive or
negative. The range of possible values of the edge exponent u strongly depends on whether the model is in a
massive or massless phase and, in the latter case, on the universality class governing the massless regime. In fact,
the singular structure of the DRF, and in particular the form taken by the edge exponents is deeply connected with
the critical exponents driving the long-distance and large-time power-law decay of the real space correlators. In
the massive case, one expects, unless some non-generic accident happens, that this decay is driven by Gaussian
saddle-points, be it in one or several dimensions. Thus, in the massive case, the edge exponents are expected to be
of the form —1/2 + n, n > 0 an integer, the typical behaviour being either a square root divergence or a square root
cusp in the vicinity of the dispersion curves k — &(k). The situation appears to be much richer in a massless model
precisely due to the existence of infinitely many zero energy excitations. The latter generate a non-trivial tower of
critical exponents which give rise to edge exponents u that, generically, exhibit a dependence on the momentum
k, can be positive or negative and which are, generically, non-rational.

Ideally, one would like to have at one’s disposal tools allowing one to unravel the mentioned singularity
structure of the DRFs for a generic, not necessarily integrable, one-dimensional model at zero temperature. The
approach should also provide accurate and explicit enough predictions.

1.2 The main achievement of the work

A reasonable path for achieving the goal described above appears to start by devising exact tools allowing one to
fully describe the singularity structure of the DRF in at least some instances of quantum integrable models; indeed,
then, one can hope to rely on the exact solvability of the model which provides one with numerous additional
algebraic properties allowing one to simplify the calculations. As will be discussed below, such calculations
could have been carried out, at least in part, for some examples of quantum integrable models. However, what
would be really useful for the purpose of unravelling a larger picture would be to construct tools and a framework
of analysis allowing one to stay as close as possible to objects and pictures usually used in condensed matter
physics. The success of such an approach could then allow, by extrapolating the features responsible for the
emergence of singularities in an integrable model, to devise an exact phenomenological approach allowing one to
grasp the universal part of the structure of DRFs, at least, in certain classes of non-integrable models. By exact
phenomenological approach, I mean one being able to produce an exact and analysable to the end expression for
the DRF in which the building blocks will be given by specific to the model -but not explicit- functions and such
that the part responsible for the singular behaviour of the DRF is captured by a universal structure common to all
models belonging to the universality class of interest. In conjunction with the representations that were obtained
in my previous work [S1], this is precisely the program that is achieved in this work.



By starting from the massless form facto based representation, which I obtained in [51]] for the zero temper-
ature DRF of the massless XXZ spin-1/2 chain, I develop a method of rigorous analysis of the behaviour of each
multiple integral present in the series. While the construction of the series that was carried out in [51] relies on a
certain amount of hypotheses that are yet to be proven to hold, the analysis of each multiple integral carried out in
this work is rigorous.

This allows me to extract the singular behaviour of the DFRs for the XXZ chain and hence determine, through
an exact approach, the value of edge exponents p, singularities curves k — &(k) and amplitudes characterising the
singularities in the (k, w) plane. Doing so, allows me to:

i) test and confirm the predictions, issuing form the existing heuristic methods, in respect to the structure of
the subset of the singularities associated with one particle/hole/bound state excitations;

ii) fully analyse the effect of multi-particle/hole/bound state processes in the generation of the excitation thresh-
olds. These thresholds take origin in that the velocity of the excitations is not monotonously increasing and,
more importantly, in that particles, holes or bound states may share same values of their velocities. Such
multi-particle thresholds were, so far, mostly unaccounted for within the existing heuristic methods and not
all of the effects present at such thresholds were fully grasped.

I stress that this is the first ab inicio calculation of the singularities of the response functions in the XXZ
spin-1/2 chain, an interacting integrable model containing bound states.

An important point is that the approach developed in the present work is universal in the sense given earlier.
I argued in [S1]] that the massless form factor series expansions of the zero temperature DRF that I obtained for
the massless regime of the XXZ spin-1/2 chain has, in fact, a universal form that should be shared by all models
belonging to the Luttinger liquid universality class. I refer to that paper for a more precise discussion of that
fact. As a consequence, the techniques of analysis -up to trivial modifications- developed in this work will allow
one to grasp the singular structure of DRFs in models belonging to the Luttinger liquid universality class. Of
course, these will then only be phenomenological results since, for a general model, one does not have an explicit
access to form factor densities of local operators or to dispersion relations of the elementary excitations. However,
such an approach is not so uncommon in physics and, more importantly, the approximations made to get the
result are genuinely constructive and do not rely on this or that heuristics which, in concrete situations, might
turn out to be complicated to verify or even simply to have an intuition of. Furthermore, the data (form factor
densities, dispersion relations) on which the phenomenological approach builds can, in principle, be computed
perturbatively in the vicinity of a free theory, at least on formal grounds [65].

1.3 The principal theorems

On technical grounds, the main achievement of this work are the two theorems given below. These results allow
one to grasp the small parameter asymptotic expansion of a class of integrals which, upon specialisation, corre-
spond to the one arising in the series expansion for the dynamic response functions obtained in [51]. In order to
state these theorems, I first need to introduce a specific class of smooth functions. This definition involves smooth
functions on closed set, see Definition [B.4] for a precise characterisation of the concept.

81 remind that a "form factor" refers to a matrix element of some local operator taken between two Eigenstates of the model’s Hamil-
tonian. Such objects are well-defined in finite volume L as it is the case for the XXZ Hamiltonian (I.I). See [43] where finite-size
determinant representation for these objects have been obtained



Definition 1.1. Given K a compact subset R" for some n € N*, a function 4 on K x R* X R* is said to be in the
smooth class of K associated with functions d. and constant T €]0; 1|, if there exists a decomposition

G(x,u,v) = dy(x)d_(x) 9V (x) + d_(x)9P(x,u) - [u]'"

+ d )GV (x,v) - '+ GDeu ) [uv]'T, (1.6)
where 9V is smooth on K, 9,493 are smooth and bounded on K x R*, 4% is smooth and bounded on
K xR* xR*.

These functions are such that, for any (s,€,,€,) e N*XNxXN, se[[1;4]lande >0

Hi) [] oy - Bﬁ” {g(‘v)(x, u)[u]l_T} = O([u]l_T_‘;”) uniformly in x € K, u €10; € '] and for s = 2,3;

a=1

Hii) ﬁ e - Bﬁ” . 65" {g(‘”(x, u, v)[uv]l_T} = O([u]l_T_‘;” [v]l_T_[V) uniformly in x € K, (u,v) €]0;€ 1%

a=1

Finally, if n > 2, the functions 9, s € [ 1; 41|, along with any of their partial derivatives, all vanish on 0K,
0K XR*, 0K XxR* x R*.

The first theorem deals with the case of one-dimensional integrals.

Theorem 1.2. Let a < b be two reals. Let 3.(1) be two real-holomorphic functions in a neighbourhood of the
interval ¢ = [a;b], such that

e all the zeroes of 3. on 7 are simple;
e 3, and 3_ admit a unigue common zero Ay € Int(_¢) that, furthermore, is such that 3/, (o) # 3"(Ao).

Let A, be real analytic on Int(_#) and such that A, > 0. Let 4 be in the smooth class of ¢ associated with
the functions Ay and with a constant T. Then, for x # 0 and small enough,
1= (155 W) - | [EGW) - Gl e L'(2) (1.7)

v==

where3:(A) = 3.(A) + x. Let 1(x) denote the integral

v=%

I(x) = f 9435 W) - | [{EG) - [R@]™ P} - da. (1.8)
4

Assume that 6. = Ay(dy) > 0.

a) If3,.(o) - 3-(o) <O, then I(x) admits the x — O asymptotic expansion

GD(0) - 6,6 - FPT T(6,) - T(0-)
3P T3 ()P T(, +0)

I(®) = E(3,(10) - ¥) { B 0(|x|5++5-‘7)} + f<(®) (1.9)

where

X = x-[3,(d0) —3_(0)] , (1.10)



4 is as appearing in (LA) and f- is a smooth function of x. Furthermore, if 3. have no zeroes on J other than
Ao, then f. = 0.

b) If3,.(A0) - 3_.(o) > O, then I(x) admits the x — 0 asymptotic expansion

g(l)(/lo) 5.6 - |x|6++6_—1
I(x) = y 5 - 3
|34 (o)1= - 132 (A0)[°+

’ F(5+) ’ F((S_) ’ F(l — 04— 5—)
X {E(x)%sin [76,] + E(=x)1 sin [716_,,]} + Ol 7) + £ (11D

where X and 6. are as above,

p = —sgn[3,(d0)] - sgn[3’ (o) — 3_(Ao)] (1.12)
and f- is a smooth function of x.

The second theorem, deals with a multi-dimensional analogue of the integral given in (D.2). Its statement
demands to introduce a few notations and objects. One assumes to be given:

e a strictly positive real v > 0;
e a choice of signs ¢, € {£};
e acollection of compact intervals .Z,, r=1,...,¢;

e smooth functions 1, on .#, such that u,. is strictly monotonous on .%,, and such that

w(k)#+v  for  kelnt(.%). (1.13)

The intervals .#, are such that they partition as

g = S with A = g (1.14)
so that
(It ") N (™) =0 and  w(Ing(A™)) = i (Ine( ™)) (1.15)

The above ensures that there exist homeomorphisms

t fl(i“) — 7 such that uj(k) = w(s,(k)) . (1.16)

One defines the macroscopic "momentum" and "energy" as

4 ¢

Ph) = ) mGnd)  and &R = ) mLun®) . ke (1.17)

r=1 r=1

It is assumed that k +— P(k) is strictly monotonous on Int(.#}).



Theorem 1.3. Let % = / | 5"” and Ay be smooth positive functions on Fior admitting smooth square
roots on Y. Let G be in the smooth class of o associated with the functions A, and a constant T €]0; 1], c.f.

Definition [[ 1)
Finally, let

{
o) = 8- 3 S ) + wolPo- Y Y anl). vels),

r=1 a=1 r=1 a=1

with ¢, € {1} and where (Py, &) € R>.
Let I(x) correspond to the multiple integral

¢
1) = [{ [0} oy vt p = @Vd®) L B0

r=1 g

where

) = (502000 [ (£s00)- [0+ [T -7

v=+ r=1 a<b
The type of x — 0 asymptotic expansion of I(x) depends on the value of (Py, Ep).
a) The regular case.

If the two conditions given below hold
(Po.&0) ¢ {(P().EW) : ke .7
and

min |80 - &) +vv(Py — P(a))| > 0
(teﬁfl

then G € L' (F1) and I(x) is smooth in x, for |x| small enough.
b) The singular case.

Let ko € Int(#})

£
1 3
A = Afttk) and 9= 5 nr — 54 AD + AT

r=1
with
tko) = (t1(ko), ... te(ko)) €R™  with  t.(ko) = (tr(ko).....1,(ko)) € R" .
If
(Po.&0) = (Pko), Eky)), 9¢N, and AV >0

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)



then G € LN (So1) and I(x) admits the x — 0% asymptotic expansion:

nr—6

G2 +ny)-(270) 2 1}
o o)

A AQ GO (1(ky)) - (2v)A(+°)+A(*°)‘1
1) = 0 — T ) 1_[{

1’ (ko)

><|3s|ﬁ~{ () [M] 5(—35)@} + (%) + o(|x|ﬁ+1—f). (1.26)

Above 1(x) is smooth in x, for |x| small enough. Finally,

i 1+5 + Z A (1.27)

+[v—vu (ko)J>0

N
l\)l»—

where s = —sgn(iﬁiﬁ’);) and &, = —{,sgn(u;’(tr(ko))) .

1.4 Outline of the paper

This paper is organised as follows. This is the Introduction. Sub-section to come reviews the various devel-
opments that took place in the analysis of the dynamic response functions of one-dimensional models. Section
contains a short review of the structure of excitations in the model followed by a discussion of the obtained
results in the simple case of the singular structure of the at most two-particle/hole contribution to the longitudinal
DRF .#@(k, w). Finally, this section closes on the description of the series of multiple integrals representation
for .7 (k, w) derived in [51]. In particular, I discuss the various properties enjoyed by the integrands of the
multiple integrals building up the series. The singular behaviour of each multiple integral, viz. summands arising
in the series, is then extracted, for the most typical excitations, in Section [3] All the technical details necessary
for obtaining these results are relegated to several appendices. Appendix [Allists the main notations contained in
this work. Appendix Bl recalls the statements of four theorems, the Morse lemma, the Weierstrass and the Mal-
grange preparation theorems as well as the Whitney extension theorem. All these will be used in the core of the
analysis developed in Appendices [Dland[El Appendix [Clrecalls the properties of interest of certain observables in
the XXZ chain. Sub-appendix [C.Ilrecalls the linear integral equation based description of the observables in the
XXZ chain. Sub-appendix discusses the properties of the velocity of the particles and hole excitations that
play an important role in the analysis. Appendices [D] and [E are devoted to a detailed analysis of the asymptotic
behaviour of auxiliary integrals whose understanding is necessary for obtaining the per se singular behaviour of
the DRF studied in Section 31 Appendix [Dlis devoted to the analysis of the asymptotics of a generalisation of
one-dimensional Euler B-integrals while Appendix [El carries such an analysis relatively to a multi-dimensional
generalisation of one-dimensional g integrals. The rigorous analysis developed in Appendices [Dland [El constitutes
the main technical achievement of this work. Finally, Appendices [ and [G] develop several technical results that
are needed so as to carry out the analysis developed in Appendix [El

1.5 Some history of the analysis of dynamic response functions

1.5.1 Heuristic approaches

There is clearly little hope, for a generic one-dimensional model, to extract the singular structure of DRFs by
means of direct, ab inicio, calculations. Still, over the years, there emerged various approximation techniques
allowing one to analyse certain features of such a singular behaviour. In the massive case, the singularities of the



DRFs appear to be controlled by Van Hove singularities and this completely catches the aforementioned behaviour.
A whole lot more attention was dedicated to the massless case where one expects a much richer behaviour and
where no such simple explanation exists.

To start with, one can argue that the equal-time long-distance asymptotics of the correlators in a massless
model should be grasped by putting the model in correspondence with a Luttinger liquid [54] or, more generally,
with a conformal field theory (CFT) [8]]. Mappings of this kind are built by looking at the momentum and energy
of the low-lying excited states above the ground state of the model [[14}[19] from where one can read-off the scaling
dimensions of the operators on the CFT side which give access to the critical exponents arising in the equal-time
long-distance asymptotic behaviour of the zero temperature correlation functions in the original model. In its turn
this allows one to argue the behaviour of the Fourier transforms in the vicinity of the point (k, w) = (0, 0).

The situation becomes much more involved if one would like to grasp, at least qualitatively, the behaviour
of DRFs in the whole (k, w) plane. Indeed, then, it becomes necessary to take into account certain of the non-
linearities in the spectrum of the model’s excitations. A first phenomenological description of the DRF’s singu-
larities in the (k, ) plane was argued by Beck, Bonner and MAijller [6] in 1979. The approach was substantially
developed one year later by these authors and Thomas [7]] for the XXX Heisenberg spin-1/2 chain at zero mag-
netic field. These authors also proposed heuristic reasonings based on selection rules so as to predict some of the
features of the DRF in the presence of a non-zero magnetic field. A substantial progress towards the setting of
an operative phenomenological approach occurred, however, only in the mid 00. In 2006, Glazmann, Kameneyv,
Khodas and Pustilnik [S6] managed to take into account the non-linearities in the dispersion relation of one-
dimensional spinless fermions and argued, in the case of the density structure facto, the presence of a singular
behaviour along single particle k — ¢,(k) or hole k — ¢,(k) excitations thresholds characterised by a non-trivial,
viz. differing from a half-integer, edge exponents p. Next year, the authors generalised their approach in [58] so
as to encompass other DRFs and computed perturbatively the edge exponents arising in the §-function Bose gas
in [57]. More explicit results appeared later on. Pustilnik [62] built on the expressions for the exact form factors
in the Calogero-Sutherland model so as to unravel the singular behaviour of the density structure factor in that
model. Further, building on the explicit expressions for the spectrum of excitations provided by the Bethe Ansatz,
Glazmann and Imambekov [31]] proposed closed expressions for the edge exponents arising in the §-function Bose
gas, while Cheianov and Pustilnik [27] argued the expression for the edge exponents associated with the lower
threshold -corresponding to one hole excitations- in the massless regime of the XXZ spin-1/2 chain. Such kinds
of predictions for the edge exponents were generalised, in 2008-09 by Affleck, Pereira and White [2} 3], to various
other thresholds present in the XXZ chain. In [32], Glazmann and Imambekov advocated the manifestation of
various universal behaviours in the amplitudes appearing in front of the power-law behaviour (6w)* of the DRF,
hence providing a firm ground to the so-called non-linear Luttinger liquid theory supposed to govern the edge
singular behaviour of dynamic response functions in massless models. I refer to the review [33] and references
therein for a broader discussion of that approach. Similarly to the case of the edge exponents, Caux, Imambekov,
Panfil and Shashi [24], by building on recent techniques pioneered in [39, 41} 66] and allowing one to study the
large-volume behaviour of form factors of local operators in quantum integrable models, argued the expressions
of the amplitudes in front of the singular power-law behaviour of the DRF in the case of the XXZ spin-1/2 chain,
the o-function Bose gas and the Calogero-Sutherland model. One should also mention that, more recently, the
lower thresholds present in DRFs of the spin-1/2 XXX Heisenberg chain where analysed, by Campbell, Carmelo,
Machado and Sacramento [18]], within the pseudofermion dynamical theory and by taking the Bethe Ansatz issued
input for the energies.

The latter corresponds to .7@(k, w) in the case of the XXZ chain, c.f. (L3).
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1.5.2 Exact approaches

The heuristic approaches described above appear quite powerful. It is necessary to check and test the limits of
applicability of the mentioned methods versus results stemming from exact, ab inicio, calculations of DRF and the
extraction of their singularities, carried out on quantum integrable models. Obtaining such exact results constituted
a hard and long-standing problem, despite that numerous techniques of exact computations of correlation functions
have been developed after the invention of the algebraic Bethe Ansatz [30] on the one hand and of the vertex
operator approach [28]] on the other hand.

First results relative to DRFs appeared for free fermion equivalent models. The density structure factor, viz.
the longitudinal Fourier transform . @(k, w), of the XX chain was computed in a closed form by Beck, Bonner,
Miiller and Thomas [7] in 1981. The case of transverse response functions was much harder, even for the XX
chain, due to the much more involved structure of the transverse correlators. An analysis of the power-law di-
vergencies in w for the transverse frequency Fourier transform f02" 9 (k,w) - dk of the XX chain was achieved
in 1984 by Miiller and Shrock [59] by exploiting the connection between the associated two-point function and
PainlevAl' transcendents.

The development of the vertex operator approach [28] in the mid *90s allowed for a substantial progress in
the computation of the correlation functions in an interacting, viz. away from the free fermion point, quantum
integrable model, namely for the XXZ chain in its massive regime, i.e. the Hamiltonian (LI) for A > 1, this
in presence of a zero external magnetic field 4 = 0. In 1995, Jimbo and Miwa [37] obtained 2n-fold multiple
integral representations for the form factors of local operators of the chain taken between the ground state and
an excited state containing 2n-spinon excitations. Although initially obtained for the XXZ chain at A > 1, these
integral representation admitted a regular A — 17 limit, hence yielding the corresponding expressions for the
XXX Heisenberg chain. The construction of integral representations for the form factors opened the possibility
to estimate the DRF of the XXZ chain at A > 1 by taking explicitly the space and time Fourier transforms of the
form factor series. Doing so allowed Bougourzi, Karbach and Miiller [[17] to obtain, in 1998, the two-spinon sector
contribution yz(x) (k, w) to the transverse dynamic response function .#™ (k, w) in the massive regime of the XXZ
chain. This analysis was revisited and corrected by Caux, Mossel and Perez-Castillo [36] in 2008 what allowed
them to explain the presence of an asymmetry in these DRF. Relatively to singularities, the bottom line of these
investigations is that 5”2(’6) (k, w) exhibits square root cusps or singularities along two-spinon excitations thresholds
-as expected from a DRF of a massive model-. The two-spinon contribution to . (k, w) in the case of the XXX
chain was computed by Bougourzi, Couture, Kacir [15] in 1996. Building on these results, Bougourzi, Fledderjo-
han, Karbach, Miiller and Miitter [16] have shown in 1997 that the two-spinon sector saturates ca. 73% of the total
intensity of .7 (k, w). They carried as well a thorough analysis of the singularity structure of this DRF, showing
the presence of a square root cusp behaviour on the upper two-spinon treshold and a square root divergence on
the lower-treshold (plus a logarithmic behaviour). Although the complexity of the integral representations for the
higher than 2 spinon sector form factors makes the computations more involved, Abada, Bougourzi, SiLakhal [1]]
and, later, Caux and Hagemans [22] still managed to deal with the four spinon contributions to the XXX DRFs.
Finally, in 2012, Caux, Konno, Sorrel and Weston [25] managed to compute explicitly the two-spinon contribution
to the XXZ chain directly in the massless regime and at 2 = 0 by using earlier results of Lashkievich and Pugai
[S3]] and later rewritings thereof. Here, much in the spirit of the results for the XXX case, the DRF were obtained
by first starting from the integral representations for the two-spinon form factors in a massive model (the XYZ
chain in this case) and then by taking an appropriate massless scaling limit thereof. Again, the analysis unraveled
the presence of square root cusps or divergences, depending on the spinon tresholds. However, due to the much
more involved structure on the XYZ chain side, no result exists so far for the higher than two spinon contribution
to the form factor series in the massless regime of the XXZ chain at 4 = 0.
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1.5.3 Numerical and Bethe Ansatz based approaches

All the exact results mentioned so far were obtained in a zero external magnetic field. The obtention of exact results
in the presence of a non-zero magnetic field turned out to be much more involved. Nonetheless, it was possible to
estimate the response functions numerically. First numerical plots of the longitudinal and transverse DRF in the
XXX chain at i # 0 were obtained by Karbach and Miiller [38] in 2000 and then by Biegel, Karbach and Miiller
[9] in 2002. The plots were obtained by means of a brute force numerical evaluation of the matrix elements of
local operators which, in their turn, were computed by using the coordinate Bethe Ansatz representation for the
Eigenfunctions of the chain. A qualitative and quantitative step forward of the numerical approach was enabled
by the construction of determinant representations for the form factors of local operators in the XXZ chain by
Kitanine, Maillet and Terras [43]] in 1998. Using such representations which remarkably simplified the numerics,
Biegel, Karbach and Miiller [[10] obtained in 2002 plots of the longitudinal and transverse response functions at
fixed momentum k € {x, %n} for the XXX chain at finite magnetic field and by distinguishing the contributions of
various classes of excitations. Again, for the same values of the momentum, the two-spinon contribution to the
longitudinal response function, at various values of the anisotropy 1 > A > 0 of the XXZ chain, was evaluated
numerically by Biegel, Karbach and Miiller [11]] in 2003. Then, Sato, Shiroishi and Takahashi [64] obtained
in 2004 plots at fixed momentum k = /2 and energy-momentum plots of the two-spinon contribution to the
longitudinal response function at half-saturation field in the massless regime of the XXZ chain, this for various
values of the anisotropy. In 2005, Caux and Maillet [26] and then Caux, Maillet and Hagemans [23]] obtained (k, w)
plots of the multi-particle and bound state contribution to the longitudinal . @(k, w) and transverse . (k, w)
DRF. Similar numerics related to the .%~)(k, w) response function for the XXX chain were carried out by Kohno
[45]] in 2009, for various values of A. In particular, this work has shown that, for the .#7)(k, w) DRF, the two and
three string bound states carry a certain non-negligible part of the spectral weight, as opposed to the .7 (k, w)
and .M (k, w) response functions where most of the spectral weight is carried by particle-hole excitations. A
similar type of numerical analysis was performed in 2006 for the DRFs of the é-function Bose gas by Caux and
Calabrese [20] and in 2007 by Caux, Calabrese and Slavnov [21]].

1.5.4 The restricted sum approach

A breakthrough in the exact analysis of certain regimes of form factor expansions of two-point functions in the
massless regime of the XXZ chain was achieved by Kitanine, Maillet, Slavnov, Terras and myself [40] in 2011.
In that work, we proposed a way to sum up the expansion of XXZ’s static two-point correlation functions over
the so-called critical'l form factor. By heuristically arguing that only such form factors should contribute to the
leading order of the large-distance asymptotic behaviour of the two-point functions in this chain, we have been
able to compute the amplitude and critical exponent of the leading term associated to every harmonic arising in
the long-distance behaviour. Owing to the sole presence of particle-hole excitations in the -function Bose gas, we
have extended [42] in 2012 the above analysis so as to encompass the case of dynamic two-point functions of that
model. We managed to extract, on the basis of first principle arguments, the leading long-time and large-distance
asymptotic behaviour of two-point functions while also providing the leading amplitude and critical exponent of
every oscillating harmonic (oscillating term at a given frequency and momentum) arising in the asymptotics. The
method of analysis we employed also allowed us to investigate the singularity structure of the edge exponents for
the dynamic response functions hence confirming, through an ab inicio analysis, the predictions stemming from
the non-linear Luttinger liquid approach. Although successful for that particular case, the analysis left several open
questions. In itself, the method used in [40} |42]] only allows one to argue the various asymptotic regimes of the
correlators (be it the long-distance/time or the edge singular behaviour of DRFs). In particular, it does not provide

TExpectation values of local operators taken between the ground state and the low-lying excited states exhibiting a conformal structure
of their energies.
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one with a way to write down a closed form for a massless form factor expansion in the thermodynamic limit and
invokes certain heuristics in the handlings of the asymptotic analysis. Furthermore, the applicability of the method
to the case of integrable models containing bound states was open. These points were recently solved by myself in
[51]]. There I managed to circumvent the various problems associated with defining form factor series expansions
for massless models and constructed an explicit form factor expansion representation for the dynamical two-point
functions in the massless regime of the XXZ spin-1/2 chain at non-zero magnetic field. This representation was
enough to take the Fourier transforms explicitly and led to a series of multiple integral representation for the DRFs
of the model. The series will be starting point for the analysis carried out in the present work.

The main goal of this paper is to provide a thorough analysis of the edge singularities in the dynamic response
functions of the XXZ chain at finite magnetic field and throughout the massless regime, this on the basis of
first-principle based calculation: the work starts from the series of multiple integrals representation for the DRFs
obtained, on the level of the microscopic model, in [S1]]. It then carries out rigorously -the well-definiteness and
some of the properties of the representation obtained in [S1]] being taken for granted- only those approximations
that are consistent with the limiting regimes considered. As a consequence, the analysis carried out in this work
does not relies, at any point of our calculations, upon some conjectural or heuristically argued correspondence
with a simplified effective model such as a CFT, a Luttinger liquid or its non-linear generalisation.

Furthermore, although obtained for the massless regime of the XXZ chain, taken the "universal" nature of the
massless form factor expansion based representation for the DRFs and that the analysis developed in this work
solely uses this universal structure, the results will hold -provided one accepts the validity of the phenomeno-
logical form of massless form factor expansions advocated in [51]- for any massless one-dimensional quantum
Hamiltonian belonging to the Luttinger liquid universality class.

2 Main results

2.1 The setting and some generalities on the model

I shall focus on the so-called massless anti-ferromagnetic regime at positive magnetic field which corresponds
to—1 < A < 1and h. > h > 0, where the critical field h. takes the form i, = 4J(1 + A). h is the saturation
field above which the model becomes ferromagnetic. Then, it appears convenient to parametrise the anisotropy A
introduced in (I.1)) as

A =cos(l) with (€]0;n[. 2.1

In the thermodynamic limit, the Bethe Ansatz analysis ensures that, for this range of parameters, the excited states
above the ground state are built from a pile up of elementary dressed excitations of different types: holes and
r-strings. For given value of £, only certain values of r are possible for the r-strings and it is convenient to collect
these in the set i = {ry, ..., rgy}. The set N is finite when '/ is rational and infinite otherwise [68]. Furthermore,
independently of the value of £, there always exists 1-strings excitations (viz. r; = 1). The 1-string excitations
correspond to so-called particle excitations. Among all possible r-string excitations, only the particles -i.e. 1-
strings- may generate massless excitation, i.e. carrying a zero energy. A given excited state will be made up of
n, € N holes, n,, € N ri-strings and left/right Fermi boundary Umklapp excitations with deficiencies £, € Z.
These integers satisfy to the constraint

ny = Z m, + Z ly . (2.2)

refi

It is convenient to collect the integers labelling the number of excitations of each kind into a single vector

n= (b, 0snmpny, ... npy) . (2.3)
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Owing to the constraint (2.2)), there are only finitely many non-zero entries in n.

n being fixed, the n;, holes will carry momenta 74, .. ., t,, which take values in .%, = [-pF; prl, pr € [0;7/2]
being the Fermi momentum, and the n, r-strings will carry momenta kir), s kﬁfr) taking values in .7, = [p”; p'"].

I refer to Appendix [C.Tlfor more precise definitions of these intervals. It appears convenient to gather the momenta
carried by the various elementary excitations into the single vector

8 = (6, L3t KU, kW) with te ™ and kD e s (2.4)

This notation should be understood as follows. If n, = 0, resp. n, = 0 with r € N, then the associated vectors ¢,
resp. k), are to be read as 0, meaning that there is simply no component of the hole or of this r-string momenta in
R, since there are no excitations of this type in the given excited state. The use such a notation allows one to keep
the precise track, on the level of the vector &, of the types of excitations which are present and those which are
absent. I stress that formally & may contain infinitely many components with such a conventions, but only finitely
many of them correspond to non-empty sets since, for fixed £. and n;, there is only a finite number of integers
n, that are non-zero. Hence & makes sense as an inductive limit. Furthermore, effectively speaking, & is built up
from vector momenta ¢, resp. k7 with r € N, such that ny # 0, resp. n, # 0.

A given excited state in a sector of relative spin s, above the ground state and associated with a vector
momentum & has a total excitation momentum

np

PS) = > Z K+ pr ) vl +msy = D g (2.5)
U=+ a=1

reft a=1
and carries a total excitation energy

i

ER) = Zi ek = D i) . (2.6)

reft a=1 a=1

The functions ¢, correspond to the dispersion relation of the various excitations, ¢, for the r-strings, —e; for the
holes. They are defined as solutions to linear integral equations, see Appendix equations (C.I3)-(C.14)) for
more details. Again, by convention, sums that are subordinate to n, = 0 or n;, = 0 are simply understood to be
absent.

The velocity of a given r-string excitation with momentum k is defined as v,(k) = e/(k). Moreover, v;(k)
gives the velocity, depending on the domain where k evolves, of 1-strings (particles) if k € .#] or holes if k € ..
Particles, holes, and more generally strings, may share the same value of their velocities. In particular, one can
prove, c.f. Proposition in Appendix that for certain regimes of the model’s parameters, that there exists
an interval [K,, ; Ky/] C] p(l) ; pErl)[ and a diffeomorphism

t:[Ky; Kyl — ) such that  vj(k) = v (t(k)). 2.7)
It is conjectured that this property holds for any regime of the parameters and this is backed by an extensive

numerical analysis.

2.2 The behaviour of the longitudinal dynamic response function in the two hole excitations in
y(z)( k, w)

The excitations thresholds giving rise to singularities of the longitudinal dynamic response function .#®(k, w) and
built up from excitations containing at most two holes and/or two 1-strings are depicted in Figure [l The curves
Cﬁl“), a = 1,2, resp. Cg’), b =1,...,4, correspond to one hole, resp. particle, excitation above the ground state.
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Figure 1: Singularity curves issued from the sectors involving up to two particles, two-holes and no r-strings with
r > 2 for A = 0.57 and in presence of a magnetic field 4 which fixes the per site magnetisation m = 1 — 2D
such that D = 0.21. Continuous curves correspond to one massive -hole or particle- excitation. Dotted curves
correspond to a collective, coordinated, multi-particle-hole excitation. This excitation is such that all particles and
holes building it up have the same velocity.

The curves C;“_) »» @ = 1,2 correspond to a joint particle-hole excitation where the particle and hole both have the
same velocity. Finally, the curve Cy,_j, is built up from a two particle - one hole excitation, all having the same
velocity. All the particles or holes building up the excitations in the curves depicted in Figure [I] are massive -viz.
carry a finite excitation energy- with the exception of the w = 0 line and of the junctures between the curves that
are drawn in continuous and dotted lines. The present approach is unable to analyse the singularity structure at
these points. Below, 0 < 7 < 1 is arbitrary and can be taken as small as necessary.

More precisely, the results established in Section [3lentail that

. C;l) is realised as a one hole excitation with £, = 1,{_ = 0. It takes the parametric form
(Po,E0) = (pr — 10, —¢1(to)) with 1o €] = pr; prl. (2.8)

Along this curve, the response function behaves as

FOP,E +ow) = S (6w) + AP - )" - E6w) + O((Gw)*"177). 2.9)
yh(,zr)eg(éa)) is smooth in w while the critical exponent takes the form A® = 6Erh) +67 1. 6E_f’) are expressed

in terms of the dressed phase, c.f. (C.I8), as

(h) 2 (h) 2
8 = (e1(pr.10) = e1(prpr) = 1) . 8" = (@1(=pr.t0) — ¢1(=pr. pF)) - (2.10)

Finally, the amplitude A™ is closely related to the properly renormalised in the volume form factor squared
F (Z)(R(()h)) of the operator o° taken between the ground state and the excited state associated with CE,I):

2 ()
A _ Q- 7R

(h) (h) Q) s (2.11)
r(6% +6) - [ve + 010 - [ve = 01 t0)]”
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The precise definition of Z@(&(") is given in (Z33) and K" = (£, = 1.6 = 0:¢ = 1,0....). All

building blocks of A™ other than the renormalised form factor .# (Z)(Rg’)) correspond to the universal part
of the amplitude associated with this hole excitation branch. Finally, vp = v;(g) is the velocity of the
excitations on the right Fermi boundary.

Cg,l) is realised as a one particle excitation with £, = —1,¢_ = 0. It takes the parametric form
(Po. E0) = (ko — pr e1(ko))  with ko €]pr; Kl . (2.12)

Along this curve, the response function behaves as

6(17) 5([’)
y(z)(po’go_l_(gw) — y]ﬁ;zr)eg((sw) + ﬂ(p)‘|5w|A(p){ (Sw )sm[ﬂ' ] + B(-bw )sm[fr ]}

+ o((csw)A(”“ ). @13

y,ﬁfﬁeg (6w) is smooth in dw. The critical exponent takes the form A = 51” ) +6%) — 1 and 6(;) are expressed
in terms of the dressed phase, c.f. (C.18), as

2
50 = (1= e1prko) + €1(pr.p)) 8P = (p1(=pr. ) = 01(=pr. ko)) - (2.14)
The amplitude AP takes the form

2 2'1"1_ P _ «p)
a0 @ ( s - o)

@@
7 7w (2.15)

|VF + Ul(k())l |V

F (Z)(Rg] )) has the same interpretation as given above, is defined in (2.33]) and is parameterised by the

vector momentum Rgp ) = (€+ =—1,0_=0:t =0,k = ko, 0, ... ) All the other building blocks of AP)
correspond to the universal part of this particle branch amplitude.

C;l}z is realised as an excitation with £, = 0,f_ = 0, and containing a particle and a hole, both having the
same velocity. It takes the parametric form

(Po.E0) = (ko — t(ko), e1(ko) — e1('f(ko))) with ko €1K,n 5 Kul (2.16)
and where t has been introduced in (2.7)). Along this curve, the response function behaves as

APh)
SOPE +0w) = S (6w) + AP " { o )cos[rr ]

E(—éw)l}
T
+ 0((5(0)“"’”“—7) . @17

ﬂ[fz)reg(éw) is smooth in Sw. The critical exponent takes the form APP = %" 4 5" _ 172 and 6% are

expressed in terms of the dressed phase, c.f. (C.I8), as

67 = (o1(pro ko) = @1 (prk)) 5 6P = (p1(=pr. ko)) — @1(=pr ko)) (2.18)

Finally, the amplitude A" takes the form

(2n)? e\ F( - A(”h)) e
A = V1 =1t (ko) ' (D’l (t(ko))) 7 - T )(Réph)) . (2.19)

|V +01(k0)| |VF
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F (Z)(Rg’ ") has the same interpretation and R(()p "= (f+ =0,0_ = 0;t = t(ko), kD = ko, 0, .. ) All the
other building blocks of AP correspond to the universal part of this equal velocity particle-hole branch
amplitude.

Cf,f) is realised as a one particle excitation with £, = 0, {_ = —1. It takes the parametric form
(Po,E0) = (ko + pr,e1(ko)) with ko €]Kys ;27 = 3pp[ . (2.20)

Along this curve, the response function behaves as

; () ; (p)

S S

FNPy,Ep +6w) = S Dg(bw) + AP - |6w|A(p){E(6w)—sm[ﬂ I e ]}
T T

+0(@w" 1) . @21)

y,ﬁfﬁeg (6w) is smooth in Sw. The critical exponent takes the form AP = 51” ) +6% — 1 and 6(;) are expressed
in terms of the dressed phase, c.f. (C.18), as
2
8 = (e1pr pP) = 91(prko) + 1 (ko)sgn(x = 20)Z(pr)) (2.22)
2
0 = (= 1+@i(=pr,—pr) = 1(=pr.ko) + 1_(ko)sgn(x = 20 Z(pr)) - (2.23)

Here, I_ =]2m - 2ppsgn(mn —2{) — (n — ) — (m — 2{)’% ;2m — pr — 2ppsgn(m — 20)|. Finally, the amplitude
AP) takes the same form as in (2.13)), with the constants appropriately substituted.

Cpon is realised as an excitation with £, = 1,£_ = 0 that consists of one particle and two holes, all having
the same velocity. It takes the parametric form

(Po,E0) = (ko — 2t(ko) + pr e1(ko) = 2¢1(t(ko)) ) with ko €1y Kul, (2.24)

and t as in (2.7). For this parameterisation, Py increases on the interval [K,, — pr ; Ky + 3pr]. Along this
curve, the response function has the singular structure

AG20) sin[7AP2D]

SOPo.E+6w) = S5 (60) + AP 6w - Ew) ———— +0((@w)™"™*177) . (2.25)

p2hireg

The critical exponent takes the form AP?) = 6(+p 2 4 5P 4 1 and 55_{72/’1) are expressed in terms of the

dressed phase, c.f. (C.I8)), as

67 = (=14 261(pr ko) = ¢1(prs ko) = @1(pr, pr)). (2.26)
s = (2901(—171?, t(ko)) = ¢1(=pr, ko) = @1(=PF, PF))2 : (2.27)
Finally,
(p2h — (27 1\ r(-arn) 2
A _. ( : ) . L FORPIY - (2.28)
V=20 i) ol e = ko) 0

F (Z)(Rg’ ) has the same interpretation and R(()p 2h) = (€+ =1,0_ = 0t = (tko), t(ko)), &V = ko, 0, . )
All the other building blocks of AP?? correspond to the universal part of this equal velocity one particle
two hole branch amplitude.
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The curves appearing in Fig.[[lare symmetric in respect to the k = 7 axis. This symmetry also applies relatively
to the behaviour along these curves. Thus, the cases that were not listed above can be inferred by this symmetry
operation. Also, one should observe that certain curves are realised as 2pr or 2(r — pr) translations of other
curves. This is reminiscent of the possibility, in the model, to realise zero energy excitations carrying a non-zero
discrete momentum which is an integer multiple of 2pp. Cf) is deduced from Cg,l) by adding a particle on the
right end of the Fermi zone and a hole on the left end what corresponds to ({4, ¢-) = (=1,0) < (£}, () = (0, 1).
This, however, changes the values of the critical exponents.

The excitation thresholds C‘Ela), a=1,2 and C‘E,b), b =1,...,4, along with the associated universal structure
of the singular behaviour have been argued in the literature by means of heuristic approaches: the non-linear
Luttinger liquid [27] in what concerns C;l“), [2} 3] relatively to cY, Cﬁ,b) and the pseudofermion dynamic theory

[[L8]] relatively to C;l“). The present analysis does confirm these predictions on the basis of rigorous considerations.

The thresholds corresponding to the curves C,, and C 2, have never been discussed within the aforementioned
approaches. These excitation thresholds are characterised by a different structure of edge exponents as clearly
appears in (2.18) and 2.26)-@2.27). On physical grounds, these thresholds issue from the presence of excited
states built up from various excitations (particles, holes and/or r-strings), all having equal velocities. The singular
structure of the dynamic response functions in the vicinity of multi-hole/r-string excitations, r € N is discussed
in Theorem 3.4l Finally, although it is not detailed in the body of the paper, the structure of the behaviour of
dynamic response functions in the vicinity of equal velocity multi-particle/hole/r-string thresholds can be readily
worked out by appropriately adjusting the results of the main theorem established in this paper, Theorem [L.3l One
should mention, that solely the work [3]] considered the thresholds generated by a joint multi-particle massive
excitation. In [3], the authors argued heuristically the expression for the edge exponents in the case of an equal
velocity excitation built up from two holes and one two-string. They also asserted that the singularity is only
one-sided. They did not discuss the form of the amplitude though. The present analysis recovers all these features
and provides much more thorough information on the amplitude. The presence of one sided singularities does not
hold, however, for generic r-string excitations.

2.3 The series representation for the dynamic response functions

Under certain assumptions, I have derived in [51] a series of multiple integral representation for the dynamic
response functions of the XXZ spin-1/2 chain in the massless regime —1 < A < 1 and at finite magnetic field
he > h > 0. The derivation of the representation relied on the assumption that it is licit to exchange certain limits
with summations, that the remainders were uniformly summable and that the resulting series was convergent. The
rest of the handling were rigorous. I shall not discuss here further the rigour of the obtained series. In the present
work, I shall take for granted the existence and well-definiteness of the series of multiple integrals representing the
DRF. The justification of the exchange of limits procedures used in its derivations along with the convergence of
the series is left for future investigations and will quite probably demand to invent new mathematical tools adapted
for dealing with such questions.

The present work carries out a rigorous analysis of the singularity structure of each summands in the series
representing .7 (k, w). Developing a technique allowing one for a rigorous analysis of a class of multiple inte-
grals containing, upon specialisations, the integrals of interest constitutes the main achievement of this work. The
series of multiple integrals obtained in [51]] takes the form

SNk, w) = Z;ﬂ,ﬁ”(k, w) (2.29)

nes

where the summation runs through all the allowed choices of hole, r-string and Umklapp integers, all gathered in
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a single vector n, as in (2.3), while

G = {(£+,£_;nh,nrl,...,nrw) b €Z, n,n, €N and ny = Zrn, + Z&,} . (2.30)

refi

A given summand f,?)(k, w) represents the contribution to the dynamic response function of all the excited
states whose number of excitations of each type is equal to the corresponding entry of the vector n. It is given by
the multidimensional integral

Ik, w) = f d"ht-l_[{ f d”’k(’)}- FO(R)

R N 0 &

xzn{ (% 9)) - [I)U(R;s)]AU(R)_l}-(l+r(R;s)). 2.31)

SEZ =%

Just as earlier on, by convention, if a hole n;, or an r-string n, integer is zero, then the associated integration, and
a fortiori integration variables, are simply absent. The integration variables are collected in the vector & that was
introduced in 2.4). In the definition of this vector, it should be understood that, if n,, = 0, than the corresponding
vector k") is simply absent. Thus, due to the summation constraint in (Z30), for each n, there are only finitely
many k" vectors present in &, c.f. the discussion which followed after (Z4).

I now describe, in detail, the different building blocks of the multiple integral.

o The integration domain and the regulator € > 0
The integration variables run through the slightly deformed domains

(e)

1
= [-pr+e€;pr—€l , = = [p

e +e;p) — €l (2.32)

with p+) being parametensed in terms of £, introduced in 2.0)), as p(l) =21 — pr — 2ppsgn(m — 270), p(_l) = pr
More generally, (E) = [p(_r) ; p(+r)] for any r > 2 and the explicit form for p(J_f) can be inferred from the
content of Appendlx -

Recall that massless excitations are realised by particles and/or holes whose momenta collapse, in the thermo-
dynamic limit, on the left and right endpoint of the Fermi zone, i.e. the points +pp for the holes and the points
p(J_,l) for the particles. In their turn, the massive excitations carry a finite excitation energy in the thermodynamic
limit. Thus, massive particles and/or holes have their momenta located uniformly away from the endpoints of the
Fermi zone.

The integral representation (2.37)) involves a small but otherwise arbitrary parameter € > 0. The latter was
introduced in [S1]] as a regulator defining a separating scale between the massive and massless particle and hole
type excitations in the model. The matter is that the contributions of the massless modes cannot be summed by
means of a Lebesgue-measure based integral and demand a very different treatment. Their leading effect is already
taken into account and manifests itself in the dependence on the functions v,(8; s), c.f. (Z.33)). The e-dependence
appears explicitly on the level of the domain of integration ([2.32), while the rest of e-dependence is contained in
the remainder 1(8; s), c.f. the later discussion. The whole series (2.29) does not depend on the regulator €. One
cannot take the € — 0" individually in each multiple integral due to the presence of non-integrable singularities
in the integrals and a non-uniformness in of the control on the remainder in the € — 0* limit. However, one can
always consider € to be as small as necessary for the purpose of the analysis, as long as it remains fixed.
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e The integrand

The integrand in @.31) is built up from two contributions: the static part # (&), and the dynamic part built up
from the functions 1.(8; s) and AL(R). Note that it is precisely the dynamic part that introduces singularities in
the integrand and, as such, is the one responsible for the existence of an edge singular behaviour of the DRFs.

® The dynamic part

The function
(R 5) = w—ER) +vvplk — P(R) + 27s] (2.33)

is the only building block of the integrand that depends on the momentum k and the energy w. Its expression
involves the relative excitation momentum £ (R) and relative excitation energy E(R) which were defined, resp., in
2.3) and 2.6). It also involves vr = v;(g), the velocity of the excitations on the Fermi boundary.

The exponents AL(R) > 0 are smooth functions of &. Their explicit expression can be found in equation
of Appendix and just above it.

The dynamic part is summed up over s in (2.31). This summation is, in fact, finite. Indeed, for fixed n € G,
the functions P(K) and E(K) are bounded on the integration domain from below and above. Thus, for (k, w)
belonging to any compact subset of R?, there will exist finitely many s € Z such that both 7.(K; s) > 0. In fact,
the summation over s in (Z.31)) simply translates the fact that the spectral function is a 27 periodic function of &,
owing to the discrete nature of the XXZ chain.

® The static part

The static part is a smooth function of &, at least when the latter ranges through the integration domain given
in @.37). It is expressed as

2 (@) . AL R)-A_(R)+1
?(7)(R) _ Qm)~ - FV(K) - [2vF] ‘ (2.34)

m! - T1 n! - T(AL(R)) - T(A(8))

ref

Z Y (K) corresponds to the properly renormalised in the volume, thermodynamic limit of the form factor squared
of the spin operator 0'71' taken between the ground state Q2 and the state T'g which is the Eigenstate of H satisfying
to the constraints:

i) in the thermodynamic limit, Vg is parameterised in terms of elementary excitations whose momenta are
gathered in the vector K;

ii) 7Tgq has the lowest possible, compatible with i), relative excitation energy above the ground state in finite
volume L.

This properly normalised form factor reads

FO(R) = lim {(L)T(R).|(TR,O'){Q)|2} with (®) = AR)+A®) +m+ Y m.  (235)

L=teo 2n refit

The explicit expression for .# (&) can be found in [49].
® The remainder

Finally, r(R; 5) is a remainder term. It is controlled as

w(R:5) = O( D TR0 ) (2.36)
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and this estimation is uniform throughout the integration domain. The parameter 1/2 > 7 > 0 is arbitrary provided
that it is taken small enough. The control on the remainder is also differentiable in respect to the parameters (w, k),
in the sense of Definition [A.Tl However, the control on the remainder is not uniform in respect to € — 0.

In fact, one expects that the optimal control on r(8&; s) is provided by the sharper bound

®($:5) = O > [5(8: 5)| In[D,(%; 5)]).. (2.37)

® An additional property of the integrand

As argued in [47]], the series (2.29) taken as a whole has a built-in mechanism which enforces the complete
cancellation between the contributions of an immediate vicinity of the boundaries of integration

NN e (I (2.38)

arising in each of the multiple integrals (2.37)). This cancellation property effectively results in that the form factor
density .# (&) can be considered as a function vanishing smoothly on the boundary 2.38).

3 The edge singular behaviour of dynamic response functions

This section gathers various theorems capturing the singular behaviour of the dynamic response function issuing
from various excitation sectors in the model’s spectrum. The statements follows from an application of the general
theorems proven throughout Appendix [Dland [El All the theorems stated below, take as a hypothesis the smooth
vanishing of the integrands on the boundary of integration which was discussed above. The precise and rigorous
establishing of this property, beyond the arguments given in [47], is left for further study. Also, some of these rely
on the properties stated in Conjecture which can be proven in certain cases of the coupling constants A and
h, c.f. Appendix

3.1 The one free rapidity sector

In this subsection, I extract the singular behaviour of the dynamical response functions associated with one massive
excitation, namely an excitation consisting either of one hole or one particle far from the Fermi boundaries, or one
r-string with r € 9t\ {1}. Such an excitation can be accompanied by any value of the left or right Umklapp integers
¢, that are compatible with the constraint 2.2]).

3.1.1 The one-hole contributions

For the present purpose, it is convenient to parameterise the momentum-energy (k, w) combination as

k=P, where Py = ns, + pr Z vly —tg—2nsy and = dw + & (3.1)
U=+
where tg € [-7; 7], 5o € Z, and £ are subject to the constraint ) ¢, = 1.
v==%
The one-hole DREF takes the form

Ay(8M)—1
I (Po, E + 6w) = f dt FOKD) . Z l_[ {E(&u +00(r; s)) : [&u +0(r; s)] o }

© SEZ U=+
“h

x (1+1(&®:5) . 32)
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Here, I have set
m, = (bs,0_;n,=1,0,...) and K® = (€+,€_;t=t,(b,...). (3.3)

As a consequence, there are no k" vectors present in 8. The vector 8" only involves the momentum ¢ of one
hole excitation and the Umklapp integers. The n'” functions appearing in (3.2) take the form

9 (18) = /() +E + vvp[r — 1o+ 21(s — 50)] - (3.4)

Finally, the remainder satisfies

o(&D:5) = O Y 6w+ (1:5)] 7). (3.5)

=%
and the control is differentiable in the sense of Definition [A. 1]
Theorem 3.1. Assume that

i) 1o ¢ [-pr;prl, i.e. does not belong to the range of available momenta for a hole, in which case &y can
take any value;

ii) 17y € [—pr; pr] is within the range of momenta of a hole excitation and that the subsidiary condition holds
Eo # —e1(1p) .

Then y,ﬁ,f)(s%, &Eo + dw) is smooth in Sw belonging to a neighbourhood of 0.
Assume that

to€l-priprl. & =-ei(t) and &) = AR >0 (3.6)

where 8" = (€., €.t =19,0,...).
Then, one has the 6w — 0 asymptotic expansion
M, 50
E(6w) - (5w)’ - Qn? - FORD)
), s g )
F(5+ +o. ) [ve +01(t0)]” - [ve = 01(t0)]™

(), s _
+ O(l6wl™ =) + AT (Gw) . (3T)

«7;5,17)(7)0, Ep +ow) =

The function Y}E,ﬁg(éw) appearing above is smooth in the neighbourhood of the origin.

I recall that v, appearing in (3.7) is defined as
() = ¢|(1). (3.8)
Further, one should observe that since A, is an analytic function of the rapidity #y and that A,, > 0 by construction,
the constraint of the theorem is always satisfied for a generic choice of parameters.

Proof —
Consider the contribution to 5”,5,17)(500, &Ep + 6w) stemming from the integrals in (3.2)) associated with picking

s # so. Then, the functions I)(J_,h)(t; §) cannot share a common zero on ¢, ©

, - Assume the contrary. Then, denoting
this zero as ¢’ €] — pr ; prl one would have that

0 = 0" 5) — 0P s) = 2vp(l - 1o + 27(s — s0)) - (3.9)
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However, |’ — 19| < pr + 7 < 2r, hence producing a contradiction. Observe that one has
ay(t:5) = vi(t) +vvp #0 (3.10)

with vy as defined in (3.8). As discussed in Appendix one has |0;(¢)| < vg for t €] — pr; prl what ensures
that I)S,h)(t; s) has at most one zero on _Z, /fe) and that the latter is simple. A straightforward application of Lemma
then ensures that integrals subordinate to s # sg only produce smooth functions of dw in the neighbourhood
of 0.

It remains to focus on the s = s case. First, consider the situation subordinate to the cases i) and ii). If one is
in case i), then due to (3.9)) the functions r)(ih)(t; so) cannot share a zero on /h(f). In case ii), (3.9) would impose
that a common zero ¢’ necessarily coincides with #y. The latter would then impose that 0 = I)Erh)(l‘o; s) = Eg+eq(ty)
what leads to a contradiction. Thus, since in both cases the functions r)f,h) do not share a common zero on _# hf ,
one has, by Lemma[D.3] that yg’” (Po, Ep + dw) is smooth in dw around 0.

Finally, I focus on the last case #y €] — pr; prl with &g = —e (#p). Since ty €] — pr; prl, one can invoke the
freedom of choosing the regulator € > 0 so that 75 € Int( jh(e)). to is clearly a common zero to ¢ nf,h)(t; 50)-
It is the only one on jh(e) owing to (3.9). Furthermore, due to (3.10), one has a,l)(f)(to; 5) - 8™ (t9; 5) < 0 and
6,1)&/’)(1‘0; 5) — 6,1)(_h)(t0; s)=2vp #0.

All is set so as to apply Theorem [D.1land thus, in the w — 0 limit, one indeed gets (3.7)). |

3.1.2 The one r-string contributions
For the purpose of discussing the contribution of one r-string excitations to the DREF, it appears convenient to

parametrise the momentum-energy (k, w) variables of the response function as

k=Py where Py = 75y + pr ) vl + k) =279 and  w =6w+& . (3.11)

U=+

Above, k(()r) € ., while the Umklapp integers are subject to the constraints Y, £, = —r and sg € Z.
U=t
The associated one r-string, r € M, DRF takes the form

Ay(&M)-1
S Py, E + 6w) = f Ak T(Y)(R(’)yH{E(6w+1)g)(k(’);s))~[6w+1)§,r)(k(’);s)] ¢ }

I
X (1+1(/7;9)) . (3.12)

Here,

(. t—snp =0,m =0,...,0,n, = 1,0,...)
8O = (6. 5t=0kD=0,....0.k" =k".0....)

n,

(3.13)

where the notation means that the only rapidity that is present in 8 is the rapidity k) of one r-string while,
Umklapp integers being set apart, the only non-zero integer in n, is the one counting the r-string excitations, and
it is set to one.

Also (3.12) involves the functions

0y (k7 5) = & — e (k™) + vk — k7 + 27(s - s0)] - (3.14)
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Finally, the remainder satisfies

(8D 5) = O( Z |6w + v (ks s)|1_T) , (3.15)

and the control on r(](; s) it is differentiable in the sense of Definition [A.1]
Theorem 3.2. Let k(s) =k’ + 2nt(s — s0). Assume that

i) k(()r)(s) ¢ 7, this for any s, in which case &y can take any value;

ii) k(()r)(s) € .Z,, at least for one s and that, for any such s, one has &y # e,(kg)(s)) .
Then y,g/”(po, &Eo + dw) is smooth in Sw belonging to a neighbourhood of 0.
Assume that

. k(()r)(s) € Int(.#,) for at least for one s,
e &) = er(k(()r) + 2n(s — sg)) for the same value of s.
o 5,)(s) = A(8)(5)) > 0, where

8(s) = (Lo st =06V =0,....0,k" =k](5),0,...). (3.16)

¢ Case 1 : Iflt)r(kg)(s)ﬂ > Vp
then, agreeing upon

n(s) = —sgn{o,(ky’(5))} (3.17)

one has the asymptotic expansion

2. g (r) i _ (r) _ )
ylgw(PO, 80 +5a)) = (271-) F (RO (S)) r(l 6+ (S) o (S))

| 5D (5)+6D(5)-1

59(s) 60(s) .
s SO:Q,(k(()r)(s)) VE + Dr(kg)(s))’ . ’VF - nr(kg)(s))
K (s)e.,
: (r) . (r)
sin [787 (s)] sin [76" ()] B
X{E(éw)—;(s) + E(-dw)—10— } + SN 6w) + (|l OHTOT) - (3.18)

Yge)g(éw) is smooth in the neighbourhood of the origin, and
0, (1) = el(r). (3.19)

¢ Case2: Ifo, (k7 ()| < vr

then, under the same conventions as above

) 8D ()46 (9)-1
Qn)? - FO(K(s) dw Z(6w)
Tl (Po. &+ 60) = Z " ((r? 3 <|> s0(s) My )6V
i) F@+020) v + o0, (k)" vr = 0, (k)|
ky’ ()e7;

+ I Ne6w) + O8O0 - (3.20)
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Proof —

The analysis is quite similar to the one-hole excitation case. Cases i) and ii) are dealt with by means of Lemma
D. 3|

It remains to focus on the case where kg)(s) € Int(.#,). Again, if r = 1, then one adjusts € > 0 so that

kg)(s) € Int( /,(E)). By hypothesis, one has that &y = e,(kg)(s)), for at least one s. Then, one treats each integral
subordinate to a value of s separately. Only integrals subordinate to values of s such that kg)(s) € Int(fr(e)) and
&y = er(kg)(s)) will give rise to a non-smooth behaviour when 6w — 0. For any such value of s, just as for the
one-hole case, one concludes that kg)(s) is the only simultaneous zero of I)(ir)('; s) on /,(E) and that

(kD5 s) = —[o,k") + vvg] . (3.21)
A priori, and this is supported by numerical investigations, c.f. Appendix |v,| may or may not be smaller than
v, namely depending on the choice of the anisotropy £, the values of the magnetic field / -and hence the endpoint

of the Fermi zone-, the value of r € 9t and, finally, the value of kg)(s) both situations may occur, namely

o, (kPN <vp o ok () > V. (3.22)

In case 1 listed in the statement, viz. |D,(kg)(s))| > v, one observes that

0L (k7 (93 5) - oV (K (5);5) > 0 (3.23)
and that
—sgn{00 0V (k§(9): 5) - [0 0V (kG (9): 5) = Bk (9): )T} = —senfo (k] (s))} - (3.24)

This is all that is needed so as to apply Theorem [D.1]to the situation of interest.

Finally, when In,(kg)(s))l < v the analysis parallels the one exposed for the contribution of the one hole
excitation sector. The details are left to the interested reader. |

3.2 The multi-hole/r-string excitation sector

Below, I will consider the contribution to the DRF issuing form the sector containing multiple hole and multiple
r-strings all having the same value of r € 9. Although it will be not discussed here, the case of multiple hole and
various numbers r-strings can be treated analogously and leads to a similar structure of singularities. Likewise,
one may derive the behaviour in the sector built up only from multi-particle excitations. Such results may be easily
extracted from the main structural theorem governing the asymptotics of the class of multiple integrals of interest
to the analysis of dynamic response functions, Theorem [L.3] which is established in the Appendix.

3.2.1 Excitations built up from holes and, possibly, particles

For the purpose of the present section, it is convenient to parametrise the momentum-energy (k, w) combination
as

k=P, where Py = ns, + pr Z vly +qo— 27159 and W = dw + & (3.25)

U=+
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where £, are subject to the constraint ), ¢, = n, — n,. The integers n,,, nj, are assumed to satisfy

U=+

np>1 and n,+mn,>2. (3.26)
In this case of interest, the contribution of these types of excitations to the dynamical response function takes the
form
F(Po, & + 6w) = f d"t f dk FOK)
A" (A"
x> {E(éw + 0y P (REP:5)) - [6w + py P (KPP S)]A"(R(hm)_l} (1+x®O; ). (3.27)

SEZ v=%£

Here, I have set
mp = (Lo Coinpny =np,0,...) and K = (6,66 kD =k,0,...) (3.28)

and agree upon

p 1 "p 1y
(RO ) = &g — > eilka) + Y erlt) + wvi(ao— ) ke + D ta+21(s = 50)) . (3.29)
a=1 a=1 a=1 a=1

Also, recall, c.f. Appendix that for a reduced range of the model’s parameters and as a conjecture more
generally, there exists a strictly decreasing diffeomorphism t : [K,,; ; Ky] — [—prF; pr] such that vy (k) = vy (t(k)).
Set p = t~! for its inverse. Further, given t € [—pF; prl, let

P(t) = npp(t) —mpt and  E@) = npe(p(r)) — npeq(1) . (3.30)
Finally, the remainder satisfies

W(KREP); 5) = O(Z|5w+n<vhp>(3(hp);s)|1—f)’ (3.31)

U=+

and the control on 1(&*”; s) is differentiable in the sense of Definition [A 1l

Theorem 3.3. Let qo(s) = qo + 2n(s — so) and assume that n, + n, > 2 with nj, > 1. Also, assume that Conjecture
holds if the set of parameters of the model does not enter into the specifications of Theorem

If, for any s € Z,
(q0(5), &) & {(P(®,E0) : tel-pr;prl}, (3.32)

then 5”,52’:(?’0, &Eo + 6w) is a smooth function in Sw belonging to a neighbourhood of the origin.

Assume that, for at least one s € Z
(90(s), &) = (Plto(s)), Elto(s))  fora to(s) €1 = prs prl , (3.33)
and that for any such s it holds 65,}”7 )(s) > 0 where

507 (s) = ARIP(s) with &I = (€, €3 10(s), B(20(5)), 0, ... ) . (3:34)
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There to(s) = (io(s), -~ ,10(s)) € R™ and p(to(s)) = (pio(5)), -~ . plio(s)) € R
Then, the multi particle-hole spectral function has the 6w — 0 asymptotic expansion

nz, n2—l
FZW (R(hp) (s)) -1 ¥ 1 L
I Po,E0 +0w) = S\ reg(6w) + 0 ( ) : ( )
! i G VPO \wi(sto(s0))  \vi(to(9))
24023
(V2rp (= 600(s) = 807 (9) = =) i
X G(np + 1) G(ny, + 1) - - ; el T TR
s"P)(5) 597 (s)
|lvr + D1(1‘0(5))| |vr - 01(t0(5))
2 2 _ 2 2_1
1 1 n;, +n 1 (hp) (hp) n,+ny,
{E(&w)— sin ([0 (5) + 67 (5)]) + E(-6w)= sin (12 2h )} + Ojwf o= = ).
T T

(3.35)

y,ﬁzj;reg(aw) is smooth in the neighbourhood of the origin.
Finally, the summation over s in (3.33) runs through all solutions ty(s) to 3.33). This summation contains at
most two terms and, for generic parameters, it only contains one term.

Proof —
This is a direct consequence of Theorem [L.3] In order to identify quantities with the notations of that theorem,
one should identify the quantities given in Section [Elof the appendix:

t=2, S =09, H=79 (um)=n) (3.36)
in what concerns the intervals. Further,

@".p?) = (k). () = (,0), (G.0) = (1LD). (3.37)
From there one infers that one has

P'(t) = —(np—npp' (M) <0 on |- pr;prl (3.38)
since p is strictly decreasing. Also, it follows directly from the definition of p that

&M =@ P (3.39)
so that ¢t = &(¢) is strictly increasing on ] — pr ; 0[ and strictly decreasing on ]O; pr[. Furthermore, one has that

{80 — E@ £ vi(ao(s) - P®)} = P (1) - (01() £ vF) # 0 (3.40)

on] - pp;prl.
I first focus on the regular case, namely when, for any s € Z,

(q0(5), &) & {(P(®,E0) : tel-pr;prl}. (3.41)

Then observe that (3.40) implies that 1 = &y — E(t) + vi(qo(s) — P(¢)) are both strictly monotonous on 7 h(f).

Thus, should one of these functions vanish on d_¢, © it is enough to slightly change € > 0, which is a free
parameter in the problem (as long as it is small and strictly positive) so as to have a non-vanishing function. Thus,
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automatically, condition (L22) stated in Theorem [L.3]is satisfied. Then, the results of that theorem ensures the
smooth behaviour of dw + .7, » ,(Po, Ep + dw) around 0.

In the case when there exist at least one s € Z such that (qo(s),&Ey) = (P(to(s)),é‘(to(s))) for a #y(s) €

1 — pr; prl, one needs to identify additional constants. First, however, one fixes € such that #(s) € Int(fh(e))
for any s compatible with the mentioned constraint. One should also observe that the variations of ¢ — &(f) and
t — P(t) on | — pr; prl entail that there may at most exist two different s such that the previous equality holds. It
is also evident that, in the generic case, only one such s will exist.

Since u'(t) = v{(#) > 0 on ] — pr; pr[, while wJ (p(1)) = v} ()/¥’'(1) <0 on ] — pr; prl, it follows that

sgn(v(to(s)) =1
—sgn(v][p(to(s))]) = -1

er = -Gsgn(u] (to()))
&2 = —Lsgn(uy [p(to(s))])

P’ (1)
uy (19(s))
each s € Z such that a 7y(s) exists.

Finally, the nj, > 2 and n,, = 0 case is treated along much the same lines. The results boils down to (3.33]) with
n, being set to 0. [ |

(3.42)

and s = —sgn( ) > 0. All parameters being identified, it remains to apply the results of Theorem to

3.2.2 Excitations built up from holes and a fixed r-string species

Below, r € N is assumed to be fixed. For the purpose of the present section, it is convenient to parametrise the
momentum-energy (k, w) combination as
k=Py where Py = 75y + pr ) vl +a0— 2159 and  w = 6w+ & (3.43)

U=+

where £, are subject to the constraint ), ¢, = n; — ng. The integers ng, nj, are assumed to satisfy

U=+

ny,>1 and ng+n,>2. (3.44)

In this case of interest, the contribution of these types of excitations to the dynamical response function takes the
form

I Paserio) = [ e [auk 7o)

(//(e))”h {, ”st
Ay (RY-1
xzn{ (60 + vy (R; 5)) - [60 + pi"(RA7; )] & }-(1+r(R(h’);s)). (3.45)
SEZ v==%
Here, I have set
r= o lm,0,...,0,n, = ng,0,...) and 8" = (¢,,61,0,...,0,k” = k,0,...,) (3.46)
and agree upon
st ny st
0 (RM;5) = & = ) elka) + Z erta) + vve(ao— ) ke + Zta +27(s - 50)) (3.47)
a=1 a=1 a=1 a=1
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Also, recall, c.f. Appendix that for a reduced range of the model’s parameters and as a conjecture more
generally, there exists a diffeomorphism H" - [-pFr;pr] — [K,(nr) ;Kl(vr[)] such that v;(¢) = v,(5"(¢)). Further, given
t € [-pr; prl, let

P(1) = ngh(t) —npt and  E®@) = nge, (H7(1) — nyei(r) . (3.48)
Finally, the remainder satisfies
r(ﬁ(hr); 5) = O(Z |<5a) + 1)E}hr)(ﬁ(hr); S)|1_T) i (3.49)
U=+

and the control on r(&"”; s) is differentiable in the sense of Definition [A.1l

Theorem 3.4. Let qo(s) = qo + 2n(s — so) and assume that ng + ny, > 2 with ny, > 1. Also, assume that Conjecture
holds if the set of parameters of the model does not enter into the specifications of Theorem Finally,
assume that t — P(¢) is a diffeomorphism on [—-prF ; pr].

If, for any s € Z,
(q0(s). &) ¢ (P, &) : t € [-pr:prl} (3.50)

then, for € > 0 small enough, 5”,33(500, &Eo + dw) is a smooth function in 5w belonging to a neighbourhood of the

origin.

Assume that, for at least one s € Z,

(90(5), &) = (Plto(s)), Eto()))  fora to(s) €l = pr; prl (3.51)
and that, for any such s it holds 6f,hr)(s) with
507() = ARV and K7 = (€., €580(9),0,...,0, H(to(s)) ,0,...). (3.52)

r—string position
There to(s) = (to(s), -+ . to(s)) € R™ and h™(to(s)) = (67 (to(5)), - -+ ,H"(to(s))) € R
Then, the multi r-string-hole spectral function has the 6w — 0 asymptotic expansion

2 2_
n, ny, 1

FORM(s)) 2 7
I(Po.Ep +6w) = S\ ea6w) + L ( L ) : ( . )
hr( 0, €0 ) hr g( ) ; :;(;(s) Flpl(tO(s)N |D'I(I)(’)(t0(s)))| p’l(to(s))

2,2
(@)34'"5&"/11"( _ 6?:”’)(5,) _ (5(_/”)(.5‘) _ nst"';h 3)

2 2_’;
() oy sty oy st =0
w|6+ ($)+62"(s)+ 3

X G(nge + 1) G(ny + 1) - 5 ()

|lvr + D1(l‘o(S))|6(7hr)(s)|VF - 01(t0(5))
n§t+ni—l

1 1 r v
{E(aw)—sin(nvi””(s))+E(—5w)—sin(m<_’”>(s))} + o(|5w|‘5<+“<”+5(—h (= ). (3.53)
T T

y,mreg(éw) is smooth in the neighbourhood of the origin. Further, one has

1 1- 1 1, 1-
WN(s) = 6%(s) +697(s) + =gt — —— . VI(s) = S8, gmd 2+ ——L  (3.54)
2 r h 2 2 SV S 2 2
where
or = sgn[v(07t0(s))]  and s = —sgn[P (to(5))] - (3.55)

Finally, the summation over s in (3.33) runs through all solutions ty(s) to B.31). This summation contains at
most two terms and, for generic parameters, it only contains one term.

The proof follows closely the case of the multi-hole multi-particle sector, so that I omit the details.
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4 Conclusion

This work developed a technique allowing one to extract, on rigorous grounds, the asymptotic behaviour in certain
parameters of a family of multiple integrals. These results are detailed in Sections [Dl [El of the appendix. The
multiple integrals studied in these sections, upon specialisation, contain the multiple integrals which define the
coefficients of the series giving the massless form factor expansion issued representation for the DRF in the XXZ
chain that was derived in [51]. Hence, the analysis I developed allowed, upon relying on additional properties
that were argued in [47) [51]], to give a precise characterisation of the singular behaviour in the (k, w) plane of
the series’ coefficients. In doing so, this work provides a test and confirmation of the predictions, issuing from
the non-linear Luttinger liquid approach, for some of the singularities of the DRF, namely those issuing from
a one massive excitation process. Furthermore, the work showed the existence of other singularity lines: the
ones issuing from multi-particle/hole/r-string excitations and which correspond to configurations of the various
momenta that maximise the multi-excitation energy at fixed momentum. Such multi-species singularity curves
generate structurally different edge exponents and universality constants. The edge exponents associated with
one such "mixed" excitation were discussed in [3]], but all the other cases were not considered in the literature.
Furthermore, the work [3]] only focused on the exponents and so did not provide any expression for the universal
part of the amplitude. Thus, the expression for the universal part of the amplitude is new.
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Appendix

A Main notations

Sets

e Given a set A, Int(A) stands for its interior, A for its closure and dA for its boundary.

Given a finite set A, |A| stands for its cardinal.

N={0,1,2,...},R* =]0; +oo[, R* =R \ {0}.

[1;n]=1{1,...,n}and S, stands for the permutation group of [ 1; n ]

Ul refers to the disjoint union of sets.

04, stands for the Kronecker symbol: 6,5 = 1 if a = b and ¢, = O otherwise.

Given ¢ integers ny, . .., ng, it is understood that

M~

ne = ny . (A1)

r=1
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Vectors and related objects

e * stands for the transposition of a matrix or vector, depending on the context.

e T, stands for the identity matrix on R”, and it will sometimes also be denoted as id.

e Vectors are denoted in bold, viz. x € R” corresponds to the vector x = (x1,...,

the vector is always undercurrent by the context.

¢
o If the vector space has a natural Cartesian product structure [] R'”, then any vector x is represented as

x = (D, x9)

r=1

with  x = @7, 1) e R, (A.2)

e Vectors with omitted coordinates are denoted as :

[aJ

£ = G0,

.., a—1°

(r

xa+1"'

[aJ””’

¢
e Given @, B € [[ N™, it is understood that

r=1

ol = Z Z a;

r=1 a=

and a@>f = VYra o">p". (A4)

¢ ¢
e Given @ € [[ N and x € [] R'", one has

r=1

Functions

r=1

(AS)

e Given a set A, 14 stands for the indicator function of A.

o E refers to the Heaviside step function, viz. E = 1p-.

1

I" refers to the Gamma function which allows one to express the Euler S-integral as

f A =gy dr = L) (A.6)

0

f dy e™ ﬁ@a—yb)z = (1)% @2m)3GQ2+n).

R a<b

I'x+y)

G stands for the Barnes [4), [5] function.

The Gaudin-Mehta integral is expressed in terms of the Barnes function as:
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e Given S C R" measurable and a function f : § — R,
Ifllz=sy = supess{|f(x)| : x €S} . (A8)

e Giveng: UXV — W,with U c R", V c R" and W c R the totally even part of a function in respect to a
set of variables is defined as

I .

)] o = 5 Zi g9y with 29 = (qzi,....€z) . (A.9)
€=t
a=1,....,n

e Given a smooth function f : U — V between two open subsets U ¢ R” and V ¢ R", D;k) f denotes the
k"-order differential of f at the point x € U. When k = 1, it is simply denoted as Dy f.

Definition A.1. Given smooth functions f,g on an open neighbourhood of a point y € R", one says that a O-
remainder relation f = O(g) when x — y is differentiable if, for each £ = ({1,...,{,) € N" there exists a smooth
function ¢ in the vicinity of y and a constant C¢ > 0 such that

[To% -7 < co-[ [0t - wesl (A.10)
a=1 a=1

on some open neighbourhood of y.

Note that the use of ¢ in this definition allows one to encompass a situation when g does not depend explicitly
on some of the variables.

B Auxiliary theorems

The proof of theorems B.1] and B3] can be found in [34]]. The proof of Theorem [B.3] can be found in [12].

Theorem B.1. Morse Lemma
Let f : U — R be a smooth function on an open set U C R". Let p € U be a non-degenerate critical point of
f. Let M be the matrix associated with the bilinear form Df, f:

(v, Mw) = Df,f(v,w). (B.1)

Then, there exists an open neighbourhood Vy of 0 € R" and a smooth diffeomorphism onto g : Vo — Uy C U such
that

e 0 e Vyand g(0) = p e Uy,
o fog(x) = (x,Mx)onV,.
Here (-,-) is the canonical scalar product on R".

Theorem B.2. Weierstrass preparation theorem
Let f be a holomorphic function on an open set V.C C". Lety € V and d € N be such that

@ N =0 for k=0,....d=1, and (@ f)y) # 0. (B.2)

Then there exists
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e open neighbourhoods Uy c C"! of Yiup = 015+ > yu-1) and Wy C C of y,, such that Vo = Ug X Wy C V;
o a holomorphic, non-vanishing, function h on Vy,

o a Weierstrass polynomial

d-1

W@ = @y + )@=y azm)  with zpy = Gioeenszan) s (B.3)
k=0

and ay, k € [0; d — 1], being holomorphic functions on Uy satisfying ai(y,;) = 0;
such that one has the factorisation
f=(W-//l on Vo=UyxWy. (B.4)

Theorem B.3. Malgrange preparation theorem
Let f be a smooth function on an open set V C R". Lety € V and d € N be such that

@ Ny =0 for k=0,....d=1, and @)y #0. (B.5)
Then there exists
e open neighbourhoods Uy C R™1 of Yin = W15+ - -» Y1) and Wy C R of y,, such that Vo = Uy X Wy C V;
o a smooth, non-vanishing, function h on Vy;

o a Weierstrass polynomial

d-1

Wx) = (x, _yn)d + Z(xn _yn)k ak(x[nj) with Xn] = (X1, .05 Xn—1) » (B.6)
k=0

and the ay’s all being smooth on Ug and such that ay(y,;) = 0;

such that one has the factorisation
f=(W-//l on Vo=UyxWy. (B.7)

Definition B.4. Let F be a closed set in R" such that F = Int(F). A function f is said to be a smooth function on
Fif

e f is smooth on Int(F);

N
o forany k e N*, f0 =[] Bﬁ‘; f extends continuously to F;

a=1

e forany a € OF, f admits an all order Taylor series expansion, viz. for any m > 0 it holds

fo = Y fPax-a + RIA®  with  RIFG) = ofllx - al™). (B.8)

keN" :
|k|<m

This definition of smoothness can be stated, in greated generality, in the language of jets where it translates
itself in the jet associated to a given function being a Whitney field.

Theorem B.5. Whitney extension theorem

Let U C R" be open and X C U be closed in R". Any f smooth on X admits a smooth extension into a function
fi to U, with f® = £f® on X.
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C Observables in the infinite XXZ chain

C.1 Solutions to linear integral equations

The observables describing the thermodynamic limit of the spin-1/2 XXZ chain are characterised by means of
a collection of functions solving linear integral equations. These equations are driven by an operator K; o on
L*([-Q; Q]) characterised by the integral kernel K(4,u) = K(1 — pu | 7) with

sin(2n)
27 sinh(A + in) sinh(Ad — i)

KA|n) = (C.1

To introduce all of the functions of interest to this work, one starts by defining the Q-dependent dressed
energy which allows one to construct the Fermi zone of the model. It is defined as the solution to the linear
integral equation

Qo
sul@+:fKMfu|08@|@-mt=h—MUﬁMOKMI¥% (C2)
-0

Note that the unique solvability of (C.2)) follows from K, o having its spectral radius < 1.

The endpoint of the Fermi zone is defined as the unique [29] positive solution g to &(g | g) = 0. Then, the
function £1(1) = &(4 | g) corresponds to the dressed energy of the particle-hole excitations of the model. The
functions

q
g/(A) = rh—4nJsin()K(| 5¢) - fKr(/l — e - du (C.3)
-
with

K (A) = K(A1 30+ 1) + K(4]3£(r = 1)) (C.4)

correspond to the dressed energies of the r-bound state excitations. For any 0 < ¢ < 7/2 and under some additional
constraints for 7/2 < { < m, one can show [48] that £,(1 +i07/2) > ¢, > 0 for any A € R, and ¢ € {0, 1}. However,
this lower bound should hold throughout the whole massless regime 0 < { < m, irrespectively of some additional
constraints. This property has been checked to hold by numerical study of the solutions to (C.3), c.f. [48].

In order to introduce the dressed momenta of the r-bound states and of the particle-hole excitations, I first
need to define the r-bound state bare phases 6, :

6,(1) = 27TfKr(/J—0+)-d/J for r>2 and 61(1) = 6(11]0) (C.5)
I'a
with
me=Mfmhwwwm (C.6)
I'a

The contour of integration corresponds to the union of two segments T’y = [0;13(1)] U [iT(2); 1] and the
—0* prescription indicates that the poles of the integrand at +in + inZ should be avoided from the left.
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Then, the function

q

d

P = 6] £0) — f 0,4~ )P ) - 5
—-q

+ 7l() = prmQ) = 2pr Y (1 = 656, )sen(1 - 2+ BEZ) 1, (D). (CT)

o==%

extended by im-periodicity to C, corresponds to the dressed momentum of the r-bound states. Above, I have
introduced

GO =1-r+21%]  and  m()=2-r- r1+2ZL§’+U : (C.8)

Furthermore, I agree upon
T=n-n2] and A, ={1eC: 321902 min(32Z, 7 — Wg)} (C.9)

In order to obtain p,, one should first solve the linear integro-differential equation for p; and then use p; to define
pr by (C7). p; corresponds to the dressed momentum of the particle-hole excitations and pr = p1(q) corresponds
to the Fermi momentum. 1-strings have their rapidities A € {R\[—¢; g]}U{R+ir/2} while r > 2 strings, r € M\ {1},
have their rapidities 4 € R + i6,71/2 for a 6, = 0 or 1, depending on the value of r and . See, e.g. [68] for more
details on the string parities.

One can show [48]] under similar conditions on £ as for the dressed energy that, for any 1 € R,

|pi(1+i6,3) > 0 when re®\{l}  and min(p’l(/l),—p’l(/l+i%)) > 0. (C.10)

Again, a numerical investigation indicates that (C.10) does, in fact, hold irrespectively of the value of ¢.
It is convenient to introduce a piecewise shifted deformation of py:

D) = pi(d) = 2prsen(r = 201 eoig(D) + 271 yeimy (D) (C11)
which is a diffeomorphism from the oriented concatenation of sets

[q;+oo[U{ =R +iF}JU] —oco;—¢q] onto [pr;27— pr— 2prsgn(r —20)] . (C.12)

The image of { — R + i5} U {R \ [-¢:q]} under p; defines the range .#; = [p(_l) ,p+)] with p = pr and

p(f) 2 — pr — 2ppsgn(r — 20), where the particles’ momenta evolve. L1kew1se the image of R + i9,71/2 under

p, defines the range .#, = [p(_r) 3D +)] where the r-string momenta evolve. p ) can be readily computed by taking
the A — i6,m/2 — oo limits in (C7). However, since their explicit values do not play a role, we do not provide

them here.

The dressed energies of the excitations in the momentum representation are defined as:

ei(k) = erop;'(k) for ke s (C.13)
e k) = gopl(k) for ke and reM\{l}. (C.14)

The r-bound dressed phase is defined as the solution to

my({)
2

q
1
¢r(A, 1) = ﬂé’r(ﬂ—#) - fK(/l—V)fbr(V,ﬂ)'dV + (C.15)

-q
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and the dressed charge solves

q
Z() + fK(/l—y)Z(y)-d,u =1. (C.16)
—-q

The dressed charge is related to the dressed phase by the below identities [46]:

1
P1(q) — p1(4,—g) + 1 = Z(A) and 1+ ¢i(q,9) - di1(=¢,9) = 7@ (C.17)

Similarly to the dressed energy in the momentum representation, it is convenient to introduce the momentum
representation of the r-bound dressed phase:

or(s.k) = ¢:(P7'(9). Py (k) for s €[-ppi2m—pr—2ppsgn(n—20)] and k€ .7, (C.18)

Here, one should understand that p, = p, if r > 2. Also, one sets Z = Z o p,’ L
Then, the exponents A () governing the dynamic part of the DRF are expressed as AL () = ﬂ%(ﬁ) where

np

9,(R) = —vl, + §5,Z(pr) + D iwprit) = ), > ¢opr.ky)

a=1 reft a=1

= D boprwpr V' pE) + sgn(r = 20) - m(®Z(pr) . (C.19)

ve{x}

Here (%) = #{k\" : 57" €] - 005 —ql}.

C.2 The velocity of individual excitations
The velocity v, of an r-string excitation if r € 9y and of a particle/hole excitation if » = 1 is defined by
v.(k) = el(k). In particular vp = e (pF) (C.20)

is the Fermi velocity, namely the velocity of a particle or of a hole excitation located directly on the right edge of
the Fermi zone [—pp ; pr] in the momentum representation. v; is defined, originally, on

[=pF:2m — pr = 2ppsgn(n — 2{)] (C.21)

and it is easy to see that it extends to a 2w — 2ppsgn(mr — 2¢) periodic function on R.
Furthemore, v; enjoys the symmetry

v1(k) = —0;(2n —2ppsgn(n —20) — k) . (C.22)

These properties follow easily from its definition.

Also v is a continuous function on R that is piecewise smooth. The points where smoothness may fail
correspond to the two momenta p~ (£ 00) = 2 '(£ 0o +in/2).

One can easily prove for pr small enough, or for { belonging to a sufficiently small open neighbourhood of
n/2, the below proposition characterising some of the properties of v;.
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Proposition C.1. There exists pg?) and 8¢ such that, if either of the two bounds holds
0<pr<pY or |¢-n/2|<6?, (C.23)
then
e |vy| <vponl-pr;prl;
o there exists Py, €lpr;n —2prsgn(n — 2{)[ such that vy is strictly increasing on
1= pF s PulVUIPy 3 27 — pp — 2ppsgn(r — 20)[ (C.24)
with Py = 21 — 2ppsgn(m — 2() — P, and strictly decreasing on P, ; Pyl;
e there exists an interval

1K s KulClpr;2n — pp = 2ppsgn(r =20 with Ky = 21 — 2ppsgn(r —2{) — K, (C.25)

such that

[o1(k)| < v for k €]K,; Kyl (C.26)
and

[o1(k)| > v for k €lpp;2n — pr — 2ppsgn(m — 20\ K Kul (C.27)

o there exists a strictly decreasing homeomorphism
t : [Kn; Kyl [—pr;prl  such that  t(k) isthe unique solutionto v1(k) = v1(t(k)) (C.28)
with k € [Ky, ; Kyl and t(k) € [—pF; prl. The map t is smooth on 1K, ; Ky,

e there exists a strictly decreasing homeomorphisms pr, P
pL : prs Pl & [P Kl Pr : [Pm;2rn— pr—2prsgn(r —20)] — [Ky ; Pul, (C.29)

such that pi(k), resp. pr(k), is the unique solution to v1(k) = v1(pL(k)), resp. v1(k) = v1(pg(k)), on their
respective range. The maps vr | are smooth on the interior of their domains.

e k v, is a diffeomorphism from 7, =] - p(_r) ;pgf)[ onto | — v s V[ with v\ > vg. Furthermore, there
exists K,(,f), KI(V;) € 7, and a diffeomorphism

07 ¢ [priprl = Ky Ky suchthat o) = o,(600) . (C:30)

In fact, one can check by means of numerical analysis (c.f. Figl2) that the properties listed in Proposition
above hold true for any pr € [0;7/2] and ¢ €]0; x[. Thus the conjecture:

Conjecture C.2. The conclusions of Proposition hold true irrespectively of the values of { €)0;n[ or pr €
[0;7/2].
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Figure 2: Velocity v; plotted for A = 0.57 and magnetic field / such that the per-site magnetisation m = 1 —2D is
parameterised by D = 0.21 (/hs) and for A = —0.60 and D = 0.30 for the rhs.

D Asymptotics of a one-dimensional S-like integral

In this appendix, I establish the main theorem in the one-dimensional case, viz. Theorem [L.2l For convenience, I
recall the statement of the theorem below and then expose the proof. The latter is based on two auxiliary lemmata
which are discussed in a separate section.

D.1 The structural theorem in the one-dimensional case

Theorem D.1. Let a < b be two reals. Let 3.(1) be two real-holomorphic functions in a neighbourhood of the
interval ¢ = [a;b], such that

e all the zeroes of 3. on 7 are simple;
e 3, and 3_ admit a unigue common zero Ay € Int(_¢) that, furthermore, is such that 3/, (o) # 3"(Ao).

Let A, be real analytic on Int(_# ) and such that A, > 0. Let ¢ be in the smooth class of ¢ associated with
the functions Ay and with a constant 7, c.f. Definition[[ 1l Then, for x # 0 and small enough,

1= 945,05 W) | [{EG) - Gl e L'(#) (D.1)

U==%

where3.(A) = 3.(A) + x. Let 1(x) denote the integral

I = | 9(A57W.5W)- | [{EG@) - G -da. (D.2)
S v

Assume that 6. = Ai(dg) > 0.
a) If3.(1o) - 3.(Ao) <O, then I(x) admits the x — 0 asymptotic expansion

GD(0) - 6,6 - FPH T(6,) - T(0-)
3P [ ()P T(, +0)

I(®) = E(3,(10) - ¥) { B 0(|x|5++5-‘7)} + f<(®) (D.3)

where

X = x-[3.(10) —3_(10)] , (D.4)
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4 is as appearing in (LA) and f- is a smooth function of x. Furthermore, if 3. have no zeroes on J other than
Ao, then f. = 0.

b) If3,.(A0) - 3_.(o) > O, then I(x) admits the x — 0 asymptotic expansion

G D) - 6. 6 - X+
1) = AN 13 (A
|3 ()P - 3 (Ao)I°

-T(64) - T'(6-) - T(1 =64 —6-)
x {E(x)% sin [8,] + E(-x)1 sin [ms_p]} + (") + £(x) (D)

where X and &, are as above,

p = —sgn[3,.(d0)] - sgn[3} (A0) — 3_(A0)] (D.6)

and f- is a smooth function of x.

Proof —
The hypothesis on 3.(A1) ensure that these functions have a holomorphic inverse in a neighbourhood of any
of their zeroes. As a consequence, any zero of 3: is holomorphic in x small enough. Thus, the integral can be

decomposed as 7(x) = ), Jx(x), where
k=1

bi(x)
Tix) = f (455 W)- | [{Zw@p " -aa. (D.7)
a(x) v

The endpoints a(x), k > 2, and bi(x), k < n — 1, all correspond to a zero of 3; or 3_. Furthermore, if a;(x) > a
and/or b,(x) < b, then these also correspond to a zero of 3; or 3_. However, it may be that a;(x) = a and/or
bn(x) = b, where I remind that _# = [a;b]. Then a;(x) = a and/or b,(x) = b may or may not correspond to zeroes
of 3,,.

The fact that ¢ belongs to the smooth class of ¢ with functions A, and a constant T ensures that the integrals
T (%) are well-defined. Indeed, problems with the L!-nature of its integrand could, in principle, arise if some zero
of 3, coincides with a zero of A,. However, observe that due to the smooth class property and the hypotheses
stated above (also c.f. equation (D.9)), the zeroes of 3, and3_ are all distinct and simple, at least provided that x is
small enough. Furthermore, one has the decomposition

¢(A5W05W) - [ {1} = 9@ - [ [{avEw1* )

U=+

+ 9O(A5:)- AW -1V [T + O (A5W) - A [T @I L@

+ 99505 W) - [ {7} ©s)

U=+

By the above, 3, vanishes linearly at its zeroes. A, being holomorphic, it vanishes at least linearly at its zeroes.
These two properties ensure the L!([ay(x) ; bi(x)]) nature of the integrand in (D.7).

In the following, I denote by . (x) the zeroes of 3. (1) such that . (0) = Ay. If neither a;(x) nor by (x) coincides
with u. (%), then the endpoint a(0), resp. bi(0), is at most a simple zero of one of the functions 3., but not of
both. The latter is a direct consequence of the assumed properties of the functions 3.. Hence, J;(x) corresponds
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to the class of integrals studied in Lemma[D.3]and, as such, is smooth in ¥ small enough. Its contribution is thus
included in one of the functions f.(x) or f (%), depending on the case of interest.

It thus remains to focus on the integral containing, as one of its endpoints, the zero u.(x). For convenience,
denote this integral by 7,(3).

As already stated, the zeroes u.(x) are analytic functions of %, at least for ¥ small enough. Furthermore, it is
readily checked that

3
(%) = Ao — = + 0(x?). (D.9)
Jz 0 T (*%)
This ensures that p, (x) # u_(x) for x small enough. Being holomorphic, 3,(1) admits the factorisation:
3D = A=) hy(lx)  with  hy(pu(),3) = 31 ) . (D.10)

By the Weierstrass preparation theorem, c.f. Theorem hy, 1s holomorphic in A and x, at least for x| small
enough.

In order to proceed further, one has to distinguish between the cases a) and b) outlined in the statement of the
theorem.

e Case a): 3,(19) - 3".(1o) <0
Let ¢ = sgn[3, (1o)]. Then,

3+(10) > 0 on ¢l (®);V @[ while (1) >0 on ¢V u-@I (D.11)

where v(f)(x) is the closest zero of 3: to p(x) such that the function satisfies to the above propertie. The ¢ pre-

factor in front of the intervals means that the interval is always oriented from the smallest to the largest element.
One can convince oneself that

VO®) = pe(@) £ 66V where &) > C (D.12)

for some x-independent constant C > 0.
The above means that the neighbourhood of Ay will produce non-vanishing contributions to J3,(x) only if
He(%) < pu_o(x). Provided this inequality holds, the integration in ,(x) runs through the interval [uc(x) ; u—c(¥)].
Since one has

. 3c(d0) — 3_(Ao)
=34(A0) - 3_(4o)

the condition uc(¥) < u_(x) can be recast, for |¥| small enough, as 3/.(1p) - X > 0 where X is as defined in (D.4).
Thence, upon inserting the factorisation (D.10) into 7, (%), the integral can be recast, for |x| small enough, as

Hog(®) = pe(x) = x (1+0@), (D.13)

H-(%)

Ta® = Z(3,(do) - ¥)- f AW [ vsld—mw@l) ™ - aa (D.14)
Hs(®) v
with
AW = 1505 W) [ ] {esh o] (D.15)

v=%

%In case there are no more zeroes, one should simply take v(:)(x) = b and v([) @ =aorvPE =aor v =b depending on the

situation, where I remind that j = [a;b].
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The representation (D.8)), the properties of the functions ¢® and the fact that the ¢ independent-part of the
integrand has constant sign, all lead together to the decomposition

Tw® = JHALAL® + D O(FILA+ (1 =16y A+ (1= 15, ]()) (D.16)

U=+

where 0, stands for the Kronecker symbol. Here

H-g(%)
FIH, A A® = E(3,.(0) - ¥)- f HW - [ | {vsld - m@l) ™ - aa (D.17)
e v
with
1 Ay(D)-1
HQ) = AL(D)A_) -9 )(/l)-l_[{vghv(/l, 0) . (D.18)
Then, the change of variables
A — pg(%)
S o s A D.19
p-(¥) — p1g(®) (D.19)
recasts the integral as
1 p—
JUH AL AN = 250 - ¥)- f MO (1= O - dr (D.20)
0
where
A0 = Hue® + 1 i) = ®)]) - (e = @) (d21)
and
M) = Ay(pe®) + 1+ [1-o(®) - pe(®)]). (D.22)

Being smooth, all functions have an expansions in ¥ that is uniform in ¢ € [0; 1]. This fact ensures that the leading
asymptotic expansion of the integral is obtained by setting the argument ¢ of all functions to 0, leading to

I(Ac(0) - T(A_(0))
I(Ag(0) + A_4(0))

JTH, A, A](2) = E(3,(d0) - X) - H(0) - (1 + O(xInv)) . (D.23)

Note that the O(x In x) remainder issues from the expansion of the exponents in H(7). One can simplify the formula
further. One has A,(0) = 6, + O(x) with ¢ as in (D.4) as well as

5.0_ - 4D (Ag) - X0+ 0!
135 (A0)I°- - [32(A0)I°+
what allows one to conclude regarding to (D.3).

e Case b): 3. (o) - 3".(19) > 0

H(0) = + o(|x|5++5- In |x|) (D.24)
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Still agreeing upon ¢ = sgn[3/, (1p)], and keeping the same definition of v(f)(x), one gets that

32(10) > 0 on ¢lus(x) ;v @) . (D.25)

Here, as earlier, the ¢ prefactor indicates that the interval is oriented from its smallest to its largest element. It is
easy to convince oneself that, in the present case of interest,

V@) = pe(®) +s6v'9@) where 6O (x) > C (D.26)

for some x-independent constant C > 0. Thus, after imposing the positivity constraints and using that || is small,
the integral J,(x) runs through ¢[b. ; c¢.] where

be = gmax(gy+(x),§y_(x)) and ce = grnin(gvf)(x),gv(_g)(x)). (D.27)

The integral of interest can then be decomposed as J,,(x) = J ﬁi)(x) + J ﬁ)(x)

bg+66
TV = ¢ f 9(13.03W) | |Gl da (D-28)
be U=+
and
TV® = ¢ f G155 W) | G, (D.29)
bg+go v==

where ¢ > 0 is taken small enough.
g /(li)(x) is a smooth function of x. This can be seen as follows. If ¢, € d_¢ and if the endpoints of ¢ are not

zeroes of 3., then the integrand in gi)(x) can be expanded into powers of ¥ owing to
inf{3.(5) : s €lbs+685c5l} > C", (D.30)

for some C’ > 0. This entails the claim. Otherwise, c. coincides with a zero3.. One treats the part of the integral
corresponding to an integration over a domain uniformly away from c, exactly as in the first case. Then, the
neighbourhood of ¢, can be treated as in Lemma|[D.3] and the claim follows.

It thus remains to focus on J /(1(1))(35). Recalling the definition (D.6) of p, one can readily check that, for ¥ small
enough,

be = posgnwp®  and  emin(u, (), Gu-(¥) = fsgnn(®) - (D.31)

After the change of variables A = b + ¢t, by using the factorisation (D.10) and setting

as = g(/l—sgn(as)p(x) - /Jsgn(x)p(x)) >0, (D.32)

one gets that

o
T = f H(t,u(®), (t + agv()) - 40 - (¢ + ag)®O - dr . (D.33)
0
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Above, we have set

A(r) = A—sgn(x)p(bg +¢t)—1, B@) = Asgn(x)p(bg +¢t)—1 (D.34)
and
u(t) = S'h—sgn(x)p(bg +¢t,x), w() = S'hsgn(x)p(bg +6t,%) . (D.35)
Finally,
Ay(bete—1
K, x.y) = G(bs +st,x.) - ]—[ {hy(bs + st " (D.36)
v=t
The properties of ¢ entail that
Ht,xy) = H@t) + O(x'™" + y'7) (D.37)
with a differentiable remainder in the sense of Definition and where
Ay(bets—1
(Gersn=l (D.38)

H@) = (ADGD)bg +61)- | [ {ehu(g + 1.0

One is now in position to apply the result of Lemma[D.2] given below. This yields that
JD@ = —E2(ao) OV sin[rB(0)] - T(1 + AO)T(1 + BO)I( - 1 - A©0) - B(0))
+ 0(az" O \Inay) + rag), (D.39)
where r is some smooth function. At this stage, it remains to use that
Ay(by) =6, +0()  and  ag =¥ [3,(10) - 3. (A0)] " - (1 + O()) (D.40)

with X as given in (D.4), so as to conclude. ]

D.2 Auxiliary lemmata

Lemma D.2. Let 1 > 6 > 0 be fixed and f(t), A(t), B(t) be smooth real valued functions on [0 ;0] admitting the
expansion around zero

f@ = fo+ 0@, A(t) = ap + O(1), B(t) = by + O(1), (D.41)

where ay > —1 and by > —1 are such that ay + by € N. Further, let F be smooth on [0;8] X R* X R* and such
that, for x,y bounded

F(t;x,y) = f@&) + O(x* +y%) for some 0O<a<l1 (D.42)

with a differentiable remainder, c.f. Definition[A. 1] Let u,v be smooth on [0 ;6] and such that u(t), v(t) > 0. Then,
the integral

0
JLZ,A,Bl(x) = f F(ttut), (¢t +0)v(@) - AP - (1 + 0)BD . dr (D.43)
0
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has the x — 0 asymprotic expansion

JLF, A, BI(x) = —fo2EU(1 + ag)T(1 + bo)T( = 1 = g — b)) - ¥ 70+
+r(x) + O(x'rbore) - (D.44)

where the function r is smooth in %, and does depend on 6, A, B.

Proof —
Observe that x = J[.#, A, B](x) is smooth in ¥ € R* and that the ¥ derivatives are obtained by differentiating
under the integral. Let n € N be such that

-2<l+ap+byp—n<-1. (D.45)
Observe that the hypotheses on the differentiability of the remainder ensures that

P tu), 1+ 0)v®) - @+ 020} = Fio+050 + O + 050 + 01 (1 + x)5?) (D.46)
with

T(B(t) + 1)

m and B(t) = B(t)—n. (D.47)

fo = fo-

Furthermore, being smooth functions on [0 ; 6], one has that

)4 )4
oy = Y b+ 0y A@ = Y ad + 00y B = ) bt + 0@ (D.48)
k=0 k=0

P
k=0
From there and the fact that u(¢), v(¢) > ¢ for some ¢ > 0, one readily deduces that

F) - AD (14 )P0 = 0. (14 )0 -(}5 + O(r - max{|Int], | In(z + »), 1})). (D.49)

Then, since Int, In(¢ + ¥) have constant sign on [0 ;0] provided that |¥| is small enough, straightforward bounds
lead to

| TLZ.ABI®) = foT(@0.bo) + o( 10,7 (@, b)| + 9,7 (@, )| + |7 (@, b)|)

a:a0_+1
b=by

+ O(|T(a +ag, bo)| + |7 (ao, bo + a/)|) (D.50)

where
o o/x
T(a,b) = ft“-(t+x)h-dt = x“+h+1ft“-(t+1)h-dt. (D.51)
0 0

Note that, if need be, one may always slightly decrease the value of @ so that @ + ay + by ¢ Z while preserving the
differentiability of the remainder.
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The change of variables v = /(¢ + 1) recasts the integral as

[
St+x

T(a,b) = x*++ f V(1= 424y, (D.52)
0

It remains to expand the model integral

Z
T(xy:z) = f o=t dr , R >0, (D.53)
0

around z = 1. Let p € N be such that R(y) + p > 0. Then, using the expansion for |[f — 1| < 1
=[1+@¢-DP'= Z C,(x)(1 -0" with Co(x)=1, (D.54)
n>0
one has that

Z

T(x,y:2) = f ! ZCn(x)(l—t)”) A —tp™dr + Z(l—_;’)) Ca(x)

0
= - > G )(I_Z)W + To (D.55)
n>0
where
e G0 1 il COT)
n x=1 _ Y N o B —
25 f (1 nZOC,,(x)(l o) -0 e o)) (D.56)
- X -

has been computed by meromorphic continuation in y. The above expansion ensures that there exists a function &
that is smooth in ¥ belonging to a neighbourhood of 0, and in a > —1 and b ¢ Z, such that

a+b+1
a+h+lsm[”b]r(a+ DIh + DI(=a—b—1) + (‘ZL + x-h(x) . (D.57)

b) =
Tab) = +b+1

Owing to the choice of the integer n in (D.4)), all integrals 7 (a, b) appearing in (D.J0) diverge in the ¥ — 0 limit.
Thence, upon using the relation between fj, by and their un-tilded counterparts, one gets

sin[7bg]

P ILF.ABIx) | = =1y gortorion f 20 Ry + DE(bg + DI — ag — bo — 1)

+ O(xa0+h0+l+(l—n) . (D58)

Then, n-fold integration in respect to x entails the claim.
Lemma D.3. Let 3..(A) be two real-holomorphic functions in a neighbourhood of [a ; b], a < b, such that

e 3. >0o0nl]a;bl;
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® a, resp. b, is, either such that both 3.(a) > 0, resp. 3.(b) > 0, or such that it is a simple zero of 3¢,, resp. 3e,,
(e¢/r € {£1}) but not a zero of the other function.

Let 3. () = 3.(1) + x and let

e a(x) = a, resp. b(x) = b, in the case when both 3.(a) > 0, resp. 3.(b) > 0O;

o a(x), resp. b(x), be the zero of 3e,, resp. 3, such that a(x) = a + O(x), resp. b(x) = b+ O(x), if 3¢,(a) = 0,
resp. 3¢.(b) = 0.

Let A, > 0 be smooth on [a(z) ; b(x)] uniformly in ¥ small enough. Let 9 be in the smooth class of [a(x) ; b(x)] with
functions A and constant T.
Then, the integral

b(x)
J() = f 9(45:W.5W) - | {0} - da (D.59)
atx) v=+

is a smooth function of x small enough. In particular, it admits a Taylor series expansion around x = 0.

Proof —

To start with, consider the simpler situation when A > 0 on [a(3) ; b(x)].

First consider the case when a and b are both a zero of one of the functions 3.. Then, let €/, € {£1} be such
that 3¢,(a) = 0, 3..(b) = 0. In such a case, for any > 0 and small enough, the hypotheses of the lemma ensure
that there exists a constant ¢ > 0 such that

{ 3o (1) > ¢ on [a;a+n]

s o) >c on [b-pib) 04 W >confatnibonl. (D.60)

Since a, resp. b, is a simple zero of 3¢, (1), resp. 3¢, (A1), the function is a local biholomorphism in the neighbourhood
of that point. Hence, the zeroes a(x) and b(x) are analytic in ¥ small enough and one has the factorisation

3¢ (D) = (A= a®)) - he(A,x) and 3D = (b(x) =) - h(4, %) (D.61)
with 4,/¢(4, ¥) > 0 and analytic in A and ¥ by the Weierstrass preparation theorem B2l Finally, the inverse (3, /,,)_1

takes the explicit form ('3\5[“)_1(1‘) =3l@t-%

€/r
Thence, picking some 7 > 0 small enough, one can decompose the original integral as

35 (1-%)
J@® = T + Je@® + T, with J.() = f Ge(4,%) - d2 (D.62)
3, (1=%)
and
3 (1=%) b(x)
Je(®) = f G4, %) [3(]**V 3 (-dd . Ju) = f G4, 0[5 D]*P™3L ()-dA . (D.63)

a() 3 (7-%)

Above, I have set

G4, 1) = 9(45:0.5W) - [ [{Hw]™) (D.64)

U=+
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and

1

. D.65
3, (D (D-63)

Ger(h®) = F(A3DFWD) - [Foe, (D] 0r 7

The lower bounds (D.60), the smoothness of G.(4; x) and the fact that the integration runs through a compact, all
together ensure that J.(x) is smooth in x. Furthermore, a change of variables recasts J,(x), with a € {{, r} as

n
Ja®) =64 f Ga(32)(s = 1),x) - shata 0071 g (D.66)
0

with ¢; = 1 and ¢, = —1. The same arguments as for J.(x) then allow one to conclude.
The remaining cases of possible values of 3.(a) and 3.(b) can be treated quite similarly.

It remains to discuss the situation when one allows for A, to vanish. The latter case remains unchanged
relatively to J.(x). As for J,(x), a € {¢, r}, by the properties of a smooth class function, one may recast

G35/ (s =0,%) = A 03 (s =0 G (s —3) + GP(s—1)-s'" (D.67)

with Ggl), GE,Z) smooth. Thus,

n n
2 03 (s—x)— 2 03 l(s—
() = s‘afol)(S—*) . Py =0T qo s‘afas{Gf,)(S—x)'vA“’ 3ea (8 x)}lv:s .ds
0 0
2 o 1= 2 o ~“lg—
+ GO = %) - P M — ¢, GP (= x) - PO (D.68)

Note that the last term issuing from the integration by parts is present only if A, o 3;}(—35) = 0 and in that case,
the contribution is also smooth in ¥. Smoothness of all the other terms is clear. |

E Asymptotics of multi-dimensional 5-like integral

E.1 General assumptions

It is convenient to introduce a few notations and objects that will be used throughout this section. One assumes to
be given:

e a strictly positive real v > 0;
e acollection of compact intervals .Z,, r=1,...,¢;

e smooth functions 1, on .#, such that u,. is strictly monotonous on .%,, and such that

w.(k) # xv for k € Int(.#,) . (E.1)

Taken the physical interpretation that is discussed in the core of the paper,

e k — u,(k) corresponds to the momentum-energy dispersion curve associated with a single particle excitation
of "type" r;
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e 1, corresponds to the velocity of this excitation;

e .7, is the domain, in momentum space, where the dispersion curve k — u,(k) is strictly convex or concave,
viz. where 1)’ has constant sign in its interior.

Given n, € N*, r = 1,..., ¢, define the compact subset % of R™ with 7ty = Zle n,, as
¢
o = [ |2 (E.2)
r=1

It is assumed that the intervals ., partition as
S, = g gow (E.3)
with . = fl(in), ie. fl(out) = (). The partition is such that

u;(Int(fr(out))) N u’l(Int(fl(in))) =0 and u;(Int(f,(in))) = u'l(Int(fl(in))) ) (E.4)

The hypothesis of strict monotonicity of u. ensures that all the sets u;(Int(J,(in))) are in one-to-one correspondence.
More precisely, there exist homeomorphisms

tp 2 7™ 5 g guchthat  u((k) = wi(6,(k)) . (E.5)
1 1 r

The hypotheses on 1, ensure that 7, is a smooth diffeomorphism from Int(fl(in)) onto Int(.#™). It will appear
useful, sometimes, to denote #;(k) = k. The partitioning splits the momentum range of type r excitations into
an interval f,(i“) associated with momenta of type r excitations having a velocity that is also shared by type "1"
excitations, and an interval fr(out) whose associated velocities never coincide with those of type "1" excitations.

Given a choice of signs ¢ € {1}, one defines the associated macroscopic "momentum" and "energy"

4 ¢

Ph) = ) msnd)  and  ER) = ) mLu(n®) . ke, (E.6)

r=1 r=1

of an agglomeration of equal velocity particles of different types. It is assumed in the following that k — P(k) is
strictly monotonous on Int(.#), i.e. that

4
ko PU) = Gnk) (E.7)
r=1

does not vanish on Int(fl(in)).
Finally, it is convenient to represent vectors in block form relatively to the Cartesian product structure of %,

cf. E2),

p=0". . p9) with  p =, pl)) e R (E-8)

Also, given a vector p as above, it will be useful to introduce a special notation for a related vector where some of
the components of p have been dropped:

1 4
p{;)] = (p(lr),-.-,pg_)l’p;:)_l""’pffl};)) and p[r,a] = (p( ),---,PE;)J,---,P( )) . (Eg)
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In the following, ko € Int(_#1) will single out a point in Int(_#7). Analogously to the above way of writing vectors,
one denotes

t(ky) = (tl(ko), R t[(k())) e R™ with t (ko) = (lr(ko), R tr(ko)) eR™ (E.10)
as well as

tieng(ko) = (E1(ko), - - - s tr (ko)) € R with temako) = (te(ko), . .. te(ko)) € R™™1 (E.11)

and where all the other ¢,(ko)’s are as given in (E.10).
Finally, the set of all possible labels (r, @) arising in the coordinates of p given in (E.8) is denoted as:

M:{(r,a):rel[l;f]]andae[[l;n,]]}. (E.12)
Sometimes, the notation

Mieng = MANAE ne)} (E.13)
will be used.

It is easily seen that properties Hi) — Hii) of a function ¢ on K x R* X R* that is in the smooth class of K and
associated with functions d.. and a constant 7, ¢.f. Definition [T entail that, for any (s, £,, ¢,) as above and for
fixed € > 0, it holds

H1) (x,u,v) — [] 0y - 8ﬁ” 49 (x,u,v) is bounded on K x [e;€ '] x [0;€7];
a=1

n
H2) (x,u,v) = [] 0y - 85” 49 (x,u,v) is bounded on K x [0; e '] x [e;€7'];

a=1
H3) (x,u,v) & [] 8y - 99(x,u,v) is bounded on K x [0;€!]°.
a=1

Note that depending on the values of s € [ 1; 4], the u or v variables may or may not be effectively present in the
above equations, viz. one should understand in the formulae above ¢ D, u,v) = YD (x) etc.
Furthermore, when n > 2, all the functions appearing in H1) — H3) vanish upon replacing K — 0K.

E.2 The structural theorem in the multidimensional setting

Theorem E.1. Let % be as defined in (E2) and A. be smooth positive functions on % admitting smooth
square roots on Sy Let 4 be in the smooth class of o assoiated with the functions A+ and a constant T €]0; 1],
according to Definition[[ 1l

Finally, let

WP = &= 3, L) + wv{Po— Y Lpl). velsl (E.14)

(ra)eM (r.a)eM

with ¢, € {£1} as given in (E.Q) and where (Py, Eg) € R>.
Let I(x) be given by the multiple integral

I(x) = f dp %(p) (E.15)

Aot
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where

Yo = 9(p.3 @ + x5 +3)-| | {E( 3u(p) +3) - [30(p) + X]A"(p)_l} V(D).

U==%

and

V(p) = l_[]—[(p(’) )

r=1 a<b

The type of x — 0 asymptotic expansion of I (x) depends on the value of (Py, Ep).

a) The regular case.
If the two conditions given below hold
(Po.&) ¢ {(PK).EW) : ke o)
and

min |&) — &(e) + vv(Py — P(@)| > 0
(teﬁfl

then G € L'(So1) and I(x) is smooth in x, for |x| small enough.
b) The singular case.

Let ko € Int(.#)) and recalling t(koy) as defined in (EQ), let

€
1 3
AY = Atko)) and O = Ean -5+ A 4 A9

r=1

If
(Po. &) = (Plko),Eko)), 9 ¢N, and AL >0

then G € L (So1) and I(x) admits the x — 0% asymptotic expansion:

©) A0) (1) ) ADLA0—1 13
) = A A7 G0k - (2Y) T 9)- ] {
VIP (ko)l

><|x|'9-{ ()Sm A )sm - ]} +1(x) + O™ 7).

Above 1(x) is smooth in %, for || small enough. Finally,
1 <
— _ 0)
> n 4 + Z A,
8

= 1 +[v—uu (ko)]>0

H-

where s = —sgn(%) and &, = —{,sgn(u;’(tr(ko))) .

R

(E.16)

(E.17)

(E.18)

(E.19)

(E.20)

(E.21)

(E.22)

(E.23)

It is to be expected that the conditions Af) > ( are only technical and can be relaxed down to A(f) > 0, upon

some improvement of the method of analysis.

Proof —
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o L'(_#io1) character

The integrand is smooth with the exception of the points where 3,(p) + ¥ = 0. Thus, to conclude on its LY Hrot)
integrability it is only necessary to focus on its local behaviour in the vicinity of these points. The local behaviour
of the integrand around these points, after an appropriate change of variables that rectifies this behaviour, is
thoroughly investigated in the core of the proof. It is the integrations over such vicinity that generate the non-
smooth behaviour in x. These integrals reduce to the "local" integrals described in (E.121)) and (E.I5I) whose
study can be reduced to reasoning on one-dimensional integrals by means of appropriate changes of variables. On
the level of these representations, it is easy to see that the local L' character, in virtue of ¢ being in the smooth
class of A,, reduces to Ay > 0.

e A preliminary decomposition into totally collinear and non-collinear parts

The first step of the analysis consists in decomposing the integral into those parts which may, under certain
conditions on (P, &), generate a non-smooth behaviour in x and those parts which will always, independently of
the value of (Py, &), produce a smooth behaviour. This is achieved by decomposing the integration domain into
portions where one can directly apply Lemma [E Il hence guaranteeing smoothness in x of their contribution, and
those portions which require further study.

Given 1 > 0 small enough, one has the below decomposition of .#y

S = D LD (E.24)
where
Dy ={pe S : Ana) #(1,1) such that [ij(pi") — w(p{)| = n} (E.25)

contains vectors p where at least one variable is associated with a different velocity than the one carried by the
first component p(ll) of p and

D = {peJw : Vo) e M (") - w(D)| <n) (E.26)
contains vectors all of whose components have almost equal velocities. Let ¢ be smooth and such that
0<g <1 . V=1 on DY) ad ¢ =0 on DY (E.27)

Then set o) = 1 — /). This entails that ¢’ # 0 only on Z)f;% so that one has a partition of unity on %, :
o + ¢4 = 1 which induces the decomposition of 7(x) = T™(x) + I/ (x) with

IY@R) = f dpgPp)  and  ITV(x) = f dp 9 (p) . (E.28)
D) o’

Above and in the following, we agree upon

GLp) = ¢OP) - YGo(p) and G ) = ¢ (p) - Gu(p) . (E.29)
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e The integral 7%

I establish below that 7()(x) solely generates a smooth behaviour in x small enough.
Given h € D) by definition, there exists (r, a) # (1, 1) such that |u’1 (h(ll)) - u;(hflr))| > n/2. Then, the map

n/2’
fira®) = (BP0 0. 34(p).5-(P)) (E.30)
satisfies
r—1
det[Dpfiral| = 2vZ1 - (=1 - [w(p) = wi(P")] with m.=a+ Zn,, . (E31)
b=1

Hence, for all h € Z)(l),
n/2

| det [D fira]| = vir- (E.32)

One is thus in position to apply Lemma[E]so as to conclude that x = 71)(x) is smooth in |x| small enough.
As a consequence, it only remains to focus on the ¥ — 0 behaviour of 7/)(x).
e Behaviour of 7'/ in the regular case

This corresponds to case a) appearing in the statement of the theorem. Since .#| is compact and k — (P(k), E(k))
is continuous, where P(k), E(k) are as defined in (E.6), hypotheses (E.I8) and (E.I9) entail that there exists 0 > 0
such that

kier};l{ d((Po.&). (P(K).EK))} > 0 and ar%% 80 — E(@) + vv(Py - P@)| > 0. (E.33)

It is useful to recast 3,(p) as:

W@ = Zup") + 53u(p) (E.34)
where
Zuk) =&y — Ek) + vv[Py — P(k)] (E.35)
and
sup) = = D, 4w (P56 )) (E.36)
(r.a)eM

Here, I have introduced
w(k; p) = u.(k) — u(p) + vv(k - p) . (E.37)

One has that Z,, is smooth on Int(.#}) and

4

Zy® = -{ Y m o} (46 + v (E.38)

r=1
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Thus owing to hypothesis (E.I) and (E7), Z,, does not vanish on Int(.#), so that Z, is strictly monotonous on
4. This entails that Z, has at most one zero on .#].

There are several cases to discuss depending on whether Z,, has a zero or not on .#.
i) (Po, Ep) is such that both Z do not vanish on .#;.

In such a case, there exists Cy, such that | Z.(k)] > 2Cy, for any k € .#|. I now establish that this property

entails the non-vanishing of 3, on Z)g// ). For that purpose, observe that since .. is strictly monotonous on .#, and
continuous, it is continuously invertible on its image. This allows one to recast

sup) = = D & ® (W) wwp)) (E.39)
(ra)em —
=u;(p}")
where
Wk p) = w0 ()R = w0 ()T (p) + wve ()7 - ()T (p) - (E.40)

Since (%) X uj(.#)) is compact, ©" is uniformly continuous on this set. This entails that there exists Sy, With

sy — 0% when n — 0" such that,

uniformly in pe DY itholds  83,(p) = O(s,) - (E.41)
Then, by taking n small enough in (E.23)-(E.26)), one gets that for any p € Z)g// )

@) > 120 =163, | > Co - (E42)
This lower bound is enough so as to conclude, by derivation under the integral theorems, that 7/)(x) is smooth,
provided that || is small enough.

i) (Po, Ep) is such that least one of the two functions Z. vanishes on .#;.

First of all, by (E.33)), Z, cannot vanish on d.#], and hence, by continuity, on an open neighbourhood thereof.
Thus, if a zero exists, it is at a finite distance from the boundary of .#|. Furthermore, Z. cannot share a common
zero on Int(.#}). Indeed, if that were the case, then one would have Z.(k) = 0 for some k € Int(.#;). This would
then entail that

0=2Z.:0-Z-0 = 2v[P-PWK)
0=2Z:0+Z-0 = 28 -8&K]

(E.43)

However, such a vanishing contradicts (E.33)).
Denote by k&, € Int(.#)) the zeroes of Z,,, if these exists. Let N, be an open neighbourhood of &, in Int(.#})
such that

N,cInt(#) and N,NN_ =0, (E.44)

where the last condition only applies if both zeros exist and can be made possible since k, # k_ as argued earlier.
Then set

K, = {p € St - p(ll) eN, and VY(r,a)e M |u'1(p(11)) - u;(pg))| < 7]} . (E.45)
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By construction, k, ¢ pr[u](i),(// ) \ (Kv), where pry; 1 is the projection on the first coordinate. Thus, Z,, does not
vanish on pr | J(Z)f// ) \ ‘KU).

Recall that, uniformly on Z)f// ), one has 53u(p) = O(sy), with s, — 0 as 7 — 0. Reducing 7 if necessary, one

concludes, as before, that there exists a constant C > 0 such that
()| >C  forany peD)\%,. (E.46)

It remains to deal with the behaviour of 3, inside of K. The map

O pe 0?00, 5,(p) (E.47)
satisfies
det[D,p £ = ]—[( D" - afov + i (p)). (E.48)

Since uj (k) # +v on Int(.#}), it follows that det [Dp 0. 1]] # 0 on %, Upon reducing 7 if necessary, by compact-

ness of K, and smoothness of f[1 1 On an open neighbourhood of %, there exists:

e points p; e%v,kz 1,...,my;
e open neighbourhoods U, of p;, forming a finite open cover of %, such that

Ky C UL Unig C Iir ; (E.49)

e open sets V. and constants 6, > 0 satisfying 3,(p;) = 6y # O;

such that
£ 5 Unk = ViaxI3u(Br) = Suk s uk + 30(p)l (E.50)
is a diffeomorphism onto and that its inverse ( 0. 1]) extends smoothly to a neighbourhood of

ukx]Sv(pk) v k> v kKt SU(pk)[ (ESI)

Note that, if both zeroes exists, the neighbourhoods U, = Ukm;’l U,k can and are chosen such that U, N U_ = 0.
Denote by {90v;k}’/:1£1 the partition of unity associated with the open cover U, .

Below, I only discuss the case when both Z. and Z_ have a zero. All other cases are treated analogously.

By using that the integrand vanishes outside of DY ), one decomposes the integral as

1@ = 1@ + 1@ + 1) (E52)
There
/) )
1D = f 4 (p) - dp (E.53)

o/"\|u,uu_}
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and

m, 3u(Pr)+0u+x
—_ A )
1) = Zf » f dit Goa(vou = %) - E(w) - [u] ™ 7 (E.54)
k=1 VU' Sv(pk)_(gu:k*'x

Above, I have introduced

gvk(v u) = Sovko( [, 1]) (V u) %, (( [(111)1]) v u), u+ %3, (v, u) +x) |det [D(v u)( [(11})1]) l]|

x B(x + 3. w) - [ +35,0, u)]A(‘U“)(””_1 (E.55)
and used the shorthand notation
%(p, u, v) 54{%)(1), u, v) , g_(p, u, v) %tg/t/)(p, v, u) (E.56)
as well as
AV = Ao (f) ) and  FL,000) = 3.0 (1)) 0w (E.57)

[1,1]
One can now conclude, individually for each integral.

e The bound (E.46) along with the smoothness of the integrand allows one to conclude that 7' g,/)(x) are smooth
in x belonging to some open neighbourhood of 0.

e Regarding to 1 f,// )(x), one should focus on the contribution of each summand k. There are three cases to
consider. If 3,(p;) + 0, + ¥ < 0, the associated integral simply vanishes for ¥ small enough and there is
nothing more to do. If 3,(p;) — 6y > O, then properties H1) — H3) of a smooth class function as given in
Definition [[.1] the fact that the Jacobian determinant in never vanishes and has thus a constant sign,
the smoothness of the other building blocks and the lower bound (E.46) relatively to 3_, allow one to apply
derivation under the integral theorems so as to conclude that the corresponding integral generates a smooth
behaviour in x for [x| small enough. Finally, if 3,(p;)+ 6, > 0 and 3,(p;) — 6« < 0, then for x small enough,
the corresponding contribution reduces to

3u(Pp)+0uk+x
=~ AY (v u—2)-1
Ty = dv du Gy u—x-[u]™ ™ ) (E.58)
Vi 0

By virtue of the decomposition for smooth class functions on _# associated with A, and the parameter 7,
one has the decomposition

Gos(vou—x) = Q(l)(v u—3)-[u]' ™ + AV u—-1)- Q(z)(v u-—7x) (E.59)

with éff’,){ being smooth and bounded in all of their arguments. This allows one for the rewriting

Sv(pk)+6u:k+x
~) o AWy
Tox = f v fdu{g(l) Vst — %) - [ ]AU Vu—x)-1 _ [Q(Z) v, u—7x)- [S]AU v,u X)]lszu}
Vu;k 0

~() ANV
f dv{g<2k(v 3u(P1) + 0uk) - [3u(Pr) + Oy + 3] CHPR Gy ) ()M ”]lszo}.
Vu;k
(E.60)
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Here, one should note that the terms corresponding to taking the s — O limit only appear if the exponent
K,(,U) is vanishing on a set of positive measure. Due to the mentioned properties of the integrand, one may
apply derivation under the integral theorems in the above representation so as to infer that the above integral
is smooth in x small enough.

e Behaviour of 7'/ in the singular case

This corresponds to case b) appearing in the statement of the theorem and is more tricky to deal with. Extracting
the x — 0 asymptotics demands several transformations on the integral I (D(x). 1 first start with a preliminary
decomposition.

Assume that (Py, &) takes the form (E.21)) for some ko € Int(.#;). Then, one can recast 3,(p) as:

W) = = D 4w (p (ko)) (E.61)

(r.a)eM

where w!” is as in (E37). Then, owing to the proximity of the velocities of the integration variables
1 1 1 1
(P () o W) and W),y o W), forrel[2; £, (E.62)

it is convenient to decompose further 3,(p) as

W@ = Z(p ko) + 63,(p)  with  Zy(ki ko) = Elko) — Elkr) + vv [Plko) — Plky)] (E.63)
and
sup) = = > &) (P51 (p)) (E.64)
(r.a)eM

The previous estimates ensure that §3,(p) = O(s;) uniformly on Z),(// ) e.f (EAI). In other words, Z, grasps the
dominant part of 3,(p). By the same arguments as earlier on, one gets that

VO Zy(k. ko) = —v-P'(k)- (W (k) + vv) # 0O (E.65)

so that k +— Z,(k, ko) is strictly monotonous on .#;. One can then rely on this property so as to split, by means of
an appropriate partition of unity, the integral into one over a domain corresponding to a neighbourhood of the point
t(ko) = (t1(ko),. .., te(ko)) with ¢,.(kg) = (t,(ko), .. .,t.(ko)) € R™ which will generate a non-smooth behaviour in

x and an integral over its complement in Z)f// ) which will only generate a smooth behaviour. However, the steps for
achieving such a decomposition depend on the magnitude of [u}| respectively to v: one should distinguish between
the two possible situations which can arise due to hypothesis (E.1)):

(k) <v on Int(H) or (k) >v on Int(#). (E.66)

e [u (k)| < von Int(#)

Since, 63,(p) = O(sy) and since k — Z,(k, ko) is strictly monotonous, the magnitude and sign on 3,(p) will depend
on whether one is close to a zero of Z, or not.
Let

o = sgn(P(k) (] (k) + v)). (E.67)
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Hypothesis (E.7) ensures that o is constant on Int(.#;). Taking n small enough, the fact that Z, is strictly
monotonous and that 63,(p) = O(s,) both ensure that there exists p, > 0 such that p, — 0" when n — 07,
and vy, strictly increasing in 7, y, —6 0, so that

n—0*

: (n
vo3(p) < —p, if pyl >ko+y.
Y ! ! " provided that p € Z)f// ) . (E.68)

. 1
vos(p) > py it pV <ko—y

The above ensures that, for  small enough and [x| < p;, ¥ + 3.(p) will have opposite signs if | p(ll) — kol = vy
The presence of the Heaviside step function in the integrand then allows one to reduce the integration domain in
7 )(x) leading to

ID() = f dp 9 (p) . (E.69)

(52)
D nyn

Above, I have introduced
Dy = {pe J : PV —kl<y and V@) e M . i (p") - w(p)| <n}. (E.70)
¢
Finally, let ¢*® be smooth on [] R™ and such that

r=1

0<¢f®<1 , ¢*9=1 on DFY and ¢ =0 on Dg‘j]‘j;)z”. (E.71)
where
DR = {pe o 10" —kol >y and V¥ (ra) e M, |ui(p{") - w(p)] <} (E72)

Since, by construction, the integrand vanishes on D% ) \ Y ), one may recast 7/)(x) in the form

1P = 1P = f dpGe(p)  with  Gy(p) = o9 (p)- 4L (p) . (E.73)

(sg)
2n.y2y

e [uj (k)| > v on Int(.7)

Define o as in (E.67). Then o is constant on Int(.#}) by hypotheses (E.Il) and (E.7). Taking n small enough, there
exists p, > 0 and y, > 0, a strictly decreasing function of 7, such that y, —6 0 so that
n—0*

o3(p) < —p, if p(11)>k0+y,7

)

_ provided that p € Df// ), (E.74)
owp) > py i pp <ko—wy

Taken this into account, it appears convenient to introduce ¢*® as in (E-ZT).

Then, one gets the decomposition of the integral as 7V/)(x) = T % )(x) + 71 (O/Q (x) where
1P = f dpu(p)  and  I) = fdp (1= "2 (p) % (p) - (E75)
o
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There, %,(p) is as appearing in (E.73) and Z)ff;,n/ %) have been defined in (E-70) and (E-72).
Due to the bound (E.74)), one has that

@) >py on DYV (E.76)

N

out (%) is smooth

This lower bound allows one to apply derivation under the integral theorems so as to infer that 1
in x belonging to a sufficiently small neighbourhood of 0.

« Simplified form of 7/(x)

The fact that the integration domain in 7 % )(x) has been reduced Z)(;f;z allows one to implement a change of
variables which recasts the integral in a simplified form. Doing so is an irﬂnportant step towards the analysis of its
x — 0 behaviour.
Observe that given any p € Z)(zsf,;zﬂ, for any (r,a) € M, it holds
1Y _ 4y 1o Dy _ 1N _ 1 (D h
uipa”) = wittko))| < [ (") = witko)| + [u(pe”) — WP < 20+ yap - llzecpy - BT

Since ko € Int(_71), t,(ko) € Int(_#,) and by (E.77), upon reducing n > 0 if need be, it follows that there exists
(sg)

€ > 0 such that, for any p € Z)zlmzﬂ,
d(w(p).0w(A)) > &, (E.78)

for the canonical distance d between points and subsets of R. This ensures that there exists a compact K, C Int(_#,)

containing an open neighbourhood of ¢,(kg), such that both pg), t,(p(ll) ;Sng;z
2ren

a smooth diffeomorphism on an open neighbourhood of K, there exist constants c,, C, > 0 such that

) € K, uniformly in p € D . Since 1 is

Cr |u;(x) - u;(y)| <lx-yl < G- |u;(x) - u;(y)| for any x,y €K, . (E.79)

Recall that ky € Int(_#1) so that t,(ko) € Int(_#,). Thus, upon taking 7 small enough, the strict monotonicity of 1

(sg)
on _Z, and the above bounds ensure that, for any p € Dme’

’ ’ ’ ’ C
ko) = P] < Al = W) + [itko) = WPV} < 2Cm + vz = (E.80)

Therefore, upon denoting B.(xg) = {x € R : |x — xp| < €} the open ball in R of radius € centred at xy, one gets

l

S ny—0y,
D(z}i)yz,, C By, (ko) X l—[ (Bn,.(fr(ko))) b (E.81)

r=1

with 77, as given in (E.80).

¢
Define auxiliary functions on [] R™
r=1

2
X
be(x) = w/(t(ko))5 + ll’l(k())x
Zv = - r\9r Elr) + Elr) d 1 2 , E.82
2(x) (%;QMx)wx} an o0, ko) (E.82)

W (ko)
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along with the domain

4
DeD = {x c an, P < o Ve e Moz OG- < m} (E.83)
r=1 r \‘r

By the above discussion, Z)ffﬁ) is an open neighbourhood of the origin.
Then, by virtue of Proposition [E2] there exists ¥y > 0 and ” > 0 such that there exists:

e smooth functions f, on | — xq ; ¥g[ xZ);e/ﬁ) satisfying f,(x;x) = 1+ O(||x|| + |3s|),

e a smooth diffeomorphism ¥, : Z);e,ﬁ) - ‘I’x(i);e,ﬁ)) satisfying Dg¥, = id + Ny with ||Ny|| < C, for some
x-independent C > 0,

such that
¥+ 30 We(x) = fu(nx) - (x+2,00), (E.84)

and, for |¥| < ¥, ‘PX(Z);B,E)) C _Ziot contains a x-independent open neighbourhood of #(kg) € _Zio With t(ko) as
given in (E.10). Finally,

(x,x) > P(x) (E.85)
is smooth on | — x¢ ; xo[foﬁﬁ).

¢
Furthermore, by virtue of Proposition there exists an invertible linear map Mon [] R and integers m. € N

r=1
satisfyingmy +m_+1 = Zle n, such that
Z,Mx)+x = Py(x)  with  x=(y,z",z7) e Rx R™x R™ (E.86)
and
Py = — k) 5 (!, (ko) + vV)y + @e(2) (E.87)
) = =)’ 1 (ko Y + ¢z :
in which
my m_
e = 1+ Y (@) - Y DY with z=(27,20). (E.88)
s=1 s=1

To proceed further, it is convenient to introduce the auxiliary function F which is defined around the origin
through its series expansion

F(_x) — 1 + izdkxk [V+u’l(k0)]2k+1 _ [ull(k())—V]Zk+1 |

(E.89)
Vi [v2 - (] (ko)) J*
The sequence dj appearing above can be read-off from its generating series
1-+vV1-
2 = 14y (E.90)

* i1
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Then, for 6y > 0 and small enough, one sets

()

pz) = o Flp(z)  with  F(x) = 2v: ———— (E.91)
|} (ko)™ = 2|
Observe that for any
z = (2%, 27) e[ =63 6121 x [ - 612 612 (E.92)

it holds ¢y(z) = O(8;+ + 6- + |x]). Thus, provided that §,,56_ > 0 and [x| are all taken small enough, u(z) is
well-defined for such z’s and, owing to F(0) = 1, it holds

'] 4v6
< ud) < — . (E.93)
| (ko)) = V2| (] (ko)) = V2|
Enough has now been introduced so as to allow me to define the domain
D = {(y, 2z = (@M, 20) e[ -6Y% 62 x [ - 6262 and y e [-u(z) ;u(z)]} : (E.94)

Then, the inclusion (E.81) ensures that, given 6y > 0, 5+ > 0 small enough, and upon diminishing, if necessary,
the parameter 7 > 0, it holds

@;ﬁgzn C WD) ¢ WD), (E.95)

where M is as in (E.86), this uniformly in || < ¥.

Thus, for such a choice of parameters at play, upon using that the integrand vanishes away from D;Sng;z one
2/an

one gets that

1P = f dp %e(p)  with Wy =W, oM. (E.96)
(D)
The change of variables
p=Yu(x) with x=(.z%,7z7) e RxR™ xR (E.97)

recasts the integral in the form
1P = f dx Zx) [ | {E(Pu(x)) : [Pu(x)]f’”(")‘l} (E.98)
D U=+

where db,(x) = A, o Pu(x) and
F(x) = Voby(x) %(¥u(), LM 0P.(x), @ N 0)P_(x))

x (6" 2)(Wu(x)) - | det Dy - | | {futx: 1+ %)

U==%

u(x)—1
X 7 (B.99)

Also, I remind that V has been defined in (E.I7).
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e Properties of the polynomials P,(x)

One may put the integral 7 (// )(35) into a canonical form by focalising more on the structure of the polynomial
P,(x). It is easy to see that, unlformly in x € D with . small enough and D as defined through (E.94), it admits
the factorisation

WD)
P(x) = —#(lfo)-(y W) -»Y). (E.100)

Upon setting o, = sgn(1] (ko) + vv), one has that

2), UG = 22— YI=% (E.101)
P’ (ko) [} (ko) + vv] .

0 __e@ ke
9 ) (ko) +vv

where I remind that z = (z*), z7)) and ¢,(z) is as introduced in (E.88)). Also, it holds

v —F’ (ko) 21 (ko2 (2)
) _ 2 \R0)( . " (ko)
= W) (] (ko) + vv) (1 + \/1 + @—«ko)[u;(kww) (E.102)
2P (ko) ,
= — (v (1 + O, +6- .
u,l,(ko) (111( 0) + UV) ( + O(64 +0- + M))

Note that the expressions (E.I0T) and (E.I02) entail that y(v) are functions of the variable z only through the
()

combination ¢,(z). In the following, unless it will be necessary, this z-dependence of y,~ will be kept implicit.
Let
s = sgn( — php2) . (E.103)
One has that o7, sy > oy s y(_") so that
o,5>0 0,5<0
sP,x) <0 DO oW | ¥, (E.104)
sP,(x) > 0 [ R\ Y W] | R[5, |

gives the domains, in the y variable and for fixed z, of positivity and negativity of the polynomials P,(x).
To proceed further, one should distinguish between the two cases where [u}(ko)| < v and [u](ko)| > v, since
their treatment slightly differs.

e Joint positivity interval in the [u](ko)| < v regime

® If s > 0, then by (E.104), one will have

(+)
>0
P 0 ) M+ ith E.105
+(x) > on  J-oosy[U]y 4o wi y = O(6++<5_ +|x|) ( )
=)
<0
P_(x)>0 — ooy [UY s+ ith S0 E.106
(x) > on  J-oeoy[U]y, 4o Wi ¥ = 05, +6_+ ) (E.106)
Thus, both polynomials P, (x) will be positive on the union of intervals
] =00y D [U Ty s ¥ TU ;s +eo] (E.107)
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where the central interval is present only if the subsidiary consition y(_+) - yE:) > 0 holds. In fact, this is the sole
interval that will be included in the y integration domain present in D (E94), viz. [-u(z) ; u(z)], where u(z) given
in (E.9])) is fixed upon choosing the z variables and is small enough as in (E.93).

Then, using the local positivity on this interval of the various building blocks present in the factorisation of
the polynomials P,,, one gets that, for x € D,

[1{E(Puo)- 1Pl = 29 = 50) 100
v=t
, b, (x)-1 by (x)-1
o (k)
X 1—[{ R G y)} ' 1—[ {U(y(‘v’3 _y)} - (E108)
U=+

v==

® If s < 0, then by (E.104), one will have

@, @ »W<o
) . L i , E.109
L(x) > on  Jyyhyl[ 0 wi Y = 0(6, +6_ + ) ( :
)
>0
o O, 0 " e E.110
(x) > on y;hy-l[ 0 wi W = 0(6, +6_ + ) ( :

Thus, both polynomials will be simultaneously positive if any only if y(_+) - y(f) > 0 and then the interval of joint
positivity is

1O sy (E.111)

Upon using the local positivity, on this interval, of the various building blocks present in the factorisation of the
polynomials P,,, one gets that the factorisation (E.108)) also holds in the present case.

¢ Joint positivity interval in the |u’1 (kp)| > v regime
In this regime, one has that
oy = sgn(uj(ko) +vv) =¢, (E.112)

i.e. o, does not depend on v € {+1}.
® If s > 0, then by (E.104), one will have

Pix)>0 on  |—oco;y® [U]y®; +oo] (E.113)
where, for some ¢ > 0

y(f) >c>0 |, y(_i)

O(6, +6_+Rl) if o=+

(E.114)
WW<e<0 ¥ =006, 46+l if c=-
Thus, the polynomials P.(x) will be simultaneously positive on the union of intervals
| = comin(y®, y7) [ U | max(y$”, y(7): +oo - (E.115)

Indeed, this is a consequence of the fact that the roots y(gi) have both "large" absolute value -in respect to u(z) and
this uniformly in z by virtue of (E.93)-, whereas the roots y(_i;) are both close to the origin. Thus, taken that the
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function u(z) (E.91) delimiting the y integration domain in D (E.94) is small enough (E.93)), for any fixed z, the
interval [—u(z) ; u(z)] defining the y-integration in (E.98) will reduce to

Jo(z) = c] Su(z); gmln(gy_g,gy( ))[ (E.116)

in which the prefactor ¢ indicates the orientation of the interval.
Then, using the local positivity, on this interval, of the various building blocks present in the factorisation of
the polynomials P,,, one gets that

by (x)-1

H{E(Pu(x))-[Pu(x>]°”<">‘1} 1,50) ]—[{%ﬁ? Y y)}w1 ]‘[{g(y“’) y)}“ (117

U=+ =t
® If s < 0, then by (E.104), one will have
P,x)>0 on WY (E.118)
where, for some ¢ > 0,

We—c<0 , y¥

O(6, +0_+I¢l) if ¢=+

(E.119)
We>0 . W =00, +6-+kl) if ¢=-
Thus, both polynomials will be simultaneously positive only on the interval
| max($”.»7) s min ™,y )| (E.120)

Since u(z) is taken small enough, c.f. (E.93) and in particular such that 0 < u(z) < |y(“)| v = +, one will have
that the presence of Heaviside functions of P, (x) will, effectively, result in a reduction of the y-integration domain
[—u(z) ; u(z)] in D to the interval J.(z) already introduced in (E.116).

Furthermore, using the local positivity on this interval of the various building blocks present in the factorisation
of the polynomials P,,, the factorisation (E.I17) also holds in the present case.

e Canonical form of 1 gé,/ )(35) in the [u](ko)| < v regime

The factorisation (E.I08) entails that, irrespectively of the value of s introduced in (E.I03), 7§ A )(x) as given in
(E.98) now takes the form

Vo, & oy ()1
u(X)—
o = [{ [av) [a-262 - 30)- 70w ]—[{v(y@ wh (E.121)
V=t iy ke

where x is parameterised in terms of the integration variables as in (E.86)) and, for short,

” 0y (x)-1
—vu (ko)
y(1>(x) = Z(x)- | | { 21;;‘/1(](0(; (yglv) _y)} ) (E.122)
U=+

Note that the integration domain for the z*) variables is symmetric. Hence, only the totally even part of the
integrand in respect to these variables does contribute to the value of 7 Y )(x). Hence, one has

Vo, g

1P = 1—[{ fdmuz(v)}fdy () - ). [au)(x) n{y(y(w_y)}h“(x)_l]( L (E123)

byl z"),z))—even

—Voy »
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where | - | stands for the totally even part of a function in respect to the mentioned variables

(z(‘*‘)’z(_))_even

8] oo = 5 Z g9y with 29 = (az1.....€z) . (E.124)

€;=*

At this stage, one observes that

- 2v (Z) =2 (kq

(+) =) _ Px | (ko)

y— y - , F P (k (px(Z) (E125)
+ _ (ul(k()))z ( (ko) )

where F is as defined in (E.89). Note that the series defining F is convergent since ¢,(z) = O(6+ +0_ + le) and
01, |¥| are all taken small enough. Furthermore, since F(0) = 1, the estimate on ¢.(z) ensures that the F'-dependent
term in (E.123) will be bounded from below by a strictly positive constant, this throughout the whole integration
domain D.

Further, setting,

. z = (29.20) e[ - Vou VoL | x [ - VE VEZ|"
t = (t0.z) with o, oo (E.126)
to =y, + [y =yl
entails that
1-1 v=+
Py(t) = %(Z)'Fu(%(z),to)‘{ ( ; ) . (E.127)
with
-y (ko) v 0 (k
Fy(gl2).10) = ! F(pieled@) - (0 =3 = - [y = »0)). (E.128)

P (ko)[ V2 — (1) (ko))’]

and 7y as in (E.I126). Note that F, is indeed a sole function of ¢,(z) and 7 since the roots y(l’) only depend on

¢x(2), c.f. (EI0I) and (ET02).

Thus, the change of variables

y =P+ [y -] (E.129)

IF// )

recasts J ¢, (%) in the form

Z—even

Vo, 1
P = 1_[{ f d’"“z(")} f dr [(l—t)t’*(”‘1 -0 ﬁ(z)(t)-E(cpx(z))[sox(z)]wm‘m_l] (E.130)
U=+ 5 0

where ¢ is as in (E.126)) and

2v 211"(k0) b, (£)-1
FOW) = F@)- @z ) | | F gox(z) (E.131)

At this stage, one decomposes the integral into domains where a square root change of variables is well
defined:

[— Vo \/E]m“ = |_| {ﬁ{ )[0 @ ]}} with eV (E(U) ...,er(,ll’u)) (E.132)

eWe{xlymw * a=1
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in which the sign prefactor in front of each interval indicates its orientation. Then, in each of the sets building up
the partition, one sets

W= WPl a=1,.m,. (E.133)
This yields
1P = D ILFV -1 1] (E.134)
eWe(x1ym
U=+

where the building block integral is defined as

Oy
| [ © © ©
J|F.a.8] =[] dr | F (9, (1 = Deausy)), 1:e”))
V=E w7 %
X (1= M) 20 S, )] [P @)
u —even
Above, it is undercurrent
u'® = (uéf),uff)) with ul© = (ugf;”,uff;_)), uéf) = y(_+)(90x(u$f))) + t-[y(_”(gox(uff))) (%(u(e)))]
(E.136)
and, finally,
uff;") = (Giv)[w(lv)]%,.. )[W(v)] ) (E.137)

Here, I have made explicit the fact that the functions y(f) only depend on the uff ) integration variables through the
function gof(uff )). In fact, after this change of variables, it holds

m_
@) = ¥ + Z we? = > (E.138)
=1
The integrand appearing in (E.I34) takes the form

FO (', (1= 0p:w)). t0:w,) = F( @), A=) T@ ) ga@) ., 1-7-@') o))

22y k) (o)
% F—==L . (u'®) 90(//)‘P(Sg) \PM(u(G))
V2 _ (u/l (k()))2 ( P (k()) x ) ( )( )

% |det Du(e>‘I’M| ) l_[ ﬁv(u(f))}hu(u(s))—l (E139)

U=+

where

@) = fu(@ M- u) - Fofed?). o) (E-140)

¢
and I remind that n, = ] n,.
r=1
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Here, one observes that

dy(£) = Ay(t(ko)) + O( Vo, + Vo + ) . (E.141)

By hypothesis one has A, (#(kg)) > 0 so that reducing 6. and || if need be, one gets that b, > 0 throughout the
integration domain.

The expansion (E.I34) of 7. 5{5/ )(35) decomposes this integral into a sum of elementary integrals whose
x — 0 asymptotic behaviour is analysed in Lemma Also, the L'-nature of the integrand is part of the
conclusions of that lemma. Moreover, upon invoking Lemma [E4] so as to access to the small 7S] expansion of
F3 LemmalF3 specialised to the function .%# @), ensures that there exists a smooth function ¥ — R(x) around
¥ = 0 such that

I 7P 0, = 1o = 1] = AD AV GO (k)T Ferr, AY = 1,AY = 1] + 01”1 77) + Re(x) (E.142)

where A,(,O) = Ay(t(ky)), @ is as defined in (E20), 4D corresponds to the first term of the expansion of ¢ as given

in (L6), and
ﬁeﬁ(u(e), xX,y) = exp{ - (M u® D- Mu(e))} . (ch%)gogg))(M u(e)) - | det[M]|

22 ey 20 (ko) (O A1
F(ze:@) - | | {Fo@®. ) . (E.143)
’ P’ (ki ¥ v 0
V2 — (ul(ko))Z ( (ko) ) IQ{ }

Above, M is as introduced in (E.86) while the diagonal matrix D defining the Gaussian weight reads

Wy (t1 (ko) Tn, O 0
D = 0 . 0 (E.144)
0 0 (te(ko)ITy,

)

In particular, .Zeg is x,y 1ndependent Furthermore, ¢ ;" and go( 2 are as appearing in (G.12)) of Proposition

Namely, they are smooth on H R" and such that
r=1

¢

0<¢if <1 ¢¥=1 on DSV ¢F=0 on [[rRv\DFP
r=1
t
0<gl <t =1 on D/ D=0 on [[rv\DY. (E.145)
21 r=1 !

The domain Z)f;ﬂr), resp. Z)f/ ;eﬁ), is as defined in (G.9), resp. (G.13).

Thus, by performing backwards, on the level of .7, E[ﬁ’eff, A(f) -1, A(_O) - 1], all the transformations that were
carried out starting from (E.98)), one gets that there exists a smooth function * — R(x) around x = 0 such that

19w = AP A 9D (ttke)) - TL ) + O(”177) + Rex) (E.146)
in which
70 _ ~ (x.Dx) ) <sg> = A1
jsgeff(x) - dx e (V (x) 1_[ [x +Z,(x0)] - [x +Z(%)] . (E.147)
D(eﬁ)
2’
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Now, by virtue of Proposition there exists a smooth function R(x) such that
e %) . V(x)

£ 1,2
[T | o kop[ =

JD @) = Re) + f dx

sgse

Elx + z,(0)] - [2 + zu(x)]A(“O)_l} (E.148)
-

r=1

in which z, is as defined in (G.4)) where the below identification of parameters has been made

&r = —Lrsgn(u) (1:(ko))) D& = k)T L w = k) (E.149)

By tracking the previous transformations backwards, one gets that there exists a smooth function % in the vicinity
of the origin

-(xx) . 0
I(») = fdx €e V(x? > 1—[ E[x + Zv(x)] ) [X + Zv(x)]Ag)_l}
A | R CTO)
[TR™ =1

r=1

+ R + o(|x|ﬂ+1—f). (E.150)

Then, it remains to apply Proposition so as to get the form of the * — 0 asymptotic expansion of the multiple
integral appearing above, what yields the claimed form of the x — 0 asymptotics of 7 (x) in the regime [u] (ko)| < V.

e Canonical form of 1 §§/ )(35) in the [u] (k)| > v regime

The factorised form of the products of polynomials P,(x) given in (E117) entails that 1. gé/ )(x) takes the form

V3,
Dy (x)—1
Igéh(x) = 1—[{ fdmuz<u>} fdyﬁ’“)(x)'n{dy(—vg—y)} (E.151)
Y Jo(2) v=t

where ¢ has been introduced, J.(z) in (E.116), the argument x is expressed in terms of the integration variables
y,z® as in (E.86), and, for short, I agree upon

—cu”’ (k Du(x)_l
FO@ = 7@ [ {300 - (E.152)
=%
As earlier on, the symmetry of the (z*), z7)) integration domain entails that
Vo,
) my ) 7 ORI
o = [1{ [a) [ a[#% [Ts02-0}" (E.153)
v=¢+ U=t z—even
-5, Js(2) -
where the z-even part of a function is as defined in (A.9).
At this stage, one observes that
=2u” (ko)
~ ~ F (p/l—x)
- . (ko)
g‘y(_? - g'y(_g) = —¢@(2) - F(pe(z)) with F(x) = 2v 0 (E.154)

() (k))* — v2
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and where F is as defined in (E.89). Just as earlier on, one has that, uniformly on D, it holds F(p:(z)) > 0 so that

( )

p = sgn( - " ) = —gsgn(px(2))

meaning that
ay = sy* — oy = |pu(@)| - Fle(2)) 2 0
The change of variables
Y = by(pu(@) - s1F(e(2)  with  by(ee() = emin(eyT, 6y)) =y,

in the y-integration recasts 7 (// )(x) in the form
10w = > 10

where the two building blocks read

Vo, )
- (-1
rho = T1§ f <} f ar| 0 e+ eI - Bl F 20
v=k 5 0
There,
t=(t0.z), z=(220)eR™XR™, 1 = by(ex(z) — st F(¢x(2)) -
Also,
Z(2) . T = oy(0)-1
FOt) = FWO) F) | | [Fulen2), 0)]
v==
and
Fy(:(2),10) = f;,(ko‘; Flpu(2)) - (3 + 15 Fpu(2)) — by) .
Observe that it holds
Myy
ve(z) = px+ ) v Z(Z(””)
v=+
Thus, denoting
My = my,, and 6, = by, ,
the change of variables z¥ < z¥ leads to
EU 00 _
— . (-1 —
@ = 1—[{ fd’"vz(“)}fdt [tb“‘(t) r+@@|" " -ElE2)].22(T)
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There

?: (t(), Z) s 7 = (Z(D), Z(_D)) € R?n)x Rm‘ s ty = bp(@(z)) - gt f(@(z)) R (E166)
and
G = vx+ ) (@) = D @) (E.167)
s=1 s=1

At this stage, one decomposes the integral into domains where a square root change of variables is well
defined:

(-5 5" = | {ﬁ{eg,W[o;E;w.[a]%]}} with € = () (E.168)
E(u)e{il}ﬁu a=1

in which the sign pre-factor indicates the orientation of the interval. Then, in each of the sets building up the
partition, one sets

W= W) a=1,.. 7, (E.169)
This yields
TP = D) xeo|FP0, - 1,0, - 1] (E.170)
eVef+1)m
v==+

where the building block integral is defined as

M F ) P
walran] = [ [ [o[rwonaw)
VTE 0 \/; 0

— (e) ©) [ —~
X [t + G - B )-:[90x(u55))” © . (E.171)
u,,’—even
Above, it is undercurrent
w9 = (u.wy)) with wy = (uyuy ™), uf) = by(&@y) - ot F(G@y)) (E.172)
and, finally,
. 1
u® = (VW)L VW) (E.173)
Also, after the change of variables, one has that
m, m-_
Gy = vx + Y wi = Yl (E.174)
a=1 a=1
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The integrand appearing in (E.I70) takes the form

FOu, 1+ G@) = 27 FG @) - (Vo) (W@ ®) | det Dyga P

G(Wn@@), 1@, u) - [t + Gy, @, u) it op=+

~ by (@ 9)-1
X l_[ { Tv(u(é)’ M(E))} ' = (e = (e) —~(€) . ’
U=+ g(\PM(u(E)) , b f+(u(6)’ MO )’ f—(u(f)’ u() ) ' [t + ‘pf(uw )]) if p=-

(E.175)

where

T@ @, uf) = 1,00 1) - Fy(e:uld).uff)) | (E.176)

¢
and I remind that n, = ] n,.
r=1

As in the previous case, one gets that d. > 0 throughout the integration domain. The expansion (E.170) of

I Eé/ (%) decomposes this integral into a sum of elementary integrals (E.I71)) whose ¥ — 0 asymptotic behaviour is
analysed in Lemma[F.6l The conclusions of this lemma, specialised to the function .#®, ensure that the integrand
is in L' and that there exists a smooth function ¥ — R(x) around ¥ = 0 such that

Xeo| ZP 0y = Loy =1 = AP AD 9D (t(ko)) - Yery| Ferr. A% = 1L AY = 1] + O(t™*!77) + Re(x) (B.177)

where Af,o) = A, (t(kg)), 9 is as defined in (E20) and
Fenlw.x.3) = exp| - (1. Du) |- (Vi) o1u)

- ~ 5,-1
x 2 F(pu(@) - | [{Fo@@,u)] . (B.178)
=%
Above, M is as introduced in (E.86) and D as in (E.144)). Finally, go%f) and goisff) are as appearing in (G.12)), c.f. also

(E.145). By performing backwards, on the level of ye, [ﬁeff, A(_Og -1, A;O) — 1/, all the transformations that were
carried out starting from (E.98)), one arrives to the conclusions stated in (E. Ilé,. From there, one concludes as in
the regime [u}(ko)| < v. [ ]

F Auxiliary results

F.1 A regularity lemma
Given x € R" with n > 2 and integers 1 < a < b < n denote
Xap = (X1seees Xamls Xatls - oo s Xbo1s Xpt1s - - -5 Xn) - (E1)

Lemma F.1. Let K be a compact subset of R", n > 2, and let 34,y be smooth functions on K. Let 0 < 7 < 1 and
let 4 be in the smooth class of K with functions A, = [¥.]* and constant 7, c.f. Definition
Assume that for any x € K there exists a < b, a,b € [ 1; n]l, such that the differential Dy f, of the map

fab © X (Xap3:(2),3-(x)) (F2)
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with x4 as in (E), is invertible. Then, the integral

T = f Cx9(x505®) - [ [{ER@] R wit 50 =500 +5, (F3)

% v=t
is a smooth function of x, provided that |x| is small enough.

Proof. By virtue of the Whintey extension theorem, 3. and i, admit smooth extensions to an open neighbourhood
Uk of K. Thus, so does A, = 1/15 and one obviously has that A.(Ug) C [0;+o0]. One may also extend ¢ to
Ug X R* X R* smoothly by setting

Giu\Kxrrsgr = 0 (F.4)

where the smoothness of this extension is ensured by the smooth vanising, to all orders in the derivatives, of ¢ on
0K X R* xR*.

It follows from the hypothesis of the lemma that, for any x € K, there exists integers a, < by, an open,
relatively compact, neighbourhood Uy, of x, an open, relatively compact, neighbourhood Vy of x,_ 5. in R""2 and
1, > 0 such that

Jaebe + Us = farb(Ux) = Ve XB30(X) = 125 3+(0) + me[ X [3-(2) = 1753 3-(0) + [ (F5)
is a smooth diffeomorphism onto its image. Furthermore, reducing 7, if necessary, one may always assume that
3u(x) £ 17 # 0 for both values of v € {+}. Finally, the sets can always be chosen such that fa‘xlhx has a smooth

extension to an open neighbourhood of f,_ , (Uy) and such that U, c Uk.

Then, Uyexg Uy C Uk is an open cover of K and hence there exists a finite sub-cover Ui:l Uy, € Uk with as-
sociated diffeomorphisms f,, 5, mapping Uy, onto fo b, (Uy,)- Let {cpk},i:1 be the partition of unity subordinate
to the cover Ui: | Ux,. Then, using that the integrand extends by zero outside of K, one has

gw = [ g(xF05w)- [ [{ERwl- G (E6)

v=t
Uk

what allows one to decompose the integral as J(x) = Zi:l Ji(x) where

243y (X477,
T = f 2w [ f dso) - Getw) - [ [{260) - ™'} (E7)
Vi, VTE a3 (00—, v

withu, = (w,3, —%,3_- — %) and
G = eil(fy,! 5, @) - |detlDu £, |-G, @n3030) - (F38)

Finally, Kv(u) = A0 fa‘1 ». (@). This representation is obtained, by restricting the integration domain to Uy, due
Xk, Xk
to the presence of ¢, followed by making the change of variables fa‘1 ». (@) = x. Finally, one shifts the last two
Xk, Xk

integration variables by —x. Note that ék is smooth since the determinant never vanishes and has thus constant
sign.
There are four cases to distinguish depending on whether 0 €]x + 3,(xx) — 77y, 5 ¥ + 3,(xx) + 77y, [ Or DOL.
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i) If 3,(xx) + 175, < O for at least one v € {+}, then J;(x) vanishes for |x| small enough.
i) If 3,(xx) — 15, > O for v = £, then, for [x| small enough, the integral reduces to

#+3u(X)+17x,

g = [ee [ [ o) -G [T{i R (F9)

=+
YT xgy (i),

By construction, the endpoints of integration in the 3. variables are uniformly away from 0, for |x| small
enough. The hypotheses of the lemma ensure that ék(ux) is smooth in ¥ small enough and in (w,3,3-)
provided that u, € fax](,ka(U x,)- Taken that the only singularities of the integrand, which are at 3. = 0,
are uniformly away from the integration domain and taken that the integral runs through a compact set,
derivation under the integral -and in respect to endpoints of integration- theorems entail that J(x) is a
smooth function of %, for || small enough.

4
iif) If 3,(xx) — 75, < 0 and 3,(xx) + 17r, > O for both values of v, then the integral splits as Jx(x) = 2. J, lih)(x)
b=1

where

Au)A (w;) b=1

2+3u(X) 477, K (u,) - [ -7 _
—(uy) - [34] b=2
(b) n— 2 (b) U(u;g) 1
@ = f d f s - 6w - .
s 1—[ J ' 1_[ A -1 b=3
Xk

{1 b=4

U=+

The function é}:’) are obtained from Gy defined in (EX) upon substituting 4 — ¢ with ¥® arising in the
expansion (L.6).

Taken that 4™ fulfils property H3) stated below of (E.I3) and that 3 — 3°7 is integrable on [0 ; €] for any
6 > 0, one readily concludes that .7, 24)(35) produces a smooth function of x. The analysis of the remaining
integrals demands one more step which I detail for 7, (2)(35), the other cases being tractable in a similar way.
In the case of @ )(x) an integration by parts yields:

E+3u(X)+17x,
90w = - [ee [T [ )0 {6l e o)
ka v=+ 0 ls=3-
34 (X )+,
fdn -2 fd3+{ gl(c )(ux) [3+]A+(ux) T [3 ]A (ux)) (g(z)(ux),[3+]A+(ux)_T,[3_]A*(ux)) }
[3-=x+3-(x)+7x, [3-=0

Vi,

Note that the last term occurring in this expression is only present if Z_(uf)h_:o = 0 on a set of non-zero
measure. Property H3) fulfilled by ¥®, the fact that ¥® does not depend on the v variables as given in
(L.6) and the integrability of the 3,-related part of the integrand all together ensure that the resulting integrals
produce smooth contributions in x for || small enough.

iv) The situation is quite similar when only one of the 3, changes sign, viz. 3.(xx) =7y, < 0and 3. (xx)+175, > 0
but 3_(xx) — 17y, > 0 or the analogous situation when + < —. In such a case, one should decompose
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the integral similarly to iii) and then invoke one of the two properties H1) or H2), c.f. below of (E.I3),
depending on which of among the two integration domains passes though zero, relative to the boundedness
of the function ¢ and its partial derivatives so as to conclude on the smoothness of the associated integral.

Thus the claim. [ ]

F.2 Local rectification of 3,

Proposition F.2. Let the assumptions and notation given in Subsection[E_llhold. Given ko € Int_#| and given any
€ {1}, let

W) = = D L) (psnke) . vels, (F.10)
(r,a)eM
where
w(k; p) = uk) — up) + vvk—p)  and  veER™. (F.11)
Further, let
2
W) = -y a{br(x;’))wvx;’)} where  b,(x) = ~L&— + ux, (F.12)
22
(r,a)eM
g, € {£}, & € R* and u are such that
{rsr 17 ’
~2 = Wt (ko) and u=1i(ko) . (E.13)
Finally, let
0) {181 (&r\2
t,(x) = =—=) x (F.14)
lrer (é:l)

and for C > 0, n > 0, consider the domain
¢
D™ = {xe[|rm: W < on v e Ms OG- 7] < g2} (F.15)
r=1
Then, there exists g > 0, ' > 0 and
e smooth functions §, on | — ¥ ; xo[xi)f:/ff) satisfying f,(x;x) = 1+ O(||x|| + |3s|),

e a smooth diffeomorphism ¥, : Z)g;;ﬁj - ‘I’(Df]e,ﬂ)) satisfying Do¥Y = id + xNg with ||Ng| < C, for some
x-independent C > 0,

such that

¥+ 30 Wix) = fulnix) - (x+2,()) (F.16)
and ‘P,E(Z);e;ﬁ)) C _Ziot contains a x-independent open neighbourhood of t(ky). Furthermore, the map

(x, %) = Pi(x) (F.17)

is smooth on ]| — xq; xo[XDf;ff).

Proof —
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e Canonical form of 3,

Let I; C Int(_7;) be a segment such that 7,(ky) € Int(/;). Since akmf,f)(k;tg(ko)) = upk) + vv # 0 on I,
k— mg) (k; te(ko)) is strictly monotone on I, and thus admits #,(ko) as its unique zero on I,. Furthermore, this also
implies that there exists

¢>0 suchthat [—c;c] € w1l ko)) . (F.18)

Given € > 0, set

4
Be(tien (ko)) = {Pw,nu e[ P -tk <€, Viar) eMw,m}, (F.19)
r=1

where M¢,,,; = M\ {(£, n)} has been introduced in (E.I3) while py;,, , is as defined in (E.9).

¢
Given the function 3, of ) n, variables, it is of use to agree to denote its analogue on Bg(t[g,n[](ko)), viz. when
r=1
the last variable is deleted, as :

W) = - DL Gl k), vels). (F.20)
(r,a)EM[[,n[,]

Let t[¢,1(ko) be as defined in (E.I0) and let V[ ,,; be any open neighbourhood of ¢z ,,1(ko) such that Vg, C
B(t1t.n1(ko)). Then,

2 +30" Y (prg,) = Ol +€)  uniformly on Vi, - (F21)
Thus, provided that |¥| and € are taken small enough, one has that, for any
p[[,n[] S V[[,n[], lt hOldS X + sv(p[&nf]) S [—C/2 , C/2] s (F22)

with ¢ > 0 as appearing in (EI8]). Then, the monotonicity of k nof,f)(k; t¢(ko)) on I, ensures that there exists a
unique V,(py,,1) € Ir such that

t+3,(p,) =0 with p, = (Pug Vulbreny)  forany py,,; € View - (F.23)

Here, for simplicity, the x dependence of “V,, has been kept implicit. The function V,, takes the explicit form

([&ne])
NS E I (p[[,n ])
(VUU’[f,n,;]) = (mf,)) ( Z -

By construction, the function V,, is smooth on V|, as a composition of smooth functions.
By the Malgrange preparation Theorem [B.3]applied to the function

: lf(ko)) . (F.24)

(x.p) = x+3,(p) (F.25)

¢
of ny + 1 variables, n, = ), n,, at the point (0, £(kg)), one concludes that there exist
r=1

) I0>0;
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e an open neighbourhood V{, . C Vigu, of t1n(Ko),

e an open neighbourhood 7} of #,(ko),

e a smooth, non-vanishing, function /4, on ] — ¥q ; xo[xV[’&m] X1,
such that, for p € V[’ g X I} and [x| < %, it holds
2 +30(P) = Gue- [P = VoPea)| - hoeip)  with G = —Zrsgn(u) (ko) + o) . (F.26)

Furthermore, given p,, as in (E23)), partial differentiation of the relation (E26)) in respect to pﬁ,{;) allows one to
conclude that

hy(%;p,) = ’vv+u;((Vv(p[&n”))’ >0. (F.27)

Letv = pisn, — tieaa(ko). The explicit expression for V, given in (E24) warrants that one has the small |jv||
expansion

VoPieng) = Voo + L- Vg + V(L Q) + O(IvIP) . (F.28)

There, I have set

L= gl(y,v) with yt = (0.0 and ()" =4 (1., 1) eRY, (F29)
4

while
. 0 0
0 = (v, 0 Sw/(t,(ko)Ly-s, O v). (F.30)
0 0

¢
Above, I, denotes the identity matrix on R”, (-, -) denotes the canonical scalar product on [] R0 and t denotes
r=1

the transposition. The first three coefficients of the expansion (E28)) are given by

— (O s _ X 2
Voo = () (@ 1ke) = 1eko) + vy T O (F.31)
’ k . 144 k
(Vv;l — _&1(?0)) = -1+ LAO))Z + O(xz) (F32)
v +1(Vy) Le[vv + ] (ko)]
and

Vya(L, Q) = - < —u/ (V). Llov + vi(lo)l

o 2ov+ V) T 2y uy (V)

0+ L* -/ (te(ko))

. 2
o) IO
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These expansions ensure that

2ev- 4! 2 W (teko)) - ] (ko) )
V=V = ———L 4+ 0, V-V, =4 : +0 F.34
e T e Ty Y e e Sy O
and

v
v2 — (1) (ko))

Thus, provided that |x| is small enough, there exist smooth functions U, U, on V[’ o] such that

V_o(L. Q) - Via(L.Q) = A(Q+ L7 w(tu(ko))) + O(x-[1Q+ L?]). (E.35)

(V—(P[f,nf]) - (V+(P[f,n,;]) = 35(”1(1’[5,”{]) + (uz(l’[f,nf])- (F.36)
The functions U,,, which may depend on %, are such that
ALY =L v (v, Mv)
U(Prenn) = ‘ + Ol + IV, Ua(pren) = ————3 + O(MIF), (F37)

v2 — () (ko)) v2 — (i) (ko))

¢
where I remind that v = py;,,,1 — £12.0,1(ko), (-, *) is the canonical scalar product on [] R =% and the matrix M takes

r=1
the form
. 0 0
M = (ko) y-yt +| 0 —&u)(t,(ko)In—s, O (F.38)
0 0 )

with y as given by (E29). Since M is symmetric, it is diagonalisable and has real eigenvalues. For further utility,
one still needs to establish that these are non-vanishing. For that purpose, it is enough to show that M has a non-zero
determinant.

Upon factorising the diagonal part, one gets that

€
det [M] = ]_[ {- g,u;'(t,(ko))}""_é"‘f ~det[id +w - y*] (F.39)
r=1
with y as in (E29),
t (Dt (Ot I\t _ s w/ (te(ko)) ' .
wh= (WD) D)) and W) =4 ) (1,...,1)eR . (F.40)

The determinant can be computed explicitly and, upon using the relation u’f/(l‘[(k())) ! (t.(ko)) = t.(ko) /té(ko),
which follows from a differentiation of u}(z,(k)) = w.(7,(k)) at k = ko, one eventually obtains that

: w9 (ko)
det[M] = —| [{ -/ (t, (ko)) - ——= #0 (F41)
[M] B{g 0)] T
since, by hypothesis (E.7), ¥’ (ko) # 0.
The above ensures that
U(tiennko)) U\ 2 U, no_ 2 ,
m =0, Dt[/,,,f](ko)(ﬂl) =0 and Dt[[’,nf](k())(a)(s,s) = [c(®)]" - (s,Ms") (F.42)
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¢
for s, s’ € [] R0 and where ¢(x) = 1 + O(x) is smooth in the neighbourhood of x = 0.
r=1
Thus, by virtue of the Morse lemma, Theorem [B.1] followed by a dilatation of variables by ¢(x), one infers
that there exists

e an open neighbourhood V{;  C V|, . of tisu(ko),

¢
e an open neighbourhood W, of 0 in [] R ~9x¢,
r=1

¢ a smooth diffeormorphism ¢, : Wy — V[’{f nel? with @.(0) = ¢, (ko)
such that

Uu, (¢x (V)) _

™) _ F43
Uy - O (4

In particular, one readily infers from (E.43) that (Do(pf)t ‘M- Do, = 2M.
It is clear that the size of all the domains appearing above may be taken to be x-independent, at least provided
that [x| is small enough, say |¥| < %p, and that then

xv) = ¢,(v), (F.44)

is smooth on | — x¢ ; xo[XWj. Clearly, upon adjusting the parameters, one may take x as introduced earlier on.

e Canonical form of 7,

The very same reasoning applied to the function Z,,(x), as defined in (E12)), ensures that there exist
¢
e an open neighbourhood V[(?)WJ of 0 € ] R,
’ r=1

e asegment IEO) containing an open neighbourhood of 0 € R,

e a smooth, non-vanishing, function hf,o) on]—xp; xo[xV[(z)M X It(,o),
e a smooth function (Vz(,o) on | — xq; ¥p[X V[(z)m],
such that
¥+ Z,(%) = ¢ [ng? - (Vf,o)(x[g,n[])] . hf,o)(x;x) with ¢ = —¢esgn(i (ko) + vv) . (F.45)

Here, again, I kept the x-dependence of (Vf,o) implicit.
Note that here, ., is exactly as defined in (E26) owing to the very choice of the parameters &, &,, u, defining
the effective function Z,(x). The function hf,o) enjoys the identity

0 0 . 0
hf, )(x; xl,) = ‘UV + b}((Vf, )(x[[,n[]))’ > 0 with Xy = (x[[,n[], (VE, )(x[[,n[])) . (F46)
Furthermore, there exist two smooth functions on V[(?)n” such that

VOxeng) = VOien)) = 2 U (xpen) + UL (xien) (F.47)
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and satisfying

—2v{,
U (xin) = ———— + Ol + i) (F.48)
1 [€.ne] V2 (U’l(ko))z [€.ne]
—(¢ V
U (Xien) = < 5 (X121, M Xien) + O(xenlP) - (F49)

v2 — (1] (ko))

Following the above reasoning, and re-adjusting the domains Wy, V[’ y ]

tually concludes that there exists a smooth diffeormorphism ¢§O) Wy — V[(?)WJ such that

appearing above if necessary, one even-

U600 o _
% = (v,Mv) and {D(%?f Dot (F.50)
U (¢ ) ¢ (0) = 0

Likewise to the previous situation, (¥,v) — ¢§O)(v) is smooth on | — xq ; xo[XWy.

I stress that the open neighbourhood Wy appearing above coincides exactly with the domain of the diffeomor-
phism ¢, introduces earlier on. Also, I should comment relatively to the possibility of choosing ¢§0) such that
D0¢§0) = Dy¢,. Just as for the case of ¢, one deduces that any Morse function ¢§0) rectifying (Lléo)/’ll 50) has to
satisfy (D0¢§0))t ‘M- D0¢§O) = 2M. A priori this equation has a space of solutions that is isomorphic to S O(p, q)
where (p, q) is the signature of M. However, upon looking at the proof of the Morse Lemma, one constructs a
Morse function from a given choice of a solution to this equation. Thus, when constructing ¢§O), the latter can
always be chosen so that D0¢§0) = Dog,.

o The per-se rectification

With all the ingredients being introduced, one may define the smooth diffeomorphism

0 ’”
V[[,n a1 Vl el ' . U, (uéO)
D, : which satisfies — o ®, = —— . (F.51)
0\~! U, (0)
Xiewy = 60 (88) (Xiem) 1
One is now in position to introduce the smooth map
©) () ©) 0)
Vlf,n[J O P T‘(Vlf,nd x1, ) s o o :
Y, ¢ 0 1 © L Xyn,
: X o @ = (i) Vo o O + (1) = Vi) - g )
U (X 1en,1)
(F.52)

I first establish that ¥, is a diffeomorphism.
¢
Indeed, from its very construction, one has that ®,(0) = #,,,,1(ko) and that Dy®,; = I5,_;, withn, = 3 n,.

r=1

Thence, the expansions (E.37)) and (E.48) ensure that

U oD

w - 14+03). (F.53)

U, (Xen) -
Furthermore, since 3. " (¢(n,1(ko)) = 0, one has
RPE
Vo(tienn ko)) = () 1(5; te(ko)) = te(ko) + O(x) (F.54)
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and, similarly, (Vf,o)(O) = O(x). All of the above put together entails that

@)y, = (femako), telko) + O()) = t(ko) + (_0_,0()) . (F55)

ERE[— 1

Furthermore, denote by [, (x)]%) the ultimate scalar entry of W,(x). Then, the expansion (E28) and an analogous
one for (V(_O)(x[g,n”), yields foru € R™ 1and seR

U o D(0) + (V(O) Do(ﬂl o ®d,

Do([F(0))) (. ) = 7' Vg (D@1, y)+(s=27" V) (w.)) )u . (E56)

=0(3)

Since (V(_O_z) =0O(x)and V_, — (V(_O,)l = O(x?), it holds that there exists a linear form £ on R™ such that
Do([¥:(x)])) - = : F.57
0 JEx)]nf) (u,s) = s+xL-(u,s). (F.57)

Thence, there exists an endomorphism Ny on R™, with |[Ng|| < C for some x-independent constant, such that
Dy¥Y, = id + xNy . Thus, ¥, is invertible in some open neighbourhood of 0 which, upon reducing Vl(é(’),)nd and IEO)
if necessary, may be taken to be V[(?’)n” X IE,O). Note that the estimates on the differential Dy¥, = id + xNy and
ensures that #(kg) € ‘I’,E(V[(z)m X 16(70)) and that the latter set contains a x¥-independent open neighbourhood of
t(kp) in R™.

All is now in place so as to establish the rectification relation. Observe that there exists a direct relation
between the zeroes V. and V. E_ro):

V_o®u(xpen,) — Vi 0o Pu(xpe,) = Uy o Pe(Xpr,7)|x +

U, o (Dx(xlf,nfj)]
Uy o Di(x(2,,)

= U 0 O,(xiea) - £+ (01) i) M) ien)|

0
£+ (Llé )(x[f,n;])] _ 7/(1 o q)x(X[g’nf])

= Uy o Du(xen,)
: 0 0
U (xX107) U (x120)

VO - V@) - (ES8)

This identity entails that, for any v € {+1},

Uy o Di(x[2,,))

(¥ = Voo @ulxien) = [45) =V Fea)| - ——
U7 (X))

ne

(F.59)

Thus, starting from the factorisation (E26) and applying the equality (ES9) followed by an application of the
factorisation (E43]) backwards, one gets that

Ui 0 Du(xizay) ols¥®)

¥+ 3,0 VP(x) = fu(x;x) - (x + Zu(x)) with fu(x;x) = ) ) (F.60)
U7 (x16n,) hyy” (x5 %)
Clearly, f, is smooth. I now establish that f, has the claimed form of the expansion.
Putting (E34)) and (E33) together, one infers that, for any v € {£},
P2(0) = (£ (ko) Vo (tirm (ko)) + O() - (F.61)
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This, along with (Vf,o)(O) = O(x) and the smoothness of &, and hf,o), allows one to use the expressions (E27) and
(E.46) so as to deduce that

h(E)| B 60 YO® v+ w(te(k)) + O@)| + O)
R CEI N 1 (6 %) Ly =0 +O(®) |ov +5,(0) + O(®)| + Ox)
vv + 1 (ko) + O(x)

vt ut O = 1+0@kx), (F62)

where p,,, resp. x,, are as defined through (E23)), resp. (E46). Furthermore, I used that u’1 (ko) = u. Thence,
a similar result for the ratio of U,’s established in (E33), and smoothness in x all together, entail that one has
fu(x;x) =1+ O(|lx|| + [x]). .

Recall the definition (EI3) of the domain nye,ﬂ). To complete the proof, it remains to establish that

DSV v 1"  provided that 0 <7’ < (F.63)

for some 179 > 0 small enough. The map
G : R™ > R™ suchthat [G(x)]" = V(") =2 (1 = 6416,1) (F.64)
is obviously continuous, and thus, upon agreeing to denote B.(0) = {x € R : x| < €} the open ball around 0 in R

of radius €, one gets that

4
D" = 67 (Bey ) x [ (B, )" ™) (F65)

r=1

is open as a pre-image of an open set by a continuous function. Since 0 € Df;,ff), it is an open neighbourhood of
that point in R™. Since its diameter shrinks to 0 as 77 — 0, and since V[(?)n” X 120) is also an open neighbourhood
of 0 in R™, the claim follows. n

F.3 Factorisation of the maps 7,

¢
Proposition F.3. Let Z,, correspond to the below multivariate polynomial on ] R :

r=1
) ) X
Zy(x) = — Z §,{b,(xa’)+vvxa’} where b(x) = —{,8,2—52 + ux, (F.66)

(r,a)eM

4
g € {£}, & € R* and (u, v) € R X R*. Then, there exists a linear map Mon [ R™ such that:
r=1

e Mis invertible;

¢
o there exist integers my € N satisfying my + m_ + 1 = Y n, such that it holds
r=1

(M0, 2)) = Py(v.2) with z=(z,20) e R™ xR™ (F.67)
and
. o) my m- 4
P,(y,2) = 2; “rovy + > DEOR with Par= Y emél (F.68)
eff s=1 s=1 r=1
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Proof —
One may recast the polynomial Z,, in the form

2,0 = —(u+ V)% + Z S0 with % = Y o) (F.69)
(r,a)emM é":’ (r.a)eM

Then, letM = D + g-et withet =(1,...,1) e R™, gt = ((gM),...,(g©)") and where

Iy, -1 0
(&) = {;){rsr &-(L...DeR" and  D=|: 0  _55L, O : . (E70)
: 0 0
U 0 0 =&idedy,

It is straightforward to see that |det[ﬁ]l = |Pes™! # 0.
¢
Then, a straightforward calculation shows that, given y € [] R™
r=1

O
Z(My) = +55— ~a@+ o)y + Q) (F71)
2peﬁ
in which I employed the convention introduced in (E.9), while the quadratic form Q reads
1
Qi) = Y 00 - () (E72)
(g;e 27 e (;e
Mo Mun

Here My 1 is as defined in (E.I3). Representing the quadratic form as Q(y(; 1)) = (J’[1,1], MQy[l’l]), one gets that
the matrix Mg is a rank one perturbation of a diagonal matrix:

1 _
Mg = Dq - 35 He-et with et =(1,...,1) e R"! (F.73)
€

and where I denoted

te1- &% I 0 0
Dq = 0 162672, O : : (F.74)
0 0
0 %85.521’”

The determinant of Mg can thus be computed in a closed form

€1 é: 1 —0r1
det [Mg] = { } £ 0. (F75)
Peff D 2§ r
Mg being invertible and symmetric, there exists an orthogonal linear map N such that
— Im+ 0 t
Mg = N( 0 -1, )N (F.76)
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in which (m,,m_) is the signature of Mg. Thus the map

M:ﬁ~(% 3) (E77)

does the job. [ |

F.4 Local expansion of a Vandermonde determinant

Recall the notations for norms and partial order on vectors of integers (A.4) and the one for exponents x® (A.3)

_ t _
with x € R™ = J] R" and @ € N™. ny is as defined in (A.T).

r=1

Lemma F4. Let ¥ : U — ¥(U) be a smooth diffeomorphism on a open neighbourhood U of 0 € R™ such that
e Y(0)=veR™ withv = (v(l), e v(f)), each entry v = (v )W )) € R™ having equal coordinates;

o D.¥ =id + xNy, with Ny € L(R™) such that ||Ny|| < C, for a |x|-independent constant C.

Let
t n,
v =[ [ ]9 - (F.78)
r=1 a<b

be a product of Vandermonde determinants relative to each of the r-coordinates. Then, there exists a smooth map
Q : U — R such that V(¥(x)) = V(x) + Q(x). The map Q has the expansion around x = 0 of the form

£
0(x) = Z 1Cox? + Z Dox® + O(jtlx®™ +x™)  with  m= an(nr —1). (F.79)
a,|al>m a,|a|>m+1 r=1
ap=>a a|1za

In the above expansion, the even integer coordinate vectors ag, @y € (2N)" can be taken arbitrary provided that
e, = m+a, and Cq, Dy € R are coefficients that are bounded uniformly in x.

Proof —
The hypotheses on ¥ entail that ¥(x) = v + x + Ny -x + 0¥(x), with 6¥(x) = O(||x||2). Then, one can write

(" .
(¥@), = 2 +y  with 5 = O(ellel + lxi) (F.80)

and smooth in x. Then, one has

€
V@) = [ |de [+ (F.81)
r=1

Upon expanding the power-law, one gets that

b-1
b b— b-1-k k b—
) = @D Y GO TR = D)+ P, F82)
k=1
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where C’g_l are binomial coefficients. The smoothness of yi,r) and the estimates in ¥ ensure that P;rl(x) takes the

form:

PO = > xCD x®+ 3 DD x4 Ol x™ + x) (F.83)
a,|a|>b-1 a,|a|>b
a<ag a<a)

(r

wab and @, @; € (2N)™. Developing the determinant in respect to the sum appear-

for some coeflicients Cg)a » D
ing in each column yields

dety, [(x + )] = det,, [()7] + RV(x) (F.84)
with
o (xﬁ,’))b‘l ifaelL
RV(x) = det,, M, 7] . (M7) = _ (F.85)
= ul;n_,ZHuz ’ b P (x) ifacL
|LI=k

Above, the sum runs through all partitions L LI L of [ 1; n, ] such that L has fixed cardinality k. Upon using the
expansion

det,, M, 7] = > D[ |G ] ] P @ (F.86)

oeCy acl acl

a direct exponent counting argument entails that there exist constants C(r)L o D(r)L 7€ R such that
a,L, a,L,

1 (r) @ Z (r) @ @ a
dety, [M,7] = ) xCV x4 DY - x + Olslx™ + ™). (F.87)
a,lalz%ﬁl) a,lalzwﬂ
a<ag a<a)

All of this being established, it remains to take the square of the expression in (E84) and then the product over r
so as to get the claim. [ |

F.5 Asymptotic behaviour of a local integral
F.5.1 The integral associated with the [u](ko)| < v regime

Given 6, > 0 and m, € N* define
Is,m, = [0; Vo, I™ x[0; Vo_ ™ . (F.88)

Lemma F.5. Let 6.,n > 0 be fixed and small enough, m. € N. Let a,b be two smooth functions on [-2m0 —
2m_0_;2m; 0+ + 2m_06_] depending, possibly, on an auxiliary parameter ¥ and such that

a(0) = b0) =0 and la(s)| + [b(s)| < n (F.89)

uniformly in s € [-2m, 6, —2m_6_;2m, 6, + 2m_6_]. Let A, B > —1 be smooth function on Is, ,, % [-17;1] and
let G be a smooth function on Is, m, X [-17;n] X R* X R* such that

Gu,x,y) = Ga)+O(Ix'"™ + |y'™™)  with O<t<1, (F.90)
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G being a smooth function on I, ., X [-17;1] and the remainder being differentiable in the sense of Definition
A 10 Further, assume that G(u, x,y) = 0 whenever

my m_
w=@,us)  with Y @Y > 6 or ) W)Y > 6. (F.91)
a=1 a=1

Let ‘W be smooth on I, ,,, % [-n;n] X R* and admit the expansion around the origin

W) = D ca-kuf  with  mge2N. (F.92)

a,lalzmg

a=(ao,B)

Consider the integral

Oy 1
dmv (v)
T1Gror A BI(x) = ]_[{ f —W} f d |G (1 = (). )
0 0

vt 11 /W;w

a=1

X (1 =A@ - B =g, (uy)] - [sox(uw)]A(“”B(“)“] (F.93)

u, —even

where the even part of a function is as defined in (A.9) and vectors u, u,, appearing under the integral sign are
parameterised in terms of w®), t as

u = (uw,aocpx(uw)+l‘bocpx(uw)) with u,, = (uE:),ufv_)) and uff) = (\/W,..., M), (F.94)

while
my m_
aliy) = x4 ) wi = > W (F.95)
a=1 a=1

Finally, the main building block of the integrand reads

gtot(u’ X, y) = (W(u’ ‘Pf(uw)) ' g(u’ X, y) . (F96)

Then, the integrand belongs to LY([0;6.7™ x [0;6_1" % [0;1]) and for any smooth function F on Is, ,, X
[—n; 1] satisfying F(0) = 1, there exists a smooth function R around 0 such that one has the x — 0 behaviour

TG A, Bl(x) = G0) [ Wy F,A0), B0)](x) + R(x) + O([x?) (F.97)
where
QZ%(m++m0+m_)+1+(A+B)(0)+1—T, (F.98)
and
Wo,k) = > co-x™uf  with  mge2N. (F.99)
o laf=mq
a=(ao.p)
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Proof —
One first implements the change of the w-integration variables w*) < s with
s = Zw@ ie.  wV=s"—s® for k=1,...,m,—1 and w = s\ (F.100)
whose Jacobian equals to 1. The inequalities 0 < wg’) < 6, defining the integration domain in the original

variables can be recast in terms of an equivalent set of encased inequalities defining the integration domain in the
) ; .
s'¥ variables:

0< S(lv) < mydy s = max|0, S(U) -8y}
. with ’(‘U Y . . (F.101)
sV < W < s fork=2,...,m e = mings omy + 1-K)6,)
This recasts the original integral in the form
(U+)
TG A, Bl(x) = { f ds(") f ds(v)} f dr { }
tot 1—[ ﬂ ﬂ (v)
V +1
x| (1= 79 B0G (2, (1 = ), 1) - Elip)] [gox(xs)]f“"“”")“] (F.102)

Xxg—even

W)

where it is understood that Sl = 0, while x = (x5, a o @:(x5) + th o @s(xy)), in which

X5 = (ngr),xEw )) where  x\V = (\/s(lv) — s, sf:j_l - S%’ \/sg,lfg) . (F.103)

) _ (—)
) .

Recall that the integrand vanishes When either, s( Y > 04 or s( ) > §_. Thus, one may reduce the (s
integration from [0 ; m,6.]X[0;m_5_] to the rectangle [0 ;6. ]X[0;5_]. However, as soon as it holds 0< s(lv) < 0y,

one can readily check that the endpoints of integration s,(;fl ), w; +) in (EIQI) for the variable s ) reduce to

Finally, one has ¢,(xs) = ¥ + s
(+) (—))

W) ) _ (@) -
577 =0 and "7 =s" for k=2,....m,. (F.104)

Upon this reduction, one may implement another change of variables s < u® with

ny, ny
s =ul’ u’  and  det[Dyws®] = | [l u)) = ]—[{ug’”}mv “ (F.105)
a=2 a=1

n 0w n () 25
[] s ]_[ = ]_[{u (F.106)
a=2

a=1

the integral takes the form

61} my 1 (u(v))mv_zl_k
TG, A, Bl(x) = n{fdu(u)[u(v)] nfdul((v) k }
v=+ 0 k=2 0 1 ugﬂ
1
Xf |G+ (1 = D313 - (1= 09 179 E 3] L) . (R107)
y,—even
0
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There, one should identify y = (y,,a o ¢:(y,) + tb o ¢:(y,)) Where y, = (y,(,+), Ya )) and

» = ( \/u(v) (v) ,' \/ w 5:3_1 W \/ W uff{j) (F.108)
+ _ (—)
u;”.

Finally, ¢:(y,) = * + u;
At this stage, one rnay perform explicitly the reduction of the integration domain due to the presence of the
Heaviside function. One has ¢(y,) > 0 on

{(Mﬁ, u”) €1056,1x[0:6-], -min(0,x) < u” <6, and 0 <u}” < min(ul" +x, 5_)} : (F.109)

Since the integrand vanishes when “(1_) > 0_, one may just as well, for fixed u(1+), extend the “(1_)

segment [0; u(1+) + x].
This form of the integration domain takes explicitly into account the constraints implied by the presence of

the Heaviside function. This reduced form of the integration domain leads naturally to the last change of variables

integration to the

(+)—z£,+) ,a=1,...,my, “1)_Z(1) ((+)+3£) and u()—zg) , a=2,...,m_. (F.110)

The integration variables are then gathered in r = (r;, a o @(r;) + th o @«(r;)), with

1
r, = ( ;+),[Z(1+) Sk -r;_)) (F.111)
and
rY) = (\/z(lv)(l—z(zv)),---’ Z(1U) : (U) 1(1 Z%) Z(111) Z%) (F.112)

All of this recasts the integral in the form

my—1-k

oy 1
o v (Z(U)) 2 ne )
TG, A, Bl(x) = f dz\" f dz\” { f g — }.[Z<1+>+x]2 T %
—min(0,x) k=2 0 w/l -z U=+
1

X f dr [( — A0 PO [ 401 =TT G (1 D), t%(rz))] . (F113)

r;—even
0

in which @,(r;) = (x + 2{")- (1 = 2\7). The L' nature of the integrand is manifest on the level of (EI13).
By composing the various expansions at 0, it is easy to see that

Guor(r. (1 = Dx(r2). 15(r2)) = Z Cre(25,20,1) - (&) - (1) 4+ )1 #AO+BO)

Kl
2Ue+20=my
+ O( Z Dy, (Z(2+), 72, t) . (Z(1+))€ . (z(1+) + x)k+1+A(0)+B(0){1 + |ln (z(1+) + %) |})
I
2k+26=mg+1

+ 0( > Drep(as.270) - @) - (z(+)+x)k+2_T+A(0)+B(O)). (F.114)

k,l
2k+2€=my

There, (+) = (z(+) ...,zm)) and the functions Ckgp(z , 720 t) Diep (z(2+), _),t), 5/{,5, (z2 , 7 t) are all
ontmuous on [0; 17"~ Finally, the remainders are differentiable.
An application of Lemma[D.2]relatively to the z(1+) integration then leads to the claim. [ ]
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F.5.2 The integral associated with the [u](ko)| > v regime

Lemma F.6. Assume the notations and hypotheses outlined in LemmalE3 with the exception that b does not have
to vanish at 0. Pick 6¢ small enough and such that 6y > 20, and assume further that

Gu,x,y)=0 if s>n where u=w®u,s), (F.115)
such that
0
aop(v) + thog(v)>2n uniformly in t > ?O , ve[0;0,]™ x[0;6-1 . (F.116)

Consider the integral

0y

dmvy @)
XG4, BIG) = { f — } f
=0

Wa

§

)
Il
—

X [th(u,t,t + @) - [t + ()] - Elga(uy)] (F.117)

u,,—even

where the vectors u, u,, appearing under the integral sign are as defined in (E94)), the even part of a function is
as defined in (A.9), while ¢:(uy) has been defined in (E93).

Then, the integrand belongs to LY([0;6,1™ % [0;6_1™ % [0;80]) and, for any smooth function F on Is, ,, X
[—77; 1] satisfying F(0) = 1, there exists a smooth function R around 0 such that one has the x — 0 behaviour

TG, A, Bl(x) = G(0) T[Wo F,A(0), BO)](x) + R(x) + O([xl?) (F.118)
where
Q=%(m++mo+m—)+1+(A+B)(0)+1—T, (F.119)
and
Wow,x) = > co-x™uf  with  myeN. (F.120)
a,al=my
a=(ao.p)
Proof —

The very same chain of transformation that was implemented in the proof of Lemma and the vanishing
condition (E.115)) allows one to recast the original integral as

T " (v)y 25tk
TGua B0 = [ @ [ o f d n{n f d<u>(Z T }
(U)
—min(0,¥) 0

x [ 42T n{[z(lv)]%‘l}‘fﬁ(t) [ o [t+ @7+ )] gtot(’ L+ (@7 0=z ))]

U=+ r;—even

(F.121)

in which r, r; are as defined in (E112)), (EI1I) and ¢ > 0 is smooth with compact support on [0 ; 5] and such that
d110:60/21 = 1. The L! nature of the integrand is already manifest on the level of (E121).
Then a direct application of Lemma[E7]leads to the claim. [ |
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Lemma FE.7. Let 69 > 26, > 0, m. € N* and x € R*. Consider the integral

[ 1 )
L(x) = f dZ+fdz_fdt 60 [ze+3] 7 [z] 7
o 0

—min(0,¥)
x [zA(z) i [t + 2+ - Z_)]B(z)¢(zo;t,[+ (z4+ + )1 - z_))] (F.122)
in which
z = (Zo,gl((Z+ +3)(1 -20)) + 1g2((z4 + )1 - Z—))) 20 = (Vau [2-(zs + 35)]%) ; (F.123)

g1, &2 are smooth, such that g1(0) = 0, g2(0) = 1 while the even part of a function is as given in (A.9). Furthermore,
the function ¥ is assumed smooth and has the small argument expansion, with a differentiable remainder:

Flx,y;u,v) = x5 yzs‘(Fo + O ™+ v 4 x y)) forsome 0<t<1, (F.124)

and integers s.. The functions A, B are smooth, A, B > —1, while ¢ > 0 is smooth with compact support on [0 ;d¢]
and such that Dl10:60/2] = 1

Then, for any function of two variables G such that G(0) = 1, there exists a smooth function v around ¥ = 0
such that

Zo—even

o, 1 8o
L) = Fy f dz, fdz_ fdt o) - [z4 + x]% . [z+]m7+_1[tA(°) . [t + (z4 + )1 = z_)]B(O) -G(zo)]
0

—min(0,%) 0

+ r(x) + O(x3+a0+h0+(l++(l,|ln $| + x3+a0+h0+(l++(l,—‘l') , (F125)
with
ay =S4+ —-1, a-=s_+—. (F.126)
Proof —
We only discuss the proof in the case of ¥ > 0 and small enough in that the case ¥ < 0 can be dealt with in

much the same way.
For further convenience, set ay = A(0) and by = B(0). Let n be such that

2 <l+ay+by+a_+a,—n< —1. (F.127)

It is obvious from the form of the integrand that £(x) defines a smooth function of ¥ on R* and that its derivative
can be obtained directly by carrying the derivative under the integral sign. Then, it holds

A0 [+ 01— e+ e (Ve e -]

- Z Cl (), p(bo), 25 - 2 (2 + x)”’_"ﬂ’[t + (zp +0)(1 — z_)]b"_”a — )P
p=0

X {FO + O(tl‘T + [t + (2 +¥)(1 - Z—)]I_T

+ {ee G0+ {L+ I+ Inr + 2y + 00— 20) ]}) } (F.128)
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where (x), = x(x — 1)--- (x — p + 1) refers to the descending Pochhammer symbol.
Thus, upon setting

[ 1 90
T(a,b,c,de, f) = f dz, f dz_ f dr ¢(0) - 1]t + (s +0)(1 — 2" 528 e+ 20)° (1 —22) (F.129)
0 0 0
all together, one gets that

FiL(x) = ) ChFo(bo)p(@)u-pT(a0,b0 = p,vs, @, —n+p, p)
p=0

> (1071 + 10571 + IT1)(0 + 800 bo = Pty + Guss -+ 8us =+ p+ 8 ) )

ve(+,0}

+ Z O( |7'(a0 + @by, by — p+ @by _,ar,a_, - —n+ p,p)|) . (F.130)
U=+

At this stage, it remains to focus on 7. There, one implements the change of variables

t= % with (=(z+0)(1-2z2) ie. v = i , (F.131)
leading to
5, 1
T (a,b,c,d,e, ) = fdz+ fdz_zi (1 =z o+ P (2, + 0)(1 - 20)) (F.132)
0 0
where
S
i yé lv
h) = Of dv T ¢(1 — V) . (F.133)

The fact that ¢ is smooth with compact support on [0;dg] entails that for R(a) > —1, and irrespectively of the
value of b, h is smooth in the neighbourhood of the origin and 4(0) = I'(a + 1)I'(—-1 — a — b)/T'(=b), so that upon
making use of hypergeometric like notations, an application of Lemma[D.2] yields

T (a,b,c,d,e, f) = F( —2-a-b-c-e, —l—a—b,f+a+b+2)

b, f+a+b+d+3,-1-a-b-e
XT(@+1,d+1,1+c)-e¥reratbre o Ry + O@EFHra+) | (E134)

in which R(x) is smooth in x. Upon inserting this expansion into (E130), one gets

n

FLE) = Y CHFobo)p(a),, - ¥errhora-san
p=0

a+1l,ay+1,a_+1,p—1-bg—ag,ap+bg+2,n—ag—by—a_ —a, -2
xT
p—bo,ap+by+a_+3,n—1—-ay9—by—a-

+ ﬁ(f) + O(x3+a0+h0+(l,+(l+—n|1n X| + x3+a0+h0+(l,+(l+—n+T) . (F135)

Then, the bounds (E127) followed by a direct integration of the above expansion lead to the claim.
[ |

89



G Asymptotic behaviour of a model integral

G.1 Reduction of the model integral into regular and singular parts
Recall that
¢ n, )
v = [][ 16 )
r=1 a<b
Proposition G.1. Let 6, > 0, Zle ny > 2, & € R* and g, € {x1} be such that

{

Zsrffnrio.

r=1

Consider the integral

¢
J®) = fe_(x’x) V(x) 1—[ {E( T+ z,(x) - [x+ zu(x)]é“_l} -dx over D, = l_[ R™

D =+ r=1
where the functions z,(x), v = %, are quadratic forms
el,, O
Z(x) = %(x, Ex) + (x,e)- u-zk_vvv with E = 0o . 0
0 &l
The parameters (u, v) € R X R* are such that u # +v while, one has

e= (V- ,e9 with " = -2v&-(1,---,1) eR™ .
Then, for |x| # 0 and small enough,

x b e ®YY(x) 1_[ {E(35 + (%) - [x + Zv(x)](sv_l} € L'(Dn),

U=+

ensuring that [J (%) is well-defined.

Furthermore, there exists a smooth function S(x) in an open neighbourhood of ¥ = 0 such that it holds

J@® = Jer(®) + S&)

where

14
T = [Jier7 - [ = (R@v)o [ (e + 2w [r+ 2,000 ) dx
r=1 U=+

iy
o5y

The integral above runs through the domain

Dl = {x €D, k<o, Vo e M [P -] < gfn’}
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2
where C > 0 is some constant while IEO)(x) = ‘Z‘—?(g—;) x. Furthermore, M stands for the positive definite matrix
ror 1

5 T
M= 0 0 , (G.10)

0 g;zln[

and the function 7, takes the explicit form

2
2@ = - > ér{br(xi,”)wvxi,”} where  ,(x) = —asr;—gz + ux. (G.11)
(r,a)eM r

The variables {, € {+} are arbitrary.

Finally, one has that gogf), goi? are arbitrary smooth functions on Dy, such that 0 < cpg <1

e =1 on DLV e =0 on D\ DY
o (G.12)
¢l =1 on DYV ¢l =0 on D\ DY
31

with

ny{/ o) _ {x €Dy : VnayeM : [P -x| < 5377’} . (G.13)
Proof —

To start with, I take for granted that
x b e ®PV(x) l—[ {5(35 +2,(0) - [x+ Zu(x)](su_l} e L'(Dy) . (G.14)
==+
This issue will be dealt with at the end of the proof.
It is convenient to introduce ér = (¢, with {, € {+} and change variables through a rescaling

y = Ex0 (G.15)
This yields

T@ = [ Futo)-dx (G.16)

Dy
with
¢ 2
Fo) = [ [ v - [ {2 +2,00) - [x + 2,07 (G.17)
r=1 v=+

and the positive definite matrix M is as given in (G.10). Finally, the functions Z, have been introduced in (G.11).
Observe that the functions ), appearing as building blocks of 7, are such that by is strictly monotonous.
Furthermore, it is readily checked that 7, as given above of (G.9), satisfies b;(tﬁo)(x)) = bj(x) onR.
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One has the decomposition D,, = Z)fy,l;eﬁ) U Z);// M with

D;J,-;eff) — {x €D, : Ara) e M, |b (x(l)) _ b (x(r))l > 77,} (G.18)
and
D/ = (xe Dy : Ve e M, i) - 0G| < 7). (G.19)

Let w(// ) be smooth and such that 0 < go(// <1

W

(/) o _ (Lseff)
g = on D%n’ and o =0 on Dn/ . (G.20)

This allows one to split the original integral as J(x) = JW(x) + JU)(x), with

T ) = f FOx)-de  and  JV) = f FD(x) - dx, (G.21)

D(J_ seff) D;{/;eﬁ)

where it is understood that

Fr@ = (1-¢f@) Fa@  ad  FL@ = @) Fal) . (G.22)

e The integral 7 (x)

Pick R > 0 large enough and let goiflf) be a smooth function on R satisfying
0<¢P <1, ¢Pw=1 for <R and ¢P@=0 for |x =R+1. (G.23)

Thus, by writing 1 = 1 — (l)(x(r)) + go(l)( oy, <p(” allows one to build a partition of unity on 9, which separates,
in each variable, the pieces containing co in some of the variables and those being bounded

= 2L P @ it a0 = ] e @) [ {-ed @) G2
Mt M (@r)eMin (@r)eMou

where the sum runs through all partitions of M into two disjoint sets M;, and M,y. This partition of unity leads
to the decomposition
IV = D Tl ® (G.25)
M=MinUMou
where, upon making the change of variables

YO = i (na) e Mo, ¥ =20 if (na) e My (G.26)

and denoting x(y; Moy) the obtained vector, one has

f 7—ﬂt(th_)(x(y;/\/(out)) .
M o)

4
D;; /)V( - (a,r)eMou

Tt @ = (G27)
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with

Ml < R+1 Y(ra) € My
ngj)w = {y © x(y; Mow) EZ);,L) and ” } (G.28)
* el < RV Y(r,a) € Mo

Note that x(y; Moy) does depend on the given choice of the partition.

It is easy to see that the integrand in (G.2/)) is smooth and vanishes on oD The smoothness at the origin

follows from the Gaussian decay of 7"&) at infinity. Furthermore, for any k eR gﬁef/)\/l , there exists (r,a) # (1,1)
such that

b} (x" (s Mow)) = b7(x” (ks Mow))| > (G.29)
Then, set

fira) = (73, 0y y D, 3O, 2 (2 (0 Mowd)s 2 (2 Mow)) (G-30)

so that it holds

det [ Defiral| = (—1)’"%42v-(ﬁ)%“”-(ﬁ)lw " (5000 Mow)) = 51400 Mow))) « (G31)
1 a

r—1
where m,, = a + ), np. The latter ensures the local invertibility of fj,,)(y) around k and thus the applicability of
b=1

Lemma[E Tl to the integral of interest. Hence, for any given partition M, L Moy of M, J (L) (%) is smooth in

M()Ut
x and thus so is ™ (¥) as a finite sum of smooth functions.

e The integral o )(x)

For the purpose of further reasoning, it is convenient to define

4

P(x) = Zansrfr and £ = ) n g b (10 ) (G.32)

Slllrl r=1

so that, by assumption (G.2)), |<@’(x)| > ¢ > 0 for any x € R and some ¢ > 0.
To start with, one observes that 7,,(x) = Z,,(x(ll)) + 0Z,(x) with

Zux) = {e@+wP®)  and  GZx) = - Z L (2, 47)) (G.33)
(r.a)eM

in which w{(x,y) = b,(x) = () + vV(x - y).
Observe that the bound

|b’1(x(11)) ) (x(’))| <7 is equivalent to Itﬁo)(x(ll)) —) < 2y, (G.34)

what ensures that w
0Zy(x) = O@).

(r)( () {0y (1))) = O(7’) under such bounds and thus, it holds uniformly in x € Df}{/ ) that
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It is readily seen that
Z,x) = =200 (x) + wv) (G.35)

so that Z/, vanishes at the points s, = { lslfﬁ(u + vv). However, one has that for v, v’ € {1},

¢
Zo(sy) = —%(u +U'V)(u+ Qu-v)v)- Z g,n,ff 0 (G.36)
r=1

owing to the hypotheses of the proposition.
Thus, it follows from the above that Z,, is strictly monotonous on | — oo ; s,[ and on ]s,, ; +oo[. Furthermore,
one has s, # s_. Thus one may introduce the three intervals

17 =]-commin{s,}l . 1) =Tmin{s,}imax{s,})[ . I =]max{s,};+col. (G.37)

In each of these intervals x — Z.(x) are both strictly monotonous. First assume that u # +3v. Then, the previous
calculations ensure that Z, # 0 on dI®, for any T € {c, =}. Let 79 € {c, =} be such that 0 € 100, Note that 7 is
well defind since s, # 0. This entails that 0 ¢ 1™ for any 7 € {c, £}.

Finally, one decomposes

o0 = | ) o™ with  DUED = {xe /0 AV eTO) (G.38)

T€{c,+}

what induces the decomposition of the original integral J % @)= 3 9 5// )(x) with

T€{c,+}
vl vl
Dy = f FD(x) - dx | (G.39)
)
77/,7
o The integral %/ )(35)

The analysis depends on whether [u| > v or |u] < v.
i) The |u| < v case.

Let o = sgn(2’(0) (u + v)). Since x > Z,(x) is strictly monotonous on 17, 0 € I it follows that
sgn(Z,',(x)) = sgn(Z;(O)) =-—vo for xel™ . (G.40)

By using that Z,(0) = 0, since x - Z,(x) is strictly monotonous and since Z; (x) vanishes, at most, on A1),
one infers that

cvz,(x) < - it Y > oy
, (G41)
cvn,(x) > 1 it AV < -or
this uniformly in x € 1),(7{/;0 and for some constant C > 0.
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Therefore (G.41) entails that, at least for |x| < 1"/2, ¥ + Z,(x) have both opposite signs on D(// )

7570
Ix(ll)l > Cn’. The presence of Heaviside functions in the integrand ¥, (x) entails that one has the reduction of the
integration domain so that it holds

as soon as

Yo = [ Flo-ax  tor w<a2 (G42)

D(eﬁ)
7]/
The domain Df;;ﬁj appearing above is as defined in (G.9).

¢
Finally, let gogf) be smooth on [] R™ and such that
r=1

0<eP <1, ¢¥=1 on D7 and ¢5¥=0 on D,\ DSV, (G.43)

Since the integrand vansihes anyway outside of Z)gle;ﬁ), it holds

Do = [ epeorye-ar, (G4

(eff)
D21]’

what corresponds exactly to J° e(é/.)(x) as given in (G.§).
ii) The |u| > v case.

Keeping the definition for o as above, the same reasonings ensure that, now, sgn(Z,’,(x)) = —o. This then
leads to

oz,x) < - if V>
, (G.45)
oz,x) > if AV <-cy

this uniformly in x € 1),(7{/;0 and for some constant C > 0. One then introduces wi;f) as in (G.43) and using that
Dy = f F(x) - dx (G.46)
(/seff)
2n"i1g

(/ seff) \ D(//;eff)
T

since F, (/) vanishes on D /7y > ONE May decompose the integral as

tot 270
N _ : _ _ (59 =Dy
10 () = Ter(®) + Trpow®  with  Jrpou® = | (1 -¢"¥(x)) - Fpy (%) - dx (G.47)
D((/)ul)
i)

in which J.q(x) is as given in (G.8)), while
DO = {x e V> o Vo e M 00 - a0 < 253;7'}. (G.48)

The above bounds ensure that if |x| < 1’ /2, then |3s + Zv(x)| > 1 /2 uniformly on Z)g,",l;()). Then, derivation under
the integral theorems ensure that ¥ — J7,.0ut(*) is @ smooth function of x in an open neighbourhood of ¥ = 0.
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o The integral 7. i// )(35) with 7 # 7

When 1 # 19, by construction, it holds that d(I™,0) > 0, in which d(A, x) stands for the Euclidian distance from
the set A to the point x. This property, along with the explicit form for & and & given in (G.32)) both ensure that
it holds

0,0) ¢ {(P(x), ) : xel}, (G.49)
Furthermore, the previous arguments ensure that

min |£(0) +v 20| > 0. (G.50)

xeiilf)

The above properties guarantee that the integral 7, i// )(x) is a particular example of the general class of integrals
considered in the section "Behaviour of 7/ in the regular case" of the proof of Theorem [E.1l

One should simply make the identification u,, < b,. Then, that very same analysis ensures that ¥ — ji// )(x)
is smooth in .

It remains to comment on the case when u = 3v’v, for some vV € {+1}. Then, by (G.30), for any v € {+}
it holds that Z,(s,) # 0. However, one has that Z_,/(s,») = 0 and Z,/(s—,) # 0. One should then split the
integration domain as

] =005y [Uls_y ;5 — €[Ulsy — €55y + €[Ulsy + €;+00[ (G.51)

where € > 0 is taken small enough and, for simplicity, I assumed that s,» > s_,,, the other situation being
tractable in a similar way. The analysis on all the intervals other that ]s,» — €; s,/ + €[ goes along the lies described
above, while on s, — €; s,/ + €[, one should proceed by implementing a change of variables analogous to (E.47).
Reasonings as in (E.534)-(E.60) then allow one to conclude on the smoothness of such contributions.

e The L!(D,) character

It remains to prove the LY(D,) nature of the integrand. Since
veo | [{EG+ 2@ - [x+ 2] (G.52)
U=+

grows algebraically in ||x|| at infinity, the Gaussian prefactor e"**) ensures integrability at co. Furthermore, if
both 6. > 1, then the integrand is bounded on compact subsets of D, what entails its LY(D,) nature. If at least
one inequality 0 < d,, < 1 holds, then integrability issues may arise from a neighbourhood of the points where
¥ + z,(x) = 0. Moreover, since the integrand is strictly positive, it is enought to prove local integrability. By
following the integral reduction steps that are outlined in the last part of the proof of Theorem [E.I] one eventually
ends up with one-dimensional integrals whose direct inspection shows that the local L'-character boils down to
the condition 0 < §,, < 1.

[
G.2 Asymptotic behaviour of the model integral
Proposition G.2. Let V be as given in (G.I). Consider the integral
‘
J@) = f e IV (x) ]—[ (E(x+ @) [x+2@]" '} -dx  over D, =||R". (G.53)
D U=+ r=1
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Here 6, > 0 and it is assumed that Zle n, > 2. Further, the functions z,,(x) are quadratic forms

| 811,“ 0
(x) = E(x,Ex)+(x,e)-u;:V with  E=| o . o |- (G.54)

0 S[Inf

There &, € {£1}, (-,-) is the canonical scalar product on Dy, (u,v) € R X R* are such that u # +v and, given
&, € R one has

e =", e with " = -2v& -(1,---,1) eR" . (G.55)

The parameters in play are such that

1

> entin, # 0. (G.56)

r=1

Then, there exists a smooth function S in a neighbourhood of 0 such that the x — 0 asymptotic expansion holds:

"r_6r,l
i {00002
J@ = TG OT(E-)N(-9) - =
| Zf—l 8r§%nr|
sin[7v. ] 51n[7rv ]
{“() + E(-v) }(1 +0@) + Sk . (G.57)

where

1< 3

EZ” 7 torto- (G.58)
and given € € {+}

| < 1+e€ s = sgn( - zf“ 8rnr§%)

=3 Z - = 3, with = ‘ (G.59)

E r= 50':>0 oy = 1- U‘—lj

Proof —
Recall the notation (A.2) for the vector x. Recall that, for w € R*, one has the integral representation
F( a,) e—iwt e |
= = G.60
2 D ¢ E@ (G.60)
G

where the contour %, passes slightly above 0 and then goes to infinity in either of the two directions R(f) — +oo
along two rays R, which enjoy the property that J(wt) — —oo, linearly in |¢|, when t — oo along R,,.
The maps z, = ¥ + z,, are such that

u+uv

Dy7, - h = (x,Eh) + (e, h) (G.61)

97



so that Dz, is surjective with the exception of the point x, = — 1e“;\l,"’ Still, as ensured by the assumption

(G.56)), one has, for |x| small enough,

— Lutovy2,
Z(x,) = x— 5( - ) (e.Ee) % 0. (G.62)
Therefore, 7, is a submersion in an open neighbourhood of M, = (Z,)~1(0). Hence, M, is a Zle n, — 1 dimen-
sional sub-manifold of D, and, as such, has Lebesgue measure zero. It follows that upon setting M = M, U M_,
one has the representation

& = (x.x) f da ez f du e T (x)
TGO f dee V@ | ST 2 (G.63)

+ (x) Z—(x)

This representation follows by, first, replacing D, by D, \ M in J(x) as given by (G.53) and then using the
integral representation (G.60) for the products involving the 7, functions. The form of the A, u contours ensures
exponential decay at infinity of these integrals. Furthermore, it is easy to check that

d/l e—l/lZ+(x)
‘ f 21 [—iu]®

1 (x)

< Cla(x)P=! (G.64)

for some constant C. By using Proposition it is easy to see that

x o V@[ | {Er) (G.65)

is in L'(D,). Thence, one can apply dominated convergence to get

Jg®» ) dAdu e MH® gz A+u\2 A —py2
TOIIG)  mrmor f GeTVE | o Tap e P {_T’( ) (%) } (G-66)
Dn\M g (x)><€ (x)

Since the integrand under the limit has now Gaussian convergence in A,u — oo, one can deform the contours
¢Z,(x) = R +1ia for some & > 0 and small enough. Since the new A, u contours become x independent and one
has a rapid convergence of the integrand at infinity, by Fubbini’s theorem, one can swap the order of integration
and take the x integration first. Then, using again that M has Lebesgue measure 0, yields

J @) . dAdu f » e AT ) gminT(x) A+u\2 A= py2
_JW dx e~ @Dy - ' {— o (A } G.67
TEITO)  rmmor @7 x V) g o) () - @)

(R+i) n
Then the change of variables

A=f1-%)+s and p=o1+%) -5 (G.68)

recasts the integral in the form

J@ = lim f dr f dse ™ 60 (1, 5) Tyt s) (G.69)

R+ia R+iay
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u
where ay = —a,
v

i Oy u
t,s) = _— d =1-v-. G.70
X(&,5) g{t'a'l,+vs} anc g Uy ( )
while
Iv(l‘, S) M fdx V(x) e —is(x,e) | (x [id+iE]x)—2irx (G71)
Dy

Above, id refers to the identity matrix acting on D,,.

The x integral can already be taken explicitly. Indeed, for r € R + i with || < 1, upon dilating the variables
and then shifting them, viz. leading to the substitution

n — M y(") eRnr’ (G.72)

21 +igt

one obtains

B(6,)T(S ‘
Tyt s) = — - CDRICDRE 7S f dy V(y)e 0¥ | (G.73)
1.2
272 I1 [1 +ig, 22" D,
r=1
where
22

veErn,
- ~ortr G.74
Bi — 1 +igt G749

The remaining integrals can be taken by means of the Gaudin-Mehta formula (A.7), leading to

¢ nr
Ty(t,s) = S210) {(2")2 G(2+”’)} e (G.75)
272 - fis? [2(1 +ig,n]?"
Thus, all-in-all, one gets
¢ nr
I'©6:)re-) 21)2 G2 +ny)
Je) = =5 {()— K@) (G.76)
d r=1 22
where
1, —B, s> =2irx
K@ = lim [ di f ds e T X; Ve a2 (G.77)
e R+ie  R+iay Hi’:l [1 + 18,1‘]2 '

Since the double limit lim,, -, o+ exists, it can be computed in any way, in particular, by taking the successive
limits lim, 0+ lim;,,0+. For (¢, 5) € (R + i) X (R + ie,) one has the lower bound |to, + vs| > @ > 0 and thus

i) < [ [e. (G.78)
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For such t, s, owing to |5;| < C for some C > 0, one thus has the bound

—B, s> -2irx
eriitri(s-tp X S) e

1
[T, [1 +ie]?"

< W, s)

2
v

with

Wt s) = C - e ROP ¢ RENRG +20uROIB)

Observe that R(B;) > 0 for finite r and

14 ¢

i 1
Bi = —%vz Z e,ffn, + 2 Z vznrff + O(t_3) when R(f) — +oo0.

r=1 r=1

Thus, for @ small enough, one has the bound

2
f dr f ds W(t,s) < C f dre—T (R0 2 FE f ds e RBIRG?

R+ia R+iay R+ia R+iay
Then, owing to the asymptotics at large R(¢) of 3;, observe that for some Cy

’S('B’)’<C

VIRB)I

1
Upon the rescaling R(s) — |R(B,)|” 2 R(s), the above bounds entail that, for some constant C”’

fdt fds W(t,s) < C’fdte"f’2 -(1+|t|)-fds e < 400,
R R

R+ia R+iay

(G.79)

(G.80)

(G.81)

(G.82)

(G.83)

(G.84)

Hence, since the bounding function in is positive, by Fubbini’s theorem, the above estimate ensures that
it is in Ll((R + i) X (R + ia/u)), so that one can apply dominated convergence so as to take the 7, — 0" limit in

(G. 7D, hence yielding

e—r,t2 e2irx

K(x) = lim dr AU, where F@) = f ds x(t, s)e_ﬂfs2 .

1
‘n—>0+R+ia Hle [1 + igrt]zn,

R+iay

(G.85)

The function 7 (¢) is analysed in Lemma which ensures that there exist three functions F@(r) such that

F=FD+F2 4+ FO where

e W and ¥ are holomorphic on the set

Spa = {t€C: IR > A and t=pe’ with peR and |0 < 6o}

where A is large enough while 6 is small enough;

e when R(f) — +o0

?(1)(1‘) _ \/E‘X(t’ 0) - (/%)% . (1 + O(l))

t

with a remainder that is uniform and holomorphic on Sg;.4;
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e there exists Cq, C, > 0 such that, for p — +00, 6 > 0 and ¢ = —sgn( Zle &En,),

|¢(2>(pe—i"“g“<f’>)| < Ce @ and |FO@] < €1 @R for reR+ia. (G.88)

Define the contours €'V = 7?((;) Uy=z Rz(f), where R((;) is a curve joining —A to A in the upper half-plane but
having a sufficiently small imaginary part, while Rg_f) are two rays

RO - {Z — 1A 4 peFitsen) peR+} (G.89)

going to oo in the direction R(z) — +oo with a slight angle 6 > 0 small enough, so that J(x) — +oo linearly in [7]
along these rays. The contour €@ has a similar structure: €® = Rg) U=+ Ry¢ with the two rays R, given as

Ryg = {z = vVA+upe Y pe R+} (G.90)
for @ > 0 and small enough. Finally, take € = R +ia.
Upon
i) inserting the decomposition ¥ = th:l F@ into K(x);
ii) splitting the integrations for each piece ;
iii) deforming the #-integration contour to %? in the integrals associated with 7@

one obtains three integrals whose respective integrands decay, uniformly in 7, small enough, exponentially fast to
0 along ¢®. Thus, one can invoke dominated convergence so as to send 7, — 0* and obtain that

3 —2itx (a)
K@ =) K%  wih K@) = f a——7 (t)l - (G.91)
a=1 @ [Ty-, [1 +ig,1]2"

Since, the integrands in K @(x) and K3(x) are bounded and decay exponentially fast to O at co, this uniformly
in |x| small enough, one can apply derivation under the integral theorems so as to infer that K® + K is smooth
in ¥ around 0.

Hence, it remains to focus on the x — 0* behaviour of KV (x) which can be decomposed as

—2irx (1)
KD (x) = Z KV with KV = fdt i O (G.92)

1,2
ce{+,0}

RW Hle [1 + isrt]znr

Since the integration in (Kél) runs through a compact set and since the integrand in bounded, it follows that

‘7(51)(}1) is a smooth function of x by derivation under the integral theorems. It thus remains to estimate 7(;“(35).
The properties of 71 (¢) ensure that

F@)
15, [1 +ig]2"
and @, (1) = s, - (5, - )™~ with ¢ as defined in (G.38). The constant prefactor takes the form

== g (n) + Y with Y (n) = o(%’t(t)) , s = sgn[R()] (G.93)

l—

L a—ics 2 15,5@ 4
v = e ﬂ{ } 1_[ ey (G.94)
r=

1
¢ 7 o]
|V2 el nrgré:% v=
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¢ has been introduced in (G.39), o, is given by (G.70), while s, = sgn(c).
This being settled, one splits the integrals as

K@ = 7@ + 6700 (G.95)
where
IV = f e g (n)-dr and 6 704) = f e Ay (1) - dr (G.96)
R R

The rest depends on how large JJ is. Let n € N and O < @ < 1 be such that ¢ + 2 = a + n. First, focus on ¢ /U(l)(x)
and introduce ..o = ¥, and, for p > 1,

wv;p(t) = fwv;p—l(s) -ds (G.97)
R
where the integration runs from oo, along Rff), uptote Rff). Then, integrating by parts n times, one has

n—1

57500 = —v Y Qi P (WA e 4 2in) f e 2% (1) - dr (G.98)
p=0 )
R

One has ¥, () = O(|#]~*). Upon setting s, = sgn(x) and taking 6 > 0 and small enough, one gets

+00
‘ f e 2"‘¢U;n(r>-dr\ = \ f e (VA + upe “‘*‘fg)-dp\
R(U!) 0

+00

TR o20hsin(6) 1
< C| ———-dp = Clx* -do, (G.99

f[A+cos(6)p]“ r i fux(p) e, (G59)
0

for some constant C > 0. In the last integral, I have set

uz(p) = 5@ [|xA + cos(O)p] * — uolp) € L'(R") (G.100)

point-wise on R* \ {0}. Since u,(p) < up(p), by dominated convergence, the expansion (G.98)) ensures that there
exist smooth functions g. such that

5.7, = gy + O(1d"™). (G.101)

The integral /,,(1)(35) can be dealt with analogously by doing n—1 integration by parts, where #+1 =n—-1+a.
Namely, one has

—2ixt

C_Zin ) 1 _DivzA . ) €
w4 F( 9+ 1 )Fe - 2m}r( 9+ 1 ) wr

R R

n=2 4 —2ixt
o 2ivtA (= 2iw)” 2135“) ( -p ) el ( d-n+2 ) e 2
0= 911 )t (-2ixv)" T 941 @ dr. (G.102)

p=0 e
v
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All this leads to the representation
IV => AV = Ay + 7 (G.103)
U=+

where /r(elg) is smooth and given by

0 = Z Swer( 077, o-2ivea (= 2ix0)” (G.104)

d-p
p=0v=% A

while, upon deforming the contours R to vA — is;R;, where R}’ corresponds to R* oriented with the sign v,
P T
(1) P-n+2 ) n-1 n_2ixA e )
/smg(}:) ( I+1 122 Y- (15;) (A + 1i15,)? dr
0

A —2|£|t
n_ —
+ oy, - (—isy) e ™ f(A " . }

+00
P—n+2 : e!
— (—_1\V14P . (e \PT@ —2ixvA .
= (=124 r( 9+1 );7” (vis;)™ e f Crozae &
__ 0
(G.105)

By dominated convergence, one has that

e

when x — 0. With some more efforts, one can even establish that it is a O(x). Since I'(l —a) = T'(n — 1 — I),
straightforward calculation lead to

0@ = ot YLD T > > {B@n - sintwv,1} - (1+0w) (G.107)
’Vz Zf=1 nrgréjg ’ v=E
Above, it is understood that
1 < 2 + ¢
ve = 3 >ont- + Z Sy . (G.108)
EZ:_:I €0,>0

Finally, the obtained estimates are readily seen to be differentiable. Thus, upon putting all the results together,
the asymptotic expansion given in (G.37) follows.
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G.3 Asymptotics of auxiliary functions

u
Lemma G.3. Lera > 0,1 € R + i, (u, v) € RXR" be such that u # +v and set ay = ‘—,a. Let

Fult) = f ds x(t, s) s e P’ (G.109)

R+iay

where B, is as defined in (G.14) and x(t, s) has been introduced in (G.IQ). Then, there exist functions ﬁ“)(t),
a=1,2,3 such that ¥, = 7",1(1) + (frfz) + 7",1(3), and enjoying the properties:

° (fn(l) and 7",52) are holomorphic on the set
Spa = {t€C: IR > A and t=pe with peR and 6] < 6} (G.110)
where A is large enough while 0, is small enough;

e when R(t) —» +oo

t

F) = X(t,O)-(,,%)% - \}ﬁ_t)w”-(uo(%)) (G.111)

for some constant

w, =T(4L) if  ne2N , wa=0 if ne2N
, aninteger ) , (G.112)
u, #0 if ne2N+1 w,>1 if ne2N+1
and with a remainder that is uniform and holomorphic on Sg,.a;
o there exists C1,Cy > 0 such that, for p — xco and 6 > 0,
]7—',}2>(pe—i9§5g“@)] < Ce ¥ anad |FP@)| < € RI for teR+ia, (G.113)

¢
where ¢ = —sgn( D 8,§3n,).

r=1

Proof —
One has to distinguish between the two cases: [u| > v or [u| < v. Also, recall the notation o, = 1 — v%

A) The regime |u| > v

Let sy = sgn(u), so that, using that sgn(o,) = —vs, one can recast
v Oy
w9 = [ [{-—x] (G.114)
ooy U8 — tsylony|

meaning that, for fixed ¢, the map s — x(z, s) has cuts along sytlo,| — iRY. Since the integration runs through
R + iy, and, for r € R + ia,

S(iau - SuIO'UII) = au (G.115)
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the cut along syf|o,| — iR™ lies below the integration line R + ia, and the one along sytlo-_| — iR~ lies above the
integration line R + iay. One can represent 5; = et |B:|. Since, for ¢ large,

‘
. s = sl £ etin)
B = iT + O(r%) onehas O, ~ Estg with ¢ r=1 (G.116)
Cp = > &é2vPn,

r=1

Here, I introduced the shorthand notation s; = sgn(%(t)). Also, for further convenience, it is useful to set
Su = 5°6C. (G.117)

It is then convenient to deform the integration contour towards the curve depicted in Figure 3lin the case when
R(f)sy < 0 and the one depicted in Figure 4 in the case when R(1)s, > 0.

cu>0

cu<0

Figure 3: Deformed contours in the case |u] > v and for R(#)s, < 0

cu>0

cu<0

Figure 4: Deformed contours in the case [u| > v and for R(#)s, > 0

i
Upon the change of variables s = ,8,_1/ 2§ in the integration along e”2% R, one decomposes 7, as
Folt) = (l)%("”) dse™ s"x(r, =) + | dss"x(t, e (G.118)
n ﬂt X > \/E X > * *
& TG
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e The Gaussian integral

The first integral appearing in this decomposition can be analysed by observing that

x(t2) = )((t,O).{ o z2 /3;)} (G.119)

uniformly in |s| < I%(t)li. Thus, it is convenient to introduce the intervals
Iin =1-7;7[ and Iy =]—o00;—1[U]T;+00[ with 7= I?’x(t)lé . (G.120)

Then, one has
1 %(n+1) - n H H G.121
(E) dse s /\/(t \/[7) 1, (D) + H,, (0) (G.121)

where, for even n, one has
(n+1) 52+ne—s2
H, (1) = x(1,0)- {f ¢ ds + O(f—-ds)} (G.122)

The integrations can be extended to infinity upon adding some O(e‘%Tz) corrections, so that, for even n, one has

() (o 1
Hy (1) = x(1,0) - (ﬁ,)2 {r(%) + 0(&7) + O(e 2 "R@')}. (G.123)
Similar handlings in the case of odd » entail that in such a case
Hy, (1) = x(1.0)- (2" (L) o[- ) + ofe"2 VE® G.124
w® = 00 ()7 () e+ (ﬁ, ;) + ofe ) (G.124)

for some integer w, > 1 and a coefficient u, # 0.

Regarding to the second contribution in (G.121)), it can be presented as

+00
Hi® = (2" [[dse 0 (v orfe(n 22) + 1yafn-22)). (G.125)
B B B
0

Since, for s > 0,

S+T s+T

5(1‘0',, + v—) = ao, FU

VB

sin [ %] (G.126)

Bl

which obviously does not vanish for |¢f| large enough, with # € R + i@, and is dominated in this regime by the
second term, it follows that

N E

6++6_
c-lg| 2 (G.127)
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so that, upon inserting the large-r behaviour of 5, one has

.

out

+00
1 1 3
(l‘)‘ < C/|t|§(n+1—6+—6_) e~ VIR®)I fdse—sz—ZsT( |t|Z(|5+|+|6_|+n) + |S||6+|+|6_|+n)} — O(C_Z \/I‘R(t)l) ) (G128)
0

—5(n+1
Thence, all in all, since x(z,0) - B, 2D has at most an algebraic growth in ¢,

Rj_%e_ﬂ)‘(t’ ) - X(t,o).%)%(””).(%)w”'{un ¥ 0(%)} ¥ o(e—%‘/m). (G.129)

Above, u, and w, are as appearing in (G.112). Finally, it is readily seen that both remainders are holomorphic in
t € Sy, 4 for some 6y small enough and A large enough.

e The loop integral contribution

It now remains to focus on the integral along F’f; The contour F,"’j’ can be deformed as
Iy < {sutloy| = v0Do.} U {sutlory| + il-ve: —vT, ]} . (G.130)

Here, —v09D , stands for the circle of radius € centred at 0 and oriented —v counterclockwise.
However, in doing so, one has to take into account the discontinuity of the integrand along the line sytlo,| —
iv[e; T,], where I have set

T, = —U(S(}’U) - sulo-vloz) ~ C- 1RO (G.131)
for some C > 0 and when |R(7)] — +oo. This yields that
, 3
f ds y(t, s)s" e P = Z ¥, (1) (G.132)
P‘ff a=1

where, given 17 > 0 small enough,

G § Lo
W, (1) = —ve f dz —-(EZ+Sut|O'u|)n'{ } , (G.133)
[ — iEUZ]6U 2t — Ve
0D 1
n(t-ia)s, T,
¥y, (1) = (—iv)"2sin[xd,] f dwhy(w,t)  and  W3,() = (—iv)"2sin[xd,] |dwh,(w,1) . (G.134)
: IR

Above, I have introduced

eﬂ,(w+iu5u|rrul 1)2

hy(w, 1) = (W + ivsylo,|1)" - .
Y o wov - [w — 2it]°

(G.135)

107



e The bound on Y3 (7)
Using the expansion (G.116)), one gets, uniformly in w € [nI‘R(t)I; TU] and in respect to |R(7)] — +oo

isC
(w2 4 dwivsyl |t = 02 2) + O(1)
icCp{™ — o2t} — 2Cpuguloruw + O(1) . (G.136)

. 2
Bi(w +ivsylo | 1)” = —

Also, given 7 € R + ia, one has that for [R(7)] — +oo and w € [nI‘R(t)I; TU]

< C|R(p)|0++0-1 (G.137)

o+ ivsafon o] < RGP and ™ - fw = 2if]

for some constant C > 0 and where one uses in the intermediate steps that both |w| and |w — 2i¢| are bounded from

below. Hence, by putting these bounds together, one gets for some constants C, C’, C”,

T,
(G.138)

P31 < CIR@ f e 2wl qy < e CRO)
0]

where the last bound follows from (G.131)) and holds for ¢ € R + ia with |¢|-large enough.

e The bound on ¥, (?)
Assume that r = peie with p € R, p — o0 and |6| < 8y with 6y small enough. Then, it is convenient to rescale the

integration variable as
(G.139)

wy = (I —x)e + xns,(t — i)

so that

1
Wou(t) = 2=iv)" sin[ns,] (s, - ia) — €) f dx (Wi, 1) . (G.140)
0
Furthermore, one has that
Bi(wy + ivsy|oy| t)2 = —igC/;t(Icrl,l - ivsus,nx)2 + O(1) (G.141)
and, for 7 small enough, it holds
|| — ivsysmx = gx,,,e_%“"*”s“% forsome 0<¢,<Cn and g, >C >0 (G.142)
uniformly in x. Thus, for v = ¢,
Bilwy +isusilog,|1)” = |l Cp g3, exp{il0 - (pr + Dsis]} + O(1) . (G.143)
In particular, for 8 = —s,qy with ¢ > 0, one gets that
(G.144)

R[B(w, + ivsuloy )] < =C” ol sin (¢ +¢,) < —=CP oly
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uniformly in x € [0; 1]. Furthermore,

W < C (G.145)

R(wy) = (1 —x)e + xnlp|cos(d) so that |w;
since |wy| is bounded from below away from 0. Finally, one also has that

I(w, = 2ir) = —axns, — 2pcos(6) + xps, sin(d) (G.146)

so that uniformly in x € [0; 1] and for |p| large enough and 6y small enough |8(w x = 2it)| > Clp| hence ensuring
that |w, — 2iz| is bounded from below and thus

(wy — 2i) 0

< C. (G.147)
The numerator in h¢, (wy, t) generates a power-law bound in p so that, all-in-all,

e, wr, 0| < Ce™¥L for 1= pleT (G.148)
This entails that

Waq, 0] < CeW for p=|feT (G.149)

Also, the above reasonings and estimates ensure that P>, is holomorphic on Sg,.4 with A large enough and
6o small enough.

e The bound on Y¥.,(?)
Similar handlings to what has been exposed show that, for z = e,

~R (B (€2 + ullorl)’) = ~o2Cglolsin@) + O(1)  with 1 = pe™s. (G.150)
Furthermore, for z = e one has

|5(ez - 21t)| - |esin(¢) — 2pc08(0)| = Clol (G.151)
provided that 6 is small enough and |p| large enough, one readily gets that, for some constants C, C’,

W10 < CeW for = e (G.152)

Again, the above also ensures that ‘¥';.,, is holomorphic on Sy,.4 with A large enough and 6 small enough.
Thus, upon putting all the intermediate bounds together, the claim follows.

B) The regime [u| < v

The analysis is quite similar to the previous regime. I thus only highlight the main steps.
In the present case, since sgn(o ) = +, it is convenient to represent

X9 =[] {1—”}6 (G.153)

s + tvoy,
U==+

meaning that, for fixed ¢, the map s — y(¢, s) has cuts along the lines —vto, — viR™. Since |ay| < @, the cut along
—to; —iR™ is located below the original integration line R + iy, while the one along fo— + iR™* is located above
R + iay.

The analysis then depends on the sign of ¢
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Figure 6: Deformed contours in the case |u| < v and for R(¢) > 0

e¢c>0

In this case, one can deform the contour as in Figures [5 or [6l depending on the sign of R(¢), without having to
deal with the cuts of x(¢, s). This yields

1 \40u+1) e .
Falt) = (E) fds ste* /\/(t, \/—;_t) (G.154)
R
and one can conclude by the previous analysis.

¢ <0

In this case, when deforming the contour as in Figures[3or[6l according to the sign of R(¢), one observes that one
has to take into account both cuts stemming from y(z, s). This yields

Folt) = (é)%("”) f dss"e™ {1, =) + > f ds s" v (1, s)e P (G.155)
U:irﬁf

R
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The two cut-issued integrals are very similar in structure to those studied previously, and, eventually, one ends up

with the same conclusions. [ |
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